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Abstract

We present a new class of affine Gorenstein 6-folds obtained by
smoothing the 1-dimensional singular locus of a reducible affine toric
surface; their existence is established using explicit methods in toric
geometry and serial use of Kustin–Miller Gorenstein unprojection. As
an application, we use these varieties to give an explicit description of
the canonical Gm cover of Mori flips of Type A.

Overview

Part I introduces a large class of remarkable 6-folds called diptych varieties;
each is an affine 6-fold VABLM constructed starting from two toric 4-fold
panels VAB ∪ VLM hinged along a reducible toric surface T = VAB ∩ VLM

(compare the Wilton diptych [W]). The construction depends on discrete
toric data called a diptych of long rectangles, describing the Newton polygon
of monomials of the two toric panels VAB and VLM . It is equivariant under
a big torus1 T = (Gm)4 = (C×)4. Apart from easy initial cases, diptych ft!one
varieties are indexed by 3 natural numbers d, e, k, or by a 2-step recurrent
continued fraction [d, e, d, . . . , (d or e)] (to k terms). We make a further case
division into four families to handle the cases when d or e = 1.

The worked example 1.1 is an extended introduction in colloquial style,
illustrating almost all the main features of our construction; see also [Ki],
Section 11. The general introduction to Part I continues in 1.2.

Diptych 6-folds VABLM serve as ambient spaces or key varieties for Mori
flips of Type A, and our work is motivated by this application. Part II

1Schizophrenic footnote: We write An for affine space Cn and Gm for the multiplicative
group C×. Our main interest is in varieties over C, so it would also be natural to write
An = Cn, Gm = C× and T = (C×)4 throughout. Our varieties mostly occur as schemes
defined over Z, for example an affine toric scheme Spec Z[σ ∩M ].
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reinterprets Mori’s classification of extremal neighbourhoods of Type A [M3],
describing the canonical Gm cover of the flip as a specialisation of a diptych
6-fold (a regular pullback). Example 7.1 gives the first explicit instance. We
expect diptych varieties also to appear as key varieties in other constructions
of interest, in the same way as toric varieties.

Although Part I is self-contained and explicit (in fact rather elementary),
the application in Part II to the explicit classification of Mori 3-fold flips is
the driving force behind our study, and predicts many features of Part I that
would otherwise seem mysterious or arbitrary choices. This applies especially
to the level of generality adopted: why diptych? why long rectangles? We
take up these points briefly in 1.3. The separate introduction to Part II
discusses in more detail the background from explicit Mori theory and what
our theory contributes to it.
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Part I

Diptych varieties

1 Introduction to Part I

1.1 Extended example
ex!intr

1.1.1 Background and notation

As usual, for r > 0 and a coprime to r, we write 1
r (1, a) for the action of Z/r

on A2 given by (u, v) (→ (εu, εav) where ε = exp 2πi
r ∈ C is a chosen primitive

rth root of 1. We use the same notation2 for the cyclic quotient singularity
A2/(Z/r) = Spec C[u, v]Z/r. See [More] for elementary tutorial material on
this construction. We focus here on concrete cases, starting with 1

7(1, 2); the
ring of invariants C[u, v]Z/7 is generated by the monomials

y0 = u7, y1 = u5v, y2 = u3v2, y3 = uv3, y4 = v7, (1.1)

with relations between them determined by the tag equations eq!tag72

y0y2 = y2
1, y1y3 = y2

2, y2y4 = y3
3. (1.2)

These are of the general form vi−1vi+1 = vai
i for any 3 consecutive monomials

vi−1, vi, vi+1 on the Newton boundary. The exponents or tags ai are the
entries in the Jung–Hirzebruch continued fraction expansion of r

r−a ; here
7

7−2 = 2 − 1
2− 1

3
= [2, 2, 3]. The quotient A2 → S ⊂ A5

〈y0...4〉 is thus the

morphism (u, v) (→ (y0...4), and the image S is uniquely determined by (1.2):
the complete intersection (1.2) consists of S plus the (y0, y4)-plane with a
“fat” nonreduced structure. To see actual generators of the ideal IS we also
need the “long equations” y0y3 = y1y2, y1y4 = y2y2

3 and y0y4 = y1y2
3, that

derive from (1.2) using easy syzygy manipulations. In what follows, we write
S = S3 for the quotient 1

7(1, 2).
In the same way, the quotient singularity 1

7(1, 3) is eq!tag73

S1 ⊂ A4
〈x0,x1,x2,x3〉 given by x0x2 = x2

1, x1x3 = x4
2 (1.3)

with [2, 4] = 2− 1
4 = 7

4 .

2Or (continuing the footnote of p. 1) 1
r (1, a) denotes the action of the multiplicative

group µr on A2 given by (u, v) (→ (εu, εav) for ε ∈ µr.
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1.1.2 The tent T

The starting point for our example is the reducible affine surface or tent of
Figure 1.1 (with k = 3, l = 4 and k + l + 2 = 9 in our case). It consists of a f!T

S1 S3

S0

S2

Figure 1.1: The tent T = S0 ∪ S1 ∪ S2 ∪ S3 ⊂ Ak+l+2
〈x0...k,y0...l〉 is obtained by

glueing S0 ∪ S1 transversally along the x0-axis, S1 ∪ S2 along the xk-axis,
S2 ∪ S3 along the yl-axis, and S3 ∪ S0 along the y0-axis

cycle of 4 components, with vertical sides the surface quotient singularities
S1 ⊂ A4

〈x0...k〉 and S3 ⊂ A5
〈y0...l〉 of types 1

7(1, 3) and 1
7(1, 2) as just described,

and top and bottom the coordinate planes S2 = A2
〈xk,yl〉 and S0 = A2

〈x0,y0〉. In

equations, T ⊂ A9 is the reducible variety defined by eq!T

IS1 , IS3 and xiyj = 0 for all i, j with (i, j) )= (0, 0), (k, l). (1.4)

1.1.3 First toric extension T ⊂ VAB

We now seek to embed T into a toric variety V (irreducible and normal) so
that T is both a regular section of V and a union of its toric strata; the main
purpose of this paper is to analyse the several different ways of doing this,
and the compatibilities between them.

One solution is the affine toric 4-fold VAB with monomial cone schemat-
ically represented in Figure 1.2, our first long rectangle. It is a schematic f!lrAB
representation of a cone σ(VAB), the Newton polygon of VAB in the mono-
mial lattice M = Z4 (see Figure 2.3 for another perspective, with A,B in
their position in the 4-dimensional lattice M.) We read σ(VAB) and the toric
variety VAB automatically from the figure as follows: the dots around the
boundary (clockwise from bottom left) are the generators x0...k, yl...0; the two
remaining generators A,B are shown as annotations at the top corners. It is

9



!
!
!
!

(0)

2

4

2
A

!
!
!
!
!

(−1)

2

2

3

1
B

Figure 1.2: The long rectangle for VAB

awkward and not very enlightening to draw them in their correct geometric
position in the 4-dimensional lattice M (compare Figure 2.3). The relations
(1.2) and (1.3) continue to hold, as represented by the tags down the long
sides. These constrain x0...k to a plane face of σ(VAB), and in that plane they
generate the Newton boundary of 1

7(1, 4); ditto y0...l. The new ingredients are
the tags and annotations A2, 1B at the top corners, that say how we intend
to deform the reducible equations x2y4 = 0 and x3y3 = 0 for T appearing in
(1.4) to usual binomial equations of toric geometry: eq!AB

x2y4 = x2
3A, x3y3 = y4B. (1.5)

We view A and B as deformation parameters, and interpret (1.5) as smooth-
ing the reducible double locus along the x3- and y4-axes, the top corners
S1 ∩ S2 and S2 ∩ S3 of Figure 1.1.

On the other hand, equations (1.5) and the original tag equations (1.2–
1.3) now completely determine the cone σ(VAB) in a monomial lattice M =
Z4. Indeed, x3, y4, A,B is a Z-basis of M, and the remaining generators
x2, . . . , x0, y3, . . . , y0 are Laurent monomials in this basis, obtained by con-
tinued division from (1.5) together with (1.2–1.3): eq!Laur

x2 = x2
3(Ay−1

4 ),

x1 = x7
3(Ay−1

4 )4,

x0 = x12
3 (Ay−1

4 )7,

y3 = y4(Bx−1
3 ),

y2 = y2
4(Bx−1

3 )3,
y1 = y3

4(Bx−1
3 )5,

y0 = y4
4(Bx−1

3 )7.

(1.6)

A rational, polyhedral cone σ in the monomial lattice M defines a (irre-
ducible, normal) toric variety VM,σ = Spec C[M ∩ σ]. We claim more: our
monomials x0...3, y0...4, A,B in M generate M ∩ σAB, and the resulting toric
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variety VAB = Spec C[M ∩ σAB] is a flat deformation of T . When we say
deformation, we mean the total space of the deformation; in fact A,B define
a flat morphism VAB → A2

〈A,B〉 with fibre T : (A = B = 0) over 0, although
the morphism does not figure prominently in our considerations.

The relations satisfied by our monomials come implicitly from their in-
clusion in M. We are usually not interested in writing them all out, but we
want to find enough equations to justify our claim. By substituting from
(1.6), we find the relation eq!tag0

x1y0 = A4B7 (1.7)

that deforms the original equation x1y0 = 0 in T ; this is the corner tag (0) of
Figure 1.2, indicating a tag equation at x0, with tag 0 derived from the other
tags (the annotation A4B7 is left implicit). We view it as a partial smoothing
of the reducible double locus of T along the x0-axis – the hypersurface in
A4
〈x1,y0,A,B〉 defined by (1.7) is of course normal.

