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Surfaces with p,=0, K*=1
By Miles ReID

The purpose of this article is to present a uniforrn way of writing down the
equations defining a minimal surface X having p,=0, K*=1 and Tors X=Z/5,
Z/4 or Z/3, where Tors X s ‘the Severi torsion group of X ; the method consists
of wrltmg down generators ‘and- relations for the canonical ring of the cover Y,
where Y% X is the Abelian cover corresponding to Tors X. Studying the canoni-
cal ring of Y, together with the action of Gal Y/X, is equivalent to studying the
(ZBTors X)- graded ring ‘

R(X KX, Tors X)—- & HX,nKx+o).
Y +:1 e&Tors X

As a corollary of thls meth’dd I prove “the ex1stence of surfaces in each class,
and the fact: that edch class forths an 'H‘r'educxble moduli space.

: The slIrfaces with T(brs X-‘Z/‘é aré due ‘to ‘Godeaux, and my treatment in
‘§1 is 'ifitended to illustrate my method in a- transparent case. A surface with
Tors X=Z/4 has been constructed itidepentently by Miyaoka [1], who also proved
the irreducibility of the moduli space.of Godeaux surfaces.. The bulk of this
paper (§3) is devoted to surfaces with Tors X=Z/3, for which the cover Y cannot
be represented as a (weighted) complete intersection.

I have an argument based on writing .down. generators and relations of the
canonical ring which I hope will prove that surfaces with p,=0, K*=1 and
Tors X=Z/2 from an 1rreduc1b1e modu1i spaCe ‘That such surfaces exist is
shown by a recent example of a double plane due to Qort and Peters.

The most interesting problem remaining is that of knowing whether there
exist surfaces with K?=1, p,=0 and no torsion.

Conventions. All varieties, morphisms, etc. in this article are defined over a
fixed algebraically closed field of characteristic 0. By “surface” T mean a com-
plete non-singular algebraic surface X, and for such a surface Ky denotes the
divisor class associated to the invertible sheaf 2% of regular 2-forms, and p,=
h(X, Ox(Ky)) is the geometric genus; The conditions K%>0 and Tors X0
together imply that X is of general type. k
;.1 would like to acknowlegde financial assistance from the Royal Society, and
to thank the Department of Mathematics of the University of Tokyo for excel-
lent working facilities during the academic year 1976-77.
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§0. Some useful preliminaries

The following lemmas will . be useful for- deecmhmg the canonical system
|Ky| of the cover Y5 X of a given surface X with non-trivial torsion group.
In particular I will need to show by arguing op X that |Ky| is without fixed
points (or without fixed components).

LEMMA 0. Let X be a minimal surface of genergl type with Kzl qnd let
D and D’ be two distinct positive divisors which. are numerically.; %@Q}’ﬂ%&éﬁgg

(so that KD=KD'=D}=D"?=1); then D and D' are witheus commoy @MP‘S‘%
and. hence mtersect transversally in one point P(D, D")...

ob ‘;éf;:g U jJ
" PROOF. ' Write R : e .
o D=C+EnC;;
=C'+2Zn/ Ci s

with C and C’ 1rreduc1ble such that KC-»KC’-—l and KCi—Kct =0,
. -1t C=C then D=D’, since there js no non-trivial numencaggelamyp})getwggn
the C; and C/' ((3], p. 451). The intersection. pairing on the.Cy. 2nd. G g&?gﬁglﬁn
and negative deﬁmte, $0 that if the g.c.d. Eof D agd; Dj is nop:zero éj%—-
hence (D— E)(D’ E) K 2KE+E2—1+E2<0 Whlch contrgadlqgs Jthe Jast, t}ﬁgt
;D E‘and_D’ E are thhout common components roresd gad PResT 2T
- LEMMA 0.2.. Let X be a minimal surface of general t‘jpé"ﬂ;itféfﬁmﬁ'ﬁéd”fé‘t.
D, D" and D" be distinct positive divisors numerzcalty equ‘bvctlm’t 1 *K’:@EW
that (D’—D") is not linearly equivalent to 0. Drnlises s an Dulnegdige ed

Then the two points of mtersectwn P(D, D”) and P(B D‘)‘w WisHRgh 1

dwr wainy Issiaous

PROOF. Let o0& Pic X be the class of D'—D’; by hypothes;s ns&B.XI haye,, to
show that the restrlctlon 0p is non-tnvxal Th1s follows ato
‘mology exact sequence of

0 —> Ox(0—D) —> O (o) —> 05 —> 0" -
and the fact that H{Ox(0— D)) 0 (by Ramanujams form 9@ Kodau‘a vamahmg,
see [5] or [6]). :

LEMMA 0.3. Let X be a surface with p,—O Kzrr—'fl,
non-trwzal torsion element, of order n say Then =::°

WX, Ox(K+o)=1, (X, 0x(K+o)}~~ :

PROOF From the Riemann-Roch: formula and the fact %hat ﬁ”(fﬁ*n) h(0)
={ it follows that . S 1

3t

CRNK46) = R(K40)=1;
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now if HY (X, Ox(K+0))#0 it follows that the étale covering Y — X correspond-

ing to o (where Y =S8pecy(OxPO0z(0)P - POx(n—1)») has H*(Oy)#0; thus Y

has étale covers of large finite order, which gives a contradiction as in [3], p 488.
I will use: contmuously the*foﬂowmg faet:

k) o

PROPOSITION 0.4 h°(nK+o) . 1+( ) for all n>1 and v&Tors X with the

exceptwn ofn 1 o= 0

51. The Gedeéu# swcface Ki=, 2,0, Tors X=25

In this section I 'shiow how té write down generators and relations for the
pluricanonical ring of 2 Godeaux surface, starting from sections of the line bundles
K+o, with oeTors X=Z/5. T

