CHAPTER 16

MULTIPLE RECURRENCE
AND SZEMEREDI’'S THEOREM

In this chapter we shall present a famous application of ergodic theory
to number theory. The theorem we shall prove is an improvement on Van
der Waerden’s theorem (Theorem 2.1) originally proved by Szemeredi. The
proof we give is due to Furstenberg.

16.1 Szemeredi’s theorem on arithmetic progressions

To state the theorem we begin with the following definition.

DEFINITION. We say that a set of integers N’ C Z has positive density if

S(N) := limsup

Card{—N <n< N : 0.
imsup o ard{ <n< neN}t>

(This quantity is called the (upper) density of N.)

The following result generalizes the result of Van der Waerden in chapter
2.

THEOREM 16.1 (SZEMEREDI). If N C Z has positive density then for all

k > 1 there exists an arithmetic progression of length k in N (i.e. Yk > 1,
Jda,b e Z, b#0 such thata+ibeN,i=0,...  k—1).

REMARKS.

(i) Tt is clear from the definition of ¢ that in the special case N = Z
we have that 6(Z) = 1. Moreover, if we consider a finite partition
of the integers Z = N7 U ... N} then sup;;<j, 6(N;) > £, and thus
at least one of the elements in this partition has positive density.
Thus Van der Waerden’s theorem can be considered as a corollary to
Szemeredi’s theorem.

(ii) Finite sets obviously have density zero. The set of odd (or even)
numbers has density %

(iii) The prime numbers have zero density (i.e. o({primes}) = 0) and so
Szemeredi’s theorem does not apply. It is an open problem as to
whether the conclusion holds for this set.
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162 16. MULTIPLE RECURRENCE AND SZEMEREDI’S THEOREM

A historical comment. The above result was conjectured by Erdos and
Turan in 1936. For the special case of £ = 3 the above theorem was proved
by Roth in 1952. The special case k = 4 was then proved by Szemeredi in
1969 before proving the general theorem in 1975.

In 1977 Furstenberg gave an alternative proof using ergodic theory.

16.2 An ergodic proof of Szemeredi’s theorem

The key to the ergodic theory proof of Szemeredi’s theorem is the following
multi-dimensional version of the Poincaré recurrence theorem.

THEOREM 16.2. Let T : (X,B) — (X, B) be a measurable transformation
and let p be a T-invariant probability measure. For any A € B with u(A) >0
and k > 1 there exists n > 1 such that

p(ANT"ANT?"AN...NnT " A4) > 0. (MR)

NoOTATION. We can say that the set A satisfies the multiple recurrence
property when the condition (M R) holds. A stronger condition, which we
refer to as uniform multiple recurrence, is when for all £ > 1 the following
condition holds:

N
s 1 -n —2n —kn
hgl;{lfN;M(AﬂT ANT™2AN...nT7*A) > 0. (UMR)

oo

PROOF OF THEOREM 16.1 ASSUMING THEOREM 16.2. Let X = Hn:_oo
{0,1} and let 0 : X — X be the associated shift map (i.e. (6x), = Ty—1).
Given N’ C N we can define a sequence x = (z,,)nez € X by

lifneN,
Ty =
0ifngN.
For any n > 1 we can define a probability measure u,, on X by

1 =N
n = Opigg-
H 2n+1 Z

1=—N

Since the space of probability measures on X is compact (in the weak-star
topology) we can choose a limit point g of {u,, : » > 1}. This will have the
following properties:
(a) pis a o-invariant probability measure (since for any continuous func-
tion f: X — R we have that
1=n-+1

1 i
/faduzngrfoozn+1 2 flo')

i=—n+1

1 i=n '

1=—nN
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(b) If we choose A = {y = (Yn)nez : yo = 1} then p(A) > 0 (since
p(A) = limsup,_,, . pn(A4) = limsup,,_,, ﬁ(Card{N N [—n,
n]}) =6(N) > 0).
We can now apply Theorem 16.2 to 0 : X — X, the measure y and the set
A, to deduce that Vk > 1, dn > 1 with

p(ANoc "ANe?"AN...No " A4) > 0.