Now, how does the relation x0y1 = 0 deform? From (1.6) we write out
x0y1 = x7

3y
−4
4 A7B5, hence eq!tag-1

x0y1 = y−1
0 A7B12 or x0y1 = x1A

3B5. (1.8)

The first equality is a tag equation for y0, with negative tag −1; this is
the (−1) at the bottom right of Figure 1.2. Along the y0-axis of T , where
y0 )= 0, (1.8) ensures that the A,B deformation is also a partial smoothing
of the singularity, making it irreducible and normal. However, (1.8) with its
negative tag is anomalous in that it is not a polynomial equation, so we are
not really allowed to use it as a generator of the ideal of the affine variety
VAB. We thus replace it by the second expression, which in view of (1.7) is
equivalent to it where y0 )= 0. The relation x0y1 = x1A3B5 is also anomalous
as a tag equation for y0, since it involves the “opposite” generator x1 in place
of y0. Now the equations of VAB include (1.7–1.8); these define an irreducible
normal complete intersection in A6

〈x0,x1,y0,y1,A,B〉.
Since VAB is a toric 4-fold, it is Cohen–Macaulay; we see in Lemma 2.4

that it is also Gorenstein. (Exercise: check from the above description that
the semigroup ideal of interior monomials of σ(VAB) is generated by AB;
compare Section 2.3 and Figure 2.3.) One checks that the locus (A = B = 0)
inside VAB equals T at the general point of each component, and in particular
each component is 2-dimensional. Therefore A,B is a regular sequence and
T ⊂ VAB is a flat deformation.
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1.1.4 Conclusion

In this example we found the A,B deformation T ⊂ VAB in a more-or-
less inevitable way starting from the new tag equations x2y4 = x2

3A and
x3y3 = y4B, that naturally smooth the double locus of T along the x3-
and y4-axes. After a monomial calculation that is birationally forced, our
rectangle closed up neatly to give the tag equations (1.7–1.8), so that this
deformation also leads to partial smoothings of the x0 and y0-axes, giving an
irreducible and normal variety VAB such that A = B = 0 contains S0 as a
reduced component. Corollary 2.9 explains that this miracle works precisely
because the concatenation [4, 2, 1, 3, 2, 2] is a continued fraction expansion
of 0. These numbers are the tags at x2, x3, y4, . . . , y1; the asymmetry (x1

omitted but y1 included) is significant, and relates to the anomalous tag
equations (1.8).

1.1.5 Second toric extension T ⊂ VLM

As hinted above, T has more than one deformation to a toric 4-fold. We now
write down the second long rectangle Figure 1.3 and the resulting deformation
T ⊂ VLM . The calculations are just as for VAB, except that we start from the f!lrLM

!
!
!
!

L
4

2

4

(0)

!
!
!
!
!

1
M

2

2

3

(−3)

Figure 1.3: The long rectangle for VLM

bottom and work up. Hindsight based on Corollary 2.9 and [3, 2, 2, 1, 4, 2] = 0
tells us that this will work. The new tag equations that smooth out the x0-
and y0-axes of T are represented by the L4, 1M at the bottom: eq!LM

x1y0 = x4
0L, x0y1 = y0M. (1.9)
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This time x0, y0, L,M base the monomial lattice and (1.9) together with
(1.2–1.3) give the remaining variables as Laurent monomials:

x1 = x4
0(Ly−1

0 ),

x2 = x7
0(Ly−1

0 )2,

x3 = x24
0 (Ly−1

0 )7,

y1 = y0(Mx−1
0 ),

y2 = y0(Mx−1
0 )2,

y3 = y0(Mx−1
0 )3,

y4 = y2
0(Mx−1

0 )7.

(1.10)

As before, we deduce the tag equations for x3 and y4: eq!tLM

x2y4 = L2M7, x3y3 = y−3
4 L7M27 = x3

2LM3. (1.11)

The latter is anomalous as before: the partial smoothing along the y4-axis is
specified either by the Laurent monomial y−3

4 or by a polynomial equation
x3

2 in the “opposite” variable x2.

1.1.6 The 6-fold VABLM
ss!2xt

We now have two deformations T ⊂ VAB and T ⊂ VLM of our tent T to toric
4-folds. They are quite different: indeed, VAB is smooth along the x3- and
y4-axes by (1.5), but has hypersurface singularities along the x0- and y0-axes
of transverse type x1y0 = A4B7 and x0y1 = y−1

0 A7B12 by (1.7) and (1.8).
In contrast, VLM smooths the x0- and y0-axes by (1.9), but leaves the x3-
and y4-axes with the transverse hypersurface singularities x2y4 = L2M7 and
x3y3 = y−3

4 L7M27 of (1.11).
Main Theorem 1.2.3 now asserts that these two toric panels fit together

in a 4-parameter deformation T ⊂ VABLM : eq!dip

T ⊂ VAB

⋂ ⋂

VLM ⊂ VABLM

(1.12)

More precisely, we build an affine 6-fold VABLM with a regular sequence
A,B,L,M such that the section L = M = 0 is VAB and A = B = 0 is VLM .
The idea is amazingly naive: starting at the top, we simply merge the tag
equations (1.5) and (1.11) for x3 and y4 from VAB and VLM , obtaining eq!mix

W ⊂ A8
〈x2,x3,y4,y3,A,B,L,M〉 defined by

x2y4 = x2
3A + L2M7, x3y3 = y4B + x3

2LM3. (1.13)

13



It is a codimension 2 complete intersection, A,B,L,M is a regular sequence
for W , and the section L = M = 0 is birational to VAB by the Laurent
monomial argument of (1.6).

The plan is now to adjoin x1, x0, y2, y1, y0 as rational functions on W , so
VABLM will be birational to W . In commutative algebra terms, the coordinate
ring of VABLM is constructed from the complete intersection (1.13) by serial
unprojection. We run through the construction as a pleasant narrative; the
reasons it all works include some detailed tricks that we explain later when
we treat the material more formally. Suffice it to say that we add the new
variables x1, x0, y2, y1, y0 one at a time, and in that order. Adding them in a
different order does not work.

1.1.7 First pentagram

We construct x1 as a rational function on W (1.13) with divisor of poles the
codimension 3 complete intersection eq!D

D : (x3 = y4 = LM3 = 0) ⊂ W, (1.14)

where LM3 is the hcf of the two terms L2M7 and x3
2LM3 in (1.13). The new

variable x1 appears in three equations eq!x1un

x1x3 = · · · , x1y4 = · · · , x1LM3 = · · · , (1.15)

that express the rational function x1 as a homomorphism ID → OW . More
intrinsically, x1 is an unprojection variable x1 ∈ Hom(ID,ωW ) with Poincaré
residue a basis of ωD

∼= OD; see [PR] and [Ki] for the theory and practice of
unprojection. In our calculation we take as input the equations (1.13) and
(1.14) of W and D, and use them to fix up a 5 × 5 skew matrix A = {aij}
whose five 4 × 4 Pfaffians are the two input equations (1.13) and the three
new unprojection equations (1.15) for x1. This calculation is repeated serially
in what follows, and we make it systematic with magic pentagrams: penta!1

x1
!!!

!
!

!

x2
!"""""x3
!#####! y3

! y4




y3 x3
2 −B −x1

y4 LM3 −x3A
x3 LM4

x2





23.45 x2y4 = x2
3A + L2M7,

12.34 x3y3 = y4B + x3
2LM3,

12.35 x1y4 = x3
2x3A + y3LM4,

13.45 x1x3 = x4
2 + BLM4,

12.45 x2y3 = x3AB + x1LM3.

(1.16)
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The array is a skew 5 × 5 matrix A = {aij}; we only write the 10 upper-
triangular entries a12 = y3, . . . , a15 = −x1, etc. Its 4× 4 Pfaffians are

Pfij.kl = aijakl − aikajl + ailajk for any distinct i, j, k, l (1.17)

(as with minors and cofactors, with an overall choice of ±1; in long calcu-
lations we abbreviate Pfij.kl to ij.kl). In (1.16), viewing y3, y4, x3, x2 and
the two equations x2y4 = · · · , x3y3 = · · · as given, we seek to add x1 and
three new equations x1x3 = · · · , x1y4 = · · · and x2y3 = · · ·+ x1LM3. These
trinomial equations play a role for VABLM similar to the binomial tag equa-
tions vi−1vi+1 = vai

i for the cyclic quotient singularities Si and the tent T .
The array is written out automatically from the pentagram and the given
equations (1.13): we write the given variables y3, y4, x3, x2 down the super-
diagonal, the new unprojection variable x1 in the top right, and the given
LM3 = hcf(L2M7, x3

2LM3) as the entry a24. Requiring Pf12.34 and Pf23.45

to give (1.13) determines the remaining entries. The output is the three
equations involving x1 as the three remaining Pfaffians in (1.16).

1.1.8 Serial pentagrams
s!ser

The remaining variables x0, y2, y1, y0 are adjoined likewise to give the codi-
mension 7 variety VABLM (see Chapter 5 for a formal treatment). We write
out the calculations without further comment for your delight.

x0
!x1
!$$$$$x2
!x3
!

! y3





y3 x1 −AB −x0

x3 LM3 −x3
2

x2 BM
x1





23.45 x1x3 = x4
2 + BLM4,

12.34 x2y3 = ABx3 + LM3x1,

12.35 x0x3 = x1x3
2 + BMy3,

13.45 x0x2 = x2
1 + AB2M,

12.45 x1y3 = ABx3
2 + LM3x0.

x0
!!!

!
!

!

x1
!"""""x2
!#####! y2

! y3




y3 LM2x0 −ABx2
2 −y2

x2 M −x1

x1 AB2

x0





23.45 x0x2 = x2
1 + AB2M,

12.34 x1y3 = ABx3
2 + LM3x0,

12.35 x2y2 = AB2y3 + LM2x0x1,
13.45 x1y2 = A2B3x2

2 + LM2x2
0,

12.45 x0y3 = ABx1x2
2 + My2.
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x0
!%%

%
%

%
x1

!&&&&&
'''''

x2
!
(

(
(

(
(! y1

! y2





y2 LMx2
0 −A2B3x2 −y1

x2 M −x1

x1 AB2

x0





23.45 x0x2 = x2
1 + AB2M,

12.34 x1y2 = A2B3x2
2 + LM2x2

0,

12.35 x2y1 = AB2y2 + LMx2
0x1,

13.45 x1y1 = A3B5x2 + LMx3
0,

12.45 x0y2 = A2B3x1x2 + My1.

x0
!"""""x1
!#####

x2
!
)

)
)

)
)

! y1

! y0





y1 Lx3
0 −A3B5 −y0

x2 M −x1

x1 AB2

x0





23.45 x0x2 = x2
1 + AB2M,

12.34 x1y1 = A3B5x2 + LMx3
0,

12.35 x2y0 = AB2y1 + Lx3
0x1,

13.45 x1y0 = A4B7 + Lx4
0,

12.45 x0y1 = A3B5x1 + My0.

The final two equations x1y0 = · · · and x0y1 = · · · merge the tag equa-
tions (1.7–1.8) and (1.9) for x0 and y0 at the bottom of the two long rectangles
in exactly the same way as (1.13) merged the tag equations at the top. In
other words, the whole calculation could have been done starting with these
two equations and working up – if you liked the puzzle, you will enjoy turning
it upside down and doing it all over again.

