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1 A very condensed history of Ergodic Theory

1.1 Boltzmann and gas particles

The motivation for ergodic theory comes for theoretical physics and statistical mechanics.
Bolzmann (1844-1906) proposed the so called Ergodic Hypothesis on the behaviour of parti-
cles (e.g., of gas molecules). Consider a box of unit size containing 10*° gas particles. The
position of each particle will be given by three coordinates in space. The velocity of each
particular will be given by a further three coordinates in space. Thus the configuration at
any particular time is described by 3 x 10%° + 3 x 10?° = 6 x 10 coordinates, i.e., a point
z € X C R Let Tz € X be the new configuration of the gas particles it we wait for
time ¢ = 1.

The Botzmann ergodic hypothesis (1887) addresses the distribution of the evolution of
the gas. The idea is that starting from a configuration = the orbit =, Tz, T?x, - -- spends a
proportion of time in any subset B C X proportional to the size of the set, i.e.

1
lir+n —Card{1 <k <n: Tz e B} = u(B).
n—+oo N
More generally, if we consider the continuous times then the position at time t € R would
be Tz and then we require that

1
lim —Card{0 <t<T: T'z € B} = u(B).
A Card{0 <t < z € B} = u(B)

Boltzmann also coined the term “Ergodic”, based on the Greek words for "work” and
"path”. Tragically, Boltzmann’s theories were not widely accepted and he commited suicide.

Example 1.1 (Zermelo Paradox). Why doesn’t all of the air in a lecture room move to one
corner so that the audience suffocates?

Consider the air particles in a closed room. X is the phase space (i.e., all possible
positions of particles and their directions of motion). Let m be the normalized volume. Let
T denote the motion of the particles in the phase space. If A C X 1is the set of configurations
where all of the particles are on one side of the room, then they will return again to this set
A, i.e., a lot of people will suffocate.

However, 1cc of gas contains about 10° molecules (and the times spent in this state is of
order 10" seconds, exceeding the age of the universe).
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1.2 Birkhoff and von Neumann

The rigorous formulation of these results came from almost simultaneously work of von
Neumann (1903-1959) and Birkhoff (1884-1944). We have to restrict to measure preserv-
ing transformations 7' : (X, ) — (X, ). They showed that for f € L*(X,u) we have
LS n 1 [(T*z) converges both in L? and pointwise (for a.e.(u)). The easier L? result was
published earlier than the stronger pointwise result. There are various extensions of these
results to more general groups (R? Z<, Free groups, etc.) and other things than averages
(e.g., subadditive sequences).

Question 1.2 (Normal numbers). For a typical point 0 < x < with decimal expansion
T = -ayazaz--- (where ay,as,as,---,€4{0,1,---,9}) what is the frequency that a fized digit
7, say, occurs?

The answer is that for almost all points (i.e., except on a set of zero Lebesgue measure)

. . . . . . . . 1
the frequency with which a certain digit appears in a base b expansion is 3.

Example 1.3. Let b > 2 be a natural number, then consider the map T : [0,1) — [0,1)
given by Tx = bx (mod 1).

In particular except for a set of measure zero in x the Birkhoff Theorem shows that
N Zk o x(TFz) — + where x is the indicator function of [£,=%1). This proves almost all
number are normal.

1.3 Mixing and spectral properties

Another important ingredient in the area is the classification of ergodic maps. From the
1930s to the 1950s the main approach to the classification was via spectral results. One
considers the operators Ur : L*(X,u) — L*(X,u) defined by Urf(z) = f(Tx) which are
unitary operators on the Hilbert space. From these operators one can derive invariants from
the spectral properties of the operators (e.g., the spectrum of the operator, or the mixing
properties).

Example 1.4 (Heuristic picture). One can think of an incompressible fluid stirred in a
container, e.q., martini in a class. The set B represents the gin and X — B the vermouth.
If x € B 1is the position of a molecule of vodka at time t = 0 seconds then T"x € X can be
its position at time t = n seconds.

For the experimentalists: Usually m(B) = % and m(X — B) =
twist of lemon.

% and you garnish with a

1.4 Entropy

In 1959 there was a major shift in the development of the subject with the introduction of
the Entropy theory. This turned out to be one of the most important invariants h,(7") for
the classification of invariant measures p, and was introduced by the russian mathematician
Kolmogorov (1903-1987) and his student Sinai (1935- ) circa 1960. This was motivated by
entropy in information theory.
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Remarkably, for an important class of examples (Bernoulli measures ) Ornstein (1934-
) showed that the entropy is a complete isomorphisms (i.e., having the same entropy is
equivalent to the measures being isomorphic.)

The entropy also turns out to be an important characteristic for transformations.

1.5 Applications

There have been quite remarkable applications of ergodic theory to number theory. These in-
clude proofs of results on arithmetic progressions (Szemerdi-Furstenberg theorem); quadratic
forms (Margulis-Oppenheim); and Diophantine Appoximation (Littlewood-Einseidler-Katok-
Lindenstrauss).

The classical example of an application of ergodic theory to number theorem is the
following:

Theorem 1.5 (Furstenberg-Szemerdi Theorem). Assume that S C Z has positive density,
1.e.,

i inf Card({—k,---,0,--- Jk—1,k}NS)
then it contains arithmetre projections of arbitrary length, i.e., for each | > 1 we can find
a,b# 0 such that the arithmetic progression {a+bi : 0 <i<[l—1} C S.

>0,

Example 1.6 (Trivial example). If S represents the odd numbers then the density is % In
this case, it is easy to see the conclusion with a =1 and b = 2.

Green and Tao (2004) extended this result to S being the set of primes (which has zero
density).

Remark 1.7. There is higher dimensional analogue of this theorem for S C Z2.

Another famous application of ergodic theory is the following.

Theorem 1.8 (Oppenheim Conjecture, 1929). Let Q(ny,ny,n3) = n? +n2 — v/2n2 (or any
irrational indefinite quadratic form) then the countable set

{Q(?’Ll,ng,ng) D N1, N9, N3 € N} CR
1s dense in R.

This was proved by Margulis in 1987 using the ergodic theory of flows in spaces of
matrices.

2 Invariance and Recurrence

2.1 Invariance for transformations

Let X be a set with associated sigma-algebra B. Let T': X — X be a measurable transfor-
mation, i.e., if A € B then T7'A € B.
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Definition 2.1. We say that (T, X, i) is invariant if for any A € B we have that p(T~1A) =
1(A)

Example 2.2 (Rotation). Let X = [0,1). Let B be the Borel sigma algebra and let 1 be the
lebesgue measure. Given 0 < a < 1 and define Tx = x + o (mod 1), i.e.,

T(z) = T+« z:fa:+04<1

r+a—-1 ifr+a>1

It is easy to see that Lebesque measure is invariant. One only needs to observe that for any
subinterval [a,b) C [0,1) the preimage T '[a, b) is a subinterval (or union of two intervals) of
the same length. It is easy to deduce from this that if A is a disjoint union of intervals then
TA is a disjoint union of intervals with the same Lebesque measure. Finally, we can use

the Kolmogorov extension principle to deduce that the measures u(A) and u(T~A) coincide
for any A € B.

Lemma 2.3. For the rotation T : [0,1) — [0,1) given by Tx = x + o (mod 1):
1. If v is irrational then Lebesgue measure p is the only invariant probability measure
2. If a is rational then there are more invariant probability measures

Proof. Assume that « is irrational and g is an invariant probability measure. For any «
choose n; > ny such that the fractional parts 0 < {nja}, {nsa} < 1 satisfy |3 := {ma} —
{nsa}| < e. In particular, p is preserved by translation T : [0,1) — [0,1) by 3, and thus
mf, for any m € Z), i.e., a dense set of values. Finally (using the dominated convergence
principle) we can show that p is preserved by T for any 0 < # < 1, and so p must be
Lebesgue measure.

Assume that o = p/q is rational. Then p= L3976

2 2_i0 0i/q 18 an other T,-invariant measure.

]

Definition 2.4. If T : X — X is a homeomorphism of a compact metric space then we say
that it is uniquely ergodic when there is precisely one T-invariant probability measure.

Example 2.5 (Leading digits). The unique ergodicity can be used to show that the frequency
of the leading digits of 2" being equal to 1 € {1,---,9} is log(1+ 7).

Example 2.6 (b-transformation). Let X = [0,1). Let B be the Borel sigma algebra, and let
i be the lebesque measure. Let b > 2 be a natural number and let Tx = bx (mod 1), i.e.,

br if0<z<
bx if%§x<

o S

T(x) =
bx ifb*Tlgx<1

When b = 2 this is called the Doubling map.
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It is easy to see that Lebesque measure is invariant. One only needs to observe that for
any subinterval [a,b) C [0,1) the preimage

T, d) = {c d)u [c+1 d+1>umu {c+b—1 d+b—1)

b’ b b b b b

is a union of two intervals of half the length. It is easy to deduce from this that if A is a
disjoint union of intervals then T~ YA is a disjoint union of intervals with the same Lebesque
measure. Finally, we can use the Kolmogorov extension principle to deduce that the measures
w(A) and p(T=1A) coincide for any A € B.

The Dirac measure &g is an example on another T-invariant measure.

Remark 2.7. If b is replaced by a real number § > 1 then there is an invariant measure which
is absolutely continuous with respect to Lebesgue measure.

Example 2.8 (Gauss transformation). Let X = [0,1). Let B be the Borel sigma algebra and
[ et u be the lebesque measure Let T'v = % (mod 1).

Definition 2.9. We define the Gauss measure p on [0,1) defined by

1 dx
M(A)_logQ/A1+x’ for AeB.

Lemma 2.10. The Gauss measure is preserved by the Gauss transformation
(Proof later)

Example 2.11 (Bernoulli measures). Let ¥ = {1,2,--- k}? and let T : ¥ — 3 be the full
shift on two symbols given by T(x,) = (zp41). We can consider the (cylinder) sets

[Pty ydoy - yim) = {x = (2,) - x; =15 forj=—1,--- ,m}
where i_y, -+ yig, -+ yim € {1,2,--+  k}. These form a sub-basis for a topology on ¥ and we
let B be the associated sigma algebra.
Let (p1,p2, -+ ,pr) be a probability vector, i.e., py+---+pr =1 (e.g, pr = =pp = %)
We can define a Bernoulli measure i on ¥ by letting pli—y, - -+ ,io, -+ im) = D—i, =+ Dig * * * Diny

and then using the Kolmogorov extension theorem to extend this to . This measure is easily
seen to be invariant since

ﬂ([ifla"' 7i0a"' 7Zm]) =Di_; " Pig " Piy
_ M(T_l[i—lv"' 72'07... alk])

Example 2.12. Consider a polygon P in the plane. Let X denote the position (and velocity)
of a particle which moves in a straight line in the interior the polygon, and bounces off the
sides. Let T denote the change after one second. T' preserves the natural measure m = “area
X direction”. For generic polygons, m s ergodic.

(N.B. If one puts obstacles inside the polygon this gives a “Sinai or dispersive billiard”.
If one makes the sides of the polygon curved, this gives a “Bunimovitch or Stadium type
billiard”. Both involve a lot of technical analysis).
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Lemma 2.13. A probability measure p is T-invariant iff [ f o Tdu = [ fdu for all f €
LY(X, ).

Proof. Assume [ foTdu= [ fdu for all f € L*(X, u). For any A € B we can take f = xa
to deduce that p(A) = u(T1A), for A € B, i.e., u is T-invariant.

Conversely, if 4 is T-invariant then we can deduce that [ f o Tdu = [ fdu for simple
functions and then extend the result to f € L'(X, i) by approximation. O

Corollary 2.14. If T : X — X is a continuous map on a compact metric space. A probability
measure 1 is T-invariant iff [ goTdu = [ gdu for all g € C(X).

Proof. By the previous lemma, p is T-invariant iff [ f o Tdu = [ fdp for all f € LY(X, p)
which implies [ go Tdu = [ gdu for all g € C(X).

For the converse, assume there exists f € L'(X,u) and € > 0 such that | [ f o T'du —
[ fdu| > e. However, since we can find g € C(X) with |g — f[1 < §, lgoT — fo Tl < §
then by the triangle inequality [ go T'du # [ gdp. O

2.2 The existence of invariant measures

Let X be a compact metric space and let T : X — X be a continuous map. Let B be the
Borel sigma algebra (i.e., the smallest sigma algebra containing the topology on X).

Definition 2.15. Let M be the space of probability measures on X. We can consider the
weak-star topology on M, corresponding to a sequence (u,) € M converging to p € M (i.e.,

pn — ) precisely when [ fdu, — [ fu for every f € C(X).

The great thing about the weak-star topology is that M is compact:

Theorem 2.16 (Alaoglu). For any sequence (p,) C M there exists a p € M and subse-
quence (i, ) converging to .

Theorem 2.17 (KrylovBogolyubov). There exists at least one T-invariant probability mea-
sure [i.

Proof. Fix a point z; € X. For each n > 1, we define a new probability measure p,, by

[ =Yg
k=0

where f € C(X,R) is a continuous function. By Alaoglu’s theorem we can find a p and
subsequence (p,,, ) converging to f.
It remains to show that p is T-invariant. However, for any f € C'(X) we see that

n—4+oo N, n—4oo N

n—1 n—1
/fdu: lim lZf(Tka:): lim lZf(T’““x):/fon,u
k=0 k=0

and the result follows. O
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There is a direct proof that doesn’t require weak star compactness.

