Ergodic Theory Lecture Notes - Jan-Mar. 2011

Lecture 2

April 3, 2011

1 Subadditive Ergodic Theorem

More generally, we can consider a subadditive sequence of functions f,(z) € L'(X, p), i.e.,
fram (@) < fulz)+ fr(T"x), for n,m > 1, where T': X — X preserves a probability measure

L.

Example 1.1. Let us fix f € LY(X, ) and then define f,(x) := S p—y f(T*x). We can then
see that for a.e. (u) v e X:

fn-i-M(x) - fn(‘r) + fm(Tni)

Example 1.2. Let M : X — GL(d,R) be a function taking values in the family (invertible)
d x d matrices. We can define a norm on GL(d,R) by

|All = sup{||Az|y : * € R? such that ||| < 1}.

We assume that [log, ||M(z)||du(z) < 4+oo (where log+(§) = max{&,0}). Let f,(x) =
log || M (z) - M(Tx)--- M(T" '2)|| then the subadditivity follows from the standard norm
inequality ||A1As|| < [|A1]]]]Az]]-

Theorem 1.3 (Kingman, 1967). Assume that yu is ergodic. Let f,, € L' (X, ) be subadditive.
Then the following limit exists

lim lfn(x) =1[:= inf{/fnd,u > 1},

n—-4oo N,
a.e. (u)zxreX.

Proof. Let us define f(z) := liminf, . o = fu(z) < f(z) := limsup,_,, 2 fi(T"z) = 0, for
a.e. (1) x € X. Since

. o 1 o
?}Eﬁ&f n+1 Jnia (xl = g@igj n+1 h (xz+%r£igof n+1 fn(T:UZ
:ﬂx) ;,0 :ix(aﬂx)

we have that f(x) < f(Tx) and thus ergodicity implies that f is constant. Similarly, we see
that f(z) < f(Tz) and thus ergodicity implies that f is constant as well.
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1 SUBADDITIVE ERGODIC THEOREM

Fix N > 1 and choose 1 <7 < N. We can then write any n > ¢ as n =i+ mN + r for
unique choices 0 < r < N — 1 and m > 0. By subadditivity

nu»s1x>+anmwﬁ>+fxT”m”>
< fila +§:MTW“)+ﬂ<m1M“)

Summing this inequality over 1 <1 < N gives:

—_

m—

N N
N fu(z) < Zfz($)+z S (T +an—z— N (T ).
i=1 —_—

i=1 j=0 i=1

K3
N =r

-~

=20 I (Ta)

Dividing by n/N and letting n — 400 gives

1 1
] — < R
lggigf nf"( @) nggigf (f?aQ](VHfZ”oo) +1:1r2i1£) f H(@)

N ~

=f(x) =0 =% f fndp

using the Birkhoff theorem for fy, for any N > 1. In particular, we see that

ngb:y{%/mm}

Next we can turn our attention to f. Moreover, we may as well assume [ > —oo.
Fix € > 0. Let us define n : X — N by n(z) =inf{n > 1: f.(z) <n(f +e)}.
Fix M > 0. Let use define the set of points A = {z : n(xz) > M}.

Claim: For n > 1, fu(z) < n(f +€) + iy xa(T%@)| filloo + M| filloo for ae. () z € X.

Proof of Claim. This is similar to the claim in the first proof of the Birkhoff ergodic theorem.
We can cover the set {1,2,--- ., n — 1} by sets of the form

L {k: Ttz € A};
2. {l,I+1,--- Il +n(T'x) —1}; or
3. {n—M,--- ,n—1}

This completes the proof of the claim. O
Thus

n

n—1
1 , M
<(f+e+ - ZXA(TZI)Hleoo + ;Hleoo'
i=0
Integrating this inequality gives that
[ fadp

n

M
< (f &)+ u(A)filloo + =l flloc-




2 ERGODICITY OF FLOWS AND THE HOPF METHOD

and therefore

nd M
=t LB < (ot g e+ 2

n>1 n

for any n > 1.
First we can let n — 400. Next we let M — oo, which in turn implies that u(A) — 0.
Finally, we let ¢ — 0. This therefore gives that [ < f a.e. (u) z € X.

Therefore f(z) = f(z) =1, ie., | = lim, . o In(z) 0

n

2 Ergodicity of flows and the Hopf method

Let X be a space with associated sigma-algebra B.

