
Hyperbolic Geometry (MA448)

Example Sheet 8

1. (i) Give an example of a metric space X, a group Γ of homeomorphisms acting on X, a point
x ∈ X and a compact set K such that Γx is discrete but K ∩ Γx is infinite.

(ii) Suppose that Γ is now a group of isometries. Suppose that the orbit Γx of x is discrete.
Show that one can find ε > 0 such that Bε(γ(x)) ∩ Γx = γ(x) for all γ ∈ Γ.

(ii) Conclude that if Γ acts by isometries, Γx is discrete and K is compact then K ∩Γx is finite.

2. Given a Dirichlet Fundamental Domain we can form a new elliptic cycle E ′ transformation from
a given elliptic cycle E by using the same initial vertex v1, but the complementary edge s1 to the
initial edge s1 for E . Show that the elliptic cycle transformation for E is the inverse of that for E ′.

3. Given a Dirichlet Fundamental Domain, let E be an elliptic cycle. Show that if we construct a
new elliptic cycle transformation E ′ starting at another vertex and edge in the original cycle E then
this leads to an elliptic cycle transformation conjugate to the first.

4. Consider an 4-gon such that each pair of opposing sides have the same length. Define two side-
pairing transformation γ1, γ2 that pair opposite sides. Show that there is only one elliptic cycle and
determine the associated elliptic cycle transformation. When do γ1, γ2 generate a Fuchsian group?

Figure 1: Figures for Questions 5 and 6

5. Consider the 5-gon with the side-pairing transformations indicated in the first figure above (note
that one side is paired with itself ). Assume that θ1 + θ2 + θ3. (Such a polygon does exist.)

(i) Show that there are 3 non-accidental cycles and 1 accidental cycle.
(ii) Show that the side-pairing transformations generate a Fuchsian group Γ and give a presen-

tation of Γ in terms of generators and relations.
(iii) Calculate the signature of Γ.

6. Consider the regular hyperbolic octagon with each internal angle equal to θ and the sides paired
as indicated in the second figure. Such an octagon exists provided θ ∈ [0, 3π/4). For which values
of θ do the side pairings generate a Fuchsian group Γθ? In those cases where Γθ is a Fuchsian group
write down a presentation of Γθ and determine the signature sig(Γθ).