Proof. Fix x € X. Let {fn}>_, be a countable dense subset of C'(X,R). For each m > 1

the set
1 n—1 o0
- Tk
{5 e
k=0 n=0
is bounded (by || fin|lsc). Choose convergence subsequences (n!”)2, > (nf?))z ;DD
(n;"")32, D -+-. Then for each m > 1, we can use the diagonal subsequence to write

L(fm) = lim @me

k——4o00 n

This defines a linear function L : C'(X,R) — R. In particular, for ¢ > 0 and f € C(X,R)
choose ||f — fm|| < e. Thus

n®_1 n{® 1 n{® 1
ZfW Zﬁﬁ-ﬁ—ZfW — fi(T'z).
_’L(fk) |\<€

Since € > 0 is arbitrary we deduce that the Left Hand Side converges to L(f), say.
Moreover, it is easy to see that

1. f>0 = L(f) > 0 (positivity);
2. L:C(X,R) — R is linear;
3. L(foT)=L(f),Vf € C(X,R), since

(k)

L(foT)= lim Zf (T'z) = lim % ; fm(T'z) = L(f).

k~>+oo k—+o00 n

We can then define a T-invariant probability measure by [ ¢du := L(¢) (by the Riesz

Representation Theorem).
[

A useful device is often the following.

Remark 2.18 (Natural extensions). Assume that 7' : X — X is not necessarily invertible.
We can associate a new space by defining

X = {(z,)" . : Tap = a0y forn < —1}

and then the sigma algebra generated by sets [z_y, - - - , o] = {(2n)’ € X : 1 € B, —n <
1 < 0} where B; € B is the sigma algebra for X. We then define a map T:X — X defined
by T(2,)".. = (Tx,)"... We can also uniquely extend the measure y to fi on X. Finally,
the map 7 is invertible with 7(z,)° .. = (2n_1)%o,
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2.3 Poincaré Recurrence
The following simple result is extremely useful (and dates back to 1899).

Theorem 2.19 (Poincaré Recurrence). Let p be a T-invariant probability on X. For any
set B € B with u(B) > 0, almost every x € B returns to B. In fact, almost every point
returns infinitely often, i.e., for a.e. (u) we can choose an increasing subsequence {ng}2
of natural numbers such that T™ (x) € B.

Proof. The set of points x € B which return to B infinitely often can be written as

Boo = BN | N, U yT "B
———

=:By

Since T"'By = By,1 we have by T-invariance that u(By) = u(By.1). Moreover, since
By D By D By D -+ we see that u(By) = p(NY_oBn)-
Finally p(Bx) = (B N By) = p(B), where the last equality comes from B C By :=
© T"B.
n=0

]

Remark 2.20. This is statement can (essentially) be found in the bible (Ecclestiastes 1.7):
All the rivers run into the sea. Yet the sea is not full. To the place from which the rivers
come. There they return again.

Example 2.21 (Zermelo Paradox). Why doesn’t all of the air in a lecture room move to one
corner so that the audience suffocates?

Consider the air particles in a closed room. X is the phase space (i.e., all possible
positions of particles and their directions of motion). Let m be the normalized volume. Let
T denote the motion of the particles in the phase space.

If A C X s the set of configurations where all of the particles are on one side of the
room, then they will return again to this set A, i.e., a lot of people will suffocate.

However, 1cc of gas contains about 10%° molecules (and the return times is of order 10
seconds, exceeding the age of the universe).

2.4 Multiple recurrence

A much more difficult result to prove is a Z?version.

Theorem 2.22 (Poincaré-Furstenberg Multiple Recurrence). Let Ty, -+ , Ty : X — X be
commuting transformations, i.e., T;0T; = T; o T; for 1 < 1,5 < d . We can choose M > 0
such that W(BNT; BN ---NnT;MB) > 0.

The most famous application of this is the following.

Example 2.23 (Furstenberg-Szemerdi). Let N C Z be a subset of positive density, i.e.,

1
d := lim sup Card{—k <n<k:neN}

broo 2k + 1
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Then for any d > 0 the set N contains an arithmetic progression of length d, i.e., there exists
N € Z and M > 0 such that the arithmetic progression N, N+M, N+2M,---  N+dM € N.

We briefly show how to deduce this result from the Multiple Recurrence Theorem. Let
¥ = {0,1}Z be the space of all possible sequences of Os and 1s. We can consider the point
x = (2,)02_ € X defined by

n=—oo

x = (Tp) €Y given by x, =0 iff n e N.

n=—oo

Let T : XX — X be the shift map defined by T'(x,,)>2 = (Tpt1)0 -

As in the proof of the existence of invariant m;asures, define for each n > 1 a family of
measures (fi,) defined by

n

1
= S, € M.

=—nNn

By compactness of the space of probability measures M on X there is at least one weak-star
limit point w (i.e., there exists ny — 400 such that pi,, — p). Moreover, the same argument
as in the existence of invariant measures shows that p is T'-invariant and, assuming we took
the subsequence through the sequence corresponding to the limit supremeum d we have that
B={yeX :yy= 0} satisfies u(B) > 0.

We can apply Poincaré-Furstenberg Multiple Recurrence to the transformations

TW=TT,=T2 -, T;=T¢
set B={y € X : yo =0} to deduce that there exists some M > 0 such that
(T MBNT"N...nT*™B) >0

Moreover, since T"MBNT2M 0 ...NT~MB s an open (and closed) set and pi,, — p (in
the weak-star topology) we have that for k sufficiently large:

tn (TMBAT2M A .nTMB) > 0.
In particular, there exists 0 < N < ny, — 1 such that T'zv € T"MBNT2M N ...nT-Mp,
Equivalently, N +m, N +2M,--- ,N +dM € N are an arithmetric progression.

2.5 Invariant measures and flows
Let T : X — X be a flow, ie., T =T o T and T° = I.

Definition 2.24. We say that a probability measure p is T -invariant if p(T*B) = u(B),
forall Be B, teR.

Example 2.25. We can define a flow on X =R/Z by T'z = x +t (mod 1). This preserves
the usual Lebesgue measure.

Example 2.26. Letay, -+ ,aq € R. We can define a flow on X = R4/Z4 by T (zy,- -+ ,2q) =
(x1 4+ tag, -+ ,xq+ tay) (mod 1). This preserves the usual Lebesque measure.
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Let G = SL(2,R) then we can let v be the Haar measure, i.e., we can define a measure

v on G by
Iy (a ﬁ) _dodBdry

v o) 9
i.e., v(B) = [, 3dadBdy for any B € B. However, this measure isn’t finite (i.e., v(G) = 00).
Let I' = SL(2,Z) < SL(2,R) be the subgroup with entries in Z and consider the quotient
space X = G/T.
Lemma 2.27. The volume of the quotient space is finite, i.e., v(X) < +oo. In fact, one

can show that v(X) = 2x2.

We can therefore rescale the measure v to assume that it is is a probability measure.
Example 2.28 (Geodesic flow). We can define a flow T" : X — X by T'gl’ = g,gT" where

etz 0
gt = ( 0 e_t/z)

Lemma 2.29. The measure v is T -invariant.
Proof. This follows from the fact that

a [ et’? 0 a [ et?a et?p
g (’7 5) ['= < 0 6—t/2> (’7 5 I'= 6—1&/27 e—t/2§ L.
In particular, we see that
. ((dédBdy (e=t2d5) (et/2dB) (e ?dy)  dodBdry
DT = =
) e t/26 )
which implies that the flow preserves the measure. ]
Example 2.30 (Horocycle flow). Let G = SL(2,R) and I' = SL(2,Z) and let X = G/T.
We can define a flow on X by T'gl' = hygl" where
1t
=0 )

Lemma 2.31. v is T :-invariant.
Proof. This follows from the fact that

haﬂ_ltaﬂ_oz+t’yﬁ+t(5
"y 6) N0 1)\y 6) U ~ o )

In particular, we see that

Dw(@wm)_@wm
5 TS

which implies that the flow preserves the measure. [

Remark 2.32. We can define a second version of the horocycle flow on X = G/I". We can
define a flow on X by T'gl" = h; gI" where

_ 10
)

10

The measure v is Tt-invariant.
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3 Ergodicity

3.1 Ergodicity for transformations

Let X be a space with associated sigma-algebra B. Let i1 be T-invariant probability measure.

Definition 3.1. We say that (T, X, u) is ergodic if whenever T™'A = A € B then pu(A) =
0 or 1.

Remark 3.2. As usual, we understand the equality of sets as being “up to a set of zero
measure” .

The following characterization can be useful.
Lemma 3.3. We have the following.
1. p is ergodic iff foT = f € L*(X, ) implies f is a constant.
2. is ergodic iff foT < f implies f is a constant.
3. is ergodic iff foT > f implies f is a constant.

Proof. We first observe that the function f is non-constant iff we can choose ¢ € R such that
A={z: f(zr) >c} has 0 < pu(A) < 1.

For part 1, if 41 is ergodic then f oT = f implies that for any such A we have T71A = A
and so by ergodicity u(A) =0 or 1. In particular, f is constant. On the other hand, if u is
not ergodic then we can choose 0 < p(B) < 1 with T~'B = B. Therefore, ypoT = xp and
we can choose the non-constant function f = yp.

For part 2, if we know that “f o T < f implies f is a constant” then we have that
“foT = f implies f is a constant” as a special case and part 1 gives ergodicity. Conversely,
assume that p is ergodic. If foT < f then given any set of the form A = {z : f(z) < ¢} we
see that any r € T~!A satisfies f(Tx) < f(z) < c and thus z € A. In particular, T"'A C A.
However, since p is T-invariant this implies that 7-'A = A, and by ergodicity u(A) = 0 or
1. In particular, f is constant.

The proof of the third part is similar to the second (Exercise). ]

Remark 3.4 (Fourier Series). It is a useful fact that any (periodic) function f € L?([0,1], u)
can be uniquely written in the form

fl@) =" a,e®™" a, € Cwith Y |a,|> = || f]} < +o0.

ne’ nez

Example 3.5. Let X = [0,1]. Let B be the Borel sigma algebra, (i.e., the collection
of sets which are the result of countable unions and intersections of subintervals). Let
1 be the usual lebesgue measure.

1. Given0 < a < 1letT(z) =x4+a (mod1). This is ergodic if and only if « is irrational.

(a) If a = § is rational then p is not ergodic. For example, f(x) = sin(2mqz) is
non-constant but satisfies foT = f.

11
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(b) If « is irrational then p is ergodic. Any f € L*([0,1], 1) can be written uniquely as

flx) = Z a,e*™ a, € C.

neL

Thus,
f(T.T) _ Z &n€27rin(x+a)’

neZ
and if foT = f comparing coefficients gives a, = a,e*™", for alln € Z. Thus a,, = 0
ifn#0, i.e., f is constant.

2. Let b > 2. Consider T(x) = bx (mod 1) defined by

- 1
bx if0<z <y

br — 1 ifi<gp<?2
7(s) = Tesrs

br—(b—1) ifl<z<l
The Lebesque measure pu is ergodic. Any f € L*([0,1], 1) can be written uniquely as

flx) = Z a,e*™™ a, € C.

neL

where Y, o |an|* = || f|I3 < +o0. Thus, if foT = f then

S a2 = f(Tx) = f(z) =Y a,e®™™,

nez nez

and comparing coefficients gives a, = az,. However, since ), ., la,|? < 400 we deduce
that a, = 0 if n # 0. In particular, f is constant.

3. Let T(z) =1 (mod 1) then the Gauss measure p is ergodic. (Proof later.)

4. A Bernoulli measure on a shift space is ergodic. (Ezxercise.)

Remark 3.6. One can also show this without resorting to Fourier series Let Dy /on = [Qﬁn, k;nl

where k € {0,1,---,2" — 1} If E € B then it is not hard to check that p(T~"E N Dyjon) =
27" u(E)

3.2 Existence of Ergodic Measures

Let X be a compact metric space and let T : X — X be a continuous transformation. Let B
be the Borel sigma algebra (i.e., the smallest sigma algebra containing the topology on X ).

Let M be the space of probability measures on X. Let My be the space of T-invariant
probability measures on X.

Lemma 3.7. There are two nice properties of this space:

12



3.2 Existence of Ergodic Measures 3 ERGODICITY

1. My is compact; and
2. My is convex (i.e., If 0 < A <1 and pg, 11 € Mrp then py = (1 — N po + g € M ).

Proof. 1. By Alaoglu’s theorem, M is weak-star compact. Moreover, My = Nyeox){p €
M [(foT — f)dp =0} is weak star closed, and thus compact.
2. For 0 < X <1 we observe that for any f € C(X),

/fon,uA— (1—2A /fonug—l-)\/fon,ul (1= /fduo+)\/fdu1 /fd;u

In particular, uy € M.

Definition 3.8. We call p € My extremal if whenever we can write p = Ay + (1 — Az,
where iy, o € Mp and 0 < X < 1 then necessarily pn = py or = pis.

