
Hyperbolic Geometry (MA448)

Example Sheet 2

1. Show that if α, β, γ ≥ 0. If all the angle are zero then we can take a triangle with all
vertices on the boundary. If all are positive, then we can fix the length a of side of triangle
and choose the angles at the two vertices to be α, β > 0. This will determine the other two
sides, but the point of intersection may not be the required angle. If we let b tend to zero
then this third angle tends to π−α−β (i.e., the Euclidean angle). If we let b tend to infinity
then this third angle tends to zero. By the intermediate value theorem we can choose b such
that the angle is γ.

2. (NB. There is a π missing in the question). We can divide a regular n-gon into n triangles
with verticals consisting of consecutive vertices and the central point. Therefore, we only
need to be able to construct n-isometric triangles whose angles are π(n − 2)/(2k) = π(n −
2)/(2k) (twice) and 2π/n. By the first question this holds because π(((n− 2)/k + 1/n) < π.

3. By the formulae relating lengths and angles we have that the length of the hypothenuse
c to the other a, b is given by cosh(c) = cosh(a) cosh(b)

Find the hyperbolic length of the hypotenuse of a right angled hyperbolic triangle for
which the other two sides have lengths: (i) 37.87 = 3.76× 10.06 (ii) 1.06 = 1.02× 1.04 ; and
(iii) 1.29× 1021 = 2.42108 × 5.34× 1021

4. The area is simply π
(
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3
− 2× 1
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)
= π

3
. The side lengths are given by cosh(c) =

(cosα cos β + cos γ)/(sinα sin β) with the various choices. This gives cosh(c) = 3 or 5.

5. One side length could be arbitrarily (or infinitely) long. Starting with a triangle with
three vertices on the boundary we can move two of the points into H2 (while keeping the
third on the boundary) and then by making the edge between them smaller one can make
the area decrease from π to zero. By the intermediate value theorem we will have a length
with area π/2.

The shortest lengths will be where the sides are equal to a, say, and the angles are equal,
to α. In particular, the area is π/2 = π − 3α, or α = π

6
. We can then solve using the Cosh

rule: cosh(a) = cos(π/6)2 + cos(π/6))/(sin2(π/6)) = 4 + 2
√

3 = 2.553 · · · .
6. There is an explanation on page 152 of Beardon’s book. We can take the bisector’s of
two of the angles A,B, say, where γ < π/2, then these meet at some point z, say. We can
consider points wa ∈ BC, wb ∈ CA, wc ∈ AB on the three edges of the triangle where [z, wa]
meets BC orthogonally; [z, wb] meets CA orthogonally; and [z, wc] meets AB orthogonally.
We apply the Sine Rule to the triangle vbzwc and vbzwa and their common angles β/2 give
that the opposite sides have the same lengths d(z, wc) = d(z, wa). A similar argument with
the vertex A shows that d(z, wc) = d(z, wb). This is enough to deduce that [z, wc] bisects
the angle at C.



7. Consider the triangle with vertex z0 and the geodesics correspond to edges meeting
at z0 with a fixed angle γ. This can be seen be seen using the Cosine Rule: cosh(c) =
cosh(a) cosh(b) − sinh(a) sinh(b) cos(γ). Since cos(γ) < 1 and a = b = t we have that
cosh(c) � et

2
(1− cos γ).

8. The area is 2π(cosh(R) − 1). This is probably easier in the Disk Model. We need
to compute the volume of the ball of hyperbolic radius R centred at 0. If the Euclidean
radius is R0 then the R = 2

∫ R0

0
dr/(1 − r2) = [log |(1 + x)/(1 − x)|]R0

0 . We then use

volH2(B(z0, R)) =
∫
x2+y2<R2

0

4dxdy
(1−(x2+y2))2

= 2π
∫ R0

0
4rdr

(1−r2)2
dr = 2π[2(1− r2)−1]R0

0 . Rearranging

these expressions should give the result.

The last 3 questions are taken from the MAA 2009 lecture of Sarnak (and also appeared
in the complex analysis lectures 2 years ago.)

9. Given three mutually tangent circles C1, C2, C3 and z ∈ C1 ∩C2 then we can use T invert
in (any) small circle centred at z. This maps C1 and C2 to parallel lines L1, L2, and C3 is
mapped to a circle C between them, touching both. We can simple translate C between the
parallel lines to circles C ′, C ′′′ both tangent to C (and to L1, L2). Applying the map T−1

gives us the requires circles C0 = T−1(C ′) and C4 = T−1(C ′′).

10. The formulae are

(a) r2r′/(|c− c′|2− r′2) (Consider the line L′ joining the centres of the circles, without loss
of generality on the real axis, and the images Tz1 = w1, T z2 = w2 of the two points
z1, z

′
2 ∩ C ′. Then the radius of the image is |w1 − w2|/2 and centre is (z1 − z2)/2 )

(b) r2/(2b) (This is similar one looks at the images of ∞ and z, the nearest point on the
line to the circle).

11. This by explicit computation.