1.2 Introduction to Part I continued
intro!I

1.2.1 Tents and their toric extensions

A tent T = S0 ∪S1 ∪S2 ∪S3 is an affine Gorenstein surface as in Figure 1.1;
its 4 irreducible components are S0, S2

∼= A2 and S1, S3 cyclic quotient singu-
larities of type 1

r (α, 1) and 1
s(β, 1) (where r,α are coprime natural numbers,

and similarly for s,β). They glue transversally along their toric strata (=
coordinate axes), giving T four singular axes of transverse ordinary double
points; the two axes on S2 are the top axes, and the two on S0 the bottom
axes. For details, see Definition 2.3.
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Our first result is the easy toric Lemma 2.11: an extension T ⊂ VAB of
a tent T to an (irreducible, normal) affine toric 4-fold VAB that smooths the
top axes is given by a matrix ( r a

b s ) ∈ SL(2, Z) with a, b ≥ 0 and a ≡ α mod r,
b ≡ β mod s; this exists if either α or β divides rs − 1. Corollary 2.9 gives
an alternative treatment in terms of continued fraction expansions of 0, such
as [4, 2, 1, 3, 2, 2] = 0 in our example. By Proposition 2.1.d, this is obtained
by concatenating with a 1 the expansions of complementary fractions r

a and
r

r−a , and is thus easy to set up. This is standard material in toric geometry,
and only the interpretation is new.3

1.2.2 Classification Theorems 3.5 and 3.9

The input to our Main Theorem 1.2.3 is a diptych of extensions T ⊂ VAB

and T ⊂ VLM as above, smoothing respectively the top and bottom axes
of T . Section 3.1 discusses the condition on T for two such smoothings
to exist (see Lemma 3.2): we need a second matrix ( r g

h s ) ∈ SL(2, Z) with
ag ≡ 1 mod r and bh ≡ 1 mod s. Theorem 3.5 classifies all solutions to
this problem: with simple initial exceptions, each corresponds to a 2-step
recurrent continued fraction [d, e, d, . . . , (d or e)]. We think of d, e ≥ 2 as the
main case or Type I(d, e, k), with Example 1.1 as [2, 4, 2] or Type I(2, 4, 3);
the more detailed Classification Theorem 3.9 separates off the cases with d
or e = 1 into three further families II, III and IV.

1.2.3 Main Theorem
th!main

A diptych of 4-fold toric panels T ⊂ VAB and T ⊂ VLM that smooth respec-
tively the top and bottom axes of T extends to a 6-fold VABLM as in (1.12). unique?

The diptych variety VABLM is an affine variety with an action of the torus
T = (Gm)4. It has a regular sequence A,B,L,M consisting of eigenfunctions
of the T-action such that VAB and VLM are the sections given by L = M = 0
and A = B = 0, and T is their intersection A = B = L = M = 0.

It follows that VABLM is a Gorenstein affine 6-fold and is a flat 4-parameter
deformation of the tent T . The T-action restricts to the big torus of both
4-fold panels VAB and VLM ; the original tent T is a union of toric strata in
each, with the T-action inducing the natural (Gm)2 action on each of its four
toric components.

3Although the extension T ⊂ VAB is a deformation, we treat it organically rather than
infinitesimally (as Altmann [A]).
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1.2.4 Indications of the proof
ss!inpf

We want to handle our diptych varieties VABLM as explicit objects, but, as
with toric varieties, without necessarily writing down all the relations for their
coordinate rings. Pfaffian equations arising from pentagrams as in (1.16) ffoll.
of Example 1.1 are trinomials, analogous to the binomial equations of toric
geometry (especially the tag equations of cyclic quotient singularities), and
we hope to get away using only these.

Main Theorem 1.2.3 is proved by serial unprojection, supported by a
mass of toric geometry. As described in Example 1.1, we start from two
equations defining a codimension 2 complete intersection in A8, and adjoin
the remaining variables one at a time using the Kustin–Miller unprojection
theorem of [PR]; the serial use of this theorem provides most of what we
need.

The order the variables are adjoined is already determined at the level
of the toric panel VAB, whose coordinate ring can also be analysed by serial
projection. At each step of the induction we have to set up the new unpro-
jection divisor Dν ⊂ Vν . The divisor Dν itself is the product of a monomial
curve AαBβ = 0 with affine space A4. This is where we make essential use of
the relation between the combinatorics of the two panels VAB and VLM , the
key point being to compare the order of variables in the projection sequences
of VAB and VLM as in Corollary 5.4. The reader with extensive teaching and
administrative obligations may wish to take most of this on trust.

1.3 Motivation from Mori flips
s!motiv

Part II applies diptych varieties to explicit Mori theory; the first genuine
case is Example 7.1. We confine ourselves here to the motivation that Mori
flips of Type A offer our treatment of diptych varieties. This discussion is
intended partly to explain some of the objects and features that turn up, and
to justify the level of generality we work at, and partly as a mnemonic aid.

1.3.1 Definition of Mori flip
ss!dFlp

A flipping extremal neighbourhood is a 3-fold morphism

C ⊂ X
f−−→ Y - P, (1.18)

where P ∈ Y is an isolated 3-fold singularity, f contracts a single curve
C ∼= P1 to P and is an isomorphism on the complements (X \C) ∼= (Y \P ).
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What category do we work in? P ∈ Y is naturally an isolated singularity,
that is, a germ of algebraic variety over C up to local analytic equivalence, and
X → Y is a projective morphism, hence an analytic germ of neighbourhood
of C. One can replace analytic by formal or etale according to taste. Our
approach to these matters is pragmatic: we choose a model of Y as an affine
variety over C, treating changes of analytic model, category-switching, etc.,
by assuming whatever we need. In other words, we assume that the necessary
localisation and analytic change of models have already taken place; this is
implicit in the assumption that f contracts only one irreducible curve C, and
in the following.

We assume that X has analytically Q-factorial terminal singularities, and
−KX is relatively ample. Moreover, the Weil divisor class group of X is
cyclic: ClX = ZA, with ample generator A. (One reduces to this case by
passing if necessary to an Abelian cover ramified only at the singularities.)
Write −KX = δA, where δ ≥ 1 is the Fano index of X. Mori’s famous flip
theorem gives another small partial resolution

C+ ⊂ X+ f+

−−−→ Y - P (1.19)

with C+ ∼= P1, where X+ has terminal singularities and KX+ is ample. See
Mori [M1] for the original proof and Corti [Co02] for a recent update based
on Shokurov’s ideas.

1.3.2 The Gm cover of a flip
ss!Gmcv

We explain the ideology of the first part of Reid [Wf?], that views a flip as
the Proj of a Z-graded ring, or as variation of GIT quotient for a Gm action.

A flipping singularity Y has a Z-graded algebra R =
⊕

n∈Z OY (nf∗A),
where A is the ample generator of ClX; the finite generation of R as an
OY -algebra is equivalent to the flip theorem. Taking Spec defines an affine
Gorenstein 4-fold SpecR = A (a finitely presented scheme over Y ) that is a
Gm cover A → Y closely related to the total space of the canonical bundle
KY (N.B.: this is not a Q-line bundle over the flipping point P ∈ Y ). On
the other hand, taking only the homogeneous part of R of degree ≥ 0 gives
the N-graded finitely generated OY -algebra

R+ =
⊕

n≥0

OY (nf∗A), with ProjR+ = X.
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This holds by definition, because A is an ample Q-divisor on X. Doing
the same with the homogeneous part of R of degree ≤ 0 gives X+ in the
same way. This means that X and X+ can both be studied by graded ring
methods. See Example 7.1 for an actual construction.

The grading of R defines an action of Gm on it and on A = SpecR,
and the three varieties in the flip diagram X → Y ← X+ are three different
GIT quotients by this action. The categorical quotient is Spec of the ring
of invariants, that is, SpecR0 = Y . Taking ProjR+ excludes the variety of
the “irrelevant ideal” defined by the vanishing of all the graded elements of
degree > 0. Thus taking ProjR+ is the GIT procedure of taking the quotient
of the set of semistable points V ss; similarly for ProjR−.

1.3.3 The general elephant

Write S = SY ∈ |−KY | for the general elephant of Y and SX = f−1(S) ⊂ X
for its birational transform. It is known (see Kollár and Mori [KM], Section 2)
that P ∈ S is a Du Val surface singularity, and it follows from the adjunction
formula that f : SX → S is a crepant partial resolution; since the minimal
resolution of a Du Val singularity dominates every crepant partial resolution,
and f contracts just one irreducible curve, it follows that SX is the surface
obtained by extracting one exceptional curve of the minimal resolution. (Or
to put it another way, start from the minimal resolution of S and contract
back down all but one of the exceptional curves.)

Now the equation of S ⊂ Y is a global section of OY (δA), and hence the
Gm cover of S is a principal divisor or hyperplane section in A. The Gm

cover of Y can therefore be studied as a 1-parameter deformation of the Gm

cover of S, which is determined by a Du Val singularity plus extra data.
This is the second ideological point of Reid [Wf?]. It says that a 3-fold

flip can be seen as a 1-parameter deformation of a Du Val singularity with
a suitable twisting by Gm. The analogy is with the classification of terminal
singularities, each of which can be viewed as an equivariant 1-parameter
deformation of a cyclic cover of a Du Val singularity ([YPG], Theorem 6.1).

1.3.4 The Type A assumption

We now assume in addition that S is a Du Val singularity of Type A, that is,
a cyclic quotient singularity of type 1

r (1,−1) for some r. Since the minimal
resolution of S is a simple chain of r − 1 exceptional curves, the partial
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resolution SX → S is just a matter of extracting one link of the chain, that
is, breaking the chain into two pieces of length a− 1 and r− a− 1 (just one
if a = 1 or r − 1); thus SX is a neighbourhood of an exceptional P1 on a
toric surface with two singularities of type 1

a(1,−1) and 1
r−a(1,−1). When

we make a Gm cover of S or SX , it is almost inevitable that the result will
be a toric 3-fold.

1.3.5 The section

There is another way of reducing dimension, namely taking a general section
through P ∈ Y . Kollár and Mori [KM], Theorem 1.8 use this as the basis
of a classification of flips. In fact, Mori [M3], 2.1 proves the much easier
statement that under the Type A assumption, the general hyperplane section
through P ∈ Y is also a cyclic quotient singularity. This is the basis for our
diptych viewpoint: the Gm cover of a flip is a 4-fold having two quite different
hyperplane sections, each isomorphic to a toric variety.

1.3.6 Long rectangles
ss!Mlr
Do thisThe top and bottom are C = P1 and C+ = P1. This is the reason that our

long rectangles only have 2 monomials x0, y0 and xk, yl at the bottom and
the top, whereas they have any number of monomials down the side.

It would be nice to get this in a more precise form out of Mori’s k2A or
k1A assumptions. We want k1A to be a special case of k2A.