The next standard result related general T-invariant measures to ergodic ones.
Theorem 3.9 (Ergodic Decomposition). We have the following results:
1. A T-invariant probability measure p is ergodic iff p is extremal in Mor;

2. Given any T-invariant probability measure p, there exists a measure A, on the extremal
(ergodic) measures in My such that we can write

/fdu = /EIt(MT) (/ fdy) dA,(v), for all f € C(X).

Proof. For part 1, assume that y is not ergodic. Then we can find an invariant set T-'A = A
with 0 < p(A), u(A°) < 1. We can then define

WA B) u(A° N B)
w(B) = ————— and py(B) = —F———
="y e =

for any B € B. Then with A = u(A) we can write
o= Apr + (1= A)po

showing that p isn’t extremal. Conversely, assume that g = Apg + (1 — X)pe with pg # uo
and 0 < A < 1. In particular, u < pg, pe. Moreover, the Radon-Nikodyn derivatives

CZLI, dd‘ﬁ € LY(X, p) are invariant, i.e., %} = % oT and ‘il—f = ‘il—’f oT. If we assume for a
contradiction that p is ergodic, then we deduce that dd%? % =1 and thus 1 = w2 =

The second part is an application of a classical result in functional analysis (the Choquet’s
theorem). O

We can compare this with a more familiar finite dimensional version of Choquet’s theo-
rem.

Remark 3.10. Finite dimensional polytope version Let V' be a convex polytope with vertices
V1, ..., Unr1 € R™ Then for every point € V' can be written as a combination of Choquet’s
theorem vertices, i.e., 30 < Aq,..., A1 < 1 with Z"H A =1and z = Z”H \iV;.

13



3.3 Recurrence and ergodic measures 3 ERGODICITY

Theorem 3.11. Let T': X — X be a continuous map on a compact metric space. There
exists at least one ergodic measure.

Proof. Let {fn}>, be a dense subset of C(X,R). Let M = M, be the T-invariant proba-
bility measures and define inductively

MoDMlDMgD"'
by
M ={peM;: /fmdu = 2%/fi+ld7j}-

Since M; 5 v — f fir1dr is weak star continuous we can deduce that M;,; is compact,
non-empty and convex. Thus by compactness (by Alaoglu’s theorem) Mo, := NS M, # 0
We claim that M, consists only of extreme points. Let u € M, and assume

= Ay + (1 = XNpug for pg, po € Moo, 0 < XA < 1.

Then [ fdu= X[ fdur + (1 —=X) [ fdus, for all f € C(X.R). Thus, inductively we see that

/fid,ul z/fidug = /f,du for i > 1.

By density of {f,}5°, C C(X,R) we have that

/fdul—/fd,uQ,VfGC(X,R).

Thus py = po, i.e., p is extremal.

3.3 Recurrence and ergodic measures

If almost all points return infinitely often, then what is the average return time?
Let B € B with u(B) > 0. We define a function ng : B — R by

ng(x) =inf{n > 1 : T"x € B}.

The proof uses one of the more useful constructions in ergodic theory: The induced system.
Since by the Poincaré recurrence theorem a.e. (1) x € B returns to B (infinitely often) we
can define the first return map Tg : B — B by

Tp(z) =T"*@ € B.

We can define a probability measure pup on B by up(A) = “(:é;?) (with respect to the obvious

sigma algebra on B consisting of sets AN B, where A € A). We can easily check that Tg
preserves .

Theorem 3.12 (Kac). Assume that ji is ergodic, then [,np(x)dup(z) = ﬁ

14



3.3 Recurrence and ergodic measures 3 ERGODICITY

Proof. Furthermore, by ergodicity we can partition the space X by
X =U2, Ui {T"s . x € B,ng(z) = n}

and therefore write

L= p(X) = 33 (T 2 € Bung(a) = n))
n=1 k=0
= Zn,u({a; xr € B,ng(r) =n}) = /an,u

]

Example 3.13. Let T : X — X be the full shift on two symbols and p the Bernoulli measure
with (p1,p2) = (3,3). Let us first take B=[0] = {z € ¥ : g = 0}. We see that x € B with
np(x) =n must be of the form:

with a 0 in the zeroth and nth place and 1s in between. In particular, we see that
1
p{z € B : np(z) =0}) = o5

As in the proof of Kac’s theorem, we see that the average return time is

o

n 1
/BnB(x)duB(x) = Z vz = 2= D)

n=1

More generally, we can consider By = [0,---,0]. In this case we see that ¥ € By with

XN
npy(x) = n must be of the form:
z=(-,0--,0,1,1,---,1,0---,0,---)
——— e e e
XN Xn XN

with an N-blocks of 0s starting in the zeroth and nth places and 1s in between. In particular,

we see that .

p{z € By« npy(2) = 0}) = 5o

As in the proof of Kac’s theorem, we see that the average return time is

[e.o]

n 1
d = E — =922V — .
/BN NBy ($) HBN ('I) 2n+2N M(BN)

n=1

We can also consider what happens as N — +oo. In this case we can see there is an
exponential distribution of return times, i.e., for any o > 0,

1 1

a2
ppy{r € By @ npy(z) > a2V} = (1 — 2—N> — exp (a)

15



3.4 Moore ergodicity theorem 4 MEAN ERGODIC THEOREMS

3.4 Moore ergodicity theorem

This is a more general result about group actions.

Theorem 3.14. Let H < SL(2,R) be a closed subgroup and consider the action Hx X — X
defined by (h, gU') — hgD'. This action is ergodic if and only if H is not compact.

In particular we see that ergodicity of the geodesic and horocycle flows follows from this
result.

4 Mean Ergodic Theorems

We can consider the von- Neumann Ergodic Theorem.

Theorem 4.1 (von Neumann Mean Ergodic Theorem). Let pu be a T-invariant probability
measure and let fi, fo € L'(X,u). Then

ngrfwﬁz/fl (1) fle)duta) = [ ud [

Proof. Let us write || f|l2 = ([ |f|2d,u)1/2. Let

n—1
1
Gg= {f c L*(X,B,m) : EZ]‘ o T* concerges w.r.t. | - ”2} .

k=0
We want to show that G = L*(X, B, ). We begin by showing it is closed.

Lemma 4.2. G is closed.

Proof. Let (fx)?2, C G and assume that fy — f. We want to show that f € G too. Given
e > 0, choose k sufficiently large that || f — fi|| < e. Then for n,m > 1:

m—1 m—1 m—1
1 1 1
I=> foTr == foT*| < =D f(f—fi)oT¥|
m m m
k=0 k=0 N k=0 P
<|If—fklI<e

m—1 m—1
1 1
= o Tk: o ° Tk
“m ; / m kz:% / | In particular, since

~
—0 aS n,m—~+o00

n—1
I I = 0T

<llf~full<e
€ > 0 can be chosen arbitrarily small,




4 MEAN ERGODIC THEOREMS

is Cauchy. Since L*(X,u) is complete, the sequence converges (i.e., f € G). Thus G is
closed. ]

Two special types of functions can be found in G:

1. If f satisfies f o T = f then
1n—1 1n—l
E;foTi:E;f:fﬁfasn—)—i—oo,

2. If f=g—goT for some g € L*(X, ) then

n—1

1 .
—ZfoTZ—>Oasn—>+oo.
n

i=0

(since |5 320 fo T < [4(g — gT™)|| < 2[lgll/n — 0 as n — +00).

Let (f1, fo) = [ fifodp for fi, f» € L*(X,B,u). To show that G = L*(X,pu), we can
assume for a contradiction that there is h € L*(X,pu) with h # 0 and (h, f) = 0, for all
f € G (since G is closed).

Observe that

|h—hoT|>=|h||* = (hyhoT) — (hoT,h) + ||hoT|?
and
L [|hoT|* = [ h*oTdu == [ h*du = |[h|*
2. (hyhoT)= [hhoTdu= (hoT,h)
3. (h,h — hoT) so that ||h]|> = (h,hoT)
€g

In particular, |h —hoT|| =0, ie., h =hoT € G giving a contradiction. B
Finally, to deduce the von Neumann ergodic theorem if - Z,ﬁ:ol fi(Trx) — f, € L3 X, p)
as N — 400 then

%NZ [ n@on@du) ~ [Fau [

and [ fidp = [ fdu. O
Finally, there are a wealth of examples that come from Hamiltonian flows, where motion

is described by classical laws of motion. In this case a natural invariant measure is the

Liouville measure (which is absolutely continuous with respect to Lebesgue measure).

Question 4.3 (Harder Question). For which Hamiltonian (or even geodesic flows) is the
(normalized) Liouville measure ergodic?

17



5 POINTWISE ERGODIC THEOREMS

5 Pointwise Ergodic theorems

5.1 Birkhoff Ergodic Theorem

Let T : X — X be a transformation that preserves a probability measure .
The original pointwise ergodic theorem is due to Birkhoff

Theorem 5.1 (Birkhoff, 1931 (Ergodic version)). Assume that T : X — X is ergodic. Let
feLYX,p) and let f*(z) = > p_y f(T"z). Then Lf™(z) — [ fdu, a.e. (1).

We will prove the theorem under the simplifying assumption that f € L*(X, u), and
return to the general case later.

Proof. Let us define f(z) := liminf, .o £ f"(2), for a.e. (1) € X. In particular, since
f(z) = f(Tx) then by f is constant.

e Fix € > 0 and define n(z) :=inf{n > 1: f*(x) <n(f +€)}.
e Fix M > 0 and define A = {z : n(x) > M}.
Claim: For n > 1, f(2) < n({ +€) + Y15 xa@) | .
Proof of Claim We can cover the set {1,2,--- ,n — 1} by sets of the form
1 {k: Trz € A};
2. {l,I+1,--- Il +n(T'z) — 1}; or

3.{n—M,--- ;n—1}.

This completes the proof of the claim. O
Thus L
f"(z) XS i M
D9t S AT D) e+ S
i=0

and integrating gives

M
[ fdn < g + 0+ Al + 5l

First let n — +00 and then M — +o00, which implies that u(A) — 0. Then let € — 0.
Therefore [ fdu < f. Replacing f by —f gives f < [ fdp.
Therefore we can conclude that

7=t sdu= [ sa

which completes the proof of the Birkhoff ergodic theorem. O

18



5.2 A second proof of the Birkhoff Ergodic ThebrellOINTWISE ERGODIC THEOREMS

We next relax the assumption that p is ergodic. In this case we cannot assume that f
and f are constant. However, it suffices to show that [ fdu < [ fdu < [ fdu since then

/ (f=f)du=0
——
<0
which implies that f = f a.e. (p).
If we don’t assume ergodicity then integrating

=)

n

1 n—1 ' M
<(f+ea+- > xalTa)| fllee + I fll
i=0

gives us v
[ fdn< ([ fdu )+ wl 1+ 1

First let n — 400 and then M — +o0, which implies that y(A) — 0. Then let € — 0.
Therefore [ fdu < [ fdu. Replacing f by —f gives [ fdu < [ fdpu.
As we observed above, this suffices to prover the theorem for invariant measures and
fe L™
We leave it as an exercise to do the general case f € L!.

5.2 A second proof of the Birkhoff Ergodic Theorem

Let T': X — X be preserve the probability measure m and let (zb X — R be in Ll(X ).

Ergodic case Given e > 0, let us define f(z fgzﬁ )—e. Then [ f(z)dm(z) =
—e. For each n > 1, denote the sums f,(x ) : Z " f(Th). For each N > 1 we can denote
the maximum of the first N terms to be Fy(z) = max{f,(z) : 1 <n < N}. Observe that

Fny1(x) > Fy(x), since we take the maximum over more terms;

Moreover, since f,11(z) = f(x) + fu(Tx) we see
FN+1(x) = f(x) if Fy(Tx) <0f(x) + Fy(Tx) otherwise

[ Ex(Tz)dm(z f Fy(x)dm(z) since the measure m is T invariant.
Let A {x : Fy(z) — 0o as N — +o00}. We can see that

0< lim [Fni1(x) — Fn(x)] dm(z)

N—+oo J»

1)

= Jim [ 1P - F(ra)d / f(@)dm(a
(by dominated convergence).