From the construction of 1 we see that for (open and closed) sets ANo =" AN
c72"AN...No"*"A there are values of N > 1 such that uy(ANo AN
ocTAN ... N J‘k”A) > 0. In particular, for some —N < i < N we have
that o’z € ANoc "ANo 2"AN...No k" A.
Finally, from the definition of x this means that the arithmetic progression
i+jkeN,forj=0,... n.
|

16.3 The proof of Theorem 16.2

In this section we present an overview of the proof of Theorem 16.2. De-
tails of the technical propositions used are presented in the appendix to this
section.

16.3.1: (UMR) for weak-mixing systems, weak-mixing exten-
sions and compact systems. The (UMR) condition is easier to establish
if we assume that T : (X,B) — (X, B) under additional assumptions. For
example:

PropoOSITION 16.3. Let T : (X,B) — (X,B) be weak-mixing; then T
satisfies (UMR).

To introduce the definition of a weak-mixing extension we first recall a
useful fact on skew products (which can be found in the work of Rohlin [4]).

LEMMA (ROHLIN). Let T : (X,B) — (X, B) be a measurable map, and let

u be a T-invariant ergodic measure. Given a T-invariant sub-sigma-algebra
ACB (ie. if A€ A then T-1A € A) there exists a skew product

{SIX1XX2—>X1 XXQ,
S(z1,22) = (S1(z1), S2(x1, x2))

(with respect to measure spaces (X1, B1,pu1) and (Xa, B, p2)) such that

(i) there exists an isomorphism v : (X7 X Xo, By X Bo, 1 X p2) —
(X, B, 1) between S and T,
(ii) the images (A x Xq), A € By, correspond to sets in A C B,
(iii) So(x1,-) : Xo — Xo preserves o (for a.e. (u1) x1).
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The property of sub-sigma-algebras we want to specify is closely related
to the definition of weak-mixing (cf. chapter 11) and makes use of the above
lemma of Rohlin.

We can identify the quadruple A = (X, A, u, T') with the quadruple (X7,
Bi, M1, S1)~

DEFINITION. Let T': (X, B) — (X, B) be a measurable map and let y be
an ergodic T-invariant probability measure. Given a T-invariant sub-sigma-
algebra A C B we define the A-cartesian product to be the skew product
T x4 T:=851 % (S3 x8s), ie.

{ Sl X (SQ XSQ)ZXl X(XQXXQ)—)Xl X(XQXXQ),
Sp X (52 X 52)($1,$27y2) = (Sl(%),52(901,902)752($1»y2))~

with the product sigma-algebra B x By x By and product measure fuq X g X fio.

We say that T : (X, B, u) — (X, B, u) is weak-mizing (relative to A) if the
A-cartesian product T x 4 T' is ergodic.

REMARK. If we take A to be the trivial sigma-algebra {X, ()} then in the
Rohlin lemma X; is trivial, Xo = X and T' x4 T = T x T. We see by
Proposition 11.8 that T' being weak-mixing relative to {X, ()} is equivalent
to T : X — X being weak-mixing.

The next result shows that the (UMR) property is preserved under weak-
mixing extensions.

PROPOSITION 16.4. Let T : (X,B,u) — (X,B,u) be ergodic. Let T :
(X,B) — (X,B) be a weak-mizing extension of T : (X, A) — (X,.A) which
satisfies (UMR); then T : (X, B) — (X, B) also satisfies (UMR).

Notice that when A = {X, 0} then Proposition 16.4 reduces to Proposition

16.3.
We now introduce a property that complements that of weak mixing.

DEFINITION. The system (X, B) is compact if for every f € L?(X, uu) the
closure in L?(X, u1) of the orbit {f o 1"}, 50 is compact.

EXAMPLE. Let T' : R/Z — R/Z be a rotation T'(x) = = + « (mod 1)
(o € R); then this is a compact system. (The same applies for any rotation
on a compact group.)

The next proposition complements Proposition 16.3 by giving a second
special case in which (UMR) can be readily established.