1.3.7 Unobstructed deformations
s!unob

A key point for us is that deformation problems concerning Mori flips are
a priori unobstructed. That is, the obstruction space T2 is zero for for-
mal reasons. Indeed, X has isolated hyperquotient singularities (see [YPG],
Theorem 3.2); thus if we arrange our deformations to take place within the
hypersurface, the deformation problem has no local T2, and has a finite di-
mensional T1 at finitely many points. Moreover, f has relative dimension 1
over an affine (or Stein or formal) neighbourhood of a point.

1.3.8 Conclusion

In this section we have tried to convince you of the following points:
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• The Gm cover of a Mori flip of Type A is an affine Gorenstein 4-fold
A with two different Gorenstein toric 3-folds as regular sections. The
two panels correspond to “elephant” and “section” of the flipping sin-
gularity P ∈ X.

• Each toric panel is a “long rectangle”. The top and bottom of each
panel corresponds to the exceptional curves of X− → X and X+ → X;
they only need two monomial generators, corresponding to the fact that
both exceptional curves are weighted P1s.

• Moreover, the deformation problem from either of these 3-fold sections
out to A can be treated in a way that is a priori unobstructed.
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2 Toric geometry
ch!trc

This chapter centres around the combinatorics of Jung–Hirzebruch continued
fractions. After recalling standard facts, we define a tent T , and, under
appropriate assumptions, construct a toric extension T ⊂ VAB that smooths
its top two axes. We particularly appreciate tents T that admit a second toric
extension T ⊂ VLM smoothing also the bottom two axes as in 1.1.6. These
pairs of extensions (1.12) are the input for Main Theorem 1.2.3, and our
Theorem 3.5 classifies them in terms of 2-step recurrent continued fractions
[d, e, d, . . . ].

We also prepare material for the proof of Main Theorem 1.2.3, especially
the combinatorics of serial unprojection. The toric extension T ⊂ VAB can
be treated in terms of a matrix (r a

b s) ∈ SL(2, Z), or equivalently, in terms of
a certain continued fraction expansion of 0. The latter treatment gives VAB

a sequence of Gorenstein projections.

2.1 Jung–Hirzebruch continued fractions

2.1.1 Formal properties

A continued fraction expansion is a formal expression ss!HJ
eq!HJ[c1, . . . , cn] = c1 − 1/(c2 − 1/(c3 − · · ·− 1/cn))

= c1 −
1

c2 − 1
···− 1

cn

= c1 −
1

[c2, . . . , cn]
(2.1)

The entries ci are called tags. If c1, . . . cn are integers, the righthand side is a
rational number, provided that the expression makes sense (that is, division
by zero does not occur).4

The next proposition discusses four aspects of continued fractions. We
spell out this material, because we use it often and with large multiplicity
in what follows: we invert continued fractions and pass to complementary
fractions, we “top and tail” them by cutting off a tag at one end and adding
one at the other, say:

[a0, . . . , ak−1] (→ [ak, ak−1, . . . , a1], etc., (2.2)

4For tutorial material and exercises, see Reid [More]. The notation is explained in
Riemenschneider [R] §3, pp. 220–3, where complementary tags are calculated using the
Riemenschneider staircase. Related material on concatenated continued fractions is used
in Craw and Reid [CR], 2.2.
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and we concatenate the resulting fractions.

Proposition 2.1 (a) Factoring a matrix: The formal identity prop!hj
eq!prod(

0 1
−1 c1

)(
0 1
−1 c2

)
· · ·

(
0 1
−1 cn

)
=

(
−q′ q
−p′ p

)
. (2.3)

holds in indeterminates or variables c1, . . . , cn, where p, q, p′, q′ are poly-
nomials, the numerators and denominators of p/q = [c1, . . . , cn] and
p′/q′ = [c1, . . . , cn−1]. (No cancellation occurs in the fraction p/q, what-
ever the nature or values of the quantities ci, because p and q satisfy
an hcf identity αp + βq = 1.) The fraction p′/q′ is the first convergent
of p/q.

(b) Blowdown: [c1, . . . , cn−1, 1] = [c1, . . . , cn−1 − 1] and eq!bld

[c1, . . . , ci−1, 1, ci+1, . . . , cn] = [c1, . . . , ci−1 − 1, ci+1 − 1, . . . , cn]. (2.4)

This is just the identity ( 0 1
−1 a ) ( 0 1

−1 1 ) ( 0 1
−1 b ) = ( 0 1

−1 a−1 ) ( 0 1
−1 b−1 ).

Two notions of “inverse” of a continued fraction play a role in our theory:

(c) Reciprocal: [c1, . . . , cn] = p/q and its reciprocal continued fraction

[cn, . . . , c1] = p/q∗ (2.5)

share the same numerator p, and their denominators are inverse modulo
p. More precisely, there is a formal identity

qq∗ = N(c2, . . . , cn−1) · p + 1, (2.6)

where N(c2, . . . , cn−1) is the numerator of [c2, . . . , cn−1]. In particular,
if ci ∈ Z and the expressions are meaningful then [cn, . . . , c1] = p/q∗,
where qq∗ ≡ 1 mod p. See (2.11) for what this means in our context.

(d) Complement: Let p/q = [c1, . . . , cn] with ci ∈ Z and ci ≥ 2. Then
the complementary continued fraction is [b1, . . . , bm] = p/(p − q), and
satisfies

[cn, . . . , c1, 1, b1, . . . , bm] = 0. (2.7)

Moreover, serial blowdown reduces the expansion to [1, 1] = [0] = 0; in
particular,

∑
(ci− 1) =

∑
(bj − 1), and one of b1, c1 ≤ 2. For example,

[4, 2, 1, 3, 2, 2] = [4, 1, 2, 2, 2] = [3, 1, 2, 2] = [2, 1, 2] = [1, 1] = 0. (2.8)

24



rk!JHc
Remark 2.2 Traditionally, one uses Jung–Hirzebruch continued fractions
to write a fraction r

a with r > a ≥ 1 and a, r coprime integers as

r

a
= [b1, . . . , bn−1] = b1 −

1

b2 − · · · .

Then b1 is the round-up b1 = 0 r
a1, and is ≥ 2, because r

a > 1, and for the
same reason all subsequent bi ≥ 2 (to the end of the algorithm). Here we do
something slightly bigger, with a ≥ 1, but r ∈ Z any integer coprime to a:
for example, −24

7 = −3 − 3
7 = [−3, 3, 2, 2]. This means that b1 = 0 r

a1 ∈ Z;
however, from the second step onwards and to the end of the algorithm,
1/(b1 − r

a) > 1 is a conventional fraction, so that bi ≥ 2 for each i with
2 ≤ i ≤ n− 1.

In traditional use, (2.3) identifies 3 types of data: a rational fraction
p/q > 1, a continued fraction [c1, . . . , cn] with all ci ≥ 2, and a matrix(−q′ q
−p′ p

)
∈ SL(2, Z) with p > q > 0. However, we relax these restrictions,

considering things like [5, 1, 3] = 5− 3
2 = 7

2 = [4, 2] (a blowdown) or [2, 0, 2] =
4, with eq!202

(
0 1
−1 2

)(
0 1
−1 0

)(
0 1
−1 2

)
=

(
0 1
−1 2

)(
−1 2
0 −1

)
=

(
0 −1
1 −4

)
. (2.9)

The matrix product (2.3) is meaningful even when (2.1) involves division by
zero. More generally, the sequence of integer tags [c1, . . . , cn] contain more
information than the matrix (2.3), which contains more information than the
fraction p

q : while
(−q′ q
−p′ p

)
∈ SL(2, Z), the fraction p

q (when defined) is its image
in the quotient group PSL(2, Z), whereas the expression [c1, . . . , cn] is a lift
to the “universal cover” of SL(2, Z) inside the universal cover of SL(2, R),
keeping track of winding number. For example, [0, 0, 0, 0] is the composite

of 4 rotations by π/2, or
(

0 1
−1 0

)4
= id. Running around one of our long

rectangles always gives winding number 1.

2.1.2 Notation for the quotient 1
r (1, a)

As in Example 1.1, for r ≥ 1 and 0 < a ≤ r coprime to r we write 1
r (1, a)

for the Z/r action on A2
〈u,v〉 given by (u, v) (→ (εu, εav), and for the quotient

S = A2/1
r (1, a) by this action. We allow A2 as the case r = 1, without

worrying unduly about the value of a (of course, a = 0); it corresponds
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to the identity matrix or the empty continued fraction [∅]. The lattice M
of invariant Laurent monomials consists of uivj with i + aj ≡ 0 mod r; it
is a copy of Z2, but with no preferred basis. The coordinate ring of S,
based by Z/r-invariant monomials, is minimally generated by monomials
on the Newton boundary of the positive quadrant σ ⊂ MR, with x0 = ur,
x1 = ur−av, etc. The continued fraction r

r−a = [a1, . . . , ak−1] provides the
generators x0...k and the tag equations holding between them: eq!tag

xi−1xi+1 = xai
i for i = 1, . . . , k − 1. (2.10)

These determine S completely: they express any xj as a Laurent monomial in
any two consecutive monomials xi, xi+1. The complete intersection in Ak+1

〈x0...k〉
given by (2.10) is S plus A2

〈x0,xk〉 (usually with a nonreduced structure). The
other generators of IS are “long equations” xixj = monomial for |i− j| > 2,
that can be deduced from (2.10) via syzygies.

When ab ≡ 1 mod r the expressions 1
r (1, a) and 1

r (b, 1) give the same
group action (up to choosing the primitive root εa as the new basis of µr);
the reciprocal continued fractions define the same invariant monomials, read
in the opposite direction: eq!opp

r

r − a
= [a1, . . . , ak−1] (→ x0 = ur, x1 = ur−av, x2 = xa1

1 x−1
0 , . . .

r

r − b
= [ak−1, . . . , a1] (→ xk = vr, xk−1 = uvr−b, . . . .

(2.11)

2.2 Tents and fans

2.2.1 The definition of tent
s!tnf
def!tntDefinition 2.3 A tent T = S0 ∪ S1 ∪ S2 ∪ S3 ⊂ Ak+l+2

〈x0...k,y0...l〉 is the union of

the four affine toric surfaces of Figure 1.1, with horizontal sides S0 = A2
〈x0,y0〉

and S2 = A2
〈xk,yl〉 and vertical sides the cyclic quotient singularities

S1 = 1
r (1,α) with coordinates x0...k from r

r−α = [a1, . . . , ak−1], and

S3 = 1
s(1,β) with coordinates y0...l from s

s−β = [b1, . . . , bl−1]

(where r,α are coprime natural numbers, and similarly for s,β). The coor-
dinates x0...k, y0...l of the ambient space Ak+l+2 and the equations for T are
shown schematically in Figure 2.1. The components glue transversally along
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Figure 2.1: Coordinates and tags for T

their toric strata (= coordinate axes), giving T four singular axes of trans-
verse ordinary double points; the two axes on S2 are the top axes, and the
two on S0 the bottom axes. f!tnt

Our definition expresses T embedded in Ak+l+2 by explicit coordinates;
its ideal IT is generated by IS1 , IS3 , determined by the tags down the sides
as in Section 2.1, together with the cross-equations xiyj = 0 for all pairs
(i, j) )= (0, 0), (k, l).