Let X be a surface as m the sectum headmg The elements of Tors X~—Z/5
will be denoted 1,2,3, 4,6 (#0d“5)}" Let #,<H(K-+1i) be non-zero elements for
=1, 2, 3, 4. ‘ g

Any mono;hxal in the ‘x,; A‘ 2 segtton ;of some NK—H
If%i“féH%NKﬂH 5 Where TN, "}L‘wz i (mOd 5).
For example, H°(5K ) contains |

g ‘12 eiernents

: x1 xsx4, EX xtxs, x4 X1y, £ x2x4 , o M

since h°(5K) 11 there is at least on
ments. It will turn out that these
a set’ of generators and relatlons of the canomcal nng of X

Let Y~»X be the étale cover: correspondmg to- TorsX ¢* Tors X=0, so
that each ¢*x; is a section:of ¢*(K+i)=Kyp. -1 will continue to denote these
section x;EH°Ky); each x, defines a divisor D; on X and a divisor ¢*D; on Y
which is invariant under the group -action. In view of Lemma 0.1 the 3 divisors
Dy, D, and D, are disjoint on X, so that ¢*D,, ¢*D, and ¢*D; are disjoint on
Y; in particular, |Ky| is without bade points, and (since K3=5, p,=4) ¢k, is
therefore a birational morphism onte a quintic ¥ of P*. /

By definition the cover Yi;X ‘is the Spec of the Oy-algebra é Ox(2), and

%s, Galois group Z/5 acting by. multlplylng the i** factor by ¢, where ¢ is a
{VE th root of 1. The xgEH °(Ky) are just the elgenvectors of this action.

’Fﬂm 11, (i) The xy H"(Ky) generate the canvmcal ring of Y, and
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there is just one velation g between them, g bemg a linear combination of the
elements (1) above. ’

(ii) - The pluricanonical ring R(X ) is the rmg of mvammts* of-the Z/5 action
on R(Y); thus every H(NK) is spanned by the meraminls:in;the x; belonging to
it, and the only relations between these are multzples of g by some element of
H((N—5)K). : — ~ , ‘ .

An obvious necessary and sufficient condition that a surface Y defined by a
quintic g does not meet the 4 fixed points (0, ---, 1, -+, 0) of the group action on
P? is that the coefficients of the x,° in g do not v&ﬁéﬁ*’ O "idrétore obtains
a description of the moduli space of Godeaux ,surfages;;a,s,;nil\g;ggﬁgka,[lj.-

§2. Surfaces with K*=1, p,=0 and lTorsI—
THEOREM 2.1. There are no surfaces with: pg»-(} Kzzzl »an‘d Tors——Z/Z@Z/Z

PrROOF. Suppose that X is such a surface; let 01 10, 11 be the non-trivial
torsion elements of Pic X, and let Xy, X1 and’ %, be rﬁiﬂ zerc ‘Sections of the
bundles K401, K410, K411. The squares xo.®, X ,p):ag;§ -alk belong.to H °(2K),
so that there is a linear dependence relation betyveen t}lem

Now let Y be the cover of X correspondmé to ’i* ”X ﬁre 3 ‘sections’ xo;,
X0, X1 are linearly independent sections of Ky and thus Term a basis of H°(Ky);
but there is a non-trivial quadratic relation between them, which implies that the
canonical linear system |Ky| is compoSed with s peﬁéd | Ky |=2|D|+F, |D]|
being a pencil without fixed part, and F the fixed pam Then since K?*=4, F+#0
—for otherwise D*=1 and KD=2, contrad1ctmg =KD mod 2. But if F;ﬁO
then the curves defined by x,; and x;, have a common coi ‘
hence also on X, contradicting Lemma 0.1; thlS e es the result

Now let X be a surface with K?=1, p,= CTM"TO‘I%-— 770 As for the
Godeaux surface, I will ‘denote the elements of ‘Tors X'by K2, 3,0 mod 4. For
1=1, 2, 3, let x;= H%K+1%) be non- zero. Then the H Q(ZK*bz)scontam the follow-
ing -elements: senfal g ious ,

P
| XX, yIEH°(2K—I—1’)¥,,; ‘

1% xte HYQ2K+2),

XiXs, V€ HY2K+3);

2

the two elements occurring in H°(2K) and H °(2K+2) are 11near1y independent
—for otherwise, say xix;+ ax,*=0 which contradicts Lemma 0.1. The y,= H*(2K+1)
(for i=1 or 3) are chosen to be linearly independent from the monomial in the
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x5 Thus the elemem;s pf £2). provide bases for H °(2K+i)

Hxﬁy,”feHl’(NK-{—l L v hBte E{ai+2bi) N and E(zai-l—zbi) 1 mod 4

In mrtmular on& wb%rgg.g ktatv‘ -H °€4K) and H °(4K+2) each contams 8
monomials in the.x; and s 80, here is a linear dependence relation between
each of these sets, 9o and,‘qﬂhresgectwely

B %Y, Ko ARE 2R Xy, %Xy 319 HAK) Y qo;
X202, XPXaP, X:PXs, x1xés; x1x2y3; XoXs ¥, V1% Y EH(AK2): ¢..