PROPOSITION 16.5. If the system T : (X,B) — (X, B) is compact then
property (UMR) holds.
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16.3.2: The non-weak-mixing case. In view of Proposition 16.3 we
have to concentrate on the alternative where 7' : (X,B) — (X, B) is not
weak-mixing.

PROPOSITION 16.6. If the system T : (X, B) — (X, B) is not weak-mizing
then there exists a non-trivial compact factor T : (X,B1) — (X, By) which
satisfies property (UMR).

DEFINITION. We denote by F the family of factors A C B for which
T:(X,A) — (X, A) satisfies property (UMR).

By Proposition 16.6, F is non-empty (and non-trivial). The main result
on F is the following.

PROPOSITION 16.7. There ezists a mazimal factor in F (i.e. ABo € F
such that By C B, VBy € F).

16.3.3: (UMR) for compact extensions. Given A C B, a T-invariant
sigma-algebra, and thus by Rohlin’s lemma a quadruple (X1, By, p1,.51) iden-
tified with (X, A, u,T), and z1 € X we write pg, (B) = E(xg|A)(z1). We
need the following definition.

DEFINITION. A function f € L?(X, B, ) is almost periodic (AP) relative
to the factor A C B if for every § > 0 there exist functions Fi,...,F, €
L?(X, A, ) such that for every j € N we have infi <5<, [foTI —Fy||L2(u,) <0
for almost all 1 € X.

We let P(A) denote the set of all almost periodic functions in L?(X, u),
relative to A.

DEFINITION. If P(A) C L3(X,B, ) is dense then T : (X,B) — (X, B) is
a compact extension of T : (X, A) — (X, A)

The following result complements Proposition 16.4 by showing that (UMR)
is also preserved under compact extensions.

PROPOSITION 16.8. Let T : (X,C) — (X,C) be a compact extension of
T:(X,A) — (X,A) which satisfies (UMR); then T : (X,C) — (X,C) also
satisfies (UMR).

16.3.4: The last step. The final ingredient in the proof of Theorem
16.2 is the following.

PROPOSITION 16.9. Let T : (X,B) — (X,B) be a not relatively weak-
mizing extension of T : (X, A) — (X,A); then there exists an intermediate

factor T : (X,C) — (X,C) which is a non-trivial compact extension of T :
(X, A) — (X, A).

To finish the proof of Theorem 16.2 we proceed as follows. If T': (X, B) —
(X, B) is weak-mixing, then we are done (by Proposition 16.3). Alternatively,
if T: (X,B) — (X,B) is not weak-mixing then there are a further two
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possibilities: either the maximal sigma-algebra B, (given by Proposition
16.7) is equal to B or it is a non-trivial sub-sigma-algebra of B. In the
first case the proof is complete because B = B,, € F satisfies (UMR) by
definition. In the second case, we may assume that the maximal factor
B C B is not relatively weak-mixing since otherwise we immediately have
that T : (X, B) — (X, B) satisfies (UMR), by Proposition 16.4. Under this
assumption there exists (by Proposition 16.9) an intermediate non-trivial
extension 7" : (X,C) — (X,C) (i.e. Boo C C C B) which is relatively compact
(see diagram).
compact

——
BOOCCCli

-~

not relatively weak-mixing

But then (by Proposition 16.8) we know that T : (X,C) — (X,C) satisfies
property (UMR). Since by construction C # By, this gives a contradiction to
B~ being maximal, and so the second case cannot occur. Thus the proof of

Theorem 16.2 is complete.
|

16.4 Appendix to section 16.3.

In this rather lengthy appendix, we shall give the omitted proofs of propo-
sitions from section 16.3.

16.4.1 The proofs of Propositions 16.3 and 16.4. Proposition 16.3
is a special case of Proposition 16.4. To simplify notation, we shall write

E(f|A) for E(flA)W".