Definition 2.1. We say that p is T-invariant if for any A € B we have that u(T~*A) = u(A)
for allt € R.

Definition 2.2. We say that (T*, X, ) is ergodic if whenever T A=A € B for allt € R
then u(A) =0 or 1.

Theorem 2.3 (Birkhoff - Ergodic Theory case). Let p be an ergodic measure. Let f €
. t w
LNX, p) then limy oy 1 [y f(T 2)du = [ fdu, a.e. ().

We also need to consider the case that the invariant measure is not necessarily ergodic.
This requires a little more notation. Let Z C B be the sub-sigma-algebra of T"-invariant
sets, 1.e.,

I={BeB: T "'B= B (up to a set of zero measure) Vt € R}.

Given f € LY(X, B, i) there is a unique g € L'(X,Z, i) such that
1. g is Z-measurable (i.e., for any Borel measurable set B C R, g 'B €7 );
2. [pfdu= [,9du, VB eI

We then denote g = E(f|Z), the conditional expectation of f with respect to Z.

Theorem 2.4 (Birkhoff - Invariant measure case). Let f € L'(X, p) thenlim;_ o 1 fot f(Tz)du =
E(fIB), a.c. (i)

We want to consider two important examples.

Example 2.5 (Geodesic flows). We want to show the following for the geodesic flow on
X =SL(2,R)/SL(2, 7).

Theorem 2.6. The geodesic flow g, : X — X defined by

et’? 0
aosrez) = (% s) sst22)

15 ergodic.




2 ERGODICITY OF FLOWS AND THE HOPF METHOD

The proof uses the so called Hopf method. We define flows h; : X — X and h; : X — X
defined by

hegSL(2,7) = <é ‘j) gSL(2,7) and h] gSL(2,7) = (i 0) gSL(2,7).

We begin with the crucial connection between ¢; and h;, and g; and h; .
Lemma 2.7. We can write gihsg—y = hget and gth, =gy =h__,

Proof. This follows by matrix multiplication

b (et 0 Los\ (e 0 [1 set\ b
gt Sg—t - O e_t/Q O 1 0 et/2 — O 1 = set
hma . — et’2 0 L O\ [/e’2 0\ (1 0\ _ -
Gits 9=+ =\ o et2)\s 1 0 /2] \get 1) “set

We can apply the invariant measure version of the ergodic theorem for flows to deduce
that for a.e. (1) z € X we have that for any f € L*(X, u).

and

[]

T
BUTa) = lim 7 [ Sy

and

.
PUNT)a) = lim 7 [ Sy

Lemma 2.8. If E(f|Z)(x) is constant if a.e. (u) and all f € C(X) then the flow g; is
ergodic.

Proof. Recall that to show y is ergodic it suffices to show that for any f = foT € L*(X, ) we
have that f is constant. In terms of the operator E(:|Z)(x) this is equivalent to saying that the
image of L?*(X, ) are the constant functions. However, since E(-|Z) : L*(X, u) — L*(X, u)
contracts the norm, and C(X) C L*(X, ) is dense, this equivalent to the same statement
for continuous functions. ]

Clearly, if y = gs(x) we have that

E(fIZ)(z) — E(f|T)(y) = E(f|Z)(z) — E(f|Z)(gs2)
:TEIEOO_/ f(gx)dt — hm —/ f(gsix)d




2 ERGODICITY OF FLOWS AND THE HOPF METHOD

The important point is that if y = hsx then

E(fIT)(x) = E(f|IT)(y) = E(f|IT)(z) — E(f|T)(hsz)
:Tlirfm_/ flg_sx)dt — hm —/ f(g-thsx)d
:TLHEOO—/ fgt{L‘dt— LHJIrlOO_/ f se—tg— tl'

However, given ¢ > 0 for Ty > 0 sufficiently large we have that || f(x) — f(hse-t2)]|00 < €/2
for t > Ty. In particular, we can bound

1 g 1 g 2||f“0070 (1 Cz0)6
_ - — ¢ < .
‘ /0 f(gezx)dt T /0 f(hge gtx)dt‘ < T + ST

and deduce that for y = hyz we have that |E(f|Z)(x) — E(f|Z)(y)| <.
Similarly, if y = h; x then

E(f1Z)(z) — E(f|T)(y) = E(f|T)(x) — E(f|Z)(h;x)
= lim —/ f(gix)dt — hm —/ f(gihy x)d

T—4oco T

= lim —/ f(gpx)dt — hm —/ f(h,gi)d

T—+o00 T

However, given € > 0 for Ty > 0 sufficiently large we have that || f(-) — f(h_. )|l < €/2 for
t > Ty. In particular, we can bound

L L 2flluTy | (- To)
= dt — = h_, dt| < .
7 [ a1 [ g < 2Ty T

and deduce that for y = h;x we have that |E(f|Z)(x) — E(f|Z)(y)| < e.
We next need the following result.

