Parallel unprojection equations
for Z /3 Godeaux surfaces

Miles Reid

Abstract

I construct a 9-dimensional affine “key variety” V C A3 by triple
parallel unprojection from a hypersurface. With a basic choice of G,
action (that is, grading), regular sections of V' give rise to a num-
ber of varieties, including the universal cover of general Z/3 Godeaux
surfaces, together with a small menagerie of related curves, surfaces,
3-folds and 4-folds. The construction includes cases of Z/3 Godeaux
surfaces having an involution. As a by-product, the equations and
syzygies of V' lead to useful exercises illustrating general Gorenstein
codimension 4 phenomena.

1 The key variety and the main result

Consider a hypersurface F' = 0 with F' in the intersection of the three codim 2
ideals

(20, y0) N (21, 91) N (T2, Y2) (1)

where xg, Yo, T1,Yy1, T2,y2 are six independent variables (viewed as three
pairs), and such that the coefficient of ygy172 in F' equals 1. The general case
is

YoY1Y2 = SToX1T2 + roT1T2Yo + T1Tox2y1 + r2ToT1Ye. (2)

Indeed, any terms with y,y2 can be tidied away by doing
Yo — Yo + multiples of z;. (3)

For the moment, consider the coefficients s, rg, 71, 79 also as independent in-
determinates. Following Papadakis, treat the subvarieties (z; = y; = 0)



as unprojection divisors, and introduce the corresponding unprojection vari-
ables z;, that is,

20 = (Y1y2 — ToT172) [ Tg
= (sz129 + r122y1 + r2x1Y2) /Yo
21 = (Yoy2 — m1x0T2) /21
= (sxoxg + rox2yo + 7“217092)/1/1
2 = (Yoy1 — r2woT1) /72
= (sxox1 + roT1Yo + T1Z0Y1)/ Yo
The z; are subject to the linear unprojection equations deduced in the obvious

way from these expressions; also, adding two of the z; gives rise to a 5 x 5
Pfaffian format, which provides the bilinear relations for z;z;: for example

1 Yo %2 T1Zo
T2 Y1 Y2 (4)
2o <1
STo + ToYo
hence
2129 = SToYo + oYy + TiT2T, (5)

and similarly

2 2
2022 = ST1y1 + Yy + roray,

2 2
2021 = ST2Y2 + roy; + ror1Ts.

Theorem 1.1 These 9 equations define a codimension 4 affine Gorenstein 9-
fold'V C A%ﬁi’ymmhsy Its singular locus is A?mmm?s) union the three planes

A%ﬁ_ 25) for i = 0,1,2. It has a diagonal action of the torus G and Ss
symmetry permuting the indices. Grading by

wtax; =1, wty,=wtr; =2, wtz;=wts=3

gives V' canonical weight —12.
With this grading, regular sections of V' provide the graded rings over the
following varieties (among other possibilities):



(A)

(B)

(C)

(D)

Set r; equal to general combinations of x;,y; of weight 2, and s equal to
a general combinations of x;,y; of weight 3; also, set xg+ x1 + x93 =0
and zo + 21 + 20 = 0. Then Proj of this ring is a canonical surface
Y C P9(1,1,2,2,2,3,3) (01 200m1,0m.01.20) With pg = 2, K* = 3. It is
nonsingular in general.

Moreover, taking r; and s symmetric under permuting the indices gives
Y a fized point free action of 7./3, hence a quotient Z/3 Godeauzr sur-
face X =Y/(Z/3) as in [R1]; or an action of Ss, giving X with an
involution (see Section 2 for a specific case).

Omitting the sections Y x; = 0 and >z = 0 in (1) gives a quasi-
smooth Fano 4-fold F C P%(1,1,1,2,2,2,3,3,3)(20,01,00.50.51,92.20,21,22)
with Kp = Op(=3) and 3 x 3(1,1,2,2) orbifold points.

