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ThisisavolumeofpapersinhonourofPeterSwinnerton-Dyer’s75th
birthday;weverymuchregretthatitappearsafewmonthslateowingto
theusualkindofpublicationdelays.Thisprefacecontainsfoursectionsof
reminiscences,attemptingtheimpossibletaskofoutliningPeter’smany-sided
contributionstohumanculture.Section5istheeditor’ssummaryofthe12
papersmakingupthebook,andtheprefaceendswithabibliographical
sectionofPeter’spaperstodate.

1Peter’sfirstsixtyyearsinMathematics

byBryanBirch

PeterSwinnerton-Dyerwrotehisfirstpaper[1]asayoungschoolboyjust
60yearsago,undertheabbreviatednameP.S.Dyer;init,hegaveanew
parametricsolutionforx
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.Itisveryappropriatethathisfirst

paperwasonthearithmeticofsurfaces,thethemethatrecursmostoftenin
hismathematicalwork;indeed,forseveralyearshewasalmosttheonlyperson
writingsubstantialpapersonthesubject;andheisstillwritingpapersabout
thearithmeticofsurfacessixtyyearslater.Peterwentstraightfromschool
toTrinityCollege(NationalServicehadnotquitebeenintroduced);after
hisBA,hebeganresearchasananalyst,advisedbyJELittlewood.Atthe
time,Littlewood’slectureswerefairlyabstract,headingtowardsfunctional
analysis;incontrast,Peterwasadvisedtoworkontheverycombinatorial,
down-to-earth,theoryofthevanderPolequation(thesubjectofLittlewood’s
wartimecollaborationwithMaryCartwright),whereasurprisingsequence
ofstableperiodicorbitsarisecompletelyunexpectedlyfromasimple-looking
butnon-linearordinarydifferentialequation.Lurkinginthebackgroundwas

1



     

2InlieuofBirthdayGreetings

thethreebodyproblem,togetherwithambitionstoprovethestabilityofthe
solarsystem,compare[20].

Afteracoupleofyears,PeterwaselectedtoaTrinityJuniorResearch
Fellowship,andbecameafullmemberofthemathematicalcommunity(he
neverneededtosubmitadoctoralthesis).In1954,hewasselectedfora
CommonwealthFundFellowship,andwenttoChicagointendingtoworkwith
Zygmund;butwhenhereachedChicago,hemetWeil,whoconvertedhim
togeometry;IbelievethatWeilwasthepersonwhomostinfluencedPeter’s
mathematics.EversincehisyearinChicago,Peterhasbeenanarithmetic
geometer,withunexpectedexpertiseinclassicalanalysis.

PeterreturnedtoCambridgein1955.Inthe1950s,mathematicallifein
Cambridgewasvigorousandsociable;everyonecollaboratedwitheveryone
else.ItwastheheydayoftheGeometryofNumbers(itwassadthatsomuch
excellentmathematicalworkwaspouredintosuchanunworthysubject!)
andPeterjoinedin.Inparticular,heandEricBarnes(laterProfessorat
Adelaide)wroteamassiveseriesofpapers[5]ontheinhomogeneousminima
ofbinaryquadraticforms,whichcompletelysettledtheproblemofwhich
realquadraticfieldsarenorm-Euclidean;likethevanderPolequation,this
isacasewherea‘discrete’phenomenonarisesfroma‘continuous’question.
HewentontocollaboratewithIanCassels[8],tryingtoobtainasimilar
theoryforproductsofthreelinearforms;theirworkwashighlyinteresting,
butonlypartiallysuccessful,andtothisdaytherehasbeen(Ibelieve)no
furtherprogressontheproblem.

IfirstcameintocontactwithPeterin1953,whenhereadmyRouseBall
essayontheTheoryofGames(oneofPeter’slesserinterests,thatdoesnot
showupinhislistofpublications),andIgottoknowhimwellafterhere-
turnedfromChicago.Overthenextcoupleofyears,wetalkedalotandhe
taughtmetoenjoyoperaandwewrotetwoorthreeprettybutunimpor-
tantpaperstogether;butatthatstage,hewantedtobeageometer,andI
wasturningtowardsanalyticnumbertheory,undertheinfluenceofHarold
Davenport.Inmyturn,IwenttotheStateswithaCommonwealthFund
Fellowship,andwhileIwasawayPetertookapostinthefledglingComputer
laboratory.WhenIreturned,IwasexcitedbytheTamagawanumbersof
linearalgebraicgroups,oneofus(probablyPeter)wonderedaboutalgebraic
groupsthataren’taffine,andwesetto,computingellipticcurves.

Thosefouryears,from1958–62,wereprobablythebestofmylife;they
werethemostproductive,andImarriedGina(whohadadeskinPeter’soffice
intheComputerlaboratory).Wewereundernopressuretopublish:weboth
hadFellowships,andknewwecouldgetanotherjobwheneverweneededone;
andwedidn’thavetoworryaboutanyoneelseanticipatingourwork.Inthe
firstphase,wemadeafrontalassault;forthecurvesE(a,b):y
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with|a|≤20and|b|≤30wecomputedtheMordell–Weilrank,the2-partof
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theTate–Shafarevichgroup,andasubstituteT(E,P)foraTamagawanum-
berτ(E),namelytheproductofp-adicdensitiestakenoverprimesp≤P
wherePwasashighasthemarketwouldstand.Peterdidtheprogramming,
whichhemadefeasiblebydealingwithmanycurvessimultaneously;forgood
primesthep-adicdensitywasofcourseNp/pwhereNpwasthenumberof
pointsmodp,andthecrudemethodsofcomputingNpformedium-sizedp
werenearlyasfastforabatchofcurvesasforasinglecurve;therewasaneven
betterbatch-processinggainintherankcomputations.(Forthefinitelymany
‘bad’primesoneneededso-calledfudgefactors,whichIseemtoremember
werepartofmyjob).Toourdelight,thenumbersT(E,P)increasedroughly
asc(E)log

r
P,whererwastheMordell–WeilrankofE;soweprepared[17]

forpublication,andproceededtothesecondphase.Here,Davenportand
Casselswereveryhelpful;urgedbytheirprodding,werealisedthat,rather
thanconsideringtheproductT(E,P)asPgotlarge,oneshouldbeconsider-
ingL(E,s)−1

asstendsto1(sothatL(E,s)shouldhaveazerooforderrat
s=1).(AsWeilremarkedtoacolleagueinChicago,‘itwastimeforthemto
learnsomemathematics’.)HeckehadtamedthisDirichletseriesforelliptic
curveswithcomplexmultiplication,givinganexplicitformulathatactually
convergedats=1.SoweapproximatedtotheDirichletseriesL(E,1),
incaseEhadcomplexmultiplicationandMordell–Weilrank1;andwegot
numbersthatreallyseemedtomeansomething:afterthejunkfactorshad
beenscrapedoff,theyseemedtobetheorderoftheTate–Shafarevichgroup
dividedbythetorsionsquared.Next,Davenportshowedushowtoevaluate
L(E,1)explicitlyintermsoftheWeierstrass℘-function;wecomputedsome
more,and[18],containingthemainB–S-Dconjectures,wastheresult.