As'in §1 it will turn out fhat the" xl “and ¥ prowde a set of generators for the
canomcal rmg of X, , 7o 4nd.gy the oﬁly relatlons

‘Let-Y 5 X be a8 betor ! OHE IS et orresponding to Tors X; as before,
let x,= H'(Ky) and s, SHOR, Y beitle” diéihhts *0*x, and ¢*y;. By Lemma 0.1
the x; have ho comirion ‘2erb S % A8 tHa | Ky 13 and @ fortiori |2Ky | is without
base  points. A “bhasis ‘for  JZRY [MEOEVeR By the dlements (2), 86 that @,z is
contained 'in t%xe“‘*’ééﬁe’"on“’fﬁéﬁ%ﬁéﬁéﬁe@f&fﬁrﬁefe' o, the projective variety corre-
spording to the graded il A RS9 ! 14iz,(Y) is actually the ‘complete
mtéréetftibﬁ“ frisiae” thlé Var?éi@” %‘f@?fl’e‘jﬁ% hirﬁef‘éﬁi‘faces deﬁned by qo “and g,

THEOREM 2.2 (1) The xw aml y,, ,ge?nergw tkewa;wmcal ring of Y, and the
qx, and q: above am the.enly. relationss: :
- (i) The canonical ring. R(X) isithe;
on R(Y)

. -One verifies. easily that the ﬁxed lgcxl«ef the@pt;on of Z/4 on the cone on
the;Veronese are contained in the unign of the following 3 linear varieties:

}ﬁggg;zana‘gd subr;ng of the action of Z/4

VY 1—x3—y;~ys——0

it is easy to write down necessary and sufﬁc1ent conditions on the coeﬁ'iments of
% and g, s0 that the locus 7 q “3250“ does not meet V., V, or V,; for example

o*'-xlhﬂ"-";z*"}“ xs +J’iya i

and )
‘ qz—x”xsﬂrx %, “'+y1’+ys ,

satisfy this condition, and also deﬁne a non—smgular Y.
The canonical class of the: stirface 'Y so constriicted is calculated as follows

let F=Pp(0DODO(2))5P? be the standard scroll; F has two line bundles
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L=7*0p(1) and the tautological bundle M of the proj (so that z.M=0HOPO(2)).
The map ¢ has image ¢y(F)= F, the cone on the Veronese. The inverse image
B=¢3}(vertex) is the umique divisor in the linear system | M—2L}.

One sees easily that the canomcal class Kr is given by Kg~—3M—L. Since
Y is the complete mtersectloﬁ in Fof two divisors in |2M] we have Ky~M |y
~L|y (by the adjunction: formula), so that Ky~Bly+Ll|y. But'Y and ‘B are
disjoint so that B|y=0, and Ky~L|y. - Thus the linear system [Ky!| s just the
restriction to ¥ of the linear.system |L|, so that Y satisfies K*=4, p,=3, ‘and
¢M(Y)CP7 is blcanomc o / ‘ 4

PROOF OF THEOREM 22 We have seen that 12Ky | is WlthOut base points.
By counting degrees one sees that ¢2Ky is either blratlonal or is a double
cover onto a surface of deg 8.» Let me eliminate the second possxblhty The
restrlctxon of ¢2 Ky to the general curve CE IKYI is the complete canomcal system

¢KY Y—>P2, can be descnbed as the }ogg;posxte of ¢2KY w:th the prOJectth from
the vertex of the cone on the:Vetronese,. Thus this 4-fold cover splits as a-.composite,
Y—7—P* of two. -double covers; the first factor in this composite is comppsed
with the hyperelhptm mvoluuﬁn 08, C, but thls implies that |Ky|. cuts out on C
a g', which is composed with the hyperelhptlc g, of C; such a linear system is.
not complete, and thig contradicts H*(Oy)=0. Essentially the same argument is
that above every line [CP*® one has on ‘¥ @.curve which:is the canonical image
of a hyperelliptic curve, which is hence ratfonal > hat then the ramification of
¥—P* must be in a conic, which® contradicts the completeness of |Ky|.

The following Lemma 23 implies at once that the birational image
¢2KY(Y) ¥ is the complete intersection in' F6f t%’h’fﬁéfﬁ%ﬁce& deéfined by g,
and ¢, Comparing Ky as computed by theé’ ‘adjohétion f?@?ﬁﬁﬂ 'Wlt?f 78 ‘
that ¥ has only rational double points; the fact that athe xi and yi then span the
canonical ring 6f Y is then a standard verlﬁcatlon that certam linear systems
on F cut out complete linear systems on 7.

LEMMA 23. PCF is not contained in any réducible divisor Q< |0#(2)].

PROOF Equivalently, the inverse image ¢M(7)CF is not contained in any
divisor Q< |2M| which splits as Q=0Q,+Q,, with the possxble exception Q,=B,
Q.<|2M—B|=|B+4L|. Since for Q,=|B+2L| ¢u(Q,) does not span P’ it is
enough to check that ¥ is not contained in any divisor Q,<|B-+3L|. But
H(F, Og(B+3L)) is spanned by the m0nomxals

X% %, X%, X1Y3 xsy1 s

M 2 2 4 8
X1"Xg, X1Xp', Xg, XgYs,
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X1XoXs, X%, X1y X3Ys
; ] x1 , xlxs f X%, XoY1
These monomials: are hnearly mdependent as elements of HY(Y, 3Ky), as follows
easily from the splitting into: eigenspaces of the Z/4 action, and Lemmas 0.2 and
0.3. For example -a:non-trivial relation betweén the elements in the exgenspace

of 1 can be written
xx(ax1x2'+bya)=xs(cx2xs+dyl) ’

which contradicts the choice of y;. The other cases are-similar, and the lemma
is proved. & SR ’