Clearly T™'A = A, and so by ergodicity either m(A) = 0 or m(A) = 1. However, if
m(A) = 1 then the last term in (1) becomes [ fdm < —e, giving a contradiction. Therefore,
m(A) = 0. In particular, almost every point z € X actually lies in X — A and so be definition

lim sup M < lim sup (z) <0
n

n—-+00 n n—-+oo
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5.2 A second proof of the Birkhoff Ergodic ThebrellOINTWISE ERGODIC THEOREMS

In particular,

lim sup M = lim su / odm —
n—-+4o00o n n—>+oo
Since € > 0 can be chosen arbitrarily small we deduce that
lim sup / pdm (2)
n—-+00

If we replace ¢ by —¢ this inequality becomes

lim inf / pdm (3)

Comparing (2) and (3) gives the result.
Invariant measure case Let € > 0 and then write f := ¢ — E(¢|I) — €, then E(¢>|I)

Following the previous argument as far as the inequality (1), we can then write [, f dm( )=
A E(f|II)(x)dm(z). Since we are assuming that E(e|I)(z) < 0 then we can deduce that
m(A) = 0. In particular, almost every point x lies in X — A and then
n . Fn
lim sup Jnl@) < lim sup (z) <0
N—+oo n N—+oo n

In particular,
E(¢|I)—e<0
Since € > 0 can be chosen arbitrarily small we deduce that

ule) _

lim sup _fn(x) = limsup _gbn(x) -
n—-+00 n n—-+o00 n

< E(9[)(x) (4)

lim sup
n—-+o0o

If we replace ¢ by —¢ this inequality becomes

liminf 22 > B(6/1)(@) (5)
n—-+oo n
Comparing (4) and (5) gives the result.
[l

Example 5.2 (Normal numbers). Let
— ba(2)
T

be the b-expansion of 0 < x < 1 where b > 2 and b,(z) € {0,1,2,--- ,b—1}. For a.e., (m)
x € [0,1] this expansion is unique (where m is Lebesgque measure). Let

1<n<N: =1 1
N={o<ocr: g GrtlsnsNob@ =i Lo o
N—-+oo N b
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6 SUBADDITIVE ERGODIC THEOREM

then we can see that m(Ny) = 1. More precisely, Tx = bx (mod 1) then writing

Card{l <n <N :by(z) =i} 1o . 1
N - N Zx[i/bv(iﬂ)/bl (T"z) — /X[i/b,(i+1)/b](l’)dl’ =3
n=1

for a.e., (m) x € [0,1].

The set of normal numbers N, Ny, to all bases is again a set of full measure (since the
intersection of a countable union of sets of full measure again has full measure). However,
there are very few explicit examples of normal numbers know.

Remark 5.3 (Central Limit Theorem). In fact, there is a stronger result, i.e., 30 > 0, Vy € R
1<n<N: =i} — N 1 Y
lim w1<{0§;v§1; Card{l <n < N : bu(z) =4} /b}>:: (/ e—1/20 gy
N—+o0 VN 2710 J o

Example 5.4 (Leading Digits of 2"). Consider the sequence {2"} = {2,4, 8,16, 32,64, 128, 256, - - - }.
The sequence of leading digits is {z,} = {2,4,8,1,3,6,1,2,--- }.

Lemma 5.5. The frequency with which x, =1 € {1,2,--- 9} is logy(1 + %), i.e.,

. Card{l<n<N :z,=1} 1
R N = logug (1 + 7)

6 Subadditive Ergodic Theorem

More generally, we can consider a subadditive sequence of functions f,(z) € L'(X, p), i.e.,
Jram () < fulz)+ fr(T"x), for n,m > 1, where T': X — X preserves a probability measure

W
Example 6.1. Let us fix f € L'(X, ) and then define fo(x) :== Sop—g f(T*z). We can then
see that for a.e. (u) x € X:
fn+m<x> = fn(x) + fm(Tnx)
Example 6.2. Let M : X — GL(d,R) be a function taking values in the family (invertible)
d x d matrices. We can define a norm on GL(d,R) by
|A|| = sup{|| Az : = € R? such that ||z|]y < 1}.

We assume that [log, ||M(x)||du(z) < 4+oo (where log+(§) = max{¢,0}). Let f,(x) =
log || M (z) - M(Tx)--- M(T" '2)|| then the subadditivity follows from the standard norm
inequality ||A1As|| < [|A1]]]]Az]]-

Theorem 6.3 (Kingman, 1967). Assume that yu is ergodic. Let f,, € L'(X, 1) be subadditive.
Then the following limit exists

lim lfn(:zc):l:: inf{/fndu n > 1},

n—+oo N,
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6 SUBADDITIVE ERGODIC THEOREM

Proof. Let us define f(z) := liminf,_ o 2 fu(z) < f(z) := limsup,_ . L f1(T"z) = 0, for
a.e. (u) x € X. Since

. 1 .. 1
grg Inf — - 1fn+1(x2 < %Tiﬁlof - iz ) +lim inf — 1fn(sz
:EE{L‘) ;,0 :ix(aﬂx)

we have that f(r) < f(Tw) and thus ergodicity implies that f is constant. Similarly, we see

that f(z) < f(Tz) and thus ergodicity implies that f is constant as well.
Fix N > 1 and choose 1 <7 < N. We can then write any n > ¢ as n =i+ mN + r for
unique choices 0 < r < N — 1 and m > 0. By subadditivity

fulz) < filz )+fnm(Ti ) + [ (T)
<fz +Zf T]N+z )+fr< m 1N+zx)

7=0

Summing this inequality over 1 <1 < N gives:

—_

m—

N N N
Nfau(z) < ZZI filx) + Z Fa(TIN¥ig) +izl fo_ i mN(TnN—&-ix).

i=1 j=0
N >y
vV

=20 N (Ta)

=r

Dividing by nN and letting n — 400 gives

1 1 1
limsup — f,,(z) < 2limsup — (max Hfl”oo) + lim sup — fi (z)

n—-+00 nHJroo I<i<N n~>+oo nN
h ~- g ~~
=:f(2) =0 =% [ Indu

using the Birkhoff theorem for fy, for any N > 1. In particular, we see that

T(z) <1 = i%f{%/f]vdu}.

Next we can turn our attention to f. Moreover, we may as well assume [ > —oo.
Fix € > 0. Let us define n: X — N by n(z) =inf{n > 1: f.(z) <n(f +e)}.
Fix M > 0. Let use define the set of points A = {z : n(z) > M}.

Claim: For n > 1, fo(z) < n(f +€) + X1y Xa(T0)|| filloo + M| fi]loo for ae. (1) z € X.
Proof of Claim. This is similar to the claim in the first proof of the Birkhoff ergodic theorem.
We can cover the set {1,2,--- n — 1} by sets of the form

1. {k: Ttz € A};
2. {l,I+1,--- Il +n(T'z) —1}; or
3. {n—M, - ,n—1}.
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7 ERGODICITY OF FLOWS AND THE HOPF METHOD

This completes the proof of the claim. n
Thus ,
f’l’b x 1 — 7 M
D < (1042 S AT filloo o
i=0

Integrating this inequality gives that
J fadp

n

< (F 4+ pA Al + il

and therefore

ud M
=t { LB < (g e+ 2

n>1 n

for any n > 1.
First we can let n — 400. Next we let M — oo, which in turn implies that u(A) — 0.
Finally, we let ¢ — 0. This therefore gives that [ < f a.e. (u) z € X.

Therefore f(x) = flz) =1 e, l=lim, . fulz) 0

n

7 Ergodicity of flows and the Hopf method

Let X be a space with associated sigma-algebra B.

Definition 7.1. We say that p is T-invariant if for any A € B we have that u(T~*A) = u(A)
for allt € R.

Definition 7.2. We say that (T*, X, 1) is ergodic if whenever T A=A € B for allt € R
then u(A) =0 or 1.

Theorem 7.3 (Birkhoff - Ergodic Theory case). Let p be an ergodic measure. Let f €
. t "
LNX, ) then limy i 1 [y f(T 2)du = [ fdu, a.e. ().

We also need to consider the case that the invariant measure is not necessarily ergodic.
This requires a little more notation. Let Z C B be the sub-sigma-algebra of T*-invariant
sets, i.e.,

I={BeB: T "'B= B (up to a set of zero measure) Vt € R}.

Given f € LY(X, B, 1) there is a unique g € L'(X,Z, u) such that
1. g is Z-measurable (i.e., for any Borel measurable set B C R, g 'B € 7 );
2. [pfdu= [, 9du, VB eI

We then denote g = E(f|Z), the conditional expectation of f with respect to Z.

Theorem 7.4 (Birkhoff - Invariant measure case). Let f € L'(X, p) thenlim;_ o 1 fot f(Tz)du =
E(f|B), a.e. ().

We want to consider two important examples.
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7 ERGODICITY OF FLOWS AND THE HOPF METHOD

Example 7.5 (Geodesic flows). We want to show the following for the geodesic flow on
X =SL(2,R)/SL(2, 7).

Theorem 7.6. The geodesic flow g, : X — X defined by

etz 0
9:gSL(2,7Z) = ( 0 et/2> gSL(2,7)

15 ergodic.

The proof uses the so called Hopf method. We define flows h; : X — X and h; : X — X
defined by

hegSL(2,7) = <é i) gSL(2,7) and h; gSL(2,7) = (i 0) gSL(2,7).

We begin with the crucial connection between ¢; and h;, and g; and h; .
Lemma 7.7. We can write gihsg—y = hget and gth, =gy =h__,

Proof. This follows by matrix multiplication

oo — et’2 0 L os\ (e 0\ (1 set\ b
gt ngt - O eft/Q O 1 0 et/2 — O 1 = lget
hma . — et’2 0 L O\ /et2 0\ (1 0)_ -
Gehg §—t = 0 et/2 s 1 0 et/2] T \get 1) = set

We can apply the invariant measure version of the ergodic theorem for flows to deduce
that for a.e. (u) z € X we have that for any f € L'(X, u).

and

O

E(fIT)(z) = lim ~ / Flgur)d

T—>+OO

and

E(fD)(z) = lim = [ f(g-ex)dt.

Lemma 7.8. If E(f|Z)(x) is constant if a.e. (u) and all f € C(X) then the flow g; is

ergodic.

Proof. Recall that to show y is ergodic it suffices to show that for any f = foT € L*(X, ) we
have that f is constant. In terms of the operator E(:|Z)(x) this is equivalent to saying that the
image of L*(X, ) are the constant functions. However, since E(-|Z) : L*(X, u) — L*(X, u)
contracts the norm, and C(X) C L*(X, ) is dense, this equivalent to the same statement
for continuous functions. ]
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7 ERGODICITY OF FLOWS AND THE HOPF METHOD

Clearly, if y = gs(z) we have that
E(f|IT)(z) — E(f|IT)(y) = E(f|IT)(z) — E(f|T)(gsx)

= lim —/ f(giz)dt — lim —/ f(gsiz)d

T—4co T T—4co T
=— 1 f i+ tim = [ flga)dt =0
- T—1>I-ir-loo gtflf —13-100 T et e

The important point is that if y = A,z then
E(f|IT)(z) = E(f|IT)(y) = E(f|1T)(z) — E(f|T)(hsz)

= lim —/fgtxdt— lim —/fgthx

T—>+oo —>+oo
:Tllrfoof/ fg-sz)dt — grfw—/ f(hse-tg—s)d

However, given € > 0 for Ty > 0 sufficiently large we have that || f(z) — f(hse-tz)]|oo < €/2
for t > Tj. In particular, we can bound

1 [T 1 /7 ) T -
’T/o f(gtx)dt—f/o f(h’se—tgtx)dt’ < | flloTo +( 0)6.

T 2T

and deduce that for y = hyx we have that |E(f|Z)(x) — E(f|Z)(y)| < e.
Similarly, if y = h; x then

E(fIZ)(z) = E(fIT)(y) = E(f|T)(x) — E(f|T)(h; )
= lim —/ flgiz)dt — lim —/ f(gihy )

T—+4oco T T—4oco T
= Tl_l)]}_].oo ? / f gt.r dt - llm pp— / f Setgtx
However, given € > 0 for T, > 0 sufficiently large we have that || f(-) — f(h_. )]s < €/2 for

t > Ty. In particular, we can bound

1 [T 1 [T 5 7 .
’f/o f(gtai)dt—T/O f(hsetgtw)dt’ < £l 0+( 0)6'

T 2T
and deduce that for y = h;x we have that |E(f|Z)(z) — E(f|Z)(y)| < e.

We next need the following result.

Lemma 7.9. We can write any element v = (3 g) € G = SL(2,R) with § # 0 in the

form ~v = hg, gih

52 °

Proof. Tt suffices to observe that every matrix in SL(2,R) with § # 0 can be written in the

1 s\ [e’?2 0 1 0\  [e/?+ sys1e7H? 51712
0 1 0 et2)\sy 1) Spe /2 e t/?

since we can choose t such that e %/2 = §. O
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7 ERGODICITY OF FLOWS AND THE HOPF METHOD

Thus given almost any two points x, 2’ € G/I" we can choose v € G such that 2’ = yz.
In particular, we can write vz = h,, g;h_,x and define

Y1 = h,®, Y2 = iy, &' = hg Y.
Thus we can show that the averages E(f|Z)(x) = E(f|Z)(z').

Example 7.10 (Horocycle flows). We define probability measures v, € M, fort >0, by

1 t
/fdut = 2/ f(hsz)ds for f € C°(X).
0
Let us denote
M, f( / f(g=10gthsx)ds fort > 0.

We first observe that

1 t 1
;/ f(hsx)ds = / f(hgx)ds (by a change of variable)
0 0

1
) 1
:/ f(g—logthsg—logtx)ds (SZTLCB hst - g—logthsg—logt ) ( )
0

= M, f(g-10g:x) (by definition of M, above)
We begin with the following estimate.

Lemma 7.11. The family {M;f(x) : t > 0} is equicontinuous, i.e., for all € > 0 there exists
d > 0 such that if d(z,x") < 0 then |Mf(x) — M f(2")| < € for all t > 0.

Proof. Let us define
Dy (e) = {g:h, (x) : |t],|s| < e} and Vi(€) := hjg11Dx(€)(= Uo<t<1hi Dy (€)).
Then by uniform continuity of f we have

1
Vol(Vz(e€)) Va(e)

Moreover, for x, 2’ € X sufficiently close we can estimate

‘Mtf<x) f(g—logt')d/vb' —0ase—0.