LEMMA 16.10. Let T : (X,B) — (X, B) be a relatively weak-mizing ex-
tension of T : (X, A) — (X, A) and f,g € L>(u). Then

N —o0

1 N
in_ x> [AEGETIA) - EGA BT di =

In particular, for the characteristic functions x4 and xp we have

N
1
/ o D e (AN T B) = pag, (A, (B)ldpia (1) = 0, as 0 — oc.

n=1

PROOF. We can assume that E(f|.A) =0 (otherwise we simply replace f
by f— E(f|A)).
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Define f®4 f: X1 X (X2 x Xg) — X1 X (Xox Xo) by fRa f(21,22,y2) =
f($175112)f($1ay2) then

N——+oco N

lim Z/{E (f.g0 T A}V duy
(16.1)

— hm /f®Af ( ZQ®A9(T><AT)>d(M1><M2><M2)-

By assumption 7" x 4 T' is ergodic and so by the Birkhoff ergodic theorem

n—-+oo

N
.1 .
lim Ng:lg @ag(TxaT)" = /9®A gd(pr X pa X p2)
— [ B4} du

(where the last line follows from the definitions of g ® 4 g).
Hence the limit in (16.1) is

[ @a Dl 2 x ). { [ By du1}2 0

since [(f @4 f)d(p X pa X p2) = [ {E(f]A)}* diy = 0 (because we assumed

E(f|A) = 0). .

LEMMA 16.11. Let T : (X,5) — (X, ) be a relatively weak-mizing ex-
tension of A. Then T x 4T is also relatively weak-mixing extension of A.

PRrROOF. This is an immediate consequence of Lemma 16.10 and the equal-
ity E(gf|A) = gE(f|A), whenever g € L' (X, A).
|

LEMMA 16.12. Let T : (X,C) — (X,C) be a relatively weak-mizing ex-
tension of T : (X, A) — (X, A). Then if fy € L>=(u),l =1,... ,k, we have,

2
(Ui Timy—oe % Snly S { BT AT A) =TT BT A} dpia =0,
@)k timy oo 1 0 (T AT =TT, EGIAT™) Il = 0.

PROOF. First we show (2); by induction. For k = 1 the limit (2); follows
from the ergodic theorem since

{ N Zn Vi(Tre) — [ frdp (in L? norm),
X E(f1|A)( n"y) = [ E(filA)du = [ fidy  (in L? norm).
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Assume for the inductive step that the result has been established for k—1
functions (i.e. (2)—1 is valid).
By the simple identity

k k ko /i1 k
Hal_Hbl:Z( al> (a; — b)) H b |,
=1 =1 j=1 \i=1 I=j+1

with a1,... ,ar,b1,... by € R we can write

1 N
([ 1y ST a) ()
~ BUAAT" ) Bl ANT") - B A)TH)) Pdp(x))
N
X fi(T7") fia (TUFOM) - fo(TF)) Pdpa()) 2.

We fix a choice of 1 < j < k and we may assume without loss of generality
that E(f;|A) = 0 (otherwise we need only replace f; by f; — E(f;|A)). Thus
it suffices to show that

N
05N i= [ 32 B3()Pdtz) =0

as N — +o00, where
8;(n) = ECALA)NT") ... B(f;—1| A(TGD") f(T7) ... fo(T5"a).

For any 1 < m < N we can now bound

N m—1
N >~ By +)Pdu() + 2m|f1|oo]\‘[~|fk|oo

Bj(n + i)|2du(ac)> + 2m|f1|00]\'7' N frloo

A
z| =
M=z =~

N m—1
- 3 Z (L P /ﬁj(”+i)ﬁj(n+z”)du(x) + Qm’fl‘w]\'f“|fk’oo'
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Collecting together similar terms we get that

%2 Z tm =1 / H (fulA) - B(f,A) o T*7) (T6= D)

k

XH(ft Jto Ttr)( T Dnl‘)d#(m)

t=j

2m|filoo - - [ fkloo
+ N .

We can now write that

limsup [a; (V)2 < Y~ P B(ALA) B A

N —-+oco

r=—m

$NE(fipa AN - NE(fel A%
X |/E(fj o T7". f;A)dpl.

since in the limit we can replace the terms Hf:jﬂ (fe - froT) (T Dry)
by the terms Hf:jﬂ (E(f:]A) - E(f|A) o T*) (T*=V"2) using the inductive
hypothesis.