Lemma 2.9. We can write any element ~y = (3 ?) € G = SL(2,R) with § # 0 in the

form ~v = hg, gih

S2°

Proof. 1t suffices to observe that every matrix in SL(2,R) with § # 0 can be written in the

1 s1\ [e’? 0 1 0\ (e + sy8e7/2 s1e7t/2
0 1 0 et2)\sy 1) Spe"t/2 e t/2

since we can choose t such that e %2 = §. O

Thus given almost any two points x, 2’ € G/I" we can choose v € G such that 2’ = ~yz.
In particular, we can write vz = h, g:h,z and define

1= b, y2 = gy, ' = Dy
Thus we can show that the averages E(f|Z)(x) = E(f|Z)(z').
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2 ERGODICITY OF FLOWS AND THE HOPF METHOD

Example 2.10 (Horocycle flows). We define probability measures v, € M, fort >0, by

1 t
/fdyt = Z/ f(hgz)ds for f € C°(X).
0
Let us denote
M, f( / f(9-10gthsx)ds fort > 0.

We first observe that

1 t 1
;/ f(hsx)ds = / f(hgx)ds (by a change of variable)
0 0

1
) 1
= / f(g—logthsg— logtx)ds (SZTLCG hst = g—logthsg—logt ) ( )
0

= M, f(g-10g:%) (by definition of M, above)
We begin with the following estimate.

Lemma 2.11. The family {M,f(z) : t > 0} is equicontinuous, i.e., for all € > 0 there exists
d > 0 such that if d(z,2") < 0 then |Mf(z) — M f(2")| < € for all t > 0.

Proof. Let us define
D, () := {g:hg (x) : |t],]s| < €} and V() := hp 11 Dx(€)(= Uo<i<i1he Do (€)).
Then by uniform continuity of f we have

1
Vol(V,(¢)) Vi (€)

Moreover, for x, 2’ € X sufficiently close we can estimate

‘Mtﬂx) flo- bgt-)du' ase—0

1 1
m/ /()f(g—logt')d/\ - W/‘/I(E)f(g—logt')ﬂv\

XV, (€) XV (e)
o — d\
'/ J(g- 108 ( 1V, (0)) w%@) ‘
<11 0 g rogtlle | xv ) — Xty |
~ g*logt 2 Vol(‘/m/<€>)xvzl(6)) VOI(‘/;?(E))XV:C(G)) 2

1£1l2

by the Cauchy-Schwartz theorem (and gi-invariance of u). Moreover, it is easy to see the
term on the Right Hand Side tends to zero as d(x,2’) — 0. O

If X is compact then we can apply the Arzela-Ascoli theorem there exists an accumulation
point f € C(X) of {M,f(z) : t > 0}, i.e. there exists a subsequence such that M, f — f as
ty — +oo. If X is not compact then we still know that this converges on compact sets (and
in L?).




2 ERGODICITY OF FLOWS AND THE HOPF METHOD

Lemma 2.12. f is constant on hg-orbits.

Proof. We have by (1) that

1 [t _
I [ s =T 0 menlle = 105 © 0- et = T o - s

= | My f — Flla =0

(2)

as tp — 0, by gi-invariance of the probability measure . Moreover, by the von Neumann
mean ergodic theorem (for invariant probability measures)

AL ~
= [ Hds — F = B(fIT) € 2200) g
0
as k — 400 in the L? norm. Moreover, this limit is naturally h,-invariant, i.e., f: fo hg

for all s € R. Thus,

1. We have ||f — fo Gogtrll2 = If © G- t0gt, — ﬂ|2 — 0 by the invariance of the measure

and (2) and (3).
2. We can bound

||7O hs - f © glogtkHQ
=I5 - fo Glogt, © h—s|l2 (by hs-invariance of p)

= ”7 - f o hfstk o glogt;C ”2 (SiHCG glogt;C o hfs = hfstk o glogtk)
=|If - fo Giogt,, |l2 — 0 (since fo h_g, = f by hs-invariance of f)
Comparing 1 and 2 shows f = f o hy, as required. O]
Finally, we need the following simple topological fact (whose proof we omit).
Lemma 2.13. There exists a dense hy orbit in X.