1 1
VOI V. ( )) /m/(e) f(g—logt-)d)\ — —VOI(VZT(E)) /Vz(e) f(g—logt-)d)\

=| [ s (it~ vy

1 1
< —1lo XT /Y7 7\ (€) ~ X7 /17 7\
< 0 9-rostlls Iy e ) ~ Sorrvz ey e 2
I f1l2

by the Cauchy-Schwartz theorem (and g;-invariance of u). Moreover, it is easy to see the
term on the Right Hand Side tends to zero as d(z,z’) — 0. O
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7 ERGODICITY OF FLOWS AND THE HOPF METHOD

If X is compact then we can apply the Arzela-Ascoli theorem there exists an accumulation
point f € C(X) of {M,f(z) : t > 0}, i.e. there exists a subsequence such that M, f — f as
t, — 4o00. If X is not compact then we still know that this converges on compact sets (and
in L?).

Lemma 7.12. f is constant on hg-orbits.

Proof. We have by (1) that

- _ -
||E/ f(hs)ds B f © g—IOgtkHQ = ||(Mtkf) O G—logt, — f o g_1ogtk||2
0

— 1, f = Flls = 0

(2)

as tp — 0, by gi-invariance of the probability measure pu. Moreover, by the von Neumann
mean ergodic theorem (for invariant probability measures)

%/0 " f(he)ds — F = E(f|T) € L*(X) (3)

~

as k — +oo in the L? norm. Moreover, this limit is naturally h,-invariant, i.e., f = fo hs
for all s € R. Thus,

1. We have ||f — ]/‘\o Giogty ll2 = |f o G—logt, — f||2 — 0 by the invariance of the measure
and (2) and (3).

2. We can bound

||?O h’s - f o glogtkHZ
= ||? - J/C\O Qog ty, © h_s|l2 (by hs-invariance of p)

- ||7 - f o h—stk o Jlogty, ||2 (Since Jlogty, o h—s - h—stk o glogtk)
=|If - fo Giogt, |2 — 0 (since ]?o h_g, = J/”\by hs-invariance of ]?)
Comparing 1 and 2 shows f = f o h,, as required. O
Finally, we need the following simple topological fact (whose proof we omit).
Lemma 7.13. There exists a dense hy orbit in X.

In particular, since f is a continuous function and it is constant on hg-orbits this implies
that f is a constant. Since we had in the case that X is compact convergence of the averages
to a constant along every horocycle orbit, this is enough to deduce the following.

Theorem 7.14. If X is compact then the horocycle flow hy : X — X is (uniquely) ergodic.
More generally, even if X isn’t compact the L? convergence allows us to obtain.

Theorem 7.15. The horocycle flow hy : X — X is ergodic.
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8 CONTINUED FRACTIONS

8 Continued fractions

Let 0 <z <1 be an irrational number. There is a unique “Continued Fraction Expansion”
of the form

where a1, a9,... € N.

Let us consider 7" : [0,1) — [0,1) by
- {51/95}(: 1z —[1/z]) ifz#0

ifxz=0
Then
1 1 1
:L' = - = =
x [z +{1/z} a1+ Tx
and
e 1 1 1 1
xr = _ — = g .
(Tz)=t o«  [1/Tx]+{1/Tz} ay+T?x
Thus
1 as + T2£E
:L' = o
1 T2
a + (ag-l—lT_?m) (@az +1) + (%)

In particular, proceeding inductively, for n > 2
1

1
a
1+a2+ L

T = where a,, = [1/T" 'z] € N,

ot " oy
We can rearrange this as
_ Dn + pn—l(Tnm)

for n > 1.
On + @n—1(Tx) -

X

We recall some basic facts.
Lemma 8.1. 1. We define p,, q, inductively by:
p=00p=Lp=La=a
Pn = nPn-1+ Pn—2 and Gn = apdn-1+ o2

2. Pno1qn — PnGn—1 = (—1)"

Proof. 1. Substituting T"(z) = we can write

1
an+1+T7

1
Pn +pnfl(Tn5L‘) . Pn+ Pn—1 <an+1+T"+1z>
Gn + qn_l(Tnx) Gn + qn—1 (

1
an+1+T"+1x)
(a'n—i-lpn + pn—lz +pn (Tn+1$)

=Pn+1

(an+1Qn + qn—l) +Qn(Tn+1x)

~ i
~~

=(qn+1
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8 CONTINUED FRACTIONS

by induction. It also holds with n = 1.
2. We can write

Prndn+1—Pn+1qn = pn(an+1Qn+Qn—1)_(an+1pn+pn—1)Qn = Pndn—-1—"Pn—-19n = _(_l)n_l = (_1)71

by induction. It also holds with n = 1.

O
Corollary 8.2. ¢, > 2"=D/2 gnd p,, > 200=2)/2
Proof. The proof is by induction. By the above
G > Qoo + Qg > 20772/2 4 2(1=3)/2 5 9 9(n=3)/2 _ o(n—1)/2
by induction. It also holds for n = 1. Similarly for p,,. [

We now want to study the ergodic properties of 7T'.

Lemma 8.3 (Gauss). The probability measure p defined by

1 dz
A) = A
wu(A) logQ/Al—i—:vfor any A € B

18 T'-invariant.

Proof. Tt suffices to show that for any interval (0, a) we have that u((0,a)) = u(T-(0, a)).
In particular,
u(@0.0) = Y ( (= 2/
’ k+a’ k " log2 1+z
k k+a
(lo
(10
1 i /k da
log 2 = e 1+

(1+5) s (1
:1();2Z
5 | 15 =),

= 1
_log2z +E a
k=1
> [0 (e
1 —)—1 1
< i Og( Ty
k=1
:10g2

—_

—_

7))
1))

g
g

Theorem 8.4. The measure p is ergodic.
Proof. Consider the intervals

Pn PntPn—1

[n(x) — Gn’ Gn+qn-1

PntPnol Pn if n is odd
Gntqn-1" qGn

if n is even
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8 CONTINUED FRACTIONS

then the length is [(1,(x)) = m (by Lemma (ii)), where  denotes Lebesgue measure.

We can define ¢ : [0,1] — I,, by

1 _ Pn—2 + (an + t)pnfl
PO S Gn—2 + (an + ZS)C]nfl ‘

o
st AT

Note that ¢ is a bijection. Assume that £ =T~'E C [0,1] then we can write

UE N I (x)) = / \e(6(1)]6(6)dt

and |¢/(t)| = (qn72(an}!‘t)q'n—l)2 € [(anrqlnil)Q, é] by (i) and (ii).
In particular,
(ENI,)

I(I)
since (ENT,) > —8 > 1) __ (1 )¢,)? > I(E)I(I,)/4.
——

= (gn+an-1)*> = (gn+gn-1)?

1
> Z_LZ(E) (*)

<1
Given € > 0 we can cover E° by intervals U, I,, of the above form such that

> L) = UE) = (I, —e

Then
(E)(E) <UE)> UIL,)<8) NENI,) (by (*))

=8| Y UENL)+1(E N (UnI,)) — 1(E°)

—Fc

<8 (ZZ(E NL)+ > IENL) - l<EC))
_ (Zzun) —Z(EC)> < 8e.

Since € > 0 is arbitrary, either [(E) = 0 or [(E¢) =0, i.e., u(E) =0 or pu(E°) = 0.

By applying the Birkhoff ergodic theorem we have the following.
Theorem 8.5. For a.e. (u)z € (0,1),

1. the limit of the geometric averages satisfies

log k

o 1 log 2
; Y v/ .
(e an) 7 = IH (1 TeT Qk) and
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8 CONTINUED FRACTIONS

2. the growth rate of the q, is
. logg, i
lim =

n——+00 n 12 log 2
Proof. 1. Let f(z) =log[1/y]. By the Birkhoff ergodic theorem:

Z logk 1
B ek

where f € L'(X,m) we have that [ fdu < 10g2 S, kt‘;ﬂiﬁ) Taking exponentials gives the
result.
2. Since we can write

Pz
T = lar, -+, ay)]
Qn(x)
B 1
_1+[a27"'7an]
B 1
- Pn— 1(T$)
L+ T
Qn71<Tx)

N Po-1(T2) + ¢n1(T)

we deduce that p,(z) = ¢,—1(Tx), by comparing numerators. In particular,

pn(flj) pn—l(Tx) . p1<Tn71m) _ 1
@) @r1(Tx) (T 'z)  gu(z)

—10gqn = kzl (p"k )>‘

An—k

and so

If f(z) = logx then

n—1 n—1
1 1 1 P
log qn(z) = - E f(r ﬁ ( E log(T*z) — log [Qn: (T’“x)}) .
k=0 k=0

J/

-~

(*)
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9 MARKOV OPERATORS

By the Birkhoff ergodic theorem and the expansion log(1 + x) = Z:ZOZO(—l)’“ﬂ

k1
1 1 (1
lim — Zf(Tkx) = / 8% 1x
n—-oo 1 £ log2 J, 1+=x

1 /1 log(1+ x)

_log2 x

dx (Integrating by parts)

o0 1

1 o
- _logZ Z(_l)k/o k 4 1d$ (by eXpandlng the logarlthm)

7T2

P k+1 1210g2

log 2

It still remains to show that the contribution from (*) is trivial:

T* — Tk
og [ || <3 Ty
pr et (i J| 7T | [ (1)
since |logy| < |y — 1|. Moreover,
pr/ax T e Q| PrGr1 2
giving a bound
n—1 TkZL‘ n—1
-1 < on—k—-1 — L.
k=0 [zz::( kx)] k=0
[
9 Markov Operators
Let Ty,--- ,T, : X — X be measure preserving transformations with respect to a probability

measure g (i.e., for all B € B we have that u(T; 'B) = u(B)). Let (pi,---,pn) be a
probability Vector (with p; + -+ + p, = 1). We define a linear operator, T : L'(X, u) —
LN(X, p) by

Tf(z) =) pif(Tix),Vf € L'(X,p),ae.(u)r € X.

=1

Definition 9.1. We call T : L*(X, ) — L'(X, 1) a Dunford-Schwartz operator if

ITfllr < 1 Fll and 1T flloo < [[f]loo

In addition, we say

1. T is positive if f1(x) < fo(z) implies that T f1(x) < T fo(x) a.e. ()

32



9 MARKOV OPERATORS

2. T is Markov if T1 =1 where 1 is a constant function.
Finally, we say that T is ergodic if Txa = xa where A € A implies that u(A) =0 or 1.

Definition 9.2. We say that the family {Ty,--- ,T,} is ergodic whenever A € B satisfies
T7'A=A,i=1,---,n then u(A) =0 or u(A) = 1.

If Txa(z) = xa(z) then by convexity 7, 'A = A for i = 1,--- ,n and thus pu(A) = 0 or
1, i.e., the operator T' is ergodic.

Theorem 9.3 (Hopf-Dunford-Schwartz). If a Dunford-Schwartz operator T : L'(X, u) —
LY (X, 1) is ergodic then

1§wwwfméwwmx
n k=0 ’

and ¢ € LY (X, ).
Remark 9.4. In particular, this subsumes the Birkhoff Ergodic Theorem by letting n = 1
and p = (1).

The proof is slightly reminsicent of that for the von Neumann ergodic theorem. We begin
with the following simple lemma (whose proof we omit).

Lemma 9.5. Let Fir(T) = {g € L=(X,pu) : Tg= g} then B = Fig(T)® (I —T)L" (X, ) C
LY (X, 1) is dense (in the L*-norm).

We use the following notation S,é(x) = S r—g TFé(x), n > 1.
Lemma 9.6. [t ¢ € B then 1S,¢ converges in || - ||oo.
Proof. Let f = g+ (I—T)h with g € Fix(T') and h € L*°(X, p). Then £5,¢ = g+ (h—T"h)
and

1 lloo + [|T"R|| 0o
1256 — gl < W= 2 IEEE

as n — +o0. OJ

n

Moreover, since 7' is ergodic we see that Fix(7") consists of constant functions (i.e., ¢ € B
implies £5,¢ — [ ¢dp).
Aim: We want to extend the convergence to the L!-closure of B Then the ergodic theorem
follows by Lemma ?7).

Definition 9.7. We associate a mazimal “operator” for f € L'(X, ) by

M f(z) = sup

n

suf (@)

Lemma 9.8. 1. Mf >0 for f € L}(X, )
2. M(af) = |a|M(f) for f € LY(X,u), a € C
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9 MARKOV OPERATORS

8. M(f+g) < M(f)+ M(g) for f,g € L'(X, p)
These follow from the definition of M.

Definition 9.9. We say that (%Snf) satisfies a maximal inequality if

/1l
A

pla : Mf(x) > A} <

for all X >0 and f € L*(X, u).
To achieve our aim we use the following.

Lemma 9.10 (Banach’s Principle). Assuming (M) holds we have that
Snf

n

C = {f e L' (X, p) : ( )O@ converges a.e.(,u)} C L'(X, p)

n=1
is a || - ||1-closed subspace.