Finally, we know that the averages over terms [ E(f;|A) o T9"E(f;|A)dp,
for —m < r < m, are small for large m (since using Lemma 16.10 we can show
that the terms tend to 0 for a sub-sequence of density one). This completes
the proof of (2).

To prove (1) we proceed as follows. By (2); we know that for f € L>(u),

1 N k
g { [ (311001 )

1 le
= ] — o in
-t { [ (3 S TTm00e )

Since T x 4 T is also relatively weak-mixing (by Lemma 16.11) we can replace
fiby fi®a fi and T by T x4 T so that we obtain

N

llm {/fO®AfO (% Hfz®Afz o (T xaT) )d(MXHQXMz)}

n=1[=1
ZNEIEOO{/h@Afo(

==

N k
ZHE fi®a filA) o (T XAT)Z") d(py X po

n=1[=1
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A similar argument to the proof of Lemma 16.10 allows us to see that the
right hand side of (16.2) is equal to

/ {E(H fk|A>} dpir - / {E(fol4))* dus. (16.3)
=1

Let us assume for the present that E(fo|.A) = 0, then we see that (16.3) (and
thus the right hand side of (16.2)) is identically zero. On the other hand, the
left hand side of (16.2) is equal to

N k 2
: 1 n
i o3 [{e (5T aerla) b an
| X k 2
_ : in
(e (frer
showing (1)g.

It remains to consider the case that E(fy|.A) # 0. We then write fy =
(fo — E(folA)) + E(fo]A). The proof of (1) for (fo — E(fo|A)) is as above
and for the proof of (1), for E(fy]|.A) we may write

2

K k
J\;EHOO%Z/{E (E(fo|«4)1:[szTl”\A) —gE(flOTl"|v4)} dp
. 1 i in . In 2
:A}EHOONZ/ (fol A)? { I:IflOT ‘A)—HE(JEZOT |A)} dpia

k k 2
=1 =1

To complete the proof of Proposition 16.4 we proceed as follows. Let
A € B with u(A) > 0. Let € > 0 be a small number so that for A; =
{z : E(xa|B1) > €} we have uj(A;1) > 0. It follows from Lemma 16.12 and
E(xal|B1) > exa, that we have the following:

e 1
NJZ_1 NZ_

for all k > 0.
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16.4.2 The proof of Proposition 16.5. Let f satisfy 0
We first note that if Fj,..., F} are measurable functions with 0
satisfying || f — Fj||2 < € (z =0,...,k), then

k k -1
[T A= [ £au <3 [ TT 51 - 11
1=0 1=0 " j=0
k -1
SEZ/Hijk_ldu
=07 j=0

< (k+1)e.

<f<
< F < 1

Soif we put a = [ f*du > 0 and choose € < a/(k+1), we have [ [, Fidu
>(k+1)e—a>0.

LEMMA 16.13. For a set of n of positive lower density, || foT™-f—fll2 < £
forl=1,... k.

PROOF. Since cl{f o T"} C L?(u) is compact we can find a finite set
{foT™, foT™2, . .., foT™} which is £-separated, i.e.

(/’fOTmi —fonj\Qdﬂ) >

We can assume that r is the maximal cardinality of all such subsets.
For all n > 0 we have that {f o T"t™1 f o Tntm2 o Tntmr}
is again f-separated. For each m there exists 1 < i(n) < 7 such that
1
(f |f — foTmtmie \du) ® > 1. In particular, the sequence {n + m;) }neg
is a sequence of positive lower density with the required property.

forl1<i<j<r.

wlm

|
16.4.3 The proof of Proposition 16.6.

DEFINITION. A function f € L?(u) is almost periodic if its orbit closure
is compact.

In particular, T : (X,B) — (X, B) is compact if every f € L*(X,B) is
almost periodic.

LEMMA 16.14. IfTxT : (X x X,BxB) — (X x X, Bx B) is not ergodic,
then there exists a non-constant function f € L?(u) which is almost periodic.