Omitting the section xo+x1+x2 = 0 in (1) gives a nonsingular Calabi-
Yau 3-fold containing Y as a hyperplane section.

Omitting the section zy + z1 + 2o = 0 in (1) gives a quasismooth
Fano 3-fold W C P%(1,1,2,2,2,3,3,3)(z1.0000m1..20,21,20) 0f index 2
with —Kyw = 2A, A* =1 having 3 x 3(1,2,2) orbifold points [GRDBJ,
No 40198.

The 4-fold in (2) and the 3-folds in (3) and (4) can be given fixed point
free Z/3 actions, or full S3 symmetry, while maintaining the stated
nonsingularity properties.

Remark 1.1 Specialising 7y, 71,72 to 0 and s to 1 gives

o [To Y2 21
/\ 21 I y() = O
Y1 20 T2

Thus V is a flat deformation of the cone over Segre(P? x P?).
The symmetric group S3 acts on V' by permuting the indices 0, 1,2. My
paper [R1] used the eigenbasis coming from the cyclotomic change of bases
to wo + ez + x with € € py and similarly for the y; and 2;.

The general algebraic properties of the key variety V' come directly by
unprojection from the hypersurface (2). The hypersurface has the obvious
GS action, which is preserved by the unprojection. The singular locus of V'
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is discussed in the next section, along with the nonsingularity of its sections
(A-D). As a preparation, note that the equations include 4 unprojection
equations for zy:

Lozo = "5 YoRo =", R1R0 = v, R2R0 = 00, (6)

so that V' is nonsingular where zy # 0, and similarly for z;, 2. They also
include

yOZOI...7 yOyQZ..'J y0y1:~..7 ygrozu..7 (7)

so that V' is also nonsingular where yq # 0, and similarly for y;, yo. Thus the
singular locus of V' is contained in y; = 2; = 0. One sees that these define
a reducible subvariety of V' with many components, all of dimension < 4.
Thus V is at least normal.

2 Nonsingularity

I prove all the nonsingularity results in Theorem 1.1 by brute force com-
puter algebra. I only describe the calculations for (A), since the others are
practically identical, and the Magma files doing all of them are online at ],
(currently DropBox, NonSing_Calc_for_God3.txt), and run in short order
on the Magma online calculator http://magma.maths.usyd.edu.au/calc.

Claim 2.1 The S35 symmetric surface Y that is the univeral cover of the Z/3
Godeauz is nonsingular, and the Z/3 action on it is free.

Start from the graded polynomial ring R = k[x1, 2, Yo, Y1, Y2, 21, 22|, and
define xg, 2o by

To=—x1 —To and zp= —2z; — 2.
I define the sections by

2
o = Yo -+ Ty —+ 733'11’2,

2 3 3 3
1 =Y + 2] + TTox2, and s =xy+ 2] + 5.

ro = Yo + x% + Txoxy



The nine equations of Y C P9(1,1,2,2,2,3,3) (4, 20.50.51.5,21,) ar€ then

STox2 + ToTaYo + T2ToY2 — Y121,
—11Taxg — SToYo — Tolg + 2122,
STox1 + roT1Yo + T1ToY1 — Y222,
—T1Zox2 + YolY2 — T121,

ToToT1 — YolY1 + TaZ2,

roT1%2 — Y1Y2 + Tozo,

—rora} — ST1Y1 — TY; + 2022, (8)
—S8X1T9 — 1 T2Y1 — T2X1Y2 + Yozo,
—rorlxg — STl — r2y§ + 20%1-

Write L = [Ly, ..., Lo] for these equations.

Brute force computer algebra frees us from heavy lifting, so simply define
the 9 x 7 Jacobian matrix % and its set of 4 x 4 minors J (with
#J = (3) x (}) = 4410). Then Magma takes

1.3 seconds to verify that 2§ € (J), the ideal generated by J,

so that the singular locus of Y is contained in zy = 0, hence also in zg = z; =
29 = 0. Similarly, it takes

0.8 seconds to verify that y§ € (J U {z0, 21, 22}), and
0.8 seconds to verify that x}* € (J U {20, 21, 22} U {0, y1, 2 })-

This proves that Y is nonsingular.