Proof. To see that C' is closed: Let f € C € L'(X,u) and € > 0. Choose g € C with
lg — fll1 < e. By the triangle inequality: For a.e. (u) z € X:

1 1 1 1
£5u1) — 1500 < |10 - fiate)
<M(f-g)(@)
1 1 1 1
+ ESkg(il?) - 7519(53) + 7519(55) - jszf(x)
— as k,i—-+oo h <M(f—g)() }
Thus | .
h(z) = lim sup ZSkf(x) = 78uf ()] < 2M(f = g)(w).
=00

Fix A > 0 then
pfa : h(z) > 20} < pfa s M(f — g)(x) > 2A}

< W=l by D)

<

> o

Since € > 0 was arbitrary u{x : h(z) > A} = 0. Since A > 0 was arbitrary u{z : h(z) >
0} =0, ie, h=0ae. (u). In particular, f € C (i.e., we deduce C' is closed). O

Recall that the Theorem follows from Lemma ?7, Lemma ??7 and Lemma ?77.
It remains to show (M) holds. The following is the key.

Definition 9.11. Given f € LY(X,u) we define M, f(z) = maxi<x<,{Skf(x)}, n > 1 for
a.e. (u)xreX.
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9 MARKOV OPERATORS

Lemma 9.12 (Hopf). We have

/ fdp >0
{z . Myf(z)>0}

Proof. By definition, for k = 2,3,--- ,n:

Sk—1f (@) < My f(x) < max{M, f(z),0} (%)
(M f) 4 (2)
In particular, for K =2,--- ,n,
Sef(x) = f(x) + TSk f(x)
< f(x) + TM, f(x) (Since T is positive and (*))
and
Sif(x) = f(x) < f(z) + TM, f(z) (Since (M, f); > 0 and T is positive)
>0
and thus
M, f(r) = s Sef(@) < 7(x) + T(M,f). (@) ()
Therefore,

/(Mnf)er,u = /{ - M, fdu (by defintion of (M, f))

< / fdu+ / TM, fdu (since T is positive and contracts)
{z © Mnf>0} {z © Mnf>0}

N J/

<[ (Mo f)+dp
Cancelling the first and last terms gives [ (z 1 Mnf>0) fdup >0, as required. [

Finally, this leads to the following

Corollary 9.13. Let A, f(x) = maxlgkgn{s"‘f(x)}, n>1, fe LYX,u) the for any A > 0

k
/1l

ple - Apf(z) > A} < A

(i.e, a “finite dimensional” version of (M))

Proof. We can apply the Hopf Lemma (Lemma ??) to g = f — Al to get

/ (F — A)du > 0 (+)
{z | Mng>0}

since {z : M, f =0} C {z: g(x) <0} by definition of M, g (and in the set integrated over
> is replaced by >).
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9 MARKOV OPERATORS

Let 1 <k<n.Let 0<j<k—1then
T'g=Tf - XI"1 =T/f — X\l (T1 = 1, Markov Property)

Averaging over 0 < 7 < k — 1 we have:

1

1
kSkg = ESkf — Al

Taking the supremum over 1 < k < n gives
Ang = Anf — A (**)

and thus
{z: Apf(z) > A} C{x: Ang(z) >0} ={z: M,f(z) > A} (% % %)

by (**) and comparing the definitions of A,g and M, g. Thus

0< / (f — Al)dp by (%)
{z : Mng(x)>0}

-/ (= v+ | (f = M)dp using (*+*)
{z : Apng(xz)>0} J {z | Mng(x)>0,Anf(x)<A\} |
<o since f < A, f
Thus
. 1 /11
i s Auf(z) > A} < fdp <
AJa: Auf@)>A) A
as required. N

We can now prove that (M) holds. For f € L'(X, u) we have that

1 1 . "
p{x fnax ESkf(x) > A <z Iax ESkf(x) > A} (since T positive)
_ Il
- A

Letting n — 400 then

Thus p{z : Mf(z) >N} < I

|
hy

(i.e., (M) holds as required).
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9.1 Application to Ergotic ThebPiN@YediBaINENTS AND OSELEDETS’ THEOREM

9.1 Application to Ergodic Theorems Free groups

There are also some interesting variations of the ergodic theorems to other groups. Recently,
there was a nice proof of an ergodic theorem for the free groups. More precisely, assume that

Ty, -+ ,Ty: X — X are each (invertible) measure preserving transformations that generate
a free group, that is there is no relationship between the generators, i.e., some combination
T3 T withdy, ... ip € {1,...,d} can only be the identity map when n, = ... =n; = 0.

Unless your choice of transformations is unlucky, this is what one would expect.
Definition 9.14. We say that the action is ergodic if the only sets B € B satisfying T, ' B =
B, for every 1 < i <d have either u(B) =0 or u(X — B) = 0.

For f € L'(X) and x € X we can write

o f($) = Z|n1|+-~~-|—\nk\:n f<Tz?1 e 0 lekx)
# (e, o) o g = 0}
for the average over points the “shell” corresponding to acting on x a total of n times by

different combinations of 77, ..., Ty,. It is now natural to consider the averages of these terms.
In the case that (X, B, u) is a probability space, we have the following ergodic theorem.

Theorem 9.15 (Nevo-Stein, Bufetov). Let m be an ergodic measure then, for any f €
LY(X), we have

| v
— onf(x) — | f(x)dm(z), asn — +o0, a.e.
w2

We can observe that # {(ny, -+ ,ng) : [ni| + -+ + |ng| = n} = 2k(2k — 1)"~ (The L?
version of this was proved much earlier by Guivarc’h). There is also an application of Rota’s
theorem
Proof. Consider the operator T : (L'(X, p))* — (L'(X, p))* defined by

T(fr o fo(w))y = =

10 Lyapunov exponents and Oseledets’ Theorem

Let F': X — SL(2,R) be a measurable tranformation.

Theorem 10.1 (Oseledets). Assume that log™ |[F(z)|| € LY(X, ). For almost all z € X
there exist

1. measurable functions A\j, g : X — R A\j(z) > Aa(x)

2. a measurable splitting R* = Ey(z) ® Fy(x)
such that )
lim —log[|F'(x)"vi]| = Ai()
n

n—-+o0o

for all non-zero v; € Ey(x).
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10.1 Automorphisms oflthe HKRPUNOV EXPONENTS AND OSELEDETS’ THEOREM

10.1 Awutomorphisms of the disk
Let Mod(ID) be the set of all maps f: D —-DonD:={z€ C: |z| < 1} of the form

az+b
Pasl2) = bz —a

where |a]? — |b]? = 1.

Definition 10.2. We define the Poincaré metric on D by d(zy, z) = 2tanh™ Hfi;f%". Equiv-
alently, we can write this as

dx? + dy?
(1= (22 +y2)*

Lemma 10.3. The metric is invariant under maps ¢ € Mod(D), i.e., d(z1, z2) = d(¢pz1, p2a).

ds® =

By a simple calculation (which we omit):

Lemma 10.4. For f € Mod(D) and € € K = {£{ € C : || = 1} we have that
oy L= O
O e or

a b

We can relate matrices A = (c d

ho faoh™! where

) € SL(2,R) to maps ¢ € Mod(D) by ¢a(z) =

_az+b 1—z

fa(z) = o d and h(z) = T

Lemma 10.5. We have fa: D — D is a biijection.

Let A(0),A(1) € SL(2,R). We can consider = = (z,,) € {0,1}?" and for n > 1 we can
write

far@) (&) = (fa@o) © fa@) © 0 fa@._))(&)

We can apply the subadditive ergodic theorem to ¢,,(x) = d( fan()0,0), the displacement
of 0 € D. This uses the invariance of the Poincaré metric and then by the triangle inequality
to write

¢n+m(x) < ¢m(x) + (bn(O'm:L’), n,m > 1

In particular, there exists A € R such that for a.e. (u) z € X
.1
lim —¢,(z) = 2\
non

We can concentrate on the case A\ > 0. In particular, from the definition of the Poincaré
metric

1
lim — log(1 — |fxl . (0)]) = —2A,
im —1og(1 — | f1n () (0)])

i.e., the Euclidean distance of f;,}(x) (0) from the unit circle K tends to zero. Moreover, we
have the following:
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11 SPECTRAL THEORY

Lemma 10.6. For a.e. () x € X

1 1 —1

In particular, this shows that | f;r}+1(x)(0)| is a Cauchy sequence in the Euclidean metric
for a.e. (u) x € X. Let w®(z) € K be the limit point on the unit circle in the Euclidean
metric which can also be seen as a limit of the conformal action on K.

If A€ SL(2,R) has a maximal eigenvalue A and eigenvector v = v, then let s(A) € K
be the corresponding point on K.

Lemma 10.7. s(A) = £3"(0)/|£:'(0)land A = | f4(s(A))] /2.

We denote by u(A) € K the direction corresponding to the eigenvector of the smaller
eigenvalue.
We can write

wi(z) = lm s(fan)

n—-+00

In particular,

()] = (1 + w%

and thus

1 1
lim —log|(f1)(2)| = -2—2 lim —log|z — w,
Jim —log [(f)'(2)] Jim —logle —w

For all z # w?®(zx) this gives that the limit is —2A\.

11 Spectral Theory
Consider the Hilbert space

X )= {f: X —R: /]f|2du<+oo}.

—_—
=:[I£1I3

We can associate to a measure preserving transformation 7" : X — X a linear operator
Ur: L*(X, u) — L*(X, p) defined by

Urf(z) = f(Tx).
The following lemma is easy to prove:
Lemma 11.1. The operator Up is an isometry (i.e., ||Urflla = || fll2 for all f € L*(X,pn)).

Definition 11.2. We say A\ € C is an eigenvalue if there exists a non-zero f € L*(X, p)
such that Upf = \f.

In particular, 1 is an eigenvalue corresponding to the eigenfunctions consisting of constant
functions.

Definition 11.3. We say that T has continuous spectrum if and only if 1 is the only
eigenvalue of T and T : X — X 1is ergodic.

Proof. We know that Upf = foT = f if and only if T" is ergodic. [
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11.1 Spectral theorem 11 SPECTRAL THEORY

11.1 Spectral theorem

Let us assume for convenience that 7' : X — X is invertible.
One of the main results on the spectrum of the operator Ur is the following.

Theorem 11.4 (Spectral Theorem). Given f € L*(X, u) there exists a probability measure
pr on K ={z€C : |z| =1} such that

/U}Lf.fd,u = /z”d,uf(z),Vn € 7.

If [ fdp =0 and T is ergodic (i.e., Ur has continuous spectrum) then p;({z}) = 0 for
all z € K.

11.2 Ergodic Theorems for subsequences
We can reprove the mean ergodic theorem using the spectral theorem.

Proof. Assume that [ fdu =0 then py({1}) = 0. We can write
1 n—1 1 n—1
- T fdp = — rffd
n;/f i n;/UTffu
n—1
1 i
= EZ/Z dyiy(z)
=0
1 1—2"
— [ (=) awta

We see that for z # 1 we have lim,,_ ;o |+ 12| = 0.

By the dominated convergence theorem we have that

o3 [ e = (1)) =0
=0

]

We can consider the corresponding problem for ergodic theorems for the subsequence
{n?}. In particular, we can consider

n—1
> [ et g i)
=0

/ (%Z> e

By uniform distribution of the sequence {an?} we have the following.

We can write this as

40



11.3 Weak mixing 11 SPECTRAL THEORY

Lemma 11.5 (Weyl). For m € Z\ {0} and irrational o we have

n—1

. 2
E 2™k 0 as n — +00.
k=0

1
n

In particular, we can use the spectral theorem and the dominated convergence theorem
to write
1 n—1 2 1 L 2
-y i=0 o T fdu=— Uy ffd
im0 [rora= 15 [uF s

1 n—1
_ k2
k=0

By the dominated convergence theorem we have that

1~ 2
EZ/foTk Sdp — pp({1}) =0,
k=0

11.3 Weak mixing

We begin with the following equivalent definition of ergodicity.

Theorem 11.6. Let T : X — X preserve a probability measure p. T is ergodic if and only
if for all A, B € B we have that
1 n—1
SN TTANB) = p(A(B), s — +oo ()
n

=0

Proof. Assume that p is ergodic then by the Birkhoff ergodic theorem (with f = x4):

%2XA(T%) — p(A) ae. () reX

Thus

n—1
1 ,
- ZXA(T%)XB(QJ) — u(A)xp(z) ae (n)zeX
i=0
and integrating
n—1
1 .
S W(TTANB) = p(A)u(B),  asn - +oo
=0

(by the dominated convergence theorem) as required.
Conversely, assume (*) holds and T71A = A. Let B = A then by (*)

n—1

u(A) = 3 m(AN A) = m(A)

=0

and thus p(A) =0 or 1.
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11.3 Weak mixing 11 SPECTRAL THEORY

Given a transformation 7' : X — X, ergodicity of an invariant measure m is only the
first in a sequence of increasingly stronger possible properties.

Definition 11.7. We say that a measure m is weak mizing if for any A, B € B we have that

lim % " [m(T"AN B) — m(A)m(B)| = 0

N—+o00
This is different to ergodicity because of the | - | used on each term.
The following is immediate
Lemma 11.8. If T is weak-mixing then it is ergodic.

We also have the following equivalent formulation.