However, T can be viewed abstractly as an identification scheme as stud-
ied more generally in Reid [dP]: write Γ′

i ∪ Γ′′
i for the toric 1-strata of the

Si and C =
⊔4

i=1(Γ
′
i ∪ Γ′′

i ). Let D be the four axes A1 with coordinates
x0, xk, yl, y0 glued transversally at a common origin (as coordinate axes in
A4); write ϕ : C → D for the morphism given by x0 on the x0-axes of S0 and
S1, and so on, to perform the identifications of Figure 1.1. Then

T =
(
S0 3 S1 3 S2 3 S3

)
/ϕ. (2.12)

There are no parameters or moduli in this glueing.
l!tnt

Lemma 2.4 Let T be the tent of Definition 2.3. Then T is a Gorenstein
scheme. Moreover, T has an action of (Gm)4 that restricts to the toric struc-
ture on each component.

Proof We use elementary results of [dP], Section 2. T is Cohen–Macaulay
because all the glueing happens in codimension 1 ([dP], 2.2). We prove it is
Gorenstein using the criterion of [dP], Corollary 2.8.

Each component Si is a toric surface; on each, choose a Z-basis m1,m2 for
the monomial lattice, oriented clockwise (e.g., on S1, take x0, x1 or xk−1, xk;

27



on S2, take xk, yl). The 2-form s = d m1
m1
∧ d m2

m2
∈ Ω2

T on the big torus is a basis
for Ω2

T, is defined over Z, independent of the choice of oriented basis, and has
log poles along each stratum of S, with residue along each stratum A1 equal
to ± times the natural basis d m

m of Ω1
T′ . We take this basis element s on each

component. Under the identification ϕ : C → D of the double locus, over the
general point of each component of D, the residues from the two components
are ±d m

m , and therefore cancel out; thus s satisfies the conditions of [dP],
Corollary 2.8.ii and is a basis of the dualising sheaf ωT .

Each component of T is a toric variety, so (Gm)8 acts on the disjoint
union of the components. Each glueing imposes one linear condition on the
action; we think of TS0 = (Gm)2 = {(λ0, 1, 1,λ3)} as the big torus of S0 and
TS1 = {(λ0,λ1, 1, 1)} that of S1, etc. Q.E.D.

2.2.2 The fan Φ( r a
b s ) in the plane given by ( r a

b s ) ∈ SL(2, Z)
ss!fan

Jung–Hirzebruch continued fractions factor a base change in SL(2, Z) into
elementary moves (Proposition 2.1.a); in our case, the base change goes from
the monomials x0, y0 at the bottom of our long rectangle to xk, yl at the top
(up to sign and orientation). Section 2.3 constructs the toric variety VAB and
the first extension T ⊂ VAB generalising (1.6), using a matrix in SL(2, Z) to
generate the monomial cone σAB of Figure 2.3 in the 4-dimensional lattice
M = Z4.

We first analyse the combinatorics of this construction in a stripped-down
2-dimensional setting obtained by projecting M to M = Z2. Consider two
oriented bases x0, y0 and η, ξ of Z2 related by inverse base changes eq!x0

x0 = η−rξa, y0 = ηbξ−s and η = x−s
0 y−a

0 , ξ = x−b
0 y−r

0 . (2.13)

Here r, s, a, b ≥ 0 are integers with rs− ab = 1, so eq!mats
(

r a
b s

)
and

(
s −a
−b r

)
∈ SL(2, Z) (2.14)

are a pair of inverse elements.5 (If a or b = 0 then r = s = 1, and one or
two points in what follows may need minor restatement; 2.2.4 summarises
the initial cases.)

5Exercise: Run through ( r a
b s ) = ( 7 24

2 7 ) and ( r g
h s ) = ( 7 12

4 7 ) as a sanity check, to recover
the two long rectangles of Example 1.1.
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The vectors x0, y0, η, ξ subdivide the plane MR into the fan Φ( r a
b s ) of

Figure 2.2.a consisting of 4 cones 〈x0, y0〉, 〈x0, ξ〉, 〈ξ, η〉, 〈y0, η〉. It determines
a tent T , with coordinate ring generated by the 4 monomial cones and related
by m1m2 = 0 if m1,m2 are not in a common cone (compare Definition 2.3).
The next lemma studies the tent T corresponding to Φ( r a

b s ).
l!wT

Lemma 2.5 Consider the cone 〈x0, ξ〉 (marked S1 in Figure 2.2.a). The
lattice M is generated by the monomials x0, ξ together with either of

y−1
0 = (xb

0ξ)
1/r or η = (x−1

0 ξa)1/r.

Therefore 〈x0, ξ〉 is the monomial cone 1
r (α, 1) or 1

r (1, r − γ), where α is the
least residue of a mod r, and γ that of b (note that rs − ab = 1 implies α
and r − γ are inverse mod r). f!Phi

x0
!&&&&&

y0
!*****!)

)

ξ !
+
+

""

η!

S3

##**,
,S1

(a)

1 #
(b)

y0
!y1

!
y2

!
y3

!
y4 = η!

x3 = ξ !
x2

!
x1

!
x0

!
Figure 2.2: The fan Φ( r a

b s ) ∈ SL(2, Z) defined by x0, y0, η, ξ

Write x0, x1, . . . , xk−1, xk = ξ for the successive monomials along the
Newton boundary of 〈x0, ξ〉. The number k and the monomials themselves
come from factoring the base change (2.13) into elementary moves:

(
−r a
b −s

)
=

(
0 1
−1 a0

)(
0 1
−1 a1

)
· · ·

(
0 1
−1 ak−1

)(
0 1
−1 ak

)
. (2.15)

More concretely, they are given by the continued fraction expansions 2eq!b/s

[a0, a1, . . . , ak−1] =
−b

r
and [ak, . . . , a1] =

a

r
(2.16)

by either of the following constructions:
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(1) From the bottom, x0 is given, and x1 = (xγ
0ξ)

1/r, where γ is the least
residue of b mod r. Thus a0 = 0−b

r 1 = −b+γ
r ≤ 0 and eq!ctg

x1 = (xγ
0ξ)

1/r = y−1
0 xa0

0 , that is, x1y0 = xa0
0 . (2.17)

If γ = 0 then r divides b, whereas rs − ab = 1 implies that r, b are
coprime; thus r = 1, so that k = 1 and x1 = ξ. Otherwise x2, . . . , xk

are determined as usual by tag equations

xi−1xi+1 = xai
i for i = 1, . . . , k − 1,

where [a1, . . . , ak−1] = r
γ (see Remark 2.2).

(2) From the top, xk = ξ is given; if r | a then, as before, r = 1 and
the only monomials are x0, x1 = ξ. Otherwise, set xk−1 = (x0ξr−α)1/r,
where α is the least residue of a mod r. Then r − α = akr − a where
ak = 0a

r 1 ≥ 1, and

xk−1 = ξak(x0ξ
−a)1/r = xak

k η−1 that is, xk−1η = xak
k .

The remaining monomials are determined by

xi−1xi+1 = xai
i , where [ak−1, . . . , a1] = r

r−α .

In the same way, the sequence [b0, b1, . . . , bl] factors the inverse trans-
formation of (2.13) into elementary moves:

(
−s −a
−b −r

)
=

(
0 1
−1 bl

)(
0 1
−1 bl−1

)
· · ·

(
0 1
−1 b1

)(
0 1
−1 b0

)
. (2.18)

More concretely, 〈y0, η〉 is the monomial cone 1
s(b, 1) or 1

s(1,−a), and the
tags and monomials on the S3 side are b0, . . . , bl and y0, . . . , yk, given by

[b0, b1, . . . , bl−1] =
−a

s
and [bl, . . . , b1] =

b

s
(2.19)

and y1 = x−1
0 yb0 = (yβ

0 η)1/s where β is the least residue of b mod s.

Not every tent T = S0 ∪ S1 ∪ S2 ∪ S3 (Definition 2.3) is given by a fan
as in 2.2.2. Which are? And in how many ways? What extra data does the
fan know about beyond T? The tent T knows the 4 monomial cones up to
SL(2, Z) isomorphism, but does does not know how they fit together in Z2; it
knows the fractions 1

r (α, 1) and 1
s(β, 1), but not the corner tags a0, b0, ak, bl.
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Corollary 2.6 The fan Φ( r a
b s ) gives T with S1 = 1

r (α, 1), S3 = 1
s(β, 1) by

the construction of 2.2.2 if and only if a ≡ α mod r and b ≡ β mod s.
For fixed T , except for initial cases with r = s = 1 (see 2.2.4), there are

0, 1 or 2 matrixes for which Φ( r a
b s ) gives T :

• if neither α nor β divides rs− 1, there are none;

• if α divides rs− 1 then a = α, b = (rs− 1)/α provides a solution;

• similarly, if β | (rs − 1) then a = (rs − 1)/β and b = β provides a
solution.

Remark 2.7 Whereas Figure 2.2.a just sketches the division of the plane
into 4 cones 〈x0, y0〉, 〈x0, ξ〉, 〈ξ, η〉, 〈y0, η〉, (b) accurately plots the mono-
mials in the case ( r a

b s ) = ( 7 24
2 7 ), with tags [a0, . . . , a3] = [0, 4, 2, 4] at the xi

and [b0, . . . , b4] = [−3, 3, 2, 2, 1] at the yi. The comparison of the rich and
messy reality of Figure 2.2.b with our square-cut projective pictures such as
Figures 1.2–1.3 and 2.1 is enlightening, if somewhat startling.

Please check that you can see the effect of the tags in the picture:

a0 = 0 at x0 =⇒ x1, 0, y0 are in arithmetic progression;

b4 = 1 at y4 =⇒ 0x3y4y3 is a parallelogram;

b0 = −3 at y0 =⇒ 1 is in the affine convex hull 1 ∈ 〈x0, y1, y0〉,

and so on. The figure and its monomials have other convexity and collinearity
properties to which we return later (compare the Scissors of Figure 4.2).