To prove that Y is disjoint from the fixed point locus of Z/3 on V, it is
enough to check that, in the same coordinates, L together with the equations
w3 =23 =13 yd =y} = 3, 20 = 21 = 23 defines the empty set in Proj R.
Obviously zg + 21 + 22 = 0 and zg = 2z; = 25 implies that all the z; = 0. In
fact, Magma says at once that the ideal generated by

3 3 .3 3 3 3 .3 3
LU{ﬂvl_fE()v%_%a%_yo7y2_y1721—20,22—21}

defines the empty set of Proj R.

3 Applications to codimension 4 Gorenstein

I have so far applied the variety V' C A'? to construct various varieties. In
the rest of this note, I use it to illustrate the general structure theory of
Gorenstein codimension 4 ideals, supporting [R2].



3.1 The 9 equations of V' as extended Pfaffians

Adjoining 2y to the 4 x 4 Pfaffians of (4) is a Tomg unprojection; recall
that this means that the 6 entries m;; of the matrix with ¢,7 # 3 are in
unprojection ideal (xq, yo, 21, 22) (a codimension 4 complete intersection), so
that its Pfaffians are also in (xo, yo, 21, 22). Tom unprojections are usually
related to P? x P? (see [TJ], Section 9 for more details), and one can try to
accommodate the unprojection equations as the 4 x 4 Pfaffians of a 6 x 6
skew matrix with extra symmetry. Since this case is Tomg, if we put 2 as
the entry mgg then in Pfaffians it does not multiply any of the 4 entries in
its own Row-and-Column 3, but it does multiply the other 6 entries in the
unprojection ideal (zq, yo, 21, 22)-

This gives
Ty Y2 21 ToYo + STo ToT1T2 + SY2
1 Yo 29 riy1 + sxy
T n <0 ) (9)
T2Zo T2Y2
ToTr2xy

which contains all the equations except that xgzg —y1y2+roxr122 only appears
after cancelling r; or ry. This is a common phenomenon. The general philo-
sophical point is that the unprojection structure is basic, whereas the matrix
format is secondary — the equation zgxg = --- is one of the unprojection
equations, but it is not completely captured by the matrix.

In this case, the factor ry in the bottom 456 triangle floats over to the
top 123 triangle to give

T1ToTy ToY2 21 ToYo + STo ToT1T2 + SY2

21 Yo ) r1Y1 + STy
T2 Y1 20 . (10)
Lo Y2
ToT1

The 75 should not really be included in the matrix, but should be thought of
as a crazy-Pfaffian multiplier coming between 123 and 456.
The equations admit other partial expressions as extended Pfaffians, 6 x 6



or even 7 X 7 or bigger. For example,

TiTeXo ToY2 21 ToYo - ToriZa 0
oy Yo Z2  T1Y1 + STy 717220
T2 N 20 T2Y2 (11)
Lo Y2 <1
ToX1 ToYo -+ SXo

ror1ZTs + SYo

and cancel 1o, 7o from the Pfaffians as necessary. And so on,...It is not clear
that any of this is useful.