§3 K _1 p,=0 and TorsX*Z/3

In thlS sectlon 1 show hofw to: Wmte down the equatlons deﬁmng a surface
X with the invariants p,=0, K*=1 and Toss X=Z/3. - ‘

I start off with a description- of the. fimal eonstmctwn, intended to clarify
the rather comphcated arguments that follow; the fact that this comstruction
actually provides surfaces X with the required invariants. follows from this de-
scription, from the form. of the. equations:f-and g given below, and from Bertini’s
theorem and a simple non-smgularlty computatlon Most of the Work of this
section is to show that any surface X w1th the above mvanants is glven by my
constructlon ‘

The scroll F Con51der the pr01ect1ve varlety ‘

F= PregéR(

associated to the graded rlng R= k[xl, xz, yo, yl, yzj W1th deg x;=1, deg y,=2.
The elements of degree 2,

x12, x22: X1 X3y J’o» yI; Y2 ' (*>
define an embedding of F' in P° as a quadric of rank 3, the cone with vertex
P? (coordinates y;, yi, vo) over the‘blla’pef’conic (with coordinates x.° x,x;, x,%.
The natural desingularisation' F of ‘F-is’ the rational scroll -
F=Pp(E), F-->Pt, |
where F is the rank 4 vector bundle - E—OEBO( 2). Write-A for a fibre of

‘Fm——>P1, so that Ox(A)=r*O(1), and B for the divisor of F correspondmg to
the unique section of E, so that Ox(B) is the tautolog1ca1 bundle of F.
The linear system |2A-+B| defines a morphism

¢: F—> FCP*;
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and B=g¢ Yvertex). Obviously B=P'x P?, with ¢ projecting B onto the second
factor.

On F take the bihomogeneous coordinates ((x;, %2), (t, Yo, Y1, ¥s), Where
(%1, x;) are coordinates on the base P, and teHYOB)= H'(P!, E) and the y;
& HY(0(2A+ B))=H(P*, EQO(2)) are natural coordinates in the bundle E. The
bihomogeneity is expressed. by ‘the fact that the linear system. InA—l-mBI on F
is based by monomials

e xlﬂlxzazyobayl?iyzbz s
with Xa;+2Xb;=n, and c+Xb;=m. :

Omitting t, these are just the elements of degree n in the graded ring R
having degree =m in the y,.

To construct the surface X with the spec1ﬁed 1nvar1ants I must construct its
cyclic 3-fold cover Y, which is a surface having De= 2 K*=3. The construction
will be done as ‘follows: take two" 1rreéu¢1ble chvxsors Q and C in F, with
Q< |6A+2B|, C=|6A+3B|'such that " ~ =+ 10 £

(1) Q contains 3:lines P‘x piCB wit’h mel” non-cohnear points, and is non-
smgular a10ng them:’

(i) C contains the’3 lines P‘X Py, -anid contains 3 fibres' Q, ‘of Q—P*;

(iii) Q/\C—-Y+EQ,, with ¥ a surface whieh 19 nbnlsmgular along P X,

and has only rational double pomts elsewhere
(iv) B touches Y along the 3 lines P pi=1,.
(These conditions are not independent, and in particular (w) is a consequence of
(1), (i) and (iii), as one sees by an argument similar to those given below)
Then the 3 lines /; are exceptional curves of the first kind on ¥, and con-
tracting them gives the required surface Y. For the proof, note that the canon-
ical class of ¥ (a divisor inside a divisor of F) is. given by the adjunction
formula : )

Kp=—8A—4B; KQ=0Q(—2A—ZB); and Ky=0¥A+B).

But O(B)=23}l;; since each [;2<0 (since it c0ntracts under & F——»F) it follows
that /;2=—1. The invariants p,=2 and Ky’ =3 are easy.

The fact that conditions (i)-(iv) can be verified, and indeed that Y can be
chosen invariant under a fixed-point free action of Z/3 will be checked at the
end of this section.

Now let X be any surface having K?=1, p,=0 and Tors X=Z/3; as in the
preceding sections, let 0, 1, 2 denote the elements of Z/3CPic X. In this case
one can choose elements A

e HY(K+1) for i=1, 2;
eH'2K+i)  for i=0, 1, 2;
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and z€HY3K+i) . for i=1 2

so that the monomials in the x;, y, and Z; span the spaces H(nK+i) for n<3
as indicated in Table 1. o

~ Table L. _
sheaf sections o ‘ o - ‘relations
K+1 1 ‘ ‘ ‘ '
K42 X3
2K~ XX, ¥
2K+1 X2, Yy o
2K42 x5 Ve
3K x° %% X1Y25 XeY1 i
3K+1 2,2 %, 1Yo Xo¥a 2 o
3K+2 xixet, X1 Vis sz’o’ ';‘22
4K xi%xs®, x1x2yo: x 3’1, xz yz, LYo MY %1z %oz R .
4K+1 xt, xuxb, v » X:%Ves XiXa Y1 Xa'Vos .. YoV yh XaZs R,
AK+2 1'% &' 4% XakaYy XYy Ye¥u 3ih EaZ R,
5K X' X XaXo, X% Yo, X% X2 Ve, X1%5%Y1, %™V, -
v 1915 XYoYa XaYedis Xe¥st, X2y, X'z, xRy, xRy,
Y122, Y22, ' k - S
5K+1 x'a% 10 a'yn nnye xxtvs %, :
X1Ye% X1V1Y2, X2 VoVe, X2¥1% X225, Xy %oy, ) xRy, x.R;,
: YoZ1, YeZs : : k ) _ S,
5K+2  xf x’x, -7‘18372;j X391, X1X™Yo, X2,
Z1YoY1 XY XeYo®s XeY1a XiXaZs, X5®Z1, xRy, %R, -
Yoz, V171 e : S
6K EAAE AEANE AN 92 X°Xe Y1 X7X%0, X1X:0Ys, %00V,
XYoo, X1%92% XiXe 3%, xxszﬁJ’z; X’YoYes X2PY1,
% 315 ¥, YoV1Ye i f, ®
etc. '

