
Ergodic Theory MA427

Example Sheet 5

Miscellany

1. [Torus automorphisms revisited.] Let T : S1 × S1 → S1 × S1 be a group automorphism
of a torus given by the integer matrix

A =

(
a11 a12
a21 a22

)
, det(A) = ±1

Show that T is ergodic if and only if A has no eigenvalues of absolute value 1. (Recall that

S1
dif
' R/Z and S1×S1

dif
' R2/Z2, so you can think about R2/Z2, if you feel more comfortable

with it.)

2. [Solenoids & skew products.] Consider a map F : S1 × R→ S1 × R given by

F (x, y) = (2x, h(x)y) with h(y) = 1 +
1

2
cos(2πy)

Let F̂ be its compactification: F̂ : S1 × RP1 → S1 × RP1. Show that almost all points tend

to a central circle S1 × {0} under the action of F̂ . (Recall that S1 homeo' RP1.)

3. [Ergodicity vs. periodic orbits.] (a) Show that for any ergodic transformation of a
nonatomic space the set of all periodic points has zero measure.

(b) Find an example of a non-ergodic transformation whose set of periodic points has
zero measure.

4. [Useful piece of knowledge.] Let T be a measure-preserving transformation of a probability
space X. Let H = L2(X,µ) be a Hilbert space of functions with integrable square. Show
that an operator given by

U : H → H U : h(x) 7→ h(Tx)

is a unitary operator, i. e. U∗U = Id.

5. [SL2(Z) actions.] Show that there exist a continuous action of SL2(Z) without invariant
probability measures. Hint: consider the action on RP1 given by:(

a11 a12
a21 a22

)
: [x; y] 7→ [a11x+ a12y; a21x+ a22y].

6∗. Show that the subgroup PSL2(Z) is a lattice in PSL2(R), i. e. is a discrete subgroup
with a fundamental domain of finite Haar measure.



7. [Exchange arcs transformations.] Consider an exchange of two arcs on the circle that
changes orientation on one arc. Prove that all orbits are periodic.

8. Let 0< α< β < 1. Consider a piecewise linear transformation Fα,β of the semi-interval
[0;1) onto itself:

Fα,β =


x− α + 1, if 0 ≤ x < α

x− α− β + 1, if α ≤ x < β

x− β, if β ≤ x < 1

Show that Fα,β is an injective map preserving Lebesgue measure. Show that it’s ergodic if
and only if β/(1 + β − α) is irrational.

9∗. [Interval exchange transformations.] Consider a permutation π = (3, 2, 1). Show that
for any vector α = (α1, α2, α3) an interval exchange transformation Tπ,α can be represented
as a skew-product over a rotation of a circle. Show that in this case an absense of rigid
intervals implies ergodicity. (An interval ∆ is called rigid if all iterations are well defined
and continuous on ∆.) Hint: use result of the problem 8 and construction from the lecture.