In1962IleftCambridgetotakeajobinManchester,andourcollaboration
becamelessclose;wehadexpectedtowritefurtherNotesintheseries‘On
EllipticCurves’,buttheydidn’thappen.NoteIIImighthavebeenaplanof
Peter’s,totesttheconjectureforabelianvarietiesbystartingwithproducts
ofellipticcurves;thisturnedintothethesisofDamerell,whichessentially
computedcriticalvaluesofL(E

(3)
,s),whereE

(3)
isthecubeofacurve;

thenumberswereinterestingbuthewasnotabletointerpretthem.The
intendedNoteIVwasmoreimportant;NelsonStephenswasabletocompute
thehigherderivativesL

(r)
(E,1),whereristheMordell–Weilrank;hewas

thefirsttoobtainexactevidencefortheconjecturedformula,forelliptic
curvesofhigherrankovertherationals,andindeedhisthesis[93]iswhere
itisfirstpreciselystated.InJuly1965,PeterreceivedaletterfromWeil
[94]whichsetthetoneforfurtherprogressinthearea.Weilremindedus
thatourconjecturesmakesenseonlyiftherelevantfunctionsL(E,s)have
functionalequations,andthisislikelytobetrueonlyiftheellipticcurve
E/QisparametrisedbymodularfunctionsinvariantbysomeΓ0(N).Sowe
hadbetterbelookingatmodularcurves!IwasinCambridgeonsabbatical
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forthenextterm,sowesettowork.Indeed,weworkedveryhard;onone
occasionweweresoengrossedtalkingmathematicsafterdinner,onTrinity
Backs,thatanunobservantporterlockedusout;fortunately,wewereableto
regainentrybysuccessfullychargingtheNewCourtgate.

Weil’sletterledtothreedevelopments;first,modularsymbols:Iam
prettycertainthatPeterhadthefirstidea[89],buthewasverybusy,so
Iandmystudentshadtomakethemwork,andManin[91]formalisedthe
concept.Next,thetabulationofellipticcurvesofsmallconductor(TableI
of[43]);thisinvolvedmanypeople,startingwithPeterandthenme,as
describedintheintroductiontothetable.Finally,afewyearslater,Heegner
pointscameonthescene.

Iwasmostexcitedinourworkonellipticcurves;butindeedPeter’sin-
terestsinthisperiodwereexceedinglydiverse.Hedidseminalworkonhis
earliestlove,thearithmeticofsurfaces:in[15]hefoundthefirstcounterex-
ampletotheHasseprincipleforcubicsurfaces(Ithinkhefoundthisexample
in1959,asIreportedonitinBoulder).Alittlelater,heimprovedaresultof
Mordell,thattheHasseprincipleisvalidfortheintersectionoftwoquadric
hypersurfacesinP

n
solongasthedimensionnislargeenough—thispaper

[19]isofinterestasaveryearlyexampleofPeter’stechniqueofworkingout
whatonecanproveifoneassumesvarioususefulbutunprovable‘facts’;with
luck,onemayremovesuchunwantedhypotheseslater.His1969paper[34]
attheStonyBrookconferencereviewedwhatwasknown,andcontainednew
material.Atlast,in1970,Peterceasedtobealonevoicecryinginthewilder-
ness,whenManinintroducedtheso-calledManinobstructioninhislecture
atNice[90],andwentontowritehisbookoncubicsurfaces[92].Alsoin
1969–70,Colliot-ThélènewenttoCambridgetoworkwithPeter;sincethen
thetheoryhasflourished,asthisvolumeamplytestifies.

Meanwhile,Peterremainedananalyst;inparticular,NoelLloydwashis
researchstudentbetween1969and1972.Healsobecameinterestedinmod-
ularformsfortheirownsake;withAtkin,heinvestigatedmodularformson
non-congruencesubgroups[32].Surprisingly,theirresultssuggestedthatthe
powerseriesofsuchmodularformsshouldhavegoodp-adicproperties(their
conjecturewasprovedlongafterwardsbyScholl).Petercorrespondedwith
Serre,andpublishedthebasicpaperonthestructureof(ordinary)modular
formsmodulopinthethirdvolumeoftheAntwerpProceedings[43];this
volumewasofcoursethebeginningofthetheoryofp-adicmodularforms.
PetermadeyetanotherimportantcontributionintheComputingLaboratory,
wherehewasresponsibleforimplementingAutocodeforTitan.

Heworriedabouttheinefficienciesofuniversitygovernance,andtookan
increasinginterestinadministrativematters.In1973hewaselectedMaster
ofStCatherine’sCollege,from1979–81hewasViceChancellor,andfrom
1983–89hewasChairmanoftheUniversityGrantsCommittee.Allthis
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involvedanimmenseamountofcommitteework,butmiraculously(andwith
thehelpofHarriet,andofJean-LouisColliot-Thélène)heremainedintouch
withmathematics.WhenhereturnedtoCambridgein1989heresumedfull-
timeresearch,principallyonthearithmetictheoryofsurfaces,butalsoon
analysis.

Oxford,10thDec2002

2PeterSwinnerton-Dyer’sworkonthe

arithmeticofhigherdimensionalvarieties

byJean-LouisColliot-Thélène

Inparalleltohiswell-knowncontributionstoellipticcurves,modularforms,
L-functions,differentialequations,bridge,chessandotherrespectabletopics,
Peterhasalifelonginterestinthearithmeticgeometryofsome–atfirst
sight–ratherspecialvarieties:cubicsurfacesandhypersurfaces,complete
intersectionsoftwoquadricsdefiningavarietyofdimension≥2,andquartic
surfaces.

IhappenedtospendayearinCambridgewhenIstartedresearch,and
Peterpassedontomehiskeeninterestinthecorrespondingdiophantine
questions.IamthushappytoreporthereonPeter’spastandongoingwork
ontheseproblems.Aswillbeclearfromwhatfollows,Peter,atage75,is
stilldoingentirelyoriginalinnovativeresearch.

Muchoftheprogressachievedinarithmeticgeometryduringthetwenti-
ethcenturyhasbeenconcernedwithcurves.Forthese,wenowhaveaclear
picture:forgenuszero,theHasseprincipleholds;forgenusone,manyprob-
lemsremain,butwehavetheBirchandSwinnerton-Dyerconjecture,and
wehopethattheTate–Shafarevichgroupsarefinite;forgenusatleasttwo,
FaltingsprovedtheMordellconjecture.

Inhigherdimensionthesituationismuchlessclear.Forthethreetypes
ofvarietiesmentionedabove,oneisstillgrapplingwiththebasicdiophantine
questions:Howcanwedecidewhethertherearerationalpointsonsucha
variety?Istherealocal-to-globalprinciple,oratleastsomesubstitutefor
suchaprinciple?Whatarethedensitypropertiesofrationalpointsonsuch
varieties(inthesenseoftheChineseremaindertheorem)?Canone“parame-
trize”therationalpoints?Canoneestimatethenumberofrationalpointsof
boundedheight?

Thetimewhenvarietieswereclassifiedaccordingtotheirdegree,asin
Mordell’sbook,islonggone,andonemayviewthevarietiesjustmentioned
asbelongingtosomegeneralclassesofvarieties.Onegeneralclassofinterest
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isthatofrationalvarieties(varietiesbirationaltoprojectivespaceaftera
finiteextensionofthegroundfield).Awiderclass,whoseinteresthasbeen
recognizedonlyinthelasttenyears,isthatofrationallyconnectedvarieties.
Thesearenowconsideredasthenaturalhigherdimensionalanaloguesof
curvesofgenuszero.Nonsingularintersectionsoftwoquadrics(ofdimension
≥2)arerationalvarieties,hencerationallyconnected;soarenonsingular
cubicsurfaces.Higherdimensionalcubichypersurfacesarerationallycon-
nected.Nonsingularquarticsurfacesarenotrationallyconnected,butthere
areinterestingdensityquestionsforrationalpointsonthem.

Until1965,thereweretwokindsofgeneralresultsonthearithmeticof
rationalvarieties.Oneseriesofworks,goingbacktothepapersofH.Hasse
inthetwenties(local-to-globalprinciplefortheexistenceofrationalpoints
onquadrics),wasconcernedwithhomogeneousspacesofconnectedlinear
algebraicgroups.Averydifferentseriesofworks,goingbacktothework
ofG.H.HardyandJ.E.Littlewood,provedverypreciseestimatesonthe
numberofpointsofboundedheight(henceinparticularprovedexistenceof
rationalpoints)oncompleteintersectionswhenthenumberofvariablesis
considerablylargerthanthemultidegree.