2.2.3 Big end, little end, and attitude of a long rectangle
ss!at

In the SL(2, Z) geometry of the plane, all basic cones are equivalent, so there
is of course no notion of the size of an angle. Despite this, the bottom cone
〈x0, y0〉 is clearly the big end of Φ in Figure 2.2: if we view Φ as a pie chart,
〈x0, y0〉 occupies the lion’s share of the plane, practically 50%. The issue is
not size, but convexity. Our choice of signs in (2.13) is equivalent to eq!big

−〈ξ, η〉 ⊆ 〈x0, y0〉 . (2.20)

Even more holds: every monomial appearing as a minimal generator in the
other cones has inverse in 〈x0, y0〉.
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Our choices in Φ have already decided that the bottom S0 = A2
〈x0,y0〉 is

its big end and the top S2 = A2
〈ξ,η〉 its little end. (The two players swap ends

for the second half of the game.) Once this choice is out of the way, there
are still two dichotomies for the corner tags, forming a division into 4 cases,
the attitude of the long retangle and of the panel VAB. Treating this carefully
here will save many headaches later.

cor!at
Corollary 2.8 Except for initial cases with r or s = 1 (see 2.2.4) r, s )= a, b
and

r < a ⇐⇒ b < s and r < b ⇐⇒ a < s.

The long rectangle σAB thus has attitude:

Top tags: either ak ≥ 2 and bl = 1 if r < a and b < s; or

ak = 1 and bl ≥ 2 if r > a and b > s; and

Bottom tags: either a0 ≤ −1 and b0 = 0 if r < b and a < s; or

a0 = 0 and b0 ≤ −1 if r > b and a > s.
cor!VAB

Corollary 2.9 If a0 < 0 and b0 = 0 then [a2, . . . , ak, bl, . . . , b2, b1] = 0. If
a0 = 0 and b0 < 0 then [a1, . . . , ak, bl, . . . , b2] = 0.

Conversely, given 1
r (1,α) and 1

s(1,β) as in Definition 2.3, the tent T is
given by a fan Φ( r a

b s ) if and only if the continued fractions

r

r − α
= [a1, . . . , ak−1] and

s

s− β
= [b1, . . . , bk−1]

can be concatenated with ak and bl such that

either [a2, . . . , ak, bl, . . . , b2, b1] = 0 or [a1, a2 . . . , ak, bl, . . . , b2] = 0.

Proof x1 and y0 are opposite vectors in Figure 2.2, so 〈x1, x2, . . . , y1, y0〉 is
a half-space with a basic subdivision. Q.E.D.

32



2.2.4 Initial cases
ss!init

We list here all the cases with r or s ≤ 1, treating all cases with attitude not
covered by Corollary 2.8.

(
1 0
0 1

)

!0 !0
!0 !0

x0y1 = A,
x1y0 = B.

(
1 0
b 1

)

!0 !−b

!b !0
x0y1 = xb

1A,
x1y0 = B.

(
1 a
0 1

)

!−a !0
!0 !a

x0y1 = A,
x1y0 = ya

1B.

(
1 1

s− 1 s

)

!0
s ! !−(s− 1)

!1 !1 x1y1 = x2A, x2y0 = y1B,
x0x2 = xs

1,
x1y0 = AB, x0y1 = xs−1

1 A.

(
r 1

r − 1 1

)

!−(r − 1) !0
!1 !r!1 x0y1 = x2A, x1y1 = y1B,

y0y2 = yr
1,

x1y0 = yr−1
1 B, x0y1 = AB.

The cases with a or b = 1 and r, s ≥ 2 are not exceptional; rather, they
serve as the first regular example of our construction:

(
r rs− 1
1 s

)

!0

r ! ≡ 2s−1

!−(r − 1)

!s !1 (
r 1

rs− 1 s

)

!−(s− 1)

2r−1 ≡ !s!0
!1 !r

(2.21)

2.3 Construction of T ⊂ VAB from ( r a
b s ) ∈ SL(2, Z)

s!bet
For the deformation T ⊂ VAB, we pump up the fan Φ( r a

b s ) of 2.2.2 out of
the plane M to the cone σAB of Figure 2.3 in the 4-space of M = Z4, using
the new variables A,B respectively to bend along the ξ and η axes. In more
detail, consider the monomial lattice M ∼= Z4 based by ξ, η, A,B, and the
cone σAB in MR spanned by eq!x0y0
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ξ, η, A,B together with x0 = (Aη−1)rξa, y0 = ηb(Bξ−1)s (2.22)

(compare (2.13)). We draw σAB projectively, so that it has two quadrilateral f!siAB

!A
)

)
)

)

!

!x0 !
!

!
!

################

! ξ########

!

!B
-
-
-
-
-
-
-
-! y0

&&&&&&&&&&&&

η

Figure 2.3: The monomial cone σAB

faces ξηAx0 and ξηy0B (the “back”), and four triangles ξBx0, Bx0y0, x0y0A
and y0Aη (the “front”). The primitive vectors orthogonal to these faces are,
in order, eq!orthv

(0, 0, 0, 1) (0, 0, 1, 0) (0, 1, 1, 0) (rb, rs, 1, 0) (rs, as, 0, 1) (1, 0, 0, 1). (2.23)

We get σAB from the simplex 〈ξ, η, x0, y0〉 by pulling out each of the two
back faces to quadrilaterals, adding a vertex A in the plane of x0, ξ, η such
that ξ, η, A is basic and the quadrilateral x0, ξ, η, A is convex as shown, and
likewise for B in the plane of y0, η, ξ. The picture can be viewed from different
perspectives (we use some below, see Figure 4.1), and trying to read metric
properties from these can be misleading.

The dual cone σ∨AB is the convex hull of the orthogonal vectors (2.23).
Since these are all in the hyperplane of weights w with w(AB) = 1, the
dotted line from A to B is interior to σAB, and AB generates the ideal of
interior monomials. This is Danilov’s criterion for the toric variety VAB =
Spec(C[σAB ∩M ]) to be Gorenstein. The unextended simplex 〈ξ, η, x0, y0〉
itself does not in general determine A,B or the matrixes (2.14).

The 2-faces 〈x0, ξ〉 and 〈y0, η〉 of the simplicial cone 〈ξ, η, x0, y0〉 are also
faces of σAB, basic in M if and only if r = 1, respectively s = 1; they are the

34



monomial cones of toric surfaces S1 and S3, and to determine these, we want
the monomials of M along these sides, and the tag relations between them,
including those at the four corners6 (we explain this below). All this comes
from the relations (2.22) and their inverses eq!xi,eta

η = (ArBax−1
0 )sy−a

0 , ξ = x−b
0 (AbBsy−1

0 )r. (2.24)

Indeed (2.22) and (2.24) give eq!4mon

(x0ξ−a)1/r = Aη−1 and (y0η−b)1/s = Bξ−1

(xb
0ξ)

1/r = AbBsy−1
0 and (ya

0η)1/s = ArBax−1
0

∈ M. (2.25)

This implies that S1 and S3 are the quotient singularities eq!2way

S1
∼=

1

r
(a, 1) ∼=

1

r
(1,−b) and S3

∼=
1

s
(b, 1) ∼=

1

s
(1,−a). (2.26)

The more precise statement is the following:
l!mon

Lemma 2.10 The face 〈x0, ξ〉 spans a 2-dimensional vector space in MR,
that intersects M in the sublattice generated as a Z-module by x0, ξ together
with either of

(xb
0ξ)

1/r = AbBsy−1
0 or (x0ξ

−a)1/r = Aη−1.

Write x0, x1, . . . , xk−1, xk = ξ for the successive monomials along the Newton
boundary of 〈x0, ξ〉. The number k and the monomials themselves come from
either of the continued fraction expansions eq!b/s2

[a0, a1, . . . , ak−1] =
−b

r
and [ak, . . . , a1] =

a

r
(2.27)

by the following constructions:

1. From the bottom, x0 is given, and x1 = (xγ
0ξ)

1/r, where γ is the least
residue of b modulo r. Thus a0 = 0−b

r 1 = −b+γ
r ≤ 0 and

x1 = (xγ
0ξ)

1/r = AbBsxa0
0 y−1

0 , that is, x1y0 = AbBsxa0
0 . (2.28)

6Repetition, needs a little pruning.
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If γ = 0 then r divides b, whereas rs − ab = 1 implies that r, b are
coprime; thus r = 1, so that k = 1 and x1 = ξ. Otherwise x2, . . . , xk

are determined as usual by tag equations

xi−1xi+1 = xai
i for i = 1, . . . , k − 1,

where [a1, . . . , ak−1] = r
γ (see Remark 2.2).

2. From the top, xk = ξ is given; if r | a then, as before, r = 1 and
the only monomials are x0, x1 = ξ. Otherwise, set xk−1 = (x0ξr−α)1/r,
where α is the least residue of a mod r. Then r − α = akr − a where
ak = 0a

r 1 ≥ 1, and

xk−1 = ξak(x0ξ
−a)1/r = xak

k Aη−1 that is, xk−1η = Axak
k .

The remaining monomials are determined by

xi−1xi+1 = xai
i , where [ak−1, . . . , a1] = r

r−α .

The ring C[M ∩〈x0, ξ〉] (the coordinate ring C[S1] of S1) is isomorphic to
the invariant ring of the cyclic quotient singularity 1

r (a, 1) ∼= 1
r (1,−b); here

ab = rs− 1, so that ab ≡ −1 mod s.
In the same way, 〈y0, η〉 ∼= 1

s(b, 1) ∼= 1
s(1,−a) with initial monomials y1

and yl−1 determined by the corner tag equations

x0y1 = ArBayb0
0 and ξyl−1 = Bηbl ,

with b0 = 0−a
s 1 ≤ 0 and bl = 0 b

s1 ≥ 1, and the remaining monomials for S3

are y0, y1, . . . , yl−1, yl tagged by eq!a/r

[b0, b1, . . . , bl−1] =
−a

s
and [bl, . . . , b1] =

b

s
. (2.29)

l!be
Lemma 2.11 Let

T = S0 ∪ S1 ∪ S2 ∪ S3

be a tent with two given cyclic quotient singularities in reduced form S1 =
1
r (α, 1) and S3 = 1

s(β, 1). Then toric deformations T ⊂ VAB that smooth the
ξ and η axes correspond one-to-one with matrixes

(
r a
b s

)
∈ SL(2, Z) with

a ≡ α mod r,
b ≡ β mod s.
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Since ab = rs− 1 obviously implies that a < r or b < s, this means that

either a = α | rs− 1 and b = rs−1
α ,

or b = β | rs− 1 and a = rs−1
β .