Lemma 11.9. T is weak mixing if and only if for all f1, f» € L*(X) we have that

N—-1
1 )
iy 2| [ o1 padm— [ fudm [ poam| <o

Proof. If we assume that for any fi, fo € L*(X) we have that

N-1
.1 "
NEIEOON;]/floT fgdm—/fldm/fgdm|:0.

then we can take f; = x4 and fo = xp to deduce that

lim Z \w(T"ANB) — u(A)u(B)| = 0.

N—+oo N

For the reverse implication we can assume that

lim Zyu AN B) — u(A)u(B)| = 0.

N—+oo N

and then approximate || f; — gi|| < € for i = 1,2 where g1, g» € L*(X, u) are simple functions.
[

Example 11.10 (Ergodic, but not weak mixing). Let T : [0,1) — [0,1) be an irrational
rotation then T is ergodic with respect to Lebesgue measure pi. Let A = B = |0, %] . Then by
considering the function f € L*[0,1] defined by f(z) = |z — | we see that

W(T7ANA) = f(T0)

In fact (by uniform distribution)

1o, s 1S, o1 19
E;W(T ANA)—pu(A) |—ﬁlo|f(T 0)—1|—>3—2%0
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11.3 Weak mixing 11 SPECTRAL THEORY

There is an interesting equivalent formulation:

Lemma 11.11. T is weak mizing if and only if given fi, fo € L*(X) there erists a subse-
quence J C Z of zero density (i.e., limn_>+oo%0a7"d {0<i<n—-1:i€J} =0) of the
natural numbers such that im jz,— 1o [ f1 0 T™ fodm = [ fidm [ fadm.

This is an easy consequence of the following lemma (where a, = [ f1 o T" fodm —
f f 1dmf f2)-
Lemma 11.12. Let {a,} be a bounded sequence of real numbers then the following are
equivalent

1 limy oo 23705 Jas] = 0;

2. 3J C Z* of density zero, i.e., lim,_ %Card {0<i<n-—1:i€J} =0 such that
lim,, o0 @, = 0 provided n & J.

(The proof is an exercise, or can be found in Walters’ book).

Lemma 11.13. Let T : X — X preserve a T-invariant probability measure. The following
are equivalent:

1. T s weak mizing;

2. T x T is ergodic; and

3. T x T is weak mizing.

(The proof is an exercise, or can be found in Walters’ book).

Theorem 11.14. Let T : X — X be an invertible measure preserving transformation. Then
T is weak-mixing if and only if T has continuous spectrum.

Proof. Assume that T is weak mixing. Let Urf = Af and assume X # 1. Since [ fdu =
[ Urfdu= X[ fdu we deduce that [ fdp = 0. Thus, by the weak mixing property

n—1 n—1 n—1

1 , 1 , 1 :

o> [reTidu= 23 [istan= SN [1iPdu -0,
=0 =0 =0

Moreover, since A # 1 this gives that [|f|?du =0, i.e., f isn’t an eigenfunction.
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11.4 Strong mixing 11 SPECTRAL THEORY

Assume that [ fdp = 0. Let K denote the unit circle. By the spectral theorem
1 n—1 1 n—1
31 retisau - P [ vit-sau
i=0 '
- —Z| | NP
1 / . p
= — Ndp )\/)\’du)\
: Z [ X () [ Ay ()

25 [ ot
:_//( ) < ) )

By bounded convergence (and since (g x ,uf)({(Lx) :x € K}) = 0) we deduce that the
final expression tends to zero. By a previous result, T is weak-mixing. O

Every weak-mixing measure is ergodic, but there are examples of ergodic measures which
are not weak-mixing:

Example 11.15. We saw that the irrational rotation (by ) was ergodic. However, it is not
weak mizing. For erxample, if we choose fi = fo = xy, for some small interval J then we
can never hope to find a subsequence satisfying (1) and (2) above.

11.4 Strong mixing

Definition 11.16. We say that a measure m is strong mixing if for any A, B € B we have
that
lim m(TNAnNB) =m(A)m(B)

N—+o00

Lemma 11.17. T : X — X is strong mizing if and only if for any fi, f» € L*(X) we have

that
hm /floT fodm = /fldm/fgdm

The proof is similar to that for weak mixing transformations.
The following is immediate

Lemma 11.18. Fvery strong mizing transformation is weak mizing

There are examples of weak mixing measures which are not strong mixing (e.g., certain
types of interval exchange maps).

Remark 11.19 (Open Problem). One can generalize the notion of strong mixing to 3-mixing
by considering bounded functions fi, f2, f3 : X — R and requiring that

lim / Fr o T™ fy 0 T fydm = / frdm / fodm / Fadm.

ni,n2,m2—n1—00
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12 BERNOULLI AUTOMORPHISMS AND K-TRANSFORMATIONS

Although three mixing implies strong mixing, it is unknown if the converse it true. (In the
analogous case of Z? actions, Ledrappier showed this was not the case).

Remark 11.20 (Decay of correlations). The natural heuristic interpretation of strong mixing
is that it measures how quickly the system approaches an equilibrium ( ... whatever that
means). In some cases one would like to show that for nice enough fi, fo the “correlation
function” p(n) = [ fi o T" fadm — [ fidm [ fodm tends to zero quickly (e.g., exponentially
fast). Generally speaking, one expects that provided ¢? := > > p(n) < +oo then the

improvement of the Birkhoff ergodic theorem to the Central Limit Theorem holds. (Ideas of
Gordin).

12 Bernoulli Automorphisms and K-transformations

Bernoulli transformations (the invertible case) Let us begin with an example before we give
the definition!

Definition 12.1 (Bernoulli shift). Let ¥ = [[2_{1,...,k} denote the space of all se-
quences (x,)5 . where x,, € {1,...,k}. There is a natural Tychonoff product topology and
let B be the Borel sigma algebra. We can define the measure of an algebra of sets

iy, .. yis) = {(@n)pe_oo - xj =14, forr <j<s}

by m([iy,..., i) = k=), This extends uniquely to a measure p on B by the Kolmogorov
extension theorem. The invertible transformation T : ¥ — X defined by shifting a sequence
one place to the left is called a Bernoulli shift

A Bernoulli transformation T : X — X with respect to a measure p is one that looks
like a Bernoulli shift “up to isomorphism”. More precisely, we call a map ¢ : X — X
an isomorphism if it is measurable; it has a measurable inverse ¢! : ¥ — X; the map ¢
preserves the measure (i.e., u(¢~1(B)) = m(B), for all B € B), and ¢ commutes with the
two transformations (i.e., o T = o o ¢). If we can find such an isomorphism, then we say
that T" and ¢ are isomorphic.

Finally, we call T': X — X Bernoulli if we can find a Bernoulli shift o : > — > and an
isomorphism between them.

It is easy to show (first with step functions, and then by approximation) that the Bernoulli
shift o : ¥ — ¥ is strong-mixing. It is then easy to use the isomorphism to show that
Bernoulli transformations are also strong mixing.

Example 12.2. Let ¢y : SM — SM be the geodesic flow on a compact manifold of negative
curvature. Let B be the Borel sigma algebra and let m be the (normalized) Liouville measure.
If we fix t = 1 then the discrete transformation T = ¢y—1 is Bernoulli. (This was shown by
Ratner, for more general hyperbolic flows).

12.1 K-automorphisms (the non-invertible case)

Since T is measurable, we have that 7-'B C B. Similarly, we deduce that ... C T7"B C
... CT7'B C B. The intersection N, T*B consists of sets B € B so that for any n > 0
we can find B,, € B with B =1T"B,,.
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13 ENTROPY

We say that T is a K-automorphism if N3, 7% B is the trivial sigma algebra, i.e., contains
only X and the empty set ().
K-automorphisms are also necessarily strong mixing.

Example 12.3. Let [ = [0,1) be the unit interval, let B be the Borel sigma algebra and let
m be the usual Lebesque measure. We let T : [ — I be the “doubling map”

T(x) =

21 ifo0<z <3
20 -1 ifg<az<l1

This is an example of a K-automorphism.

13 Entropy

13.1 Entropy of partitions
Let X be a set and let B be a sigma algebra.

Definition 13.1. A partition « = {Ay,---, A,} is a (finite) collection of measurable sets
A; € B such that

1. X=AU---UA,; and
We can define the entropy H,(«) of a finite partition « of a probability space (X, ).

Definition 13.2. Let a = {Ay, -, Ax} be a partition of X. We define the entropy by

k

ula) == p(A;)log u(A;).

=1

Definition 13.3. Let a = {Ay,--- , Ay} be a partition of X and let § = {By,---, B} be a
partition of X. We define the conditional entropy by

H,(Bla) == > wu(AinB))log (%> '

i=1 j=1

In particular, if we take @ = {X} to be the trivial partition then we see that H,(3) =
H,(B{X}).

Definition 13.4. Assume that o = {A;} and = {B;} are two partitions then we define

The following estimates are standard

Proposition 13.5. We have the following.
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13.1 Entropy of partitions 13 ENTROPY

1. H,(aV H,(Bla) + Hp(a).

) =
2. Hu(fle) < Hu(B).
3. H,(a) = H, (T 'a).

Proof. 1. We can then write

Hy(aVB) = =) u(A;N Bj)logu(A; N By)

Z’?j

= — Z p(A; N B;)log (%) — ZM(Ai N B;)log 1u(A;)

= H,(Bla)+ Hu<a)

2. Since the function f: (0,1) — R defined by f(t) = —tlogt is concave we can write

i=1 j=1

Hﬂ(ﬂ|04) =

M-

_ VAN B, (AN By)
= | ) T “(u%>1

g

H(AiﬁBj)
f( w(A;) )

VAN
M-
—
R
=
=
==
=D
~w
N

3. Since u(T7tA;) = u(A;) we see that

Hy(T™a) = = 3 (T A log p(T ™1 Ag) = = 3 pu(Ai) log ja(As). = Hiyf),

O
We have the following corollary.
Corollary 13.6. H,(aV ) < H, (o) + H,(B)
Proof. Combining inequalities 1 and 2 in the above proposition we have that
Hy(aV ) = Hy(Bla) + Hy(a) < Hu(8) + H,(a)
O
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We can define refinements by induction.
Definition 13.7. We define o™ = v{"; VT ~q.
We then have the following.
Lemma 13.8. We have that H,(a"*™) < H,(a™) + H,(a™).

Proof. We can write

n+m—1 n—1
ot =\ T*a=\/ T a\/ T (VV5'T " a)
k=0 k=0
from which the result follows from the corollary and part 3 of the proposition. O

We say that a sequence (a,)%2, is subadditive. if a,1,, < a, + a,, for n,m > 1.

Lemma 13.9 (Subadditive Sequence Lemma). If (a,)S2, is a subaddittive sequence then
. ap, . an
lim —=1[:= mf{—}

n—+oo N n>1 n

Proof. Given € > 0, we choose N > 0 such that % < [+ e. Then for any n we can write
n=IN+r wherel >0 and 0 <r < N — 1. Then by subadditivity a, < lay + a,. We can

then write a a a a ax a
_ngl_N_’__rS N + 0<r<N-1Ur
n n o n N +r/l N n
——

-2 as I—+oo

<[+ 2

J/

—0 aS\;@—H—oo
for [, n sufficiently large. Since € > 0 is arbitrary the result follows. m

We see from the above that a, = Hu(a(")) is subadditive. Applying the Subadditive
Sequence Lemma gives Lemma 13.8.

Definition 13.10. We define the entropy of the partition o with respect to the transforma-
tion T' and the measure p by the limit
H,(a™)
h,(T,a):= lim —*—~
WTr0) = lim =

which exists by the last two lemmas.

13.2 Examples

Example 13.11 (Doubling map). Let T : R/Z — R/Z be the doubling map defined by
Tx = 2x (mod 1). Consider the partition o = {[0,%) , [%,1)} Let i1 denote Lebesgue
measure.

For eachn we see that o™ consists of intervals of the form [znﬁrl , ;:r_+11) fori=0,--- 271~
1 (each of which has Lebesgue measure 2"%) Thus we have that

n n 1 1
H,(a™) = —27F1 x St log <2n+1) = (n+1)log?2.

Thus

1 1
ho(T,a) = lim —H,(a™) = lim (n+1)

log 2 = log 2.
n—4oo N, n——+o0o n Og Og
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13.3 Entropy for transformations

We define the entropy of T': X — X and a T-invariant probability measure p as follows:

Definition 13.12. We define the entropy of T': X — X with respect to p by

h,(T) = sup{h,(T, ) : o is a finite partition}

Remark 13.13. The entropy can be infinite. Consider, for example, the case of the continued
fraction transformation. We can take the “Bernoulli measures” on the countably many
intervals.

Let T} : X7 — X preserve a probability measure p; (for a sigma algebra A;). Let
Ty : Xy — X, preserve a probability measure sy (for a sigma algebra A,).
We recall the following definition.

Definition 13.14. We define an isomorphism 7 : X; — X, to be a bijection such that m, w1
are measurable (i.e., A € By iff m(A) € By); Toom =mo Ty and mepy = ps.

The main result is the following.

Theorem 13.15 (Kolmogorov-Sinai). The entropy is an isomorphism invariant.