TherehadalsobeenisolatedpapersbyF.Enriques,Th.A.Skolem,B.
Segre,L.J.Mordell,E.S.Selmer,F.Châtelet,J.W.S.CasselsandM.J.
T.Guy.Peterhimselfmadevariouscontributionstothetopicinhisearly
work:heproducedthefirstcounterexamplestotheHasseprincipleandto
weakapproximationforcubicsurfaces[15],heextendedresultsofMordellon
theexistenceofrationalpointsoncompleteintersectionsoftwoquadricsin
higherdimensionalprojectivespace[19],andheprovedtheHasseprinciple
forcubicsurfaceswithspecialrationalitypropertiesofthelines.

Overtheyears1965–1970,aftersomeproddingbyI.R.Shafarevich,Yu.
I.ManinandV.A.Iskovskikhlookedatthisfieldofresearchinthelight
ofGrothendieck’salgebraicgeometry.Theydidnotsolveallthediophan-
tineproblems,buttheyputsomeorderonthem.Atypicalillustration
wasManin’sappeal[90]toGrothendieck’sBrauergrouptoreinterpretmost
knowncounterexamplestotheHasseprinciple,includingPeter’s.

Ispenttheacademicyear1969/1970inCambridge–Iwashopingto
learnmoreaboutconcretediophantineproblems,notthekindofarithmetic
geometryIwasexposedtoinFrance.ProfessorCasselsadvisedmetotake
Peterasaresearchsupervisor.Iwasfirsttakenaback,because,ignorantas
Iwas,theonlythingIknewaboutPeterwasthathehadwrittenapaper
entitled“Anapplicationofcomputingtonumbertheory”,andIwasnot
tookeenoncomputing.Iwantedconcretediophantineequations,butwith
abstracttheory.IneverthelessaskedPeter,andthiswascertainlyoneofthe
mostimportantmovesinmymathematicalcareer.

Inthosedays,PeterwasneitheraSirnoraProfessor.Hewasknown
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toTrinitystudentsas“TheDean”,whosefunctionIunderstandwastopre-
servemoralorderamongthestudents.Tothishecontributedbyserving
sherry(“Sweet,mediumordry?”)eacheveninginhissmallflatinNew
Court.Sherrytimewastheidealtimetoaskhimforadvice,mathemati-
calorother–IdonotrememberPeterasagreataddictoflongsessionsin
theMathematicsDepartment.Well,atleastonecouldenjoyhisbeautifully
preparedlectures(theyoungFrenchmanenjoyedtheveryclear,classicalEn-
glishasmuchasthemathematics).Peterwaswellknownforhiswit,and
Swinnerton-Dyerquotationsandstoriesabounded.Hisstudentsenjoyedhis
avuncularbehaviour–hewasnotathesisadviserintheclassicalsense–and
atthesametimeonevaguelyfearedhimasthepossiblemastermindofmany
thingsgoingoninCambridge.(Hismastermindingwaslatertoextendtoa
widerscene–IrememberSpencerBlochbeingratherimpressedbya1982
newspaperrepresentationofPeterSwinnerton-DyerportrayedasKingKong
climbinguponeofLondonUniversity’smainbuildings.)

OnedayinApril1970,onBurrell’swalk,IaskedPeterforaresearch
topic.Hementionedthequestionofunderstandingandgeneralizingsome
workofFrançoisChâtelet,whohadperformedforcubicsurfacesoftheshape
y

2
−az

2
=f(x)(withf(x)apolynomialofthethirddegree)something

whichlookedlikedescentforellipticcurves–Peteralsohadhandwrittenlists
ofquestionsonasimilarprocessfordiagonalcubicsurfaces.

InJuly1970IwentbacktoFrance,andlearned“Frenchalgebraicgeom-
etry”withJ.-J.Sansuc.HeandIdiscussedétalecohomologyandGrothen-
dieck’spapersontheBrauergroup,butIkeptonthinkingaboutChâtelet
surfacesandPeter’squestions.In1976–77,SansucandIlaidoutthegen-
eralmechanismofdescent,whichappealstoprincipalhomogeneousspaces
(so-calledtorsors)withstructuregroupatorus(asopposedtothefinitecom-
mutativegroupschemesusedinthestudyofcurvesofgenusone).Oneaim
wastofindtherightdescentvarietiesonChâteletsurfaces(andtoanswera
questionofPeter,whetherdescentherewasaone-shotprocess,asopposed
towhathappensforellipticcurves).Thetheorywasfirstappliedtomore
amenablevarieties,namelytosmoothcompactificationoftori.Asfaras
Châteletsurfacesareconcerned,thereweretwoadvances:In1978,Sansuc
andIrealizedthatSchinzel’shypothesis(awildgeneralizationofthetwin
primeconjectures)–alsoconsideredmuchearlierbyBouniakowsky,Dick-
son,andHardyandLittlewood–wouldimplystatementsofthetype:the
Brauer–ManinobstructionistheonlyobstructiontotheHasseprinciplefor
generalizedChâteletsurfaces,namelyforsurfacesoftheshapey

2
−az

2
=f(x)

withf(x)apolynomialofarbitrarydegree(overtherationals).Thesecond
advancetookplacein1979:followingaratherdeviousroute,D.Coray,J.-
J.SansucandIfoundaclassofgeneralizedChâteletsurfacesforwhichthe
Brauer–ManinobstructionentirelyaccountsforthedefectoftheHasseprin-
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ciple.

Duringtheperiod1970–1982,Peterwasbusywithanynumberofdifferent
projects:theAntwerptablesonellipticcurves[45],understandingRamanu-
jancongruencesforcoefficientsofmodularforms[43],[51],writing,jointly
withB.Mazur,aninfluentialpaper[37]onthearithmeticofWeilcurvesand
onp-adicL-functions,proving(jointlywithM.Artin[46])theTateconjec-
tureforK3surfaceswithapencilofcurvesofgenusone(afunction-theoretic
analogueofthefinitenessoftheTate–Shafarevichgroup),andalsowriting
anumberofpapersondifferentialequations.Healsowroteanoteonthe
numberoflatticepointsonaconvexcurve[33],whichwasfollowedbypapers
ofotherwriters(W.M.Schmidt,E.BombieriandJ.Pila).Theideasinthose
papersnowplayarôleinthesearchforunconditionalupperboundsforthe
numberofrationalpointsofboundedheight(workofD.R.Heath-Brown).

Duringthatperiod,Peteralsocontributedpapersonrationalvarieties:
hegaveaproofofEnriques’claimthatdelPezzosurfacesofdegree5always
havearationalpoint[42],hewroteapaperwithB.Birchproducingfurther
counterexamplestotheHasseprinciple[47]andhewroteapaperonR-
equivalenceoncubicsurfacesoverfinitefieldsandlocalfields[56].Thislast
paperusedtechniquesspecifictocubicsurfacestoproveresultswhichhave
justbeengeneralizedtoallrationallyconnectedvarietiesbyJ.KollárandE.
Szabó,whousemoderndeformationtechniques.Thatpaperandalaterone
[87]onarelatedtopicexemplifyhowPeterisnotdeterredbyinspectionofa
veryhighnumberofspecialcases.

IndeeditisPeter’sgeneralattitudethatacombinationofclevernessand
bruteforceisjustaspowerfulasmoderncohomologicalmachineries.Asthe
developmentofmanyofhisideashasshown,cohomologyoftenfollows,and
sometimeshelps.AswesayinFrance,“l’intendancesuit”.

LetmehereincludeaparenthesisonPeter’sidealworkingset-up.Sitting
ataconferenceandnotlisteningtoalectureonaratherabstrusetopicseems
tobeanidealsituationforhimtoconceiveandwritemathematicalpapers.
Theoutcome,writtenwithoutaslipofthepen,isthenimposeduponthe
lessermortalwhowilldefinitelytakemuchmoretimetodigestthecontents
thanittookPetertowritethem.