In particular, since f is a continuous function and it is constant on h,-orbits this implies
that f is a constant. Since we had in the case that X is compact convergence of the averages
to a constant along every horocycle orbit, this is enough to deduce the following.

Theorem 2.14. If X is compact then the horocycle flow hy : X — X is (uniquely) ergodic.
More generally, even if X isn’t compact the L? convergence allows us to obtain.

Theorem 2.15. The horocycle flow hy : X — X s ergodic.




3 CONTINUED FRACTIONS

3 Continued fractions

Let 0 <z <1 be an irrational number. There is a unique “Continued Fraction Expansion”
of the form

where a1, a9,... € N.

Let us consider 7" : [0,1) — [0,1) by
- {51/95}(: 1z —[1/z]) ifz#0

ifxz=0
Then
1 1 1
:L' = - = =
x [z +{1/z} a1+ Tx
and
e 1 1 1 1
xr = _ — = g .
(Tz)=t o«  [1/Tx]+{1/Tz} ay+T?x
Thus
1 as + T2£E
:L' = o
1 T2
a + (ag-l—lT_?m) (@az +1) + (%)

In particular, proceeding inductively, for n > 2
1

1
a
1+a2+ L

T = where a,, = [1/T" 'z] € N,

ot " oy
We can rearrange this as
_ Dn + pn—l(Tnm)

for n > 1.
On + @n—1(Tx) -

X

We recall some basic facts.
Lemma 3.1. 1. We define p,, q, inductively by:
p=00p=Lp=La=a
Pn = nPn-1+ Pn—2 and Gn = apdn-1+ o2

2. Pno1qn — PnGn—1 = (—1)"

Proof. 1. Substituting T"(z) = we can write

1
an+1+T7

1
Pn +pnfl(Tn5L‘) . Pn+ Pn—1 <an+1+T"+1z>
Gn + qn_l(Tnx) Gn + qn—1 (

1
an+1+T"+1x)
(a'n—i-lpn + pn—lz +pn (Tn+1$)

=Pn+1

(an+1Qn + qn—l) +Qn(Tn+1x)

~ i
~~

=(qn+1

8



3 CONTINUED FRACTIONS

by induction. It also holds with n = 1.
2. We can write

Prndn+1—Pn+1qn = pn(an+1Qn+Qn—1)_(an+1pn+pn—1)Qn = Pndn—-1—"Pn—-19n = _(_l)n_l = (_1)71

by induction. It also holds with n = 1.

O
Corollary 3.2. ¢, > 2=D/2 gnd p,, > 200=2)/2
Proof. The proof is by induction. By the above
G > Qoo + Qg > 20772/2 4 2(1=3)/2 5 9 9(n=3)/2 _ o(n—1)/2
by induction. It also holds for n = 1. Similarly for p,,. [

We now want to study the ergodic properties of 7T'.

Lemma 3.3 (Gauss). The probability measure p defined by

1 dz
A) = A
wu(A) logQ/Al—i—:vfor any A € B

18 T'-invariant.

Proof. Tt suffices to show that for any interval (0, a) we have that u((0,a)) = u(T-(0, a)).
In particular,
u(@0.0) = Y ( (= 2/
’ k+a’ k " log2 1+z
k k+a
(lo
(10
1 i /k da
log 2 = e 1+

(1+5) s (1
:1();2Z
5 | 15 =),

= 1
_log2z +E a
k=1
> [0 (e
1 —)—1 1
< i Og( Ty
k=1
:10g2

—_

—_

7))
1))

g
g

Theorem 3.4. The measure p is ergodic.
Proof. Consider the intervals

Pn PntPn—1

[n(x) — Gn’ Gn+qn-1

PntPnol Pn if n is odd
Gntqn-1" qGn

if n is even

9



3 CONTINUED FRACTIONS

then the length is [(1,(x)) = m (by Lemma (ii)), where  denotes Lebesgue measure.