Proof. 1f oy = {Ay,---,A,} is any partition for X; then n(a;) = {n(41), - ,7(4,)}
is a partition for X,. From the definitions h,, (T1,a1) = hy, (T2, m(q)). In particular,
we see that h,, (11) < h,, (13). Conversely, if ap = {A;,---,A,} is any partition for
Xy then 77 an) = {7 YAy), -+, 7 1(A,)} is a partition for X;. From the definitions
By (Th, 7 tag) = by, (Th, an). In particular, we see that hy, (T7) > hy,,(T1). Thus h,, (T}) =
hy,(T3), as required. O

13.4 Entropy from generators

In practice, it is enough to use special partitions called generators.

Definition 13.16. We define a generator to be a finite partitions 3 such that B = V¢, T~*3.
This means that for any A € B and € > 0 there exists N > 0 and B € V{_,T"3 such that
W(AAB) < € (where we use the notation AAB = (A\ B)U(B\ A)).

The main result is the following:
Theorem 13.17 (Sinai). If « is a generator then h,(T) = h, (T, o).

Let [ be a finite partition and let « be a generator then it suffices to show that (7T, 5) <
h,(T,a). This is based on a few observations on the entropy of partitions.

Definition 13.18. Given two partitions we say that oy < aw if the elements of ai; are unions
of elements of as (and in particular Card(ay) < Card(aw)).

Lemma 13.19. If oy < as then H, (o) < H, (o).
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1. Given partitions o, 3,7y with o < 3 then H(«|y)
2. Given partitions «, 3,y with o < 3 then H(~|a)

13.4 Entropy from generators 13 ENTROPY

Proof. 1f we assume that a; < as then we see that a; V as = as. Thus
H,(az) = Hy(a1 V az) = Hy(ar) + H(az|ar)
———
>0
and the result follows. O

Lemma 13.20. We have the following:

H(B|v)
H(v|5)

<
>

3. Given partitions o and 3 we have that H(a|8) = H(T'a|T713).

Proof. For the first part we can write

H,(Bl) = Hu(eV Blv) = Hulaly) + Hu(Bly v @) > Hy(aly).
—_———
>0
For the second part we again use that f(¢) = —tlogt is concave. Thus for each A; and
C; we can use convexity and ), ¥ (3(2?’“) = 1 to write that

ZMA N By) p OﬂBk Z/LA ﬂBk <M(CjﬂBk)>
1(Br)
Since a < 3 we can write A; € « as unions of elements of 3

wBr) (A

ZMA NBy) u(CjNBy)  p(AinG))

and thus the previous line gives

(e () = - () e (i)

Multiplying each side by p(A;) and summing gives

Sppiancies () = 3 S0 (G5 e (a7

ij

(.

~~

Hyu(v]e)

-3 (g ) e ()

_ Z > " u(C; N By)log (—M<iégkfk))

(. J

20
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For the last part

H,(T 'a|T™'8) = => (T 'A;NT""'B;)log (’“‘
i,J

- Z 1u(A; N B;)log (—Miz;fj))

(TﬁlAi N TlBJ))
u(T~'B;)

= H,(alf)
by T-invariance of . O
The proof of the theorem comes from the following;:

Proof. (of theorem)
CIf ol = V?Z_OIT*ioz, B = \/;‘Z_OIT*Z'B then

n—1
H(a™[3™) <>~ H(T™'a|8™) (by Lemma 13.20.1)
=0

n—1

<Y H(T'a|T™"3) (by Lemma 13.20.2)
=0

< nH(«|B) (by Lemma 13.20.3)

Therefore, we have that

%H<a<n>> < %H (B™) + H(alB).

Moreover, if we replace 8 by V) = \/fing_’ﬂ we have that

1 1
—H(a) < —
n n

. Finally, H(a|3™)) — 0 as N — oo. [Exercise]

H(3" ™) + H(al8™).

Putting all of this together we now see that
~ lim 2 (n)
hu(T, ) = e EHAL (™)

< lim lHM (BN + H (| 3™
= h(T,6™) + H(a|g™)

-~

hu(Tﬁ) —0 aS N—+o0
= hu(T7 5)

which proves the theorem. O

Example 13.21 (Doubling map). We saw before that for a = {[0,3), (3, 1]} we have that
h,(T, ) = log2. However, we also see that a® = \/?Z_OlT’ia consists of intervals of the
form [55, 5L, We therefore see that o is a generator. This hy(T) = h,(T, «) = log2.
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13.5 Examples

Example 13.22 (Rotations). Let p € R. Let T : R/Z — R/Z be the rotation defined by
Tx = x+ p (mod 1). Consider the partition o = {[0, %) , [%, 1)} Let 1 denote Lebesgue
measure.

If p = § is rational then for all n sufficiently large we have that o™ = {[é, %)} and
thus

1
h(T) = lim - H, (o) =0

If p is irrational then since T 'a generates B we see that H (a| vt T_ioz) — 0 as
n — 400 and then since we can write

1 : 1 1 .
—H (Vi T "a) = EH(oz) +—H (| VI T )

we see that

ha(T,a) = lim lH(\/?;OlT”'oz) =0.

n—+4oo N

In fact, the same is true for any finite partition and so we deduce that h,(T) = 0.

Remark 13.23. In fact if T : X — X is any transformation preserving p then developing the
argument
1 )
ho(T,a) = lim —H (o| VIZ' T ')

n—+oo N

J/

-~

=:H (alVe2, T a)
where we know that H (o] V2, T 'a) := lim, .00 1 H (o] V]! T~'a) exists by the mono-
tonicity
1
n+1

Remark 13.24. It is an exercise to show that h,(T*, a) = kh,(T, )

n —1 1 n— —1 1 n— —1
H (Oé| vi:l T Oé) S n——l—lH (O{| vi:ll T Oé) S EH (O{| \/Z.:l1 T Oé)

Example 13.25 (Entropy of Bernoulli shifts). Let o : ¥ — X be a full shift on ¥ =
{1,--- kYN, Let p= (p1,--- ,pr) be a probability vector (i.e., 0 < p; <1 and py+---+pp =
1). We can let o« = {[ilo : i = 1,--- ,k} be the partition into k cylinders of length 1. We
then see that

a(n) = \/ZT‘L:_OIT_iOé = {[i07 e 7in—1] 3 7:07 e 72'77,—1 € {]-7 e 7k}}
corresponds to the partition into cylinders of length n. We can then write

Hy(a™) =~ > ufio, -+ in-1]) log u([io, + - ,in1])

10, sin—1
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In particular, we can write

h,(a) = lim lH (VigT ') = —Zpi log p;.

n—4oo N

Example 13.26 (Entropy of Markov shifts). Let o : ¥ — 3 be a subshift associated to a
matriz A with entries 0 or 1 then

Y= {(zn) € {1, -k} : Ay, tny1) = 1,n > 0}

Let P be a stochastic matriz (with P(i,7) = 0 iff A(i,7) = 0) We can let a = {[i]p : i =
1,--+,k} be the partition into k cylinders of length 1. We then see that

o) VLT = {fiy -+ yina] <oy yinos € {1,000k} and Ay, ij11) = 1}

corresponds to the partition into cylinders of length n. Let p = pP be the left eigenvector for
P.

We can then write

Hy(@™) == 3" ullior - »in 1)) og ulfios -+ in 1))

10, sin—1

Z pZOHP ij,7541)10g (Pz

“ylin—1

= —ZZpi log P(i, j)

i=1 j=1

P(z'j,ij+1)>

||‘E\

Example 13.27. The 3-translation on the interval with respect to the Lebesgue measure m
has entropy 0.

Example 13.28. If T : X — X has a fized point T(xy) = xo and m = 0, is a Dirac
measure, then h(m) = 0.

13.6 Shannon-McMillan-Breiman Theorem

The entropy of a transformation and a measure has an interesting dynamical interpretation.
Let T : X — X preserve an ergodic probability measure pu.

For a.e. (1) x € X we denote by A,(z) € o™ the element of the refinement containing
x.

Theorem 13.29 (Shannon-McMillan-Breiman Theorem). For a.e. (u) x € X we have that

lim 1o p(An(2)) = =hu(T, ).

n—+oo N,

Remark 13.30. If we only assume that p is T-invariant then the limit still exists.
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Let us denote f,(z) = log ( Ainl(fT)m)). We can then write

— log 1(An (7))

Ap(2)Ap_1(Tx) - Ay (T ') B
~log (An_l(Tx)An_g(T%) - ~A1(T”—1x)> -

_ Z foij(T?2) + log (AL (T 'z)).

We claim that f(z) := lim, . . fu(z) exists and lies in L'(X, ). (This requires the
Increasing Martingale Theorem, so we omit the proof). We can the write

n—1 n—1
0B A (2) = = 1 3 F(T0) =2 3 (F(T) = fues(T)) + 1 Tog e (T )
J=0 j=0
— [ fdu

Let us write f*(x) = sup;>,{f;(z)}.
Claim. We claim that [ |f*|dp < +o0.

Let us define for any m > 1,
em(r) = sup |f;(z) — f(@)| € LNX, ).
Jjzm

Thus

i
L

m—

Z — foy(T'2)| + = Z{emrp

7=0

(f(T72) = fay(Tx)

S|
3I’—‘

<
I
o

p

J/ [ J/

—0 aS n—-4o00o *)f emd'u, aS n—-+oo

Since f,(x) — f(x) for a.e. () we have by dominated convergence lim,_,, [ e,dp = 0. In
particular, we see that

n—1

S () — fus(T70))

_/emdu—>0asm—>+oo.
j=0

lim sup
n—-4o0o

This completes the proof (modulo the proof of the claim).

Proof of Claim. We want to show that f*(z) is integrable. Given a partition o« = {A;,--- , 4, }
we can associate to each 1 <3¢ < n a function:

A A; N AC=D(T N
féz)(x) = —log (M(M<A(n1)(T:(L.>>:C>>) € Vk:llT fa,

Fix A > 0. Let

B™ = {z : n=min{m : 9 (z) > A evitiT  a.

7
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Then

N AC=D(Ty
“(Bi(n) N = /? Xadi = /B§"> (M(izz(fl)@;; ))) dp(z) < e_AM(Bz'(n))

We can then write
{zeA: [ (x) >\ =02, B™ N A

In particular,

p{z € Ay 2 fr(x) > \}) = Z,u (B™ N A;) )‘Zu (n)

Thus [, frdp= [;" p({z: f*(2) > APdA < [T e A < +o0.

Example 13.31. Let 0 : X — X be a full shift with a Bernoulli probability measure p
associated to a probability vector (p1,- -+ ,pn). The measure of a cylinder is p([ig, -+ ,in_1]) =

pioph o 'pin_l (lnd

1 | | 1
—log p(io, ++ in-1]) = —(log piy +logpy, + -+ +logpi, ) = /Elogpxodu sz log p;

for a.e. (1) x by the Birkhoff Ergodic Theorem.

13.7 Ornstein-Weiss Theorem

We can also consider problems related to return times.
Let T': X — X preserve an ergodic probability measure pu. We let
R,(z) =min{k > 1: A,(z) = A,(T"2)}
Theorem 13.32 (Ornstein-Weiss T heorem) For a.e. (1) v € X we have that
hrf —logR () = hy (T, p).

Example 13.33. Let 0 : ¥ — X be a full shift with a Bernoulli probability measure p
associated to a probability vector (p1,- -+ ,pn). The measure of a cylinder is p([ig, - -+ ,in_1]) =

pioph o 'pin,1
Then for a.e. (1) x € X we have that

lim — log R.( Z p; log p;

n—-+4oo N,

Proof. Let R(z) = limsup,,_, ., Llog R,(x).
Let I'(NV) = {z : —logpu([z],) € (hu(T)—¢€,hy(T)+€),n > N} Let > 0. Then for n > N:

Dol €TV Rufi) 20D < 30 [ uwinte)

n>N n>N

< efn(hH(T)+e) Z / <e
IC|=n CNI(N)rcdu
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13.8 Entropy and isomorphism

One of the major problems in ergodic theory before 1960 was the classification of ergodic
transformations. The natural approach to classifying transformations is to say they are
equivalent if they are isomorphic, since isomorphic systems share many of the same proper-
ties.

Question 13.34. Given transformations Ty : X1 — X (with ergodic measure my) and
Ty : Xy — Xy (with ergodic measure my) when are the isomorphic?

The main break through in this area came from work of Kolmogorov and Sinai. They
associated a very useful isomorphism invariant called entropy (i.e., any two isomorphic trans-
formations necessarily share the same entropy). The entropy is a numerical invariant and,
in particular, one can establish that two transformations are not isomorphic if they have
different entropies.

The main property of the entropy is the following:

Theorem 13.35. The entropy is an isomorphism invariant, i.e., if Ty : X1 — Xy (with
ergodic measure my) and Ty : Xo — Xy (with ergodic measure my) then they are isomorphic.

Of course, it is quite possible that two non-isomorphic transformations can have the
same entropy, but not be isomorphic. However, there is a subclass of transformations we
have already mentioned where the same entropy does imply they are isomorphic.

Theorem 13.36 (Ornstein’s Theorem). Entropy is a complete invariant for Bernoulli trans-
formations.

This remarkable result was proved by Ornstein in 1968, and his methods introduced a
wealth of powerful tools, including the d-metric on measures (a stronger metric than the
weak star metric) and joinings.
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