In1982,IspentanothersixmonthsinCambridge.IdidnotseePeter
toooften,asIwasratheractivelyworkingonalgebraicK-theory,notafield
whichattractshisattention.However,shortlybeforeIleftCambridge,in
June1982,PeterinvitedmeforlunchathightableinTrinity,andwhile
remindingmehowtobehaveinthisrespectableenvironment,heinadvertently
mentionedthathecouldsaysomethingnewondescentvarietiesattachedto
Châteletsurfaces–thetopichehadofferedtomeasaresearchtopic12years
earlier.Ifmymemoryiscorrect,whathedidwastosketchhowtoprove
theHasseprincipleonthespecificintersectionsoftwoquadricsappearingin
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thedescentprocessonChâteletsurfaces,themethodbeingareductionby
cleverhyperplanesectionstosomeveryspecialintersectionsoftwoquadrics
in4-dimensionalprojectivespace.SansucandIquicklysawhowthedescent
mechanismwehaddevelopedin1976–77couldcombinewiththisnewresult.
ThiswastodevelopintoaComptesRendusnoteofSansuc,Swinnerton-Dyer
andmyself[57]in1984,thenintoa170pagepaperofthethreeofusinCrelle
threeyearslater[61].Amongotherresults,weobtainedacharacterisation
ofrationalnumbersthataresumsoftwosquaresandafourthpower,and
weprovedthatoveratotallyimaginarynumberfieldtwoquadraticforms
inatleast9variableshaveanontrivialcommonzero(thisistheanalogue
ofMeyer’sresultforoneformin5variables).Anoutcomeofthealgebraic
geometryinourworkwasanegativeanswer(jointworkofthethreeofus
withA.Beauville[59])toa1949problemofZariski:somevarietiesarestably
rationalbutnotrational.

Around1992,theideatouseSchinzel’shypothesistoexplorethevalid-
ityoftheHasseprinciple(orofitsBrauer–Maninsubstitute)wasrevived
independentlybyJ-P.SerreandbyPeter[67].Inthatpaper,conceiveddur-
ingalengthycoachtripinAnatolia,Petersimultaneouslystarteddeveloping
somethinghecallstheLegendreobstruction.Inmanycases,thisobstruc-
tioncanbeshowntobeequivalenttotheBrauer–Maninobstruction,but
Petertellsmetherearecaseswherethisyieldsinformationnotreachableby
meansoftheBrauer–Maninobstruction.In1988,P.Salbergerhadobtained
aremarkableresultonzero-cyclesonconicbundlesovertheprojectiveline.
ThepaperinvolvedamixtureofalgebraicK-theoryandapproximationof
polynomials.PetersawhowtogetridoftheK-theoryandhowtoisolate
theessenceofSalberger’strick,whichturnedouttobeanunconditionalana-
logueofSchinzel’shypothesis.ThiswasdevelopedinpapersofPeter,ina
paperwithme[66]andinapaperwithA.N.Skorobogatovandme[73].The
mottohereis:itisworthexploringresultsconditionalonSchinzel’shypothe-
sisforrationalpoints,becauseifonesucceeds,thenonemayhopetoreplace
Schinzel’shypothesisbySalberger’strickandproveunconditionalresultsfor
zero-cycles.

Upuntilabouttenyearsago,workinthisareawasconcernedwiththe
totalspaceofone-parameterfamiliesofvarietieswhichwereclosetobeing
rational.In1993Peterinventedaveryintricatenewmethod,whichen-
ablesonetoattackpencilsofcurvesofgenusone.Initsgeneralform,the
methodbuildsupontwowell-knownbutveryhardconjectures,alreadymen-
tioned:Schinzel’shypothesisandfinitenessofTate–Shafarevichgroupsof
ellipticcurves.Theoriginalpaper[69],inPeter’sownwords,lookslikea
seriesofluckycoincidencesand“ratheruninspiring”explicitcomputations
(notmanyofushavethegoodfortunetocomeacrosssuchseries).Italready
hadstrikingapplicationstosurfaceswhicharecompleteintersectionsoftwo
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quadrics.

IttookseveralyearsforSkorobogatovandmetogetridofasmanylucky
coincidencesaspossible(oneinstancebeingabruteforcecomputationwhich
turnedouttobePeter’srediscoveryofTate’sdualitytheoremforabelian
varietiesoverlocalfields).Theoutcomewasalongjointpaperofthethree
ofus[74]in1998.InthatpaperPeter’soriginalmethodisextendedbeyond
rationalsurfaces:themethodcanpredictasubstituteoftheHasseprinciple
anddensityresultsforrationalpointsonsomeellipticsurfaces(surfaceswith
apencilofcurvesofgenusone).Thiscameasquiteasurprise.

Since1998,Peterhasbeendevelopingsubtlevariantsofthemethod,with
applicationtosomeofthesimplestunsolveddiophantineequations:systems
oftwoquadraticformsinaslowas5variables[69],[74],[84],diagonalquar-
tics[80](hencesomeK3surfaces,whosegeometryisknowntobefarmore
complicatedthanthatofrationalsurfaces);diagonalcubicsurfacesandhyper-
surfacesovertherationals[85].ThefirsttwoapplicationsassumeSchinzel’s
hypothesisandfinitenessofTate–Shafarevichgroups,but[85](ondiagonal
cubicsurfaces)onlyassumesthelatterfiniteness:thistheoremofPeter’s
ondiagonalcubicsurfaces,bothbytheresultandbythesubtletyofthe
proof,iscertainlythemostspectacularoneobtainedintheareainthelast
tenyears.Forinstance,underthefinitenessassumptiononTate–Shafarevich
groups,thelocal-to-globalprincipleholdsfordiagonalcubicformsinatleast
5variablesovertherationals.

In1996,ratherwildguessesweremadeontwodifferenttopics:Forwhich
varietiesdoweexpectpotentialdensityofrationalpoints?Forvarieties
overtherationalswithaZariski-densesetofrationalpoints,whatshouldwe
expectabouttheclosureofthesetofrationalpointsinthesetofrealpoints
(questionofB.Mazur)?Peterhadtheideatocallinbiellipticsurfacesto
produceunexpectedanswerstothesecondquestion.SkorobogatovandI
elaborated,andappliedthemechanismtogetridofpreliminaryguessesfor
thefirstquestion.Thisledtoajointworkbetweenthethreeofus[70].There
hasbeenrecent(conjectural)progressonananswertothefirstquestion
(workofcomplexalgebraicgeometers).Thesamebiellipticsurfaceswere
laterusedbySkorobogatov(1999)toproducethefirsteverexampleofa
surfaceforwhichtheBrauer–Maninobstructionisnottheonlyobstruction
totheHasseprinciple.ThishasledtofurtherdevelopmentsbyD.Harari
andSkorobogatov(descentundernoncommutativegroups).

Peteralsocontributedtwopapers[65],[77]toatopicwhichhasseenquite
someactivityoverthelasttenyears:thebehaviourofthecountingfunction
forpointsofboundedheightonFanovarieties.Hepointedoutthewayto
thecorrectguessfortheconstantinthestandardconjecture(laterimportant
workinthisareawasdonebyE.Peyreandothers).Thelowerboundhe
obtained(jointlywithJ.B.Slater[77])forcubicsurfacesisstilloneofthe
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bestresultsinthisarea.
ThelineofinvestigationPeterstartedin1994withthepaper[69]isvery

delicate,andwhilehis2001paperondiagonalcubicsurfaces[85]isquite
afeat,IamsurethatPeterwillproducemuchmoreinthisexcitingnew
direction.Iamconfidentthathewillkeeponbeingasgenerouswithhisideas
ashehasalwaysbeenandthathewillallowsomeofustotoaccompanyhim
alongtheway.