We can define ¢ : [0,1] — I,, by

1 _ Pn—2 + (an + t)pnfl
PO S Gn—2 + (an + ZS)C]nfl ‘

o
st AT

Note that ¢ is a bijection. Assume that £ =T~'E C [0,1] then we can write

UE N I (x)) = / \e(6(1)]6(6)dt

and |¢/(t)| = (qn72(an}!‘t)q'n—l)2 € [(anrqlnil)Q, é] by (i) and (ii).
In particular,
(ENI,)

I(I)
since (ENT,) > —8 > 1) __ (1 )¢,)? > I(E)I(I,)/4.
——

= (gn+an-1)*> = (gn+gn-1)?

1
> Z_LZ(E) (*)

<1
Given € > 0 we can cover E° by intervals U, I,, of the above form such that

> L) = UE) = (I, —e

Then
(E)(E) <UE)> UIL,)<8) NENI,) (by (*))

=8| Y UENL)+1(E N (UnI,)) — 1(E°)

—Fc

<8 (ZZ(E NL)+ > IENL) - l<EC))
_ (Zzun) —Z(EC)> < 8e.

Since € > 0 is arbitrary, either [(E) = 0 or [(E¢) =0, i.e., u(E) =0 or pu(E°) = 0.

By applying the Birkhoff ergodic theorem we have the following.
Theorem 3.5. For a.e. (u)z € (0,1),

1. the limit of the geometric averages satisfies

log k

o 1 log 2
; Y v/ .
(e an) 7 = IH (1 TeT Qk) and

10



3 CONTINUED FRACTIONS

2. the growth rate of the q, is
. logg, i
lim =

n——+00 n 12 log 2
Proof. 1. Let f(z) =log[1/y]. By the Birkhoff ergodic theorem:

Z logk 1
B ek

where f € L'(X,m) we have that [ fdu < 10g2 S, kt‘;ﬂiﬁ) Taking exponentials gives the
result.
2. Since we can write

Pz
T = lar, -+, ay)]
Qn(x)
B 1
_1+[a27"'7an]
B 1
- Pn— 1(T$)
L+ T
Qn71<Tx)

N Po-1(T2) + ¢n1(T)

we deduce that p,(z) = ¢,—1(Tx), by comparing numerators. In particular,

pn(flj) pn—l(Tx) . p1<Tn71m) _ 1
@) @r1(Tx) (T 'z)  gu(z)

—10gqn = kzl (p"k )>‘

An—k

and so

If f(z) = logx then

n—1 n—1
1 1 1 P
log qn(z) = - E f(r ﬁ ( E log(T*z) — log [Qn: (T’“x)}) .
k=0 k=0

J/

-~

(*)

11



4 MARKOV OPERATORS

By the Birkhoff ergodic theorem and the expansion log(1 + x) = Z:ZOZO(—l)’“ﬂ

k1
1 1 (1
lim — Zf(Tkx) = / 8% 1x
n—-oo 1 £ log2 J, 1+=x

1 /1 log(1+ x)

_log2

dx (Integrating by parts)

xr
1 — Lk
- _logZ Z(_l)k/ k 4 1d$ (by eXpandlng the logarlthm)
0
- 10g2k:0 k+1 T 12log2’

It still remains to show that the contribution from (*) is trivial:

T* — Tk
og [ || <3 Ty
pr et (i J| 7T | [ (1)
since |logy| < |y — 1|. Moreover,
pr/ax T e Q| PrGr1 2
giving a bound
n—1 TkZL‘ n—1
-1 < on—k—-1 — L.
k=0 [zz::( kx)] k=0
[
4 Markov Operators
Let Ty,--- ,T, : X — X be measure preserving transformations with respect to a probability

measure g (i.e., for all B € B we have that u(T; 'B) = u(B)). Let (pi,---,pn) be a
probability Vector (with p; + -+ + p, = 1). We define a linear operator, T : L'(X, u) —
LN(X, p) by

Tf(z) =) pif(Tix),Vf € L'(X,p),ae.(u)r € X.