PROOF. Since T' x T is not ergodic we can choose g(z,y) to be a non-
constant (T x T')-invariant function in L?(u x 11). In the case that T is ergodic,
the existence of a non-constant almost periodic function is trivial, so we
suppose that T is not ergodic. Define a metric d on X by

d(e,y) /\gm 2)ldu(z).
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If we identify points that are 0 distance, then we have an invariant sub-
sigma-algebra (i.e., factor) so that 1" acts on this factor space as an isometry.
Furthermore if we can show that the metric space is totally bounded (i.e. for
any € > 0 there exist a finite number N(e) of points which are e-separated)
then we can apply the well-known result: for any function f defined on a
totally bounded metric space the orbit closure of {f o T"} is compact when
T is an isometry. Without loss of generality, we can assume that the T-
invariant function [ g(z,y)dp(x), which is constant by ergodicity, vanishes
(else we subtract the constant from g). Since g is not identically O there
exists a function h € L?(u) satisfying [ g(z,y)h(y)du(y) # 0 on a set of
positive measure. Now define a function H(z) = [ g(z,y)h(y)du(y) which
is non-constant. Then we see that the function H is the desired almost
periodic function. In fact, H o T™(z) = [ g(x,y)h o T"(y)du(y) (because of
the T-invariance of p) and the integral operator

{ G: L*(p) — L*(p),
Go(x) = [g(z,y)o(y)du(y)

is a compact operator. Since the closure of {H o T"},~¢ coincides with the
closure of {G(hoT"™)}, >0 and the norms of hoT™ are constant, we have the

desired result.
[ |

Now we suppose that T": (X, B) — (X, B) is not weak-mixing. By lemma
16.14 we have a non-constant function f € L?(X,B) which is almost pe-
riodic. Recall that a subset of a complete metric space has compact clo-
sure if and only if for any € > 0 there are finitely many balls of radius
less than € > 0 which are cover the subset. It follows from this fact that
the set of f € L?(X,B) which are almost periodic is a closed linear sub-
space of L?(X,B). In fact, we can see that the set of almost periodic func-
tions is closed under the (lattice) operations (hi,hs) — max(hi, hs) and
(h1,h2) — min(hy, hs). Let By be the smallest sigma-algebra of sets with
respect to which f is measurable. In particular, every characteristic function
x4 (A € Bp) is also almost periodic. Let B; be the smallest sigma-algebra of
sets with respect to which f, foT,...,foT™,... are measurable. Since f is
almost periodic if and only if f o7 is almost periodic we know that each x 4,
A € By, is almost periodic. If for every A € By we know x4 € P(B;) then
any f' € L?(X,B;) must be almost periodic because the set of almost peri-
odic functions is a closed linear subspace of L?(X,B) as we have mentioned
above. Finally, we have a non-trivial 7T-invariant sigma-algebra B; so that
the factor T': (X, B1) — (X, B1) is compact.

Using Proposition 16.5 the proof of Proposition 16.6 is complete.

|

16.4.4 The proof of Proposition 16.7. We wish to apply Zorn’s lemma.
Thus it suffices to show that every chain contains a maximal element, i.e. if
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{A,} C F is a totally ordered chain then U, A, € F (where this represents
the sigma-algebra generated by the union).
Let A € Uy A, with u(A) > 0 and fix k > 0. Take p = m; then for oy

sufficiently large we can choose Aj € A,, with

1
ALAY) < 2 pu(A). (16.4)
By assumption T : (X, A,,) — (X, Aqy,) satisfies (UMR). We can use
Rohlin’s lemma to find a system Sy : (X1, By, p1) — (X1, By, 41) and a map
m: X — X sothat A,, = 77 1(By). Let A = w(A}); then by (16.3) we have
1(Af) > p(A) — 2pu(A). This implies that py (z1 € Af : pie, (A) <1—1) <

TH(A).
Write Ag = {z1 € Af : pa,(A) > 1 —n}. Then Ay € By and
1 1 1
pi(Ao) > i (Ag) = u(A) = u(Ag) = 7u(A) > Fu(A).