Orsay,the13thofFebruary,2003

3PeterSwinnerton-Dyer:Geometerand

politician

byG.K.Sankaran

PeterSwinnerton-Dyer’sinterestinalgebraicgeometryderivesarguablyfrom
itsrelationtonumbertheory,andfromtheformativeperiodhespentwith
AndréWeilinChicagointhe1950s,buthehasalsomadeimportantcontribu-
tionstogeometryoveralgebraicallyclosedfields.Probablyhismostnotable
technicalresultofapurelygeometricnatureistheproof(describedelsewhere
inthisprefacebyJean-LouisColliot-Thélène)thatstablerationalitydoesnot
implyrationality[59].Thiswas,probably,contrarytotheexpectationsofthe
majorityofalgebraicgeometersatthetime;though,asoftenhappens,itis
hardwithhindsighttoimaginewhyanybodyeverthoughttheoppositewas
true.Theresult,publishedinFrenchinajointpaperwithBeauville,Sansuc
andColliot-Thélène,usesawiderangeoftechniquesfromdifferentpartsof
algebraicgeometry:torsors,linearsystemswithbasepoints,Prymvarieties
andsingularitiesofthethetadivisor.Itarose,however,outofarithmetic
workwithSansucandColliot-Thélène.ManyofPeter’sarithmeticresults
haveageometricflavour,especiallyhisworkwithBombieriandwithArtin;
anditisnowappreciatedamonggeometersthatarithmeticinformationcan
bemadetoyieldgeometricalortopologicalinformation(inadditiontothe
well-knownconsequencesoftheWeilConjectures).Rationalandabelianva-
rietiesparticularlyfeatureinhiswork:thesetopicsarerepresentedinthis
volumebythepapersofReidandSuzukiandofSankaranrespectively.

Withinalgebraicgeometry,however,Peter’schiefinfluencehasbeenas
teacher,expositor,supplierofencouragementandenthusiasm,andéminence
grise.Herecognised,atatimewhenfewinBritainweremorethandimly
awareofit,thepoweroftheFrenchschoolofalgebraicgeometryofWeil,
SerreandGrothendieck.Inthe1970sheencouragedhisthenstudentMiles
ReidtovisitParisandlearndirectlyfromDeligne.Theflourishingstateof
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Britishalgebraicgeometryatthepresentdayowesmuchtothisdevelopment,
andtoPeter’sencouragementanddirectionoflaterstudents.HisCambridge
PartIIIcourseshavebeenasourceofinspirationtomany,andhisbookon
abelianvarietiesandhisaccountofthebasicfactsofHodgetheoryhavebeen
ofgreatservicetoevenmore.

ManyofPeter’smultifariousactivitiesarecompletelyunrepresentedin
thisbook.Thepurposeoftherestofthisnoteistoalludetosomeofthem.I
amnotthebestpersontowritesuchanote(thatwouldbePeterSwinnerton-
Dyer):Ihavedrawnonmymemoriesofconversationswithmanypeople,
amongthemCarlBaron,ArnaudBeauville,BryanBirch,BélaBollobás,Jean-
LouisColliot-Thélène,JamesDavenport,NicholasHandy,RichardPinch,
ColinSparrow,MilesReid,PelhamWilson,RachelWrothand,aboveall,
PeterSwinnerton-Dyer.

MathematicallythemostobviousofPeter’sotheractivitiesishissub-
stantialcontributiontothetheoryofdifferentialequations,includingapaper
withDameMaryCartwrightpublishedonlyinRussian[55].Heisstillactive
indifferentialequations.Readersofthepresentvolumewillhavenodiffi-
cultyinfindingmoreinformationaboutthispartofPeter’swork.Slightly
furtherafield,PeterwasamemberofthecomputinggroupinCambridgein
the1960s,inthedaysoftheCambridgeUniversitycomputerTITAN.The
originaloperatingsystemforthisfamousmachine,knownastheTemporary
Supervisor,waswrittenbyPetersingle-handed,anditworked.Hewrote
thecomputerlanguageAutocodeforthesamemachine,andmostCambridge
mathematiciansofthe1960shadtheirfirstprogramminginstructioninthis
language.Whocouldaskforanythingmore?

Peter,thenDeanofTrinityCollege,waselectedMasterofStCatharine’s
Collegein1973andremainedtherefortenyears.Littlewoodissaidto
havegreetedthenewswithClemenceau’sremarkonhearingthatthepianist
PaderewskiwastobePrimeMinisterofPoland:‘Ah,quellechute!’.ButSt
Catharine’saffordedPeterconsiderablescope,andbyallthenumerousac-
countsIheard,asalaterFellowofStCatharine’s,hewashighlysuccessful.
TheheadofaCambridgeCollege(ofOxfordIcannotspeak)iscommonlyall
butinvisibletothestudents,andinsomecaseseventotheFellows.Peter
wasnot:hehasneverbeenaversetothecompanyofstudentsandhewas
evenwillingtodoCollegeteaching.Ashecouldandwouldteachalmostany
courseintheMathematicalTripos,thetaskoftheDirectorofStudies(who
isresponsibleforarrangingforthestudentstobetaught)wasoccasionally
muchsimplified.

WhileatStCatharine’sheservedasViceChancelloroftheUniversity.
Thisisnowafull-timepostheldforalongperiod,butatthetimethe
ViceChancellorwaschosenfromamongtheheadsofthevariouscolleges
andservedfortwoyearsonly.TheroleoftheChancellor(then,asnow,
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theDukeofEdinburgh)ispurelyceremonial,andtheViceChancellorisin
effectattheheadoftheUniversity.Itisajobforaskilleddiplomatist.
CambridgeUniversityisahighlyvisibleorganisation,underconstantand
occasionallyhostilescrutinybynewspapersandtelevision.Internalmatters
canleadtoveryacrimoniouspublicdebate,andinextremecases,which
arequitecommon,theViceChancellorisexpectedtoreconcilethefactions.
DuringPeter’stermofofficetherewasoneespeciallywell-publiciseddispute
aboutwhetheratenuredpostshouldbeawardedtoaparticularperson.It
wasclearlyimpossibletosatisfyallparties,butPeterneverthelessmanaged
tobringthemattertoaconclusionwithoutoffendinganybodyfurther.Who
couldaskforanythingmore?

PeterleftStCatharine’stotakeupapostasChairmanoftheUniver-
sityGrantsCommission,asemi-independentGovernmentbodywhichwas
chargedwithdecidinghowGovernmentfundingoughttobeapportioned
amongdifferentuniversities.Hehadalreadywrittenaninfluential,andin
somequartersunpopular,reportonthestructureoftheUniversityofLon-
don,andwasthuswellknowntobeofareformingcastofmind.Hewasalso
widelyassumedtobeingeneralpoliticalsympathywiththegovernmentof
thetime(otherwise,thereasoningran,whydidtheyappointhim?);butthis
wasfarfromthecase.Hewasneverthelessabletousehispositiontodefend
thereputationoftheuniversitiesforfinancialresponsibility,andinparticular
toestablishtheprinciplethatresearchisacoreactivityforanyuniversityand
thereforemeritsfundingonitsownaccount,independentlyofteaching.The
pricetobepaidwasinvestigationbygovernmentoftheresearchactivities
ofuniversities.Peteristhusoftenheldresponsiblefor,orcreditedwith,the
ResearchAssessmentExercise,whichattemptstogradeBritishuniversity
departments(notindividuals)roughlyaccordingtothequalityofresearch
thattheyproduce,andthenhopesthattheywillbefundedaccordingly.The
systemisagreedtobeimperfect,butitiseasiertothinkofworsealternatives
thanbetterones.