There may be 0, 1 or 2 solutions.
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3 Classification of diptychs
ch!Cl

3.1 A second panel VLM
s!2ndp

Our7 construction in 2.3 of the toric deformation T ⊂ VAB was given by the
fan Φ( r a

b s ) dividing the plane M into the four cones of Figure 2.2. Its key
properties are that its 4 cones give the 4 sides of T , and the union of its three
top cones is one step beyond convex; by this we mean that shaving either x0 or
y0 off the two side cones makes the union of the three top cones convex. (More
specifically, in Figure 2.2, the tag 0 at x0 means that x1, 0, y0 are collinear, so
that every monomial except x0 is in the upper half-space; and the negative
tag b0 < 0 at y0 means that all the monomials from x0, . . . , xk, yl, . . . , y1 are
strictly within a half-plane.)

3.1.1 A second fan Φ′( r g
h s )

ss!2Ph
For the right panel VLM of our diptych, we need a second fan Φ′ in a plane
M′

(not identified with M), defining the same tent T , but this time the big
end of Φ′ is the top 〈ξ, η〉 corresponding to S2, and its little end the bottom
〈x0, y0〉 corresponding to S0. For this, replace (2.13) with the base change

x0 = η−rξ−g, y0 = η−hξ−s and η = x−s
0 yg

0 , ξ = xh
0y

−r
0 (3.1)

based on the inverse pair ( −r −g
−h −s ) and (−s g

h −r ), with g, h ≥ 0. As before,
x0, ξ, η, y0 define a fan Φ′ of 4 cones, but with signs giving the inclusion
−〈x0, y0〉 ⊆ 〈ξ, η〉 opposite to (2.20), so that 〈ξ, η〉 is the big end.

Lemma 3.1 In Φ′ the cone 〈x0, ξ〉 corresponding is 1
r (1, h) ∼= 1

r (−g, 1); the
cone 〈y0, η〉 is 1

s(1, g) ∼= 1
s(−h, 1).

Hence Φ′ defines the same tent T as Φ of 2.2.2 if and only if −g ≡ α
mod r and −h ≡ β mod s.

We say that Φ and Φ′ related in this way are partners. Section 3.2 classifies
all partner pairs.

l!2nd
Lemma 3.2 From VAB, the cone 〈x0, ξ〉 is 1

r (a, 1) ∼= 1
r (1,−b) and from VLM

it is 1
r (1, g) ∼= 1

r (−h, 1). The cone 〈y0, η〉 is 1
s(b, 1) ∼= 1

s(1,−a) and also
1
s(1, h) ∼= 1

s(−g, 1). Therefore ag ≡ 1 mod r and bh ≡ 1 mod s; together
with rs− ab = rs− gh = 1, these imply that eq!9

7This material needs organising as a coherent narrative.
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a + h ≡ b + g ≡ 0 mod r and mod s. (3.2)

3.1.2 A second panel VLM
ss!VLM

I fix notation: the left panel VAB was specified by the matrix

(
r a
b s

)
via the monomials

x0 = (Aη−1)rξa,

y0 = ηb(Bξ−1)s.

Likewise, the right panel VLM is Spec of the cone σLM in the same MR
generated by x0, y0, L,M together with monomials

ξ = (Ly−1
0 )rxg

0,

η = yh
0 (Mx−1

0 )s
specified by

(
r g
h s

)
∈ SL(2, Z).

We draw the two monomial cones σAB and σLM together in Figure 4.1
l!2nd2

Lemma 3.3 From VAB, the cone 〈x0, ξ〉 is 1
r (a, 1) ∼= 1

r (1,−b) and from VLM

it is 1
r (1, g) ∼= 1

r (−h, 1). The cone 〈y0, η〉 is 1
s(b, 1) ∼= 1

s(1,−a) and also
1
s(1, h) ∼= 1

s(−g, 1). Therefore ag ≡ 1 mod r and bh ≡ 1 mod s; together
with rs− ab = rs− gh = 1, these imply that eq!9

a + h ≡ b + g ≡ 0 mod r and mod s. (3.3)
r!convx

Remark 3.4 The union σAB ∪ σLM has convex hull a cone with a vertex.
Indeed, in the R-basis x0, y0, xk, yl of M, the condition for a linear form
(α,β, γ, δ) to be positive on A,B is

α− aγ + rδ > 0 and β + sγ − bδ > 0.

This is achieved by taking

s

b
>

δ

γ
>

a

r
, that is,

δ

γ
∈

(a

r
,
s

b

)
,

independently of α, β. Similarly, α
β ∈

(
h
s ,

r
g

)
gives positivity on L,M .

3.2 Classification of partner pairs
s!Cl

Classifying all partner pairs Φ, Φ′ of fans is an elementary “infinite descent”
exercise similar to playing with Fibonacci numbers.
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Rules of the game: Given integers eq!10

r, s ≥ 1, a, b, g, h ≥ 0, with ab = gh = rs− 1

and a + h ≡ b + g ≡ 0 mod r and mod s.
(3.4)

Use the congruences to define δ and ε: eq!10a

a + h = εs and b + g = δr. (3.5)

The following two operations preserve all the equalities and congruences
while interchanging δ and ε: eq!22

(
r a
b s

)
(→

(
0 1
−1 ε

)(
r a
b s

)
=

(
b s

εb− r g

)

(
r g
h s

)
(→

(
r g
h s

)(
δ 1
−1 0

)
=

(
b r

δh− s h

) (3.6)

and (“its inverse with ε, δ interchanged”) eq!23
(

r a
b s

)
(→

(
δ −1
1 0

)(
r a
b s

)
=

(
g δa− s
r a

)

(
r g
h s

)
(→

(
r g
h s

)(
0 −1
1 ε

)
=

(
g εg − r
s a

) (3.7)

It turns out that a series of these operations with alternating δ, ε reduces to
the initial case ( 1 δ

0 1 ), ( 1 0
ε 1 ) and then down to ( 0 1

−1 0 ), ( 0 −1
1 0 ). Inverting the

procedure gives the following result.
th!d-e

Theorem 3.5 (Classification Theorem I) Each solution of (3.4–3.5) is
one of the exceptional solutions (3.10) below, or is given by eq!d-e

(
r a
b s

)
=

(
δ −1
1 0

)(
ε −1
1 0

)
· · ·

(
ε or δ −1

1 0

)(
0 1
−1 0

)
,

(
r g
h s

)
=

(
0 1
−1 0

)(
0 −1
1 δ or ε

)
· · ·

(
0 −1
1 δ

)(
0 −1
1 ε

) (3.8)

or the same with the two righthand sides interchanged. The δ, ε alternate,
the two lines have the same number k + 1 of factors (for some k ≥ 1), and
the values of δ, ε and k that are allowed are exactly the following: eq!lt6

δε 0 1 2 3 ≥ 4
k 1 ≤ 2 ≤ 3 ≤ 5 any

(3.9)
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Exceptional solutions The cases b = g = 0 or a = h = 0, the matrixes eq!ex
(

r a
b s

)
=

(
1 a
0 1

)
and

(
r g
h s

)
=

(
1 0
h 1

)
, (3.10)

for any a, g ≥ 0, or the same with both matrixes transposed.

Remark 3.6 (1) The exceptional cases correspond to the not-very-long rect-
angles and not-very-surprising diptych varieties:

a 0 −h 0

0 −a 0 h

x0y1 = Axa
1 + Myh

0

x1y0 = B + L

and we do not need to mention them again. They do not give rise to Mori
flips because they do not admit weights with wtB = 0 and wtL > 0.

(2) The cases b = h = 0 or a = g = 0 are regular solutions in Theorem 3.5
with k = 1 and (say) δ = a, ε = g: eq!in

(
1 a
0 1

)
=

(
δ −1
1 0

)(
0 1
−1 0

)
,

(
1 g
0 1

)
=

(
0 1
−1 0

)(
0 −1
1 ε

)
. (3.11)

They provide the endpoint of our infinite descent, and correspond to case
I(a, g, 1) in Theorem 3.9:

a 0 0 −g

0 −a g 0

x0y1 = Axa
1 + M

x1y0 = B + Lxg
0

(3) The restriction on k when δε ≤ 3 in (3.9) arises because the product
in (3.8) no longer satisfies r, s, a, b ≥ 0 for bigger values of k. Thus

(
δ −1
1 0

)(
ε −1
1 0

)(
0 1
−1 0

)
=

(
δ δε− 1
1 ε

)

has top righthand entry < 0 for δε = 0 and k = 2. For δε = 1, 2, 3 and
k = 3, 4, 6 respectively, the product of k factors is -1:

(
δ −1
1 0

)(
ε −1
1 0

)
· · ·

(
δ or ε −1

1 0

)
=

(
−1 0
0 −1

)
,

so we are basically into elements of finite order in SL(2, Z).
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Sketch proof The proof is based on a case division according to the rel-
ative sizes of r, . . . , h; in each case, an appropriate combination of (3.6–3.7)
decreases the entries of both matrixes, down to one of the initial cases. When
δ, ε ≥ 2 and b > h, (3.6) decreases all the entries of both matrixes and then
the resulting factorisation is the stated one ((3.7) increases all the entries).
The interchanged version occurs for b < h. The cases when δ or ε = 1 is
indeterminate: either operation decreases some entries and increases others,
but composing the two decreases them all.

3.3 Mori billiards and quadratic irrationalities
s!Mbill

Our analysis boils down to the 2-step recurrent continued fraction

x = [ δ, ε ] = [δ, ε, δ, . . . ], a root of εx2 − δεx + δ = 0. (3.12)

Following Mori [M3], p. 167, introduce the quadratic form

Qδ,ε(x, y) = δx2 − δεxy + εy2,

The columns of our matrix solutions to (3.4–3.5) are equipotentials for Qε,δ =
δ or ε with alternating δ, ε:

Lemma 3.7 In the notation of Theorem 3.5

(
Qδ,ε(r, b), Qδ,ε(s, a)

)
=

{
(ε, δ) for k odd,

(δ, ε) for k even.

(see Figure 3.1 and Mori [M3], p. 167).

Example 3.8 For δ = 7, ε = 3, the matrixes ( r a
b s ) are

(
1 3
0 1

)
,

(
3 20
1 7

)
,

(
20 57
7 20

)
,

(
57 379
20 133

)
, etc.,

and they have

Qδ,ε(1, 0) = 7, Qδ,ε(3, 1) = 3, Qδ,ε(20, 7) = 7,

Qδ,ε(57, 20) = 3, Qδ,ε(379, 133) = 7, etc.
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!
!!

!
! !

x2 − xy + y2 = 1

!
!

!
!

2x2 − 2xy + y2 = 2

!
!

!
!

x2 − 2xy + 2y2 = 1

!
!!

!
! !

3x2 − 3xy + y2 = 3

!
!!