p .
Let Y—— X be the 3-fold cover of X corresponding to Tors X. I want to

study the 2-canonical map ¢.x, of Y in terms of X. Firstly the two divisors

D;CX (defined by x,=0) meet transversally in a point P; since

if =2

1
H(Op,(Kx+i)={ 0 it ie2
1 1
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2 it i=1
H°<0D1<2K+z» {
21 if i1,
none of the y; can vamsh at P.
PROPOSITION 3.1. |2Ky| is without fixed points and defines a birational mor-
phism. o, Y—Fcps. Goxy takes the 3 points ¢~(P) into 3 distinct points of
the vertex P* of F not lying on any of the coordinate axes y,=0.

Since these 3 points are permuted by the Z/3 action in suitable coordinatés
they become the 3 points P,=(1, w, w?), with w a primitive root of w®=1.

PROOF. The 3 points of ¢~ *(P) are precisely the fixed points of | Ky|, while
none of the y; vanish at them; the fact that |2Ky| is without fixed points is an
immediate consequence of ‘this.

If ¢oxp is not birational then it must be e1the ':\2 1 onto a rational surface
(in which case Y cannot have a fixed pomn free ’actlon by a group of order 3),
or must be 3- 1 onto the- Veronese surface W, a ‘rational scroll F, or Fz, or a
cone F, over a rahOnal norfnat curve’ bf "degree A’ "‘the case of the Veronese
surface i$ 1mpossﬂ)fe, Sm<:e xt leads to Y- havifxg o ndnkfrwlal 2:-torsion element
In the F, case the pencil - IAI of - F, lifts” to: give a@ba'se point free pencit |E|,
and 2Ky~3E+F, with F>0. . Then: 6==2Kyr ==3KYE+KYF implies ‘that KyE=2,
so that |E| is a pencil of genus 2; in tlmsfcase '|3Ky1. musg be: composed with
a 2-1 map, which is a contradiction. In the F, and F, CaSQS -3 51m11ar purely
numerical argument gives an 1mmed1ate 'gontradiction: - I

PROPOSITION 3.2. The zmage ¢2KY(Y)*'?C"FCP" is contained in two cubics
(linearly independent from the cubics contammg F Y (md one of these cubics can
be chosen to contain the vertex P*® of F

Proor. As indicated in Table 1, H(X, 6Ky) contains 18 monomials in the
x; and y,;, whereas h%6Ky)=16; the two. relatlons between these monomia's can
be written as cubics in the elements of ™. .. o

To get more precise information, consider the 3 spaces H °(4K+1), each of
which contains 8 monomials; since A’(4K)=7 there is one relggpn between the
elements in each, say R,, R, and R,. The monomials involving the z;, are as
follows : :

Ro: x128, Xo2s;

Ry: Xo2;
‘R, X121 .

A suitable linear combination of x.%Ro, 2Ry and x,’R, does not involve the z;;
if this linear combination is identically zero then it must involve at least one:of
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%2R, or x,°R,, and it follows that (say) R; is identically divisible by x,, leading
to a relation Q, between the elements of H°3K+2), which contradicts the choice
of z,. ‘ ‘ k

This relation f does not contain any monomials cubic in the y;, so that it
defines an element Q €|6A+2B| on F, or a cubic of P® containing the vertex
of F. The proposition is proved

Let YCF denote the mverse image of YCF under ¢: F—F. The restric-
tion ¢: Y—¥ consists just of blowing «up the intersection of ¥ with the vertex
P? of F, that is the 3 points B,, (=(1, w, w*), with w*=1), so that the set-theoretic
intersection of ¥ with BCF consists of the 3 lines P'X P,CB.

The following lemma “will assure that the monomials x;Z; occur in the rela-
tions R,,; with non-zero: conﬂic:ente, se that. after: makmg an obvious normalisa-
tion we have PR Cr

Ro——xlzz+xzzl+ (terms not mvolvmg z;)

Ri=x2,+

and hence

LemMa 33. ¥V is not c‘onmmed m any dwzsor of F of the form Q'€ |nA+2B|
with n<6. ‘ paalien s i ,

PROOF. ¥ is obviously not contained in any divisor in |nA-B| for any n,
since the fibres of ¥ —P* are canonical curves of genus 4. And [nA+mB]| con-
taing B as a fixed componént if (and ofly- if) #<2m, so that I only have to check
that Y is not contained in any irreducible element of |nA+2B| with n=4 or 5;
1 can choose this element to be 1nvar1ant under the action of Z/3.

The 3 fixed loci of the action 6£°Z/3 on  F are as follows:

@ {t xl—yr‘—yz—-—o} 9] {t'—xz—yl—yz—o}
(ii) {fl}?y0;X2j: 0,
(i) {re=yoy=y,=0}.