3.2 DMatrix of first syzygies

I order the relations L; and choose their signs as in (8). The matrix M; of
first syzygies in the approved (A B) form of [R2], 2.1 is the transpose of

Z1 Yo 292 1o
- . T2 n Yo
—Yo —X2 . T9Xo Z1
—Z2 —Y1 —Ta2lo . 8To + ToYo

—TTo —Y2 —Z1 —STo— TolYo

T2 . —S8T1 — T . Yo —22
T2 . Y2 —Yo . Zo
—U1 . —ToT1 z9 —Xo .
(12)
20 . . . . —S8To — T2Y2 . —Tol2 Y1
2o T2l . —TorTe2 — SY2 TTeTo+ SYo - ToYo —22
20 . . —S8T1 —T1Y1 Y2 —Tola
20 . 12 . —Y2 1
20 —ToZy —T2 U
Y2 . . —Tox2 . —21 . . To
11 . TTol2 ToTeX1 + SY1 Tor1%2 + SY2 . —z1 . )
T1T9 . . ST9 + Tols . . . —21 Yo

The spinor sets made up by I = (4 out of the first 5 rows, with ¢ omitted)
and the complementary J = I¢ have spinors of the form z; Pf;.
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// Magma: Matrix of first syzygies
RR<r0,r1,r2,s,x0,x1,x2, y0,yl,y2, z0,z1,z2>
:= PolynomialRing(Rationals(),[2,2,2,3,1,1,1,2,2,2,3,3,3]);
L :=[
s*x0*x2 + rO*x2xy0 + r2*xx0*y2 - ylx*xzl,
—r1*xr2*x072 - s*x0*xy0 - rOxy0~2 + zl1xz2,
s*¥x0*x1 + rO*x1xy0 + rixxOxyl - y2x%z2,
-r1xx0*x2 + yOxy2 - xl1xzl,
r2*x0*x1 - yOxyl + x2xz2,
rOxx1*x2 — yl*xy2 + x0*z0,
-r0*xr2*x172 - s*xlxyl - rlxyl~2 + z0%z2,
-s*x1*x2 - rl*xx2xyl - r2xxlxy2 + y0%*z0,
—rO*ri1*x272 - sxx2*%y2 - r2xy2°2 + z0xzl
1
Mat := Matrix(9, [0, x1, yO, z2, rixx0, 0, 0, O, O,
-x1, 0, x2, y1, y2, 0, O, O, O,
-y0, -x2, 0, r2*x0, z1, 0, 0, O, O,
-z2, -y1, -r2*x0, 0, s*x0+rOxy0, O, 0, 0, O,
-r1*x0, -y2, -z1, -s*x0-rOxy0, 0, 0, 0, 0, O,
0, 0, r2xx1, 0, -sxxl-rixyl, 0, yO, -z2, O,
0, 0, x2, 0, y2, -y0, 0, %0, O,
0, 0, -y1, 0, -rOxx1, z2, -x0, 0, O,
z0, 0, 0, 0, 0, -s*x2-r2*xy2, 0, -rO*x2, yli,
0, z0, r2xy2, 0, -rOxrl*x2-s*xy2, ril*xr2xx0+sxy0, 0, rOxy0, -z2,
0, 0, z0, 0, 0, -sxxl-rixyl, y2, -rO*xx1, O,
0, 0, 0, z0, 0, rixx2, 0, -y2, x1,
0, 0, 0, 0, z0, -r2*xx1, -x2, yi1, O,
y2, 0, 0, -rOxx2, 0, -z1, 0, 0, xO,
rixyl, 0, -r2xy2, rOxr2*xl+s*xyl, rOxrl*xx2+sxy2, 0, -z1, 0, z2,
ri*xx2, 0, 0, s*x2+r2xy2, 0, 0, 0, -z1, y0l);

Matrix(9,L)*Transpose(Mat); // check Mat is made of syzygies
printf (" ————————— \Il") :

JO := ZeroMatrix(RR,16,16);
for i in [1..8] do JO[i,i+8] := 1; end for;
J := JO + Transpose(JO);



Transpose(Mat)*J*Mat; // check M satisfies ~tMxJxM=0

printf ("--------- \n");
L;

printf("-—------- \n");
Mat;

for i in [1..5] do
I := Remove([1..5],i); J := [j+8 : j in [1..8] | j notin I];
SquareRoot ((-1) “i*Determinant (Submatrix(Mat,I cat J,[1..8]))

div
end for;

L[9]);
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