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(ii) there exists a solution of (#) together with (x) satisfying A (£..
m™ >0 for any &, ", &1 E2.

Take a longest sequence £",£',---, £~ of elements in X* such thi A SIMPLE PROOF OF
(1) (£~ £h) = (&4, -, £575) for any i =0,1,---,r = 1, and SOME ERGODIC THEOREMS
(2 #{i;0si<r§ = §}§N/\(§) for any £ € 3"

where &' = (&, -, EL-) (i =0,1,---,r) and § = & -
Then, by a graph-theoretical consideration, it is not difficult to prove =« . ¢ By

cquality holds in the above inequality in (2) for any § EX". Let g bethe + :
element in [0, 1]* with period n +r —1 defined by

BO),B(1),: - Bn+r=2))= (&, T, f?.-h FJURTE SN _
Then, it holds that u, € U.

YITZHAK KATZNELSON AND BENJAMIN WEISS

ABSTRACT

Some ideas of T. Kamae's proofl using nonstandard analysis arc employed to
give a simple proofl of Birkhofl's theorem in a classical setling as well as
ngman s subadditive ergodic theorem.
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'r'g'odic theorem states that for any integrable function f, the limit

i l n=}
REFERENCES lim — 2 f(T'x)=f*(x)
n—x j=t
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or p-ae. x, and f* isa T-invariant function with the same integral as f.
apt an idca of T. Kamac {t] to gnve a simple proof of this result. It is (\QSCNML
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ﬁce of both, f and f is clear Fix some M>0, >0, denote

fu (x) = min{f(x), M} H]\(W\é/\/w

ne n(x) to be the least integer n =1 for which

fM(«‘)§%§:‘ f(Tix)+e. (%)
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0/ 2s Ut X, - =}, this \will n:.:t_uﬁm_-\o\nro prloof. mo_. osﬂo of wbw.g
= ._. we willsimply assu M for

in the proof of the Birkhoff 5383 fixane >0,sct fu = 53: Z -1}, 2 > &

and thus by Birkhofl’s ergodic thcorem f(x)= fi(x).

We remark at this point that (4) implies that the sequence {(1/n)f. - put \rrootwﬂ..
i wa:_-_inmquza. and combining this with the ccSMS :Ma_:a_:e. % 2 (x) = min T > ”._. LX) S fur () + m_ . _
. 1 m \ %n g n s
— p % ddp = ‘—. = frdp = \S:. all n, ) .
| P :,{, ,, :f\, n > ={x :n(x)> N} where N is chosen so that
we sce that if [ ¢dp > —oc, then the pointwise convergence a.c. of (1/n)f. ¢ %
+ | <
implies convergence i h_-so::\,\n have a similar, asymptotic, estimate wit AJJ A (£:x)l z *hdu(x)<e,
! t &
_Pmmma of f, in 3.. Fix N>1 and let n > N. For each i =1,2,--- N win ¥ define the modifications as before:
with k < N. Then by (3) 5
i ful(x), xZA, ~ n(x), xg£A,
f(x)= fi(x) M Ju (T )+ (T™) fulx) = n(x) =
=0 \.A.ﬂv. X m> |/ mw XEA.
and summing over i, that M.z (x) = fulx) moﬁﬁ and by (7) / - H, ird %
VASEDWIRESWACHTD WA . [ fotn s [ fuda + e
AeQ>
hence — \\\\\t!ﬁvh_\-y g the T-invariance of fu we have for all x Q.
1 1 S ﬁ!\n Aede ) ﬁ rU \NJU X ﬁ
w RE)E5E M ﬂai.r A.M_\_QT.M\_\.. .-...zq... .bv fi(x) = M fu(T'x)+7i(x)- € e.%.,bc *efR

- D4 1o
As n— o the last two 8:3 on the right converge to zero a.c. and, by the

crgodic theorem, #y\ N.L. (7)) — iznfru

sy i) ae (foc W2 1)
: .

R

®) f)s¢(x) ae.

For points x where ¢(x)= —oo, Gv shows that the desired limit exists aw
" __equals ¢(x) En\RJ:S our mzozroz to Xu={x:4(x)= ~ M}, which ¢
U.E\l ﬂ-_=<m:m2m=mv3mﬂnn8 show that . ,7

M= N=

n,‘.Bz calculate for any L > N as before:
L=y . L=t .
)8 S fu(Tx)+L-e+ NM+ 1D+ 3 |f(TH)].
[} -
tegrating and dividing by L we obtain

[ o= [+ rtan =+ nan

which implies

H +1
M‘—»N‘I&t.*.m.*Z?M +|.k‘_.\_?¢h

© . L fdnz _\ ddp.
. a 1%

[ sedu s [ putarda

This combined with G.V shows that the statement of the theorem is valid on \. 5 ecall now that [m(x)S ¢(x) holds for all x and that, combined with (9), implies
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Since f is T-invariant so is f,, and thus averaging gives that for all «

BN g "'b'“ Letting £ > 0 and M—-»oc ives half of what we wanted, namel
VRE U R T ARE ) N T ing. ¢ &y
Seg” i, o f fdu = f du. H
’/?/ NOW n(x) is everywhere finite so?c? there is some N for which the - fdp fdu V
A ={x:n(x)> N} @ Jor the other hall, fix £ >0 and define now n(x) as the Icast integer n = | for

has measure less than £/M. Define now

_ f(x). XE A, n(x), xZA,
f(x) = n(x) =
max{f(x),M), x€A, I. x€EA,

= =20

(%< i/v _
(i) 'ui-- fm(T'x)<“i T+ i (x)- e (@NM(DB

%Z f(T'x)S f(x) +e.

