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0. Introduction

The classical arcsine theorem was proved by Levy in 1939, and generalized to
independent identically distributed random real valued variables Xi with mean
zero by Erdös and Kac in 1946. This described the behavior of the summations
X1 + · · · + Xn, and the distribution of the proportion of summations which are
positive. In this note we want to describe a simple geometric analogue of this result
for geodesic flows on negatively curved surfaces. There are a number of interesting
dynamical analogues for discrete dynamical systems cf. [Zweimuller].

Let us now consider a geometric result for geodesic flows in terms of homology.
Let T1V denote the unit tangent bundle of a compact manifold V with negative
sectional curvatures. Given a unit tangent vector v ∈ T1V we can associate the
geodesic γv : R → V . Let φt : T1V → T1V denote the usual geodesic flow, which
is given by φt(v) = γ̇v(t) and let X be the associated vector field on T1V . Let µ
denote the normalized Liouville measure.

Given any non-trivial non-zero closed 1-form w (i.e., not of the form df , where

f is a function) and T > 0 can denote c(v, T ) :=
∫ T

0
〈ω,X〉(φtv)dt ∈ R. This gives

some measurement of the displacement of the orbit in a direction in homology
determined by ω.

Notation. For any T > 0, we can consider the proportion ρ+
v (T ) of time 0 ≤ t ≤ T

that c(v, T ) ≥ 0. Similarly, we can consider the proportion ρ−v (T ) of time 0 ≤ t ≤ T
that c(v, T ) ≤ 0.

Theorem 1. For any 0 < α < 1 we have that

lim
T→+∞

µ

{
v ∈ T1V :

ρ+
v (T )

T
≥ α

}
=

2

π
sin−1(

√
α).

This gives counter intuitive results. For example, the probability that a typical
geodesic spends a proportion of its time greater than 3

4 with c(v, t) ≥ 0 is 1
3 .

More generally, the result also holds for any Gibbs measure µ with a vanishing
winding cycle.

Remark. There is a corresponding result for ρ+
v (T ):

lim
T→+∞

µ

{
v ∈ T1V :

ρ+
v (T )

T
≥ α

}
=

2

π
sin−1(

√
α).
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Figure 1. A plot of 2
π sin−1 √x

1. Proof of Theorem 1

We begin by recalling some simple results about the winding cycle.
Using duality, we can identify the real first homology group with the linear

functionals on cohomology, i.e., H1(T1V, R) = Hom(H1(T1V, R), R). Given any φ-
invariant measure m we can associate the asymptotic cycle in H1(X, R), defined by
Φ(m) =

∫
X
〈X,ω〉dm

Proposition 1.1. If m is the Liouville measure then Φ(m) = 0.

In particular, by the Birkhoff ergodic theorem we have that for almost all v ∈ T1V

we have that 1
T

∫ T

0
〈ω,X〉(φtx) = 0. Proposition 1.1 is also true for the measure of

maximal entropy, for example.
Let C([0, 1], R) be the space of continuous functions on the interval [0, 1]. Recall

that the standard Wiener measure W on C([0, 1], R) is defined by

W ({f(t) : f(ti) − f(ti−1) ≤ αi, i = 1, · · · , k})

=

k∏

i=1

1√
2π(ti − ti−1)

∫ αi

−∞

e−u2(ti−ti−1)/2.

where 0 = t0 < t1 < · · · < tk = 1 and α1, · · · , αk ∈ R. Let F : SV → R

be Hölder continuous function with
∫

Fdµ = 0. We are interested in the family

FT (·, x) ∈ C([0, 1], R), where T > 0, defined by FT (t, x) = 1
T 1/2

∫ tT

0
F (φtx)dt.
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We say that a Hölder continuous function F is a coboundary if there is a con-
tinuous function G : T1V → R such that F (x) = d

dtG(φtx).
The following result is due to Denker and Philipp [2].

Proposition 1.1 (Weak Invariance Theorem). Assume that F is not equal
to a coboundary and

∫
Fdµ = 0. The sequence of functions FT (x.·) converges in

distribution to the standard Wiener measure W (t) on C([0, 1]).

The prefix “weak” refers to convergence in the weak topology cf. [5, p. 148]. In
particular, it means that for any set A ⊂ C([0, 1], R) of non-zero Wiener measure,
but for which the boundary ∂W has zero measure, we have that

lim
T→0

µ{x : FT (x.·) ∈ A} = W (A).

There is a standard way to deduce corollaries to the weak invariance principle,
which is the following:

Continuous Mapping Principle. If ξT converges to ξ in distribution and h :
C([0, 1], R) → R is measurable and continuous (except possibly on a set of Wiener
measure zero) then h(ξT ) converges to h(ξ) in distribution.

Using the weak invariance principle and the continuous mapping principle leads
to the following corollary [5, p.147].

Proposition 2.2 (ArcSine Law). The Arcsine Law holds for the geodesic flow
on V , i.e., Let F+

T (x) = |{0 ≤ t ≤ T − 1 : Ft(x) ≥ 0} then for a.e. (µ) x ∈ SV we
have that for any 0 ≤ β < 1 then

lim
T→+∞

µ

{
x ∈ SV :

F+
T (x)

T
≥ β

}
=

2

π
sin−1(

√
β)

Proof. We briefly sketch the derivation. We can consider the map h : C([0, 1], R) →
R be defined by

h(f) = Leb {0 ≤ t ≤ 1 : f(t) ≥ 0} and for each f ∈ C([0, 1], R),

i.e., the proportion of the interval for which the function is positive. This function
is measurable and continuous except on a set of zero measure [1, Appendix II]. For
any 0 ≤ α < 1 we can apply the Continuous Mapping Principle to deduce that if
A = {f ∈ C([0, 1], R) : h(f) ≥ α}. then

lim
T→0

µ{x : h(FT (·, x)) ≥ α} = W ({f ∈ C([0, 1], R) : h(f) ≥ 0}) .