An invariant element of |44+2B] or |5A-+42B| is given by a linear combination
of the monomials in the x; and Yi occurrmg in one of the H(X, nK-1) (for n=
4or5 i=0,1 or 2). One checks ‘at once that any such hypersurface must con-
tain one of the loci (ii) or (1i1) An 1rreduc1ble element of [nA-+2B| meets each
fibre of F— P! in a quadric, and the fixed locus (i) or (iii) will be a line lying
on such a quadric. The fibres of Y are the canonical images of curves in | Ky|,
contained in the fibres of Q; it would -follow that Y must meet the fixed locus,
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and in turn this implies that the action of Z/3.0n Y; has a fixed point.

COROLLARY 34. The two divisors Q& [6AY-2B]| and CE|6A+3B| defined by
the cubics f and g of Proposition 3.2 are u’reduczble, and their intersection QNC
consists of ¥ together wn‘h a number of comp rlts 'of the ﬁbres of @Q—P', of
total degree 6. ' ;

The residual intersection has degree 0 in the general ﬁbre, so is contained
in fibres of Q. The degree of a surface in a ﬁbre 0f F&s P ig the same as the
degree of xts 1mage under é: F—-»F’C:P"’ (wﬁieh is %aﬁr {m the ﬁbres of F),

a residual component, then YCQ will not be a Cartler dwzsor.

LEMMA 35. The fibre of Q over (x1 0) id (x, ?)) 30@5 not splzt as a pair
of planes. ) : Ly

PROOF. x;=0 defines a divisor on ¥ whigh i invariant under the group
action; it follows that there 1s elther one component G with ZKYG——(S (so that
by the group action. Symmetry cons;deraﬂ%s}mw th,an mthxe last case the
G; map into 3 conics, no 2 of which are coplanar.. This proves the lemma.

Using the fact that Q contains the 3 1ing8, ly (=P X PyCB), then the Ry, f

must have the form:

Rozxtzz"'xzzx“;%QM 7; f'»;i)
Ri=nz  +ei(Jeyi=nts
R,= x121+a=(yoya-—,y;’)+

and R
S=a0x %y’ —y1y2)+a1x,2(y2 —-yoy1)+azxz (y1 yoyz)“{‘ B

where --- denotes terms of degree<1 in the y,. ;
Since if (say) a,=0 then the restriction - of f to x,=0 sphts as a product of
planes, Lemma 3.5 has the following corelary ;.|

CO‘ROLLAR’Y 3.6. aﬁ&() for i=1 _and 2.

, There are certam syzygies relating the Ri and the relatxons Si between the
monomials in; the spaces H "(5K+z) whlch w1ll 1mp1y afso that aﬁ&O To obtam
these syzygxes 1 have to prove similar statements ‘to Corollary 36 for the’ lead-
ing, terms of the Si. These w1ll follow from the followmg key lemma

LEMMA 3.7. h(F, Ig- 0p(6A+SB)) 2.
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In words, the two cubics contalmng ¥ provided by Proposition 3.2 are the
only ones. et e (R :

The proof is longer than 1t is mterestlng, and is deferred to the end of thlS
sectxon

~ Now ‘consider’ the’ réfat
H"(SK—I—z), each ‘of. m&%

16 bifc rrmg between the mbnc)mlals m xi, Yis zt in

,x,Ri L and xR .. Bﬁ“ﬁubt:*actmg g ,uitabte multzpiesr of x1R¢ 1.emd x.R¢-2 from
Si one can ehmmate terms of degree 2 1n the x, and degree 1 in the zi, and 1

S : yozn J’zzz ’ .
PROPOSITION 3.8. (i) After a suitable nﬁ%’aﬁ'satioﬁ; :

So—ylznh}‘ytzi’i’ SEEN

(0)

fuﬁhermore, B
Y o g-,xlsg-i-xzsi J’ORGV

“é?ﬁms a dw«asar Ce £§A+3B[ contammgs Y
214 (m} The relatzons : Wi

Ry, Sy ‘xx'y;ﬁiﬂ‘féy;zﬁzi
1 _»!}Fn’éz"&}SxTT%yth*xﬂyoRz’»

‘x1y0R1 xzlez

ity the sdentiies;
Cyoftrmg 10 Box ke

w2l w0 5 [ A,

Y A A A A
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or equivalently ; : B
(Yot w?y+wy)f+x1x:.8 = (Wxi+wxs)(ho+w?hy+whs) , R &2
for the 3 roots of w*=L. REEE

ProorF. The syzygies (0) are a formal consequence of (i) and Lemma 37
since otherwise these expressions are relations between the monormals 1n the &
and y; in H %(6K+1), i+0, and Lemma 3.7 assures us that there are, two nelgwmg
f and g in H%6K). (the cubics of Proposition 3.3), and no relatmns m ;ﬁhe
H°(6K+1) with i#0. s 2

(i) itself is proved by a similar argument firstly each Si mvolyes At lea’sg
one of the monomials Z1Yi-1 O Zp¥s_» according to Lemma 3.3. Suppose gay that
S, does not involve y,z,, that is Se=y,2;,+ +-+; then x,S,—y.R; is either a relation
in x; y:, which contradicts Lemma 3.7, or is identically zero, which implies. that
R, is identically divisible by x,, which is a contradiction. Thus I can assume
that Sy=y:z,+¥:2;+ --. An identical argument shows that S, must involve y222

Suppose that Sl—y222+ ; then o]