By hypothesis T : (X, An,) — (X, Aq,) satisfies (UMR). We claim that
for every j >0

1 : . : :
Sin (AomeJAoﬂ...ﬂkaJA()) <p(ANTIAN...NTA) (165)

To see this it suffices to show that for 1 € Ag N Sl_jAo Nn...N Sl_ijo

. . 1
oy (ANT7AN...NT M A) > 3 (16.6)
because (16.5) follows from (16.6) by integration. But if z; € S Ay, | =
0,...,k, then by definition of Ay we see that p,, (Sl_leo) > 1—nand (16.6)
follows easily.
Averaging over j = 1,... , N and letting N — 400 we get

N
1 . .
lim inf — ANT7AN...NTFA)>o0.
z&rﬁféonzzll‘( ) >

16.4.5 Proof of Proposition 16.8. We shall show that for A € C with
1w(A) > 0 and for £ > 0 we have

N
N | kil
liminf Zlu (Nf_, 779 4) > 0. (16.7)
J:

Since the above inequality follows for any subset of A, we can assume (with-
out loss of generality) that i, (A) > u(A) for 1 € Ay with pq (A1) > Lu(A)
and ., (A) =0 for 1 ¢ Ay (by removing from A those fibres projecting to
z1 satisfying p,, (A) < 2p(A)). The claim follows.
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LEMMA 16.15. x4 is almost periodic

PROOF. Compactness of (X,C) implies that for every € > 0 there exists

1

an almost periodic function f’ such that ([ |f — f’|?du)? < €. This means
that the set B, = {z1 € X1 : [|f — f'|* dus, } > €} satisfies pu1(E.) < €2.
(If this were not the case we would have a contradiction since

€4>//|f—f/|dﬂm1dﬂl($1)

/ /If f'Pdpig, dpn (1)

> (Be) > €')

Let Ac = AN E¢ then on every fibre and for every j > 0 either
1) [Ixa 0T’ — f oT7Pdugy, <é* or
2) [Ixa. oT?|du,, = 0.
Since f’ is almost periodic we have from the definition that for each § > 0

there exist Fy, ..., F, € L?(u) such that info<s<y, (f Ixa, oT7 — F8|2d,ux1)%
< 6 + €, for almost all z; and 57 > 0.

We can replace A, by the intersection in A; then providing we choose a se-
quence {€;}j~0 with ) >0 e? < 400 the above procedure gives a sequence of
sets Ac;. The set Ao = Nj~0Ae; has non-zero measure and the characteristic

function y 4 is almost periodic.
[

By the above lemma f = x4 is almost periodic. Given z; let &F_ L% (., )
have the norm

v s fi)ller = maxicos ( / |fz-|2cmm)2 .

Let V(k, f, 1) be the set of vectors of the form (f, foT™, ..., foT*"),,
n € N. This has compact closure in L?(piy, ).
Denote by V*(k, f,z1) the subset of V(k: frx

)
of whose components are non-zero (|||| > % (u(A ))%)

Given z1 € A; and € > 0 we denote by M (e, x1) the maximum cardinality
of an e-separated set in V*(k, f,z1). Since V*(k, f,z1) has compact closure,
M (e, x1) is bounded for x; € Aj;.

We choose ”1(%) > €9 >0,n7>0and Ay C Ay with pq(Az) > 0 such that
M(e,x1) = M, Yeg — n < € < €9, Vx1 € As. Since M(e,x1) is an integer
valued monotone decreasing function of € it is locally constant (except at a
countable set of €) and is a measurable function.

Choose 9§ € Ay and my,... ,mys for 2{ such that {(f, foT™i, ..., fo
T’“mj)xg :j=1,..., M} is a maximal eg-separated set in V*(k, f, z9).

consisting of elements all
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As a function on the factor space X,

2

Ty — (/|foTlmi —foTlmj|d,ux1)

is measurable (for 1 <i < j < M and for [ =0,... ,k).

Without loss of generality we can assume that every neighbourhood of the
image of 2 has positive y-measure in A;. Now we let A3 C Ay, u(As) > 0,
be the set such that

</|foTlmi - foTlmj|d,UJa:(1’) — (/lfoTlmi _ fOTlmjld,Ux1> <7

for y € As.