=1

Definition 4.1. We call T : L'(X, ) — L'(X, 1) a Dunford-Schwartz operator if

ITfllr < 1 Fll and 1T flloo < [[f]loo

In addition, we say

1. T is positive if f1(x) < fo(z) implies that T f1(x) < T fo(x) a.e. ()

12



4 MARKOV OPERATORS

2. T is Markov if T1 =1 where 1 is a constant function.
Finally, we say that T is ergodic if Txa = xa where A € A implies that u(A) =0 or 1.

Definition 4.2. We say that the family {Ty,--- ,T,} is ergodic whenever A € B satisfies
T7'A=A,i=1,---,n then u(A) =0 or u(A) = 1.

If Txa(z) = xa(z) then by convexity 7, 'A = A for i = 1,--- ,n and thus pu(A) = 0 or
1, i.e., the operator T' is ergodic.

Theorem 4.3 (Hopf-Dunford-Schwartz). If a Dunford-Schwartz operator T : L'(X, u) —
LY (X, 1) is ergodic then

1§wwwfméwwmx
n k=0 ’

and ¢ € LY (X, ).
Remark 4.4. In particular, this subsumes the Birkhoff Ergodic Theorem by letting n = 1
and p = (1).

The proof is slightly reminsicent of that for the von Neumann ergodic theorem. We begin
with the following simple lemma (whose proof we omit).

Lemma 4.5. Let Fir(T) = {g € L=(X,pu) : Tg= g} then B = Fig(T)® (I —T)L" (X, ) C
LY (X, 1) is dense (in the L*-norm).

We use the following notation S,é(x) = S r—g TFé(x), n > 1.
Lemma 4.6. It ¢ € B then 1S,¢ converges in || - ||oo.
Proof. Let f = g+ (I—T)h with g € Fix(T') and h € L*°(X, p). Then £5,¢ = g+ (h—T"h)
and

1 lloo + [|T"R|| 0o
1256 — gl < W= 2 IEEE

as n — +o0. OJ

n

Moreover, since 7' is ergodic we see that Fix(7") consists of constant functions (i.e., ¢ € B
implies £5,¢ — [ ¢dp).
Aim: We want to extend the convergence to the L!-closure of B Then the ergodic theorem
follows by Lemma ?7).

Definition 4.7. We associate a mazimal “operator” for f € L'(X, ) by

M f(z) = sup

n

suf (@)

Lemma 4.8. 1. Mf >0 for f € L}(X, )
2. M(af) = |a|M(f) for f € LY(X,u), a € C

13



4 MARKOV OPERATORS

8. M(f+g) < M(f)+ M(g) for f,g € L'(X, p)
These follow from the definition of M.

Definition 4.9. We say that (%Snf) satisfies a maximal inequality if

/1l
A

pla : Mf(x) > A} <

for all X >0 and f € L*(X, u).
To achieve our aim we use the following.

Lemma 4.10 (Banach’s Principle). Assuming (M) holds we have that
Snf

n

C = {f e L' (X, p) : ( )O@ converges a.e.(,u)} C L'(X, p)

n=1
is a || - ||1-closed subspace.

Proof. To see that C' is closed: Let f € C € L'(X,u) and € > 0. Choose g € C with
lg — fll1 < e. By the triangle inequality: For a.e. (u) z € X:

1 1 1 1
£5u1) — 1500 < |10 - fiate)
<M(f-g)(@)
1 1 1 1
+ ESkg(il?) - 7519(53) + 7519(55) - jszf(x)
— as k,i—-+oo h <M(f—g)() }
Thus | .
h(z) = lim sup ZSkf(x) = 78uf ()] < 2M(f = g)(w).
=00

Fix A > 0 then
pfa : h(z) > 20} < pfa s M(f — g)(x) > 2A}

< W=l by D)

<

> o

Since € > 0 was arbitrary u{x : h(z) > A} = 0. Since A > 0 was arbitrary u{z : h(z) >
0} =0, ie, h=0ae. (u). In particular, f € C (i.e., we deduce C' is closed). O

Recall that the Theorem follows from Lemma ?7, Lemma ??7 and Lemma ?77.
It remains to show (M) holds. The following is the key.