%51+ %25,— yzRo vk,

cannot be a relation, by Lemma 3.7, and must therefore be identically zero., But
this implies that the coefficient of y,y; in R, is zero, contradicting Corollary, 3.6.
The normalisation which brings the coefficients of y;z; to 1 is stralghtforw,ard
The relations (+) imply that the divisor C= |6A4-3B]| defined. by, ¢ . mg!;@ﬁg
in ¥ together with the 3 fibres of Q over x,*+x,°=0, that is Q mC { -t:g-l-i-
Q_»+Q_ e ; furthermore, inverting the matrix in (+) one sees that =~

(x84 )ho—(_x1x2y0+x1 Vi Y f— X xtg ,

so that h, defines a divisor C,& [7A+3B| which cuts out ¥+2Q,+2Q« 0n on @y

The above discussion determines the canonical ring of ¥ and of X for any
surface X with 1nvar1ants p,=0, K*=1 and Tors X=Z/3. 1 have not written
down all the relatwns holding between the x;, y; and z;, since there:adre> ferthed
relations in H°(6K i) which express the quadratic terms z,% z;2s,% %48 fuﬁ%hons
of the x; and y,. However, these final relations are determined in.an vamus;
way by the R; and S;.

To finish I have to show that the construction actually works. For this I
write down the most general form of the relations Ry, Ry, R;, So, S;, S:. I choose
z,€ H'(3K+1) and y; = H(2K+1) to eliminate several terms in the R,, ndk obtam

’? L

Ro=x2Ft 012+ 90" — 1 Y2 X%y +dxs"y.t-ex, xz s
R,= X2ty —Yoy1Faxst,

Ry=x1z +y P =Yy Fbxst;
and
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here a, b c, d e'and the %" coeﬁicicnts of S (a lmear combmatlon of X2 X1,
28 and x,) dré’ 9 frq&smmmnﬁ» ‘b-have wsed . tl;a,nsformamon of the form
Xi— A%y, yi—*}uy;, zi—wz,; to brmg the coe ment _of (yo jylyz) in Ro to 1, and

the' form of & eq‘uatlons 4s ﬁn1q{1’1g3“
p=1, ys=

ot ood avEae ;f?)”yﬁm

One theréfﬁ@ a@fs morY anl
s oo Geb3 @i betefl o .

Fhwadersey i) 1A X

+cx1 xay1+dx1xz yz—ax1°+ex1“xz —bxz ;

-}g~—yo*jy1 ;".’Vz —3yoy1y2+cx1 yoy1+dxz Yo
: [ =10 byieny AU :
—(c+d)x1xzy1yz+dx1 y22+0x2 y1”+(a+b+e)x1 XHo

v —H et —(a+ )5, x i+ (ax,’ r-(b+e)xz")x1yz+(x1“+xz )S;

A T

xlyl(yZ _yoy1)+x2yz(y1 "J’oyz) Xy xzyl E—dx x"ys"

SIS GEAU

(ax P bxt)xix, yo+ax®y bty — .2 4:%S .

" One sees easily that for general values of the parameters a, b, ¢, d, and e, f
déﬁnes a non-singular divisor QCF. In fact, Bertini’s theorem shows that ‘it can
only have singularities on B for general values of the doefficierits, and this will
be sufficient in view of the computation to follow: - 'Fising f, and -applying
Bertini’s theorem to the linear system obtained:.hyavanving:S5,ene sees that the
singularities of the general Y are contained.in. B. N

Now 0bv1ously for anY‘ varuéé of t‘}ié paréine‘tgi% thé intersection of B with
the Vanety ‘ dif) i (8 cAl Vontamed in the 3 ‘lines
s 3 Yoy | 4 |

{ W%&&?éﬁﬁé} &&ﬁ‘atﬁé@f of! j‘\ g Hnd K, with Tespect to the coordinates
(1, x,) (t, Yor ¥1, ¥2) of’ F and’ evaluate them at the point (%, x»), (0, 1, w, w%
of l : ; A

LTV han f - —ghetd) o
¢ Crwek s Ut wtag? wiexPxy+wdx x?
% . e e 0 ’ St ot 0 0
X2 0 0 0
Yo (wexy,+wx,)? 0 wix,+wxs
o (wix, +wx)(wx,—2x4) 0 X1 2%,
Y, (WexFwxe)(— 2+ whey) -0 —2x;,Fwxs
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Thus one sees immediately that f is. non-singular along [,, provided that
¢+d+#0; and that the intersection QNC defined by f=g=0 is non-singular along
I, except at the points where x,*+x,°=0. At the point (w, '—-ixﬂ),' ©, 1, w, wd

(the point of I, Where wx,+wx,=0) the derivatives —%{: and a dre both non-
1 B s
zero, whereas if w?x;+wx;#0 and 2270 the derlvatlves (f 2 °) ,
a(yo: Y1, yz)

a non-zero 2_><2 minor. Thus the mtersecnon V= QmCmCo is non—sm’
general values of the parameters. The tangent space to ¥ is contaaned ;n _vhe
tangent space to B at any point of [, as follows from the above danyat}veé
Finally, the fixed points of the Z/3 action of F are listed in the proof ‘0 1
3.3, and it is easy to see that for general values of the parameters ‘Y dOés not
meet these loci. Co '

I have proved:

THEOREM 3.9. There exist surfaces X having pg=0,’ K*=1 and Tors X=2/3,
and these form an irreducible moduli space. . :

Furthermore if X is any such.surface, and Y—X is the Z/3-cover correspond-
ing to Tors X, then the canonical rmg of Y can be generated by elements X1, X, Vi Vs
Y3, 21, Z aS above; and the: relations are R, Ry, R., Si, Si, Si, together with: certain
relations To, Ty, Ta expressing z,2,, z:* and z," in terms of the x; and y;; the R;
and S; can be wrztten as above.