Assume that 7' : (X, A) — (X, A) satisfies (UMR). Let n > 0 satisfy
1 (ﬂfZOSl_”lAg) > 0 and fix 2, € Nf_,S7™ A3. Tt follows from the definition
of As and V*(k, f,z1) that

As 0k, (S;“’“Al N S*Z”A1>

for j =1,..., M. Since the vectors {(f, fo T ™ ... foTkr+tm)) jle
are (e9 — n)-separated in V*(k, f,x1), these form a maximal set which is
(ep — m)-dense in V*(k, f, x1).

Applying the argument in the proof of Lemma 16.13 to (f,...,f) €
V*(k, f, 1) we can choose j > 0 such that (f, foT™t™i ..., foTkn+tmi))
is €g-close to it. Then

k
[y (ﬂfZOT—l(n—kmg‘)A) — /Hf o T"+mjd,uy > /XAdel — keo > Cu(A)
1=0

for some C' > 0. Summing over j = 1,...,N, integrating over z; €
ﬂf:OSfl”Ag; then averaging over 1 < n < N and letting N — +oo finally
gives (16.2).

|

16.4.6 Proof of Proposition 16.9. We can assume T : (X, B) — (X, B)
is ergodic and use Rohlin’s lemma so that we identify (X,B) and (X; x
XQ, Bl X Bg)

Assume that T' x 4 T is not ergodic; then there exits a bounded function
g(z,y) on X x4 X := X1 X Xo x Xo (=Ug,ex,m Y1) x 771 (x1)) which
is invariant under T' x 4 T but is not purely a function of z € 7= 1(z1), nor
purely a function of y € 771 (x1). We write g(x,y) = g(z1, 22, x5) and define
an integral operator

{ G: L*(X,B) — L*(X, B),
g¢($1,$2) = fg(xlax2ax/2)¢($lax/2)du2(x/2)
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which is a compact operator.
By analogy with the proof of Lemma 16.14 we have the following. There
exists a function h € L*(X, B, i) such that

Gh(x1,22) ::/g(xl,xz,x'z)h(xl,xg)dug(:c'z)

is not a function of x; alone and cl{(Gh)T7 : j > 0} = cl{G(hoT7): j >
0} € L?(X,B). For § > 0 there exists M = M (x1,5) > 0 such that {(Gh) o
TI)}L ) is e-dense in {(Gh) o T7 }jen (in the L*(puy, )-norm).

For every € > 0 we choose a sufficiently large M, s and a set E(d,¢) C X
with p1(E(0,€)) < e such that M(x1,0) < M, s for all x; € E(d,€)¢. For a
positive sequence {§;}en (with 0; — 0 as j — 400) and a positive sequence
{ej}ien (with 3777 ¢; sufficiently small) we define f : L*(X, B) — L*(X, B):

0 if T € UjeNE((Sj?Ej);
Gh  otherwise.

f(fﬂla@“z):{

For each z; the integral operator is compact and so ||f — Ghlls <
gllzes - [[ll2(x) D2 en €5- Furthermore, for every ¢ > 0 and large M the
family {0} U {(Gh) o T7}}L _,, is 6-dense in {fT7};cn (in the L* (i, )-norm
for every xy).

Let F be the algebra spanned by {Gh : g € L™®°(X x4 X),g(T x4 T) =
g,h € L>®(X)}; then F is T-invariant and the almost periodic functions in
F are dense in F.

Let B* C B denote the smallest sigma algebra with respect to all of the
elements of F are measurable. B* is T-invariant and B; C B*. Moreover,
F C L?(X,B*, i) is dense and so the set of almost periodic functions is dense
in L2(X, B*, j1)

Finally, the desired compact factor corresponds to T : (X, B*) — (X, B*).

|

16.5 Comments and references

Most of the details are taken from the article of Furstenberg, Katznelson
and Ornstein [2]. Alternative accounts of the proof appear in [1] and [5] and
[3] contains an overview of the proof.
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