Peter’sfirstinvolvementinpoliticsdatesfromearlyinhistenureasMas-
terofStCatharine’s.TheMemberofParliamentforCambridgeresignedhis
seatandaby-electionhadtobeheld.Amongthecandidateswasarepresen-
tativeoftheScienceFictionLoonyParty,whoseaiminstandingwastohave
somefun,andifpossibletodobetterthantheextremeright-wingcandidate.
CandidatesinBritishparliamentaryelectionsarerequiredtopayadepositof
afewhundredpounds,returnableiftheyreceiveacertainproportion(then
one-eighth)ofthevotescast.Inthiscasetherewasnoprospectofthat,so
thedepositwas,ineffect,afee:Peter,awealthyman,paidit.Heexplained
thatthecandidate“deservedeverypossiblesupport,shortofactuallyvoting
forhim”.Laterhisownnamewasmentionedasapossibleparliamentary
candidate,onbehalfofthemoreseriousbutprobablylessentertainingSocial
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DemocraticPartyformedbyRoyJenkinsandotherdisaffectedmembersof
theLabourPartyin1981.Nothingcameoftheplan,ifiteverexisted.The
SDPseems,understandably,tohavebeenunabletobelievethatallPeter’s
activitiesweretheworkofoneman,andonoccasionsenthimtwocopiesof
thesameletter,oneforSwinnertonandoneforDyer.

PeterisastrongChessplayer.EvenwhenViceChancellor,heusedtoput
inoccasionalappearancesattheCambridgeUniversityChessClub,playing
five-minuteagainstundergraduates.Thestoryisthatwhenappointedtoa
Trinityresearchfellowship,hewasstronglyadvisedtocutdownthetimehe
spentonChess;andthathisinterestinBridgedatesfromthistime.Hewas
tobecomeaverystrongBridgeplayer.Hewasamemberoftheteamthat
wontheBritishGoldCupin1963,andheactedasnon-playingcaptainof
theGreatBritainLadies’Bridgeteam.

OnleavingUGC(bythenrenamedUFC)Peterresumedworkasamath-
ematicianasifnothinghadhappened.Healsocontinuedhislifeofpublic
service,workingonbehalfofsuchdiverseinstitutionsastheWorldBankand
theIsaacNewtonInstitute:heisstillfrequentlytobefoundatthelatter,at
least.

Peter’sworkatUGC/UFCwasrecognisedbytheawardofaknighthood
(aKBE,tobeprecise).Theeditorsofthisvolumetellmethat“howdid
Swinnerton-Dyergethistitle?”isafrequentlyaskedquestionafterseminars
inplacessuchasBuenosAiresandVladivostok:attheriskofspoilingthe
fun,hereisanexplanation.

Peterisabaronet:heisalsoaknight.Abaronetisentitledtocallhimself
“Sir”,andwhenhedieshiseldestson,orsomeothermalerelativeifhehas
none,inheritsthetitle.Itisonlyatitle:itdoesnotgivehimaseatinthe
HouseofLords,andneverhas.BaronetcieswereinventedbyKingJamesI,
earlyintheseventeenthcentury,asawayofraisingmoney:theyweresimply
sold.Laterbaronetcieswereawardedforactualachievement,buttheoldest
onesarepurelymercenaryaffairs.Sincenobaronetcieshavebeencreated
formanyyears,allcurrentbaronetshaveinheritedtheirtitlesratherthan
earningorbuyingthem.Aknightisalsoentitledtocallhimself“Sir”,but
thetitledieswithhim.Knighthoods,whicharestillawardedinquitelarge
numbers,areforspecificpersonalachievements:theyaregivenbytheQueen
ontherecommendationofthePrimeMinister.Bythetimehewasknighted,
Peterwasalreadyabaronet,soalreadyentitledtocallhimself“SirPeter”
(not“SirSwinnerton-Dyer”).Forthisreasonheissometimesreferredtoas
(Sir)

2
Peter,althoughstrictlyspeaking“Sir”isidempotent:heistechnically

ProfessorSirHenryPeterFrancisSwinnerton-Dyer,FRS,Bt.,KBE.

Bath,12thFeb2003
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4PeterSwinnerton-Dyer,manandlegend

byMilesReid

IwassupervisedbyPeterasasecondyearTrinityundergraduate.From
thenon,IwasamongthemanyCambridgestudentswhowereoccasionally
invitedforsherryat7:30pm(beforeHallat8:00pm).Formeandmany
othermiddle-classstudentsofmygeneration,thisprovidedaneducationinto
hithertounsuspectedareasofculture,suchasgoodqualitysherry,opera,col-
legepolitics,famousmathvisitors,theworkingsoftheBritishupperclasses,
etc.Peteris16thBaronetSwinnerton-Dyer,andhisfamilywasanillustra-
tionthatthefeudalsystemwasstillaliveandwell,inShropshire,atleastin
1949:hehadanelegantclockonthemantlepieceofhisTrinityNewCourt
apartment,withaninscription

“PresentedtoHenryPeterFrancisSwinnerton-DyerEsqbythe
tenants,cottagersandemployeesoftheWesthopeestateonthe
occasionofhiscomingofage”.

Peter’slegendarystatuswasalreadywellestablished–asasampleofthe
storiesincirculation,whenGaloistheorywasintroducedasaPartIIcourse
lecturedbyCassels,Peterclaimedthatthewholecoursecouldbegivenin4
hours,andmadegoodhisclaimoneeveningbetween10pmand2am.An-
otherstoryaboutbridge,thatIheardfromPeterhimself:Atatournament,
Petercalledoverthereferee,toldhimformallythathewasnotmakingan
errororoversight,thenbid8clubs.Althoughthisbidisimpossible,hehad
calculatedthathewouldloselessgoingdowninitthanallowinghisoppo-
nentstomaketheirgrandslam.Heknewthefinewordingoftherulesof
bridge,andthematchrefereewasforcedtoaccepttheimpossiblebid,since
itwasnotmadebyerrororoversight;therulesweresubsequentlychanged
toblockthisobscureloophole.

AtthattimePeterwasDeanofTrinity;thepositionincludeddisciplinary
controlofstudents.ThosecaughtwalkingonthegrassinCollegewouldbe
senttoPeter,andwouldintheorybefinedinmultiplesof6/8(thatis,6
shillingsand8pence,athirdofapound).Inmycase,foraparticularly
unpleasantmisdemeanour,mysentencewastowashPeter’scar.

Peterhadanaffinitywithmathstudents,andwoulddropinonfriends
intheeveningtoseeiftherewasaconversationgoingon;Icanwellbe-
lievethatstudentcompanywasmorefunthanthatoftheseniorcombination
room.Hewouldoftenjoininconversations,ordominatethem–hispredilec-
tionforthatwell-turnedphrasecertainlyhadalastingeffectonmyliterary
pretensions.(Forexample:WouldhesendhissontoEton?“Certainly,it
hasadvantagesbothinthislife,andinthelifethatistocome.”)Or,he
wouldsometimessimplybecomfortableamongstudentfriendsandnodoff
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tosleep(presumablythismainlyhappenedafterwineintheCombination
roomfollowingHighTabledinner).Ononeoccasion,weplayedtheboard
gameDiplomacyfromafterdinneruntilbreakfastthefollowingmorning–
withgreatcunningandskill,Peterunexpectedlymurderedmetreacherously
atabout6:00am.Outsideboardgames,Peterwasextremelygenerouswith
friendsandcolleagues–manyofuswereinvitedtoaccompanyhimonatrip
totheoperainLondon,oronacartriptoNorway,ParisorItaly,withap-
propriatestopstoappreciatethegreatcathedralsandthestarredrestaurants
oftheMichelinguide.

AsaPhDstudentIstartedtogetmorespecificmathematicalbenefitfrom
Peter’sadvice.HehelpedJean-LouisColliot-Thélèneandmesetupaseminar
tostudyMumford’slittleredbook,andwasalwaysinapositiontoillustrate
ourquestionswithsomeexamplefromhisownresearchexperience,although
hisbackgroundinWeilfoundationsmeantthattherewasalwaystheadded
challengeofalanguagebarrier.Thesubjectofmythesis(thecohomologyof
theintersectionoftwoquadrics),giventomebyPierreDeligne,turnedout
tobecloselyrelatedtoPeter’sworkwithBombierionthecubic3-fold[22].
Peterwasalsointhethickoftheactionsurroundingmodularformsatthe
timeofthe1972Antwerpconference[43]–[45].