PROOF OF LEMMA 3.7. Let Q CF be the umque 1rreduc1bl¢ 1
Q< |6A-+2B] containing Y. An equivalent formulation of Lemrna,S
the 1mage of the restriction map

H°(F, Iz O(6A+3B)) —> H%Q, Iy- Oq(6A+3B))

is l-dimensional. Suppose otherwise; then I can find two elemeﬁts{'ﬁ and ,
H(F, Iz- Op(6A+3B)) which are elgenforms of the Z/3 action, and Wh ih':re i
to give linearly independent elements of H%(Q, I3-Og(6A+3B)). Smce 'th .
system LC|6A-+3B|q defined by p and ¢ 1s made up of dmsors cont pmg ?‘
it is of the form

‘ L=M+Z,

where Z< {(6—r)A-+3B] is the fixed part (containing Y), and MC IrAi is a
linear system without fixed part; clearly 1=r=<3. The divisors M, and M, cor-
responding -to p and ¢ are invariant elements of |rA| without common c¢om-
ponents.

(). Consider the simplest case r=1 first of all: r=1; the only invariant
elements of {A| are Q, and Q, so that I can assume M,=Q, and M=Q.. But
then both of xzp and x,q define the same divisor Z+Q,+=, $0 that some lmear

b ey
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‘combination, 88y Xupr—x.g.is divigible by /1
s*d”that xz(p af) xl(q+bf)

Thls nd@atﬂ;y flmﬁhﬁsax,sa@, that ﬁ«-raJ‘ \15 dms;ble by 25 contradicting Lemma 3. 3
(i) r=2; similarly, 1 can assume M, —ZQO and M,= 2Q°,,, 0 that x;*p and x,%g
both define Z—P—ZQO-}-Z(Qm in Q) Ieading to an 1dent1ty :

. ) x22p+x1 q—‘lf’

where l is a hnear comblnatlon of 11, XyXay X3% Yoo Vi Yoo If ;&;ép and x,%g belong
to different elgenspaces ‘of the group action then the above identity splits into
two, g.pq gaclx -of xgzp and x,%q is separately divisible by f Whlch gives and easy

co;xt;aglcmcn i

Write ‘p; ,,bi to mdlcate that .p belongs to the it eigenspace of the group
actxon ,zﬁnce the relation g provided. by PrOposmon 3.2 is invariant I can as-
sume p=p,, ¢=q,, and the identity is

Pt 1= (et 0y)f
or xzz(.bo—'af)-i-x1 ‘Iz—byxf

Now b+0 for otherwise one gets a contradlctlon to Lemma 3.3 as above. But
this relation implies that the coemcient ay of xlxz( Fo* =1 ¥e) in f is zero (compare
Corollary 3.6), and that’ the coefficients’ of ¥o® in po vamshes It follows from
this. that the subspace.of F defined by. f=hp=¢s=0: contains the ﬁxed pomts

At=2=y,=y=0  and. {t—xz——;vx—ya—-O}

of the Z/3 action. But one .sees gasxly using, Lemma 3.5 th.at in this case the
equations f—-p0 q2 deﬁne Y matly ina nexgbbtmrhood of ezther x,-—O or Xy=

r=3 splits info mﬂ?‘ °a ,.

(i) M,=3Qu>M/=50.,
g2 pE (AR bxo Hoxy Yot dXy)f
or % (g—af)+x (p—b)=(cx1ys+dx y)f 5

not both ¢ and ‘d:vanish byfbemmav&& But now Corollary 3.6 implies that at
least one of x,°x,y,° ‘6‘1‘“3&;}2’&2 ”éiﬁj}éars on the right hand side with non-zero
coefficient, which is a contradx.ctlgn ,

(iv) M,=Q-,+Q- ot 0O us, M, =20,+0., and p=1p,; in this case one gets the
identity

in assume that p=p,. We get a relation

0 % (p—af)+(x i+ 252)g= (0 Yot cxa ¥)f 5
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now if b#0 Corollary 3.6 implies that the right hand side contains’ ¥ %%y
with non-zero coefficient, which is a contradiction. Hence b=0, ¢+ 0; but this
implies that the coefficient of x;x.(y,*—y,¥.) in F vanishes, as well as the éoeffi-
cient of y,* in p. This implies that both f and p vanish at the ﬁxee‘i pﬁi&tﬁ' 1

‘i»
:4?13(}
whereas f=p=0 defines g exactly in a neighbourhood of both x,=0 and X2—O

(V) Mp=Q_14+Q-0+Q-ue, My=2Q,+Q., g=q, ; in this case one gets the ;déﬁﬁ{tgy‘
) CoFd FIBITN;

xlzxzprkx;s(qfaf)+xzs(q,—bf)=(cx1yz+dxzyx)f S neaRibi et

if ¢c=d=0 then (q——bf) is' divisible' by #,; contradicting Lemma 3.3." B’us‘f’ WPy
then the right hand side contains x,°y,* with non-zero coefficient by COPSIBHY
3.6. Thus ¢=0, d#0. But then the coefficient of x,%,(y,? =¥1y,) in Fis’ iéf’g and
again f'and p both vanish on fixed points of the group action, and déﬁné“’?ﬁ
(" ‘Jf'"IUc?

a neighbourhood of them. Lo ,

This completes the proof of Lemma 3.7.

{t=x=y,=y,=0} and {t=x=y=y3 ,
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