Definition 4.11. Given f € LY(X,u) we define M, f(z) = maxi<x<,{Skf(x)}, n > 1 for
a.e. (u)xreX.
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4 MARKOV OPERATORS

Lemma 4.12 (Hopf). We have

/ fdp >0
{z . Myf(z)>0}

Proof. By definition, for k = 2,3,--- ,n:

Sk—1f (@) < My f(x) < max{M, f(z),0} (%)
(M f) 4 (2)
In particular, for K =2,--- ,n,
Sef(x) = f(x) + TSk f(x)
< f(x) + TM, f(x) (Since T is positive and (*))
and
Sif(x) = f(x) < f(z) + TM, f(z) (Since (M, f); > 0 and T is positive)
>0
and thus
M, f(r) = s Sef(@) < 7(x) + T(M,f). (@) ()
Therefore,

/(Mnf)er,u = /{ - M, fdu (by defintion of (M, f))

< / fdu+ / TM, fdu (since T is positive and contracts)
{z © Mnf>0} {z © Mnf>0}

N J/

<[ (Mo f)+dp
Cancelling the first and last terms gives [ (z 1 Mnf>0) fdup >0, as required. [

Finally, this leads to the following

Corollary 4.13. Let A, f(x) = maxlgkgn{s"‘f(x)}, n>1, fe LYX,u) the for any A > 0

k
/1l

ple - Apf(z) > A} < A

(i.e, a “finite dimensional” version of (M))

Proof. We can apply the Hopf Lemma (Lemma ??) to g = f — Al to get

/ (F — A)du > 0 (+)
{z | Mng>0}

since {z : M, f =0} C {z: g(x) <0} by definition of M, g (and in the set integrated over
> is replaced by >).
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Let 1 <k<n.Let 0<j<k—1then
T'g=Tf - XI"1 =T/f — X\l (T1 = 1, Markov Property)

Averaging over 0 < 7 < k — 1 we have:

1

1
kSkg = ESkf — Al

Taking the supremum over 1 < k < n gives
Ang = Anf — A (**)

and thus
{z: Apf(z) > A} C{x: Ang(z) >0} ={z: M,f(z) > A} (% % %)

by (**) and comparing the definitions of A,g and M, g. Thus

0< / (f — Al)dp by (%)
{z : Mng(x)>0}

-/ (= v+ | (f = M)dp using (*+*)
{z : Apng(xz)>0} J {z | Mng(x)>0,Anf(x)<A\} |
<o since f < A, f
Thus
. 1 /11
i s Auf(z) > A} < fdp <
AJa: Auf@)>A) A
as required. N

We can now prove that (M) holds. For f € L'(X, u) we have that

1 1 . "
p{x fnax ESkf(x) > A <z Iax ESkf(x) > A} (since T positive)
_ Il
- A

Letting n — 400 then

Thus p{z : Mf(z) >N} < I

|
hy

(i.e., (M) holds as required).
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4.1 Application to Ergodic Theorems Free groups

There are also some interesting variations of the ergodic theorems to other groups. Recently,
there was a nice proof of an ergodic theorem for the free groups. More precisely, assume that

Ty, -+ ,Ty: X — X are each (invertible) measure preserving transformations that generate
a free group, that is there is no relationship between the generators, i.e., some combination
T3 T withdy, ... ip € {1,...,d} can only be the identity map when n, = ... =n; = 0.

Unless your choice of transformations is unlucky, this is what one would expect.

Definition 4.14. We say that the action is ergodic if the only sets B € B satisfying T[IB =
B, for every 1 < i < d have either u(B) =0 or u(X — B) = 0.

For f € LY(X) and = € X we can write

g f(.’L') = Z|n1|++|nk‘:n f(j—jill O---0 Zka)
n #{(ng, - ,ng) : ||+ ] =0}

for the average over points the “shell” corresponding to acting on x a total of n times by
different combinations of 77, ..., Ty. It is now natural to consider the averages of these terms.
In the case that (X, B, u) is a probability space, we have the following ergodic theorem.

Theorem 4.15 (Nevo-Stein, Bufetov). Let m be an ergodic measure then, for any f €
LY(X), we have

| N2
— onf(x) — | f(x)dm(z), asn — +o0, a.e.
w2l

We can observe that # {(n1, -+ ,ng) : [n1| + -+ + |ng| = n} = 2k(2k — 1)~ (The L?
version of this was proved much earlier by Guivarc’h). There is also an application of Rota’s
theorem

Proof. Consider the operator T : (L'(X, p))* — (L'(X, p))* defined by

Tl fula))y = gy 3 H(Ta)

-1
T, #T;
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