From1978,whenIgotmarriedandleftCambridgeforWarwick,my
contactwithPeterbecamelessfrequent.Afewyearslater,Petermar-
riedthedistinguishedarcheologistHarrietCrawford(readeratUCLand
authorof3booksinthecurrentAmazoncatalogue).Togetherwithev-
eryoneelseinBritishacademia,Iwasfrequentlyaware,oftenthroughthe
media,ofhisactivitiesasViceChancellorofCambridge,asChairmanof
theUniversityGrantsCommittee,asthepersonwhopersuadedthecon-
servativegovernmentofMrsThatcher(“Weshallnotseeherlikeagain!”)
toacceptresearchasthemaincriterionforjudgingthequalityofuniversi-
ties,andinnumerousothercapacities.AsamemberoftheBritishGreat
andGood,hechairedanynumberofcommitteesorpublicenquiries,in-
vestigatinganythingfromparochialmalpracticeatBritishuniversities(see
http://www.freedomtocare.org/page37.htm),tothedisastrousstormof16th
October1987(thisonbehalfoftheSecretaryofState,seeMeteorological
Magazine117,141–144).Imethim,forexample,inJapanonamissionto
investigatethestateofuniversitylibraries.

AtaboutthetimePeterretiredfromtheUGC,WarwickUniversityhad
theforesighttoofferhimthepositionofHonoraryProfessor.Hehasvisited
usonmanyoccasionsinthiscapacity,bothonViceChancellor’sbusiness
andformathematicalvisits,oneachoccasiongivingusthefullbenefitof
hiswitandwisdom(forexample,hisscathingcommentsonteachingassess-
mentinuniversities:“TheTeachingQualityAssessmentwasanextremely
tediousfarce,bloodysilly”).Onseveraloccasionshehasgiventwomathe-
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maticallecturesonthesameday,oneinDiophantinegeometryandanother
indifferentialequations,beforetakingusallouttoaverygooddinner.

Peterismoreactiveinresearchthaneveratage75,andinclosercon-
tactwithusatWarwick:hehasrepeatedhislectureseries“Newmethods
forDiophantineequations”(firstgiveninArizonainDecember2002)asa
WarwickM.Sc.course,drivingovereachweekandmeetingusforlunchina
Kenilworthpub,atwhichPetertakestwopintsofcidertoputhimingood
voicefortheafternoonlectures.

IclosewithsomeSwinnerton-Dyerquotes:

•TohaveacomputerjobrejectedbytheEDSAC2PrioritiesCommittee,
“Youhadtobebothstupidandarrogant–neitheralonewoulddoit.”

•OnmeetingColinSparrowinKing’sParade“IhavebeenmadeChair-
manofUGC.Wasteofaknighthood!”

•“Theyaren’ttrue,ofcourse,butonebelievesthematleastasmuchas
onebelievestheThirty-NineArticlesoftheChurchofEngland.”

•InTrinityCollegeparlourwithAlexeiSkorobogatov(inconnectionwith
thedogmaoftheOrthodoxChurch):“Inordertobecomeaclergyman
intheChurchofEnglandyouneedtobelieveonlyonething–thatit
isbettertobewealthythanpoor.”

Warwick,21stFeb2002

5Editor’sprefacetothevolume

byAlexeiSkorobogatov

Thepapersinthisvolumeofferarepresentativesliceofthedelicatelyinter-
twinedtissueofanalytic,geometricandcohomologicalmethodsusedtoattack
thefundamentalquestionsonrationalsolutionsofDiophantineequations.
Auniquefeatureofthestudyofrationalpointsistheenormousvarietyof
methodsthatinteractandcontributetoourunderstandingoftheirbehaviour:
tonamebutafew,theHardy–Littlewoodcirclemethod,thegeometryofthe
underlyingcomplexalgebraicvarieties,arithmeticandgeometryoverfinite
andp-adicfields,harmonicanalysis,Manin’suseoftheBrauer–Grothendieck
grouptodefineasystematicobstructiontotheHasseprinciple,thetheoryof
universaltorsorsofColliot-Thélène–Sansuc,andtheanalysisofShafarevich–
Tategroups.ItisnoexaggerationtosaythatpioneeringworkofPeter
Swinnerton-Dyerwasanearlyexampleofmanyofthesetechniques,anda
sourceofinspirationforothers.Thecontentsofthisvolume,thatwenow
describe,reflectthisvastinfluence.
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Analyticnumbertheory

ThepaperbyEnricoBombieriandPaulaB.Cohen“Anelementaryap-
proachtoeffectivediophantineapproximationonGm”concernsapproxima-
tionsofhighorderrootsofalgebraicnumbers,withapplicationstoDiophan-
tineapproximationinanumberfieldbyafinitelygeneratedmultiplicative
subgroup.Suchresultscanbeobtainedfromthetheoryoflinearformsin
logarithms,whereasBombieri’snewapproachisbasedontheThue–Siegel–
Roththeorem.Themainimprovementcomesfromanewzerolemmathatis
simplerthanthelemmaofDysonemployeduptonow.Theresultssharpen
Liouville’sinequalityforrthrootsofanalgebraicnumbera.Moreprecisely,
theauthorsobtainalowerboundforthedistance|a

1/r
−γ|,whereγisan

algebraicnumber,and|·|anon-Archimedeanabsolutevalue.
RogerHeath-Brown’spaper“Linearrelationsamongstsumsoftwo

squares”isaninspiringexampleofwhatanalyticmethodscandoforthestudy
ofrationalpoints.Themainresultofthepaperisanasymptoticformulafor
thenumberofintegralpointsofprescribedheightonaclassofintersections
oftwoquadraticformsinsixvariables.Thisformulaaccountsforpossible
failuresofweakapproximation.Theresultisasignificantadvanceinthe
stateofknowledgeondensityofrationalpoints,forexistingmethods(such
asthecirclemethod)provideasymptoticformulasgivenbytheproductof
localdensities.Heath-Browndeterminestheadditionalfactorthatreflectsthe
failureofweakapproximation—aconclusionthatwashithertoinaccessible.
Sucharesultshouldprovideastimulustoestablishanalogousconclusionsfor
abroaderrangeofexamples.Theproofinvolvesdescenttoanintersection
ofquadraticforms,towhichanalyticmethodscanbeapplied.Theanalysis
hereisdelicate,andmotivatedbyearlierworkofHooleyandDaniel.

Diophantineequations

AndrewBremner’sshortnote“ADiophantinesystem”findsinfinitely
manynontrivialQ-rationalpointsonthecompleteintersectionsurfacegiven
by

x
k
1+x

k
2+x

k
3=y

k
1+y

k
2+y

k
3fork=2,3,4.

Trivialsolutionstothissystem,withthesecondtripleapermutationofthe
first,areofnointerest,butonlyonenontrivialrationalsolutionwaspreviously
known.Theproofistheobservationthatthehyperplanesectionx1+x2+
y1+y2=0givesanellipticcurveofrank1.

In“Valeursd’unpolynômeàunevariablereprésentéesparunenorme”,
Jean-LouisColliot-Thélène,DavidHarariandAlexeiSkorobogatov
considertheDiophantineequationP(t)=NK/k(z),whereP(t)isapolyno-
mialandNK/k(z)thenormformdefinedbyafinitefieldextensionK/k.The
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paperbuildsonpreviousworkbyHeath-BrownandSkorobogatov,whocom-
binedthecirclemethodanddescenttoproveresultsonrationalsolutionsof
thisequationforP(t)aproductoftwolinearfactorsandk=Q.Itstudiesin
detailtheBrauergroupofasmoothandpropermodelofthevarietygivenby
P(t)=NK/k(z),withkanarbitraryfield,andcalculatesitexplicitlyunder
someadditionalassumptions.Ontheotherhand,whenk=QandP(t)isa
productofarbitrarypowersoftwolinearfactors,theBrauer–Maninobstruc-
tionisprovedtobetheonlyobstructiontotheHasseprincipleandtoweak
approximation.ThisleadstosomenewcasesoftheHasseprinciple.

