
Hyperbolic Geometry (MA448)

Example Sheet 5

1. Consider the pentagon (i.e., 5-gon) whose angles are all π/2. Assume that it is centred
at 0 in D2. Determine the centres and radii of the Euclidean circles corresponding to the
boundary geodesics.
(Hint: Let v0 be a vertex and e0 the midpoint of a neighbouring side. Apply the hyperbolic
cosine formula to the triangle with vertices 0, v0, e0 to determine the hyperbolic distance of 0
from e0, and thus the Euclidean distance).

2. Repeat Question 1 for a hexagon (i.e., 6-gon) whose angles are all π/2.

For definiteness, in the next few questions we fix the definition of the cross ratio of four
distinct z1, z2, z3, z4 ∈ C ∪ {∞} by

[z1, z2, z3, z4] =
(z1 − z3)(z4 − z2)

(z1 − z2)(z4 − z3)
.

3. Compute the following cross ratios

1. [i, 1 + 2i, 2 + 3i, 3 + 4i]

2. [1 + i, 1− i,−1 + i,−1− i]

3. [0, 1, i, 1− i]

4. If z1, z2, z3, z4 are distinct and [z1, z2, z3, z4] = λ then show that permuting the four
numbers can give rise only to the following values λ, 1/λ, 1−λ, 1/(1−λ), (λ−1)/λ, λ/(λ−1).

5. If γ is a Möbius map and z ∈ C then show that [z, γ(z), γ2(z), γ3(z)] ∈ R.

6, Recall that a horocycle in H2 is a Euclidean circle tangent to the real line. Given four
distinct points z1, z2, z3, z4 ∈ R with z1 < z2 < z3 < z4, assume that we can associate
horocycles H1, H2, H3, H4 touching the real line at these points. Moreover, assume that the
horocycle Hi touches, but doesn’t intersect the interior region of, the next horocycle Hi+1, for
i = 1, 2, 3. In particular, dH2(Hi, Hi+1) = 0 for i = 1, 2, 3. Relate the cross ratio [z1, z2, z2, z4]
to dH2(H1, H4).