Moreover, the expression on the Right Hand Side of this last identity has been
explicitly computed and is equal to the expression in the statement of the proposi-
tion. �

Proof of Theorem 1. To complete the proof of the theorem, we want to apply Propo-
sition 2.2 with F (x) = 〈ω,X〉. By Proposition 2.1 we can deduce that

∫
Fdµ = 0.

Furthermore, we know that F is not a coboundary, otherwise its integral around
any closed geodesic would vanish. However, this could only happen if ω is trivial,
which leads to a contradiction. �
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Remarks.

(i) There are a number of other standard corollaries to the invariance theorem
[2, pp.542-543] (e.g., the law of the iterated logarithm) which we could have
considered, but the arcsine law seems particularly well suited to homological
considerations.

(ii) The proof generalizes easily to the case of weak mixing Anosov flows and
Gibbs measures with vanishing asymptotic cycles.

(iii) There is apparently no natural generalization of the Arcsine Law to higher
dimensions [3], thus makig it unlikely that there is a natural corresponding
result for homology covers.

2. An application

Let V be a compact surface and let V̂ be a Z-cover for V with the lifted metric

and the canonical projection π : V̂ → V . Assume the Z-cover V̂ for V has the lifted

metric. The ergodic behaviour of typical geodesics on V̂ was perhaps first studied
in work of Guivarc’h [4] who showed that the geodesic flow on V was exact.

Notation. Choose a closed geodesic τ on V̂ which divides V̂ into two components

V = V̂ + ∪ V̂ −, say. Given any unit tangent vector ṽ ∈ T1V̂ we can consider the

associated geodesic γbv : R → V̂ with γ̇bv(0) = v̂. For any T > 0, we can consider
the total amount of time

λ+
bv (T ) = Leb

(
{0 ≤ t ≤ T : γbv(t) ∈ T1V̂

+}
)

that the segment γbv([0, T ]) spends in the component V +. Similarly, we can denote
by λ−

v (T ) the amount of time segment the γbv([0, T ]) spends in V −. (For almost all
v̂ we have that λ+

bv (T ) + λ−

bv (T ) = T ).

For typical geodesics the distribution of these times satisfies a classical arcsine

law. Let M ⊂ T1V̂ be a fundamental domain for T1V . Let µ̂ be the restriction of

the Riemannian volume on V̂ to M , normalized so that µ̂(M) = 1.
The following is a corollary to Theorem 1.

Proposition 2.1. The probability that a geodesic spends a proportion of its time
greater than 0 < x < 1 in V + is given by

lim
T→+∞

µ

{
v ∈ M :

λ+
v (T )

T
≥ x

}
=

2

π
sin−1(

√
x).

Proof. Let ω be a differential 1-form corresponding to the cover V̂ . By adding a
boundary element df we can can assume, without loss of generality that ω vanishes
on the geodesic γ. Consider a geodesic γ̂v for which γ̂v(t1), γ̂v(t2) ∈ γ̂, where
t1 < t2. The concatenation of the curve γ̂v([t1, t2]) with a piece of the geodesic γ̂

joining the end points is a curve on V̂ which projects to a curve on V which is null

in homology. In particular,
∫ t2

t1
〈ω,X〉(γ̇v(t))dt = 0, showing that the integral of

〈ω,X〉 changes sign as the geodesic crosses the curve γ.
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Figure 1. A typical geodesic on a Z-cover of a negatively curved surface

Remark. Similarly, the probability that a geodesic spends a proportion of its time
greater than 0 ≤ x < 1 in V − is given by

lim
T→+∞

µ

{
v ∈ M :

λ−

v (T )

T
≥ x

}
=

2

π
sin−1(

√
x).

3. A second ArcSine Law

There is a second Arcsine law that relates to the last time t ≤ T that the
associated element was zero.

Notation. For any T > 0, we can consider the largest 0 ≤ t ≤ T such that c(v, T ) =
0. We denote this by l(v, T )

Theorem 2. For any 0 < α < 1 we have that

lim
T→+∞

µ

{
v ∈ T1V :

l(v, T )

T
≥ α

}
=

2

π
sin−1(

√
α).

In particular, the probability that a typical geodesic has l(v, T ) ≥ 3T/4 is 1
3 .

Proof of Theorem 2. The proof of this theorem is very similar to the proof of
Theorem 1. We can consider the map g : C([0, 1], R) → R be defined by

g(f) = sup {0 ≤ t ≤ 1 : f(t) = 0} and for each f ∈ C([0, 1], R),

This function is again measurable and continuous except on a set of zero measure [1,
Appendix II]. For any 0 ≤ α < 1 we can apply the Continuous Mapping Principle
to deduce that if A = {f ∈ C([0, 1], R) : g(f) ≥ α}. then

lim
T→0

µ{x : g(FT (·, x)) ≥ α} = W ({f ∈ C([0, 1], R) : g(f) ≥ 0}) .

Moreover, the expression on the Right Hand Side of this last identity has been
explicitly computed and is again equal to the expression in the statement of the
Proposition. �
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