TheconsensusamongexpertsseemstobethatthefailureoftheHasse
principleforrationalsurfacescanbecharacterisedintermsoftheBrauer–
Maninobstruction(thisisfarfrombeingsettled;possiblythecloselyrelated
problemforzero-cyclesofdegree1hasmorechancesofsuccess).Recentwork
ofSkorobogatovshowsthatthisfailsforsomebiellipticsurfaces;thepaper
ofLauraBasileandAlexeiSkorobogatov“OntheHasseprinciplefor
biellipticsurfaces”exploresthisarea,providingpositiveandnegativeresults
astestinggroundforafutureoverallconjecture.

Inhiscontribution“OntheobstructionstotheHasseprinciple”,Per
Salbergergivesanewproofofthemaintheoremofthedescenttheory
ofColliot-ThélèneandSansuc.Surprisingly,thisnewapproachavoidsan
explicitcomputationofthePoitou–Tatepairingatthecrucialpointofthe
proof,relyinginsteadonstandardfunctorialitypropertiesofétalecohomol-
ogy.OneoftheresultswasobtainedindependentlybyColliot-Thélèneand
Swinnerton-Dyer,followingSalberger’sinnovative1988paper.Itisinter-
estingtonotethatwhereasColliot-ThélèneandSwinnerton-Dyerextended
Salberger’soriginalmethod,inthepresentpaperSalbergerusesforthefirst
timeColliot-ThélèneandSansuc’suniversaltorsorstoproveresultsabout
zero-cycles.Thisdemonstratesinastrikingwaythatuniversaltorsorsare
welladaptednotonlyforrationalpoints,butalsoforzero-cycles.Thisap-
proachmayeventuallyadvanceourunderstandingofthefollowingquestion
ofColliot-Thélène:istheBrauer–Maninobstructiontotheexistenceofa
zero-cycleofdegree1theonlyobstruction,ifweassumetheexistenceofsuch
cycleseverywherelocally?

Shafarevich–Tategroups

NeilDummigan,WilliamSteinandMarkWatkins’paper“Construct-
ingelementsinShafarevich–Tategroupsofmodularmotives”givesacriterion
fortheexistenceofnontrivialelementsofcertainShafarevich–Tategroups.
TheirmethodsbuilduponCremonaandMazur’snotionof“visibility”,but
inthecontextofmotivesratherthanabelianvarieties.Themotivescon-
sideredareattachedtomodularformsonΓ0(N)ofweight>2.Examples
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arefoundinwhichtheBeilinson–Blochconjecturesimplytheexistenceof
nontrivialelementsoftheseShafarevich–Tategroups.Modularsymbolsand
Tamagawanumbersareusedtocomputenontrivialconjecturallowerbounds
fortheordersoftheShafarevich–Tategroupsofmodularmotivesoflowlevel
andweight≤12.

TomFisher’spaper“AcounterexampletoaconjectureofSelmer”an-
swersthefollowingquestion.LetKbeanumberfieldcontainingaprimitive
cuberootofunity,andEanellipticcurveoverKhavingcomplexmultiplica-
tionby

√
−3.IsthekernelofthiscomplexmultiplicationontheShafarevich–

TategroupofEoverKofsquareorder?TheanswerispositiveifEisdefined
overasubfieldk⊂Ksuchthat[K:k]=2,K=k(

√
−3),assumingthatthe

Shafarevich–TategroupofEoverkisfinite.Examplesshowthatwithout
thisassumptiontheanswercanbenegative.Theseresultsplayanimpor-
tantrôleinthenewmethodforprovingtheHasseprincipleforpencilsof
curvesofgenus1,firstusedbyHeath-Brownandthenartfullyemployedby
Swinnerton-DyerinhisrecentpaperontheHasseprinciplefordiagonalcubic
forms.

In“OnShafarevich–TategroupsofFermatjacobians”,WilliamMc-
CallumandPavlosTzermiasfindallthepointsontheFermatcurveof
degree19withquadraticresiduefield;theseturnouttobethepointspre-
viouslydescribedbyGrossandRohrlich.Theresultaboutrationalpoints
isanapplicationofthefollowingresultabouttheShafarevich–Tategroups.
Foranoddprimep,letFbeaquotientofthepthFermatcurvebyµp,and
letJbethejacobianofF.ThenJhascomplexmultiplicationbythering
ofintegersofthecyclotomicfieldK=Q(ζp).Theauthorsprovethatin
certaincasestherearenontrivialelementsoforderexactly(1−ζp)

3
inthe

Shafarevich–TategroupofJoverK.

Zagier’sconjectures

Inhispaper“Kroneckerdoubleseriesandthedilogarithm”,AndreyLevin
givesanexplicitexpressionforthevalueofacertainKroneckerdoubleseries
atapointofcomplexmultiplicationasasumofdilogarithmswhosearguments
arevaluesofsomemodularunitofhigherlevel.Thisresultcanbeinterpreted
inthespiritofZagier’sconjecture.ThespecialvalueoftheKroneckerdouble
seriesisequaltothevalueofthepartialzetafunctionofanidealclassfor
anorderinanimaginaryquadraticfield.Thevaluesofthemodularunit
mentionedabovebelongtotherayclassfieldcorrespondingtothisorder.
Thisgivesanexplicitformulaforthevalueofapartialzetafunctionats=2
asacombinationofdilogarithmsofalgebraicnumbers.
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Complexalgebraicgeometry

In“CascadesofprojectionsfromlogdelPezzosurfaces”,MilesReidand
KaoriSuzukiweaveafantasyaroundthefascinatingoldalgebraicgeo-
metricconstruction(delPezzo,1890)oftheblowupofP

2
ind≤8general

pointsanditsanticanonicalembedding.SomenaturalfamiliesofdelPezzo
surfaceswithquotientsingularitiesareorganizedin‘cascades’ofprojections,
similartothewaythattheclassicnonsingulardelPezzosurfacesareob-
tainedbysuccessiveprojectionsfromthedelPezzosurfaceofdegree9in
P

9
(inotherwords,P

2
initsanticanonicalembedding).Apartfromtheir

geometricbeauty,theseexamplesillustratethetechniqueof‘unprojection’,a
goodworkingsubstituteforanasyetmissingstructuretheoryofGorenstein
ringsofsmallcodimension,andapossibletooltoeventuallyconstructone.
TheauthorsalsosketchaprogramforthestudyofsingularFano3-foldsof
index≥2accordingtotheirHilbertseries,modelledonthe2-dimensional
case.

GregorySankaranstudiesthebilevelstructuresonabeliansurfacesfirst
introducedbyMukai.Givena(1,t)-polarizedabeliansurfaceA,abilevel
structureonAconsistsofa(canonical)levelstructureonAanda(canoni-

cal)levelstructureonthedualvarietyÂ,whichalsocarriesanatural(1,t)-
polarization.ThecorrespondingmoduliproblemgivesrisetoaSiegelmod-
ularthreefoldA

bil
t.Mukaiprovedtherationalityofthesemodulispacesfor

t=2,3and5.HealsorelatedthemtothesymmetrygroupsofthePlatonic
solidsandtoprojectivethreefoldswithmanynodes.In“Abeliansurfaces
withoddbilevelstructure”SankaranprovesthatA

bil
tisofgeneraltypefor

oddt≥17.AresultofBorisovsaysthatA
bil
tisofgeneraltypeforallbut

finitelymanyt.Borisov’smethod,however,givesnoexplicitbound.
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