_ pre A ={x:n(x)> N} where now N is chosen so that [ f(x)du(x)<e.
eﬁne now

n(x), x&A, ] f(x), xgA,
A(x) = f(x)=
1, xXEA, 0, x€A,

and observe that

ALIEN is also valid. The crucial improvement is that now #i(x) is cverywhere bivi : .
by N, while i@ fonclude the proof in the same way as before.
» RS 1

< mAyme< %-m . [ flbserve that we could have restricted the integration to any T-invariant set so

) j fx)dp(x)= | f(x)du (x)+j M- dp(x)= j FO)dp (x)+ ¢, ; really have shown that f*(x) is a vcr.sion of the conditional ef<p<.:ctation
gkﬁ,}(“ >0 k\) th respect to the o-algebra of invariant sets. The same basic ideca, of
Choosing now L so that NM/L < ¢ and defining inductively nu(x) =1 4eu

n(x)=n,. .(x) ﬁ(T"l ), -

we have [Z t(T‘x\ ﬁ(\
f\/'k"'\

M)
- T’ _ niz)-1 ; , -1 _ .
S (T = 2.3 Tl TX)+N§HIM(H) W)

-5 L'\' \(.U‘)

where k(x) is the maximal k for which n, (x)= L —-1j Applying (i) lo l. o \
the k(x) terms, and estimating by M the last L — m(.,(x)= =ltermswe

for all x _,\
}j‘n A

S iAf(Tix)éL‘Z:'f(T'X)""L £+ (N-1M,

=inf, (1/n)f4(x)

3 f % is the projection of f, onto the space of T-invariant functions.

""5;.' the proof note first that (3) implics

where the fact that\{ = 0)allows us to write L — 1 as the upper limit ot + I8 hence (1/n)f%(x) converges to  (x). Next, denote
summation. Integrating both sides and dividing by L gives :

- 1 N
[(x)=limsup — f.(x), (x) = liminf = f. (x),
[f..du,st’frfn +9+M< (IJ:--L‘I.- " [ "

>ty

m-—’a“v

oot

nem(X) = fa(x)+ fo(x) (3\&% ? ‘woc;w.x-j \_(u B,C ér»

o et
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fm(x)=4¢(x) ae. Since whenever fu (x)#f(x) we have four
= M = | # ¢(x), this can happen only on a null set and flx)=d(x) ax
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A COMBINATORIAL CONDITION FOR THE
XISTENCE OF POLYHEDRAL 2-MANIFOLDS

By

U. BETKE AND P. GRITZMANN

ABSTRACT
Let 2 deaote a polyhedral 2-manifold, i.c. a 2-dimensional cell-complex in R
(d 3 3) having convex facels, such that set(2) is homeomorphic to a closed
2-dimensional manifpld. Let E be any subsct of odd valent vertices of @, and ¢,
its cardinality. Then for the number ¢,.,,., of facets containing a vertex of E the
inequality 2¢,.,,,Z ¢, + 1 is proved. This local combinatorial condition shows

_ that several combinatorially possible types of polyhedral 2-manifolds cannot
exist,

vo_w:ca?._ -manifold 2 is a 2-dimensional cell-complex in R? (d Z 3),
e facets are convex polygons, such that seti(2) is homcomorphic to a closed
f .oam_o:u_ manifold.

;\. _ﬁ: an abstract 2-dimensional cell-complex which has the structure of a
e binatorial 2-manifold, the question ariscs, whether there exists a polyhedral
..m:_no_a which is combinatorially equivalent to it.

.. a cell-complex 2 let F(2) denote the set of all vertices of 2. For every
x e of 2 the valence val(e, 2 ) is the number of polygons of 2 containing e.
Tm easy to sce that simple polyhedral 2-manifolds, i.c. where all the vertices
-valent, do not exist apart from the case of genus 0,

E it is shown that for orientable polyhedral 2-manifolds @ the “valence-
ance”’ Z.cram(val(e, ) - 3)is bounded from below by a constant determined
.ro genus of set(?). Here we give a local combinatorial condition for the

Stence of polyhedral 2-manifolds.

TTRAY

OREM. Let P be a polyhedral 2-manifold, E any subset of odd valent
ces of P, and c:= card(E) its cardinality. Then for the number cpe, of facets
faining a vertex of E we have:

Nh.zmww Ce + 1.