!
! !

x2 − 3xy + 3y2 = 1

Figure 3.1: Mori billiards when δε < 4

3.4 The four families of minimal models of pairs
s!min

Theorem 3.5 with δ, ε ≥ 2 gives the main family I(d, e, k) of long rectangles:
just use the output [δ, ε, δ, . . . ] of the theorem as the lefthand tags. When
δ or ε = 1, this is incompatible (as it stands) with the tags of Lemmas 2.5
and 2.10; in fact we worked there with minimal generators of monomial
cones, and so all the tags are ai ≥ 2. Eliminating redundant generators
corresponds to the blowdown of Proposition 2.1.b. Successively striking out
1s and decrementing adjacent tags by 1 gives the following result.

th!cl
Theorem 3.9 (Classification Theorem II) Up to reflection symmetries,
any pair of long rectangles is one of the following:

Name parameters case of Theorem 3.5

I(d, e, k) d, e ≥ 2, k ≥ 1 d = δ, e = ε

II(e, h) e ≥ 3, h ≥ 0 δ = 1, e = ε, k = 2h + 2 even

III(d, h) d ≥ 3, h ≥ 0 d = δ, ε = 1, k = 2h + 2 even

IV(d, h) d ≥ 3, h ≥ 0 d = δ, ε = 1, k = 2h + 1 odd
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where the families I–IV are described below.
Here “up to reflection symmetries” means interchanging xi and yj if nec-

essary, and swapping the two rectangles with a top-to-bottom inversion.
Swapping the two rectangles with a top-to-bottom inversion take one

solution to another. It takes families I, II and III to themselves. Its purpose
in the statement is to put δ = 1, ε ≥ 3 and k odd into Family IV.

For example, if we start from a chain 1, e, 1, e, . . . , 1, e in Theorem 3.5 of
even length k = 2h + 2 with e ≥ 4, then contracting out all the intermediate
1s gives the tags 1, e− 1, e− 2, . . . , e− 2, e− 1 of family II(e, h).

In the detailed list below we omit the corner annotations A,B at the top
of the lefthand rectangle, and L,M at the bottom of the righthand one. The
shorthand 2x denotes a column of 2s repeated x times. We usually write the
torso on the lefthand rectangle only, taken it as read on the righthand one.

Family I(d, e, k) for d, e ≥ 2, k ≥ 1

We treat separately the case I(d, e, 1), which has empty torso:

d 0 0 −e
∅
0 −d e 0

(3.13)

Case d, e ≥ 3, k ≥ 2 There are k − 2 alternating brackets; at the bottom
left, the tags are a = e, b = d if k is odd, or a = d, b = e if k is even.

d 1 0 −(e− 1)
2
2d−3

{
e 3

2e−3

}

{
d 3

2d−3

}

...
...{

a 3
2a−3

}

b 2
0 −(b− 1) a 1

When k = 2 the torso has 2d−1 on the right (as in (2.21)).
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Case d ≥ 3, e = 2 The expression 3, 2e−3, 3 for the righthand tags does not
make sense. Instead each occurrence is replaced with 4. At the bottom there
is a slightly different outcome for k even or odd:

d 1 0 −1

2d−2
{

2 4
}

{
d 2d−3

}

...
...

2 2

0 −1 d 1

or

d 1 0 −1
2d−2

{
2 4

}
{

d 4
}

...
...

2 3
d
0 −(d− 1) 2 1

Case d = 2, e ≥ 3 In the same way, replace each fragment 3, 2d−3, 3 with
4.

Case d = e = 2, k ≥ 2

2 1 0 −1
2k−1 k + 1
0 −1 2 1

Family II(e, h) for e ≥ 3, h ≥ 0

The case II(e, 0) is the same as I(1, e, 2) with d = 1:

1 1 0 −(e− 1)
e
0 −(e− 1) 1 1
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Case e ≥ 5, h ≥ 1 There are h− 1 repeating brackets.

1 2 0 −(e− 2)
e− 1 2

2e−5
{

e− 2 3
2e−5

}

...
...{

e− 2 3
2e−5

}

e− 1 2
0 −(e− 2) 1 2

Case e = 4
1 2 0 −2
3

2h−1 h + 1
3
0 −2 1 2

Family III(d, h) for d ≥ 3, h ≥ 0

Case d ≥ 5 There are h repeating brackets. When h = 0 the left torso is
empty, the right is 2d−1.

d− 1 1 −1 0
22

2d−5
{

d− 2 3
2d−5

}

...
...{

d− 2 3
2d−5

}

22

−1 0 d− 1 1
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Case d = 4
3 1 −1 0

2
2h h + 2

2
−1 0 3 1

Case d = 3 Now h only takes the values h = 0 and 1, giving

2 1 −1 0
3

−1 0 2 1
and

2 1 −1 0
2
2

−1 0 2 1

Family IV(d, h) for d ≥ 3, h ≥ 0

Case d ≥ 5 The case h = 0 is the same as I(d, e, 1) (the case (3.13) with
empty torso) specialised to e = 1.

There are h − 1 repeating brackets. When h = 1 the torso consists of a
single d− 1 against 2d−2.

d− 1 1 −1 0
22

2d−5
{

d− 2 3
2d−5

}

...
...{

d− 2 3
2d−5

}

d− 1 2
0 −(d− 2) 1 2

Case d = 4
3 1 −1 0

2h−1 2
3 h + 1
0 −2 1 2
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Case d = 3 In this case h is no longer a parameter.

2 1 −1 0
2 2
0 −1 1 2
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4 Combining monomial cones σAB and σLM
ch!pp

4.1 The pretty polytope Π(d, e, k)
s!pp

L M!
!

!
!

!
!

!
!

)
)

)
)

)
)

)
)!

!
!

!
!

!
!

!

B

)
)

)
)

)
)

)
)

A

x0

xk

y0

yl

Figure 4.1: Pretty polytope Π: Starting from simplex ABLM , pull out x0

on plane ABL, etc., with crosspiece x0y0 on the edge AB in ratio 1 : d, and
xkyl on the edge LM in ratio 1 : e. Π has 8 vertices and 12 triangular faces;
A,B,L,M have valency 5, and x0, y0, xk, yl valency 4.

f!pp
All our varieties T, VAB, VLM , VABLM are equivariant under the same torus

T = G4
m; write M = Hom(T, Gm) for its character lattice, identified with

the monomial lattice of both VAB and VLM . The coordinate ring of VABLM

constructed in Chapter 5 is M-graded (that is, T-equivariant). Write f
T∼ g to

mean that f and g are eigenfunctions with the same T-weight or eigenvalue in
M. This chapter mostly treats the T-weights of monomials; we mix additive

and multiplicative notation, and sometimes write = for f
T∼ g, so that, for

example, the first equation of (4.1) means x0
T∼ L−1/dAγBδ.

The pretty polytope Π of Figure 4.1 combines the two polytopes σAB

of Section 2.3 and σLM of Section 3.1. While VAB and VLM each provided
many possible Z-bases of M, we use instead the impartial Q-basis L,M,A,B,
writing out the T-weights of x0...k, y0...l as follows: eq!-1/d

x0 = (−1
d , 0, γ, δ) and x1 = (0, 1

e ,α,β), (4.1)

where eq!maca
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(
α β
γ δ

)
=






(
0 1

−1 e

)
· · ·

(
0 1

−1 e

)(
−1

d 0

0 1
e

)
if k is even

(
0 1

−1 e

)
· · ·

(
0 1

−1 d

)(
−1

e 0

0 1
d

)
if k is odd

(4.2)

(k factors in each product). Compared to (3.8), we simply remove the first
and last tags (d at xk and 0 at x0), and put in denominators d, e corresponding
to the index of the sublattice M′ = Z · (L,M,A,B) ⊂ M (see Corollary 4.7).

The impartial basis gives M two projections eq!pi

πAB : M → Q2 and πLM : M → Q2 (4.3)

that track the exponents of A,B and of L,M . The image group Q2 is ordered,
and we write πLM(m) ≤ 0 to mean that m ∈ M has nonpositive L,M
exponents, etc.

p!xys
Proposition 4.1 In the impartial basis L,M,A,B, the monomials x0, . . . , yl

have T-weights of the form (for even k):

x0 = ( −1
d 0 γ δ )

x1 = ( 0 1
e α β )

x2 = ( 1
d 1 · · )

x3 = ( 1 d− 1
e · · )

· · ·
xk−2 = ( · · 1

d 1 )

xk−1 = ( α β 0 1
e )

xk = ( γ δ −1
d 0 )

(4.4)

and
y0 = ( 0 −1

e dγ − α dδ − β )

y1 = ( 1
d 1− 1

e · · )

· · ·
yj+1 = bjyj − yj−1

· · ·
yl−1 = ( · · 1

d 1− 1
e )

yl = ( dγ − α dδ − β 0 −1
e )

(4.5)

where the bj in (4.5) are the tags at yj (usually 2 or 3).
When k is odd, the top-to-bottom symmetry swaps d and e. At the top,

we don’t change anything (recall that we define α,β, γ, δ in x1, x0 by the other
choice in (4.2)); at the bottom we do d ↔ e and modify α,β, γ, δ accordingly,
giving xk = (γ′, δ′,−1

e , 0) and yl = (eγ′ − α′, eδ′ − β′, 0,−1
d).
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Proof The matrix product in (4.2) ensures that the k− 1 changes of basis
of the form x2 = xe

1x
−1
0 , etc., take the last two entries

(
α β
γ δ

)
of x1, x0 into

the last two entries
(
−1/d 0

0 1/e

)
of xk, xk−1. The first two columns then just

record known data from VLM , and the last two from VAB. Q.E.D.

c!ming
Corollary 4.2 (i) Except for the explicit −1

d and −1
e in x0, xk, y0, yl at

the four corners, all the entries are ≥ 0.

(ii) (From here on, we assume d, e ≥ 2; the other cases are treated else-
where.) The L and M exponents πLM(xi) and πLM(yj) increase mono-
tonically with i and j (in fact, increase exponentially if de > 4, as
illustrated in Figure 4.2), while πAB(xi) and πAB(yj) decrease.

(iii) None of x0...k or y0...l is T-equivalent to a monomial in the other vari-
ables (all the xi, yj, A,B,L,M).

For (iii), notice that the xi, yj, A and B are minimal generators of the
coordinate ring of VAB by the results of Section 2.3. So it is impossible to
write even the first two entries of xi or yj as a positive integral combination
of the other variables.

x!k=2
Example 4.3 (Case k = 2) Then

(
α β
γ δ

)
=

(
0 1
−1 e

)(
−1

d 0
0 1

e

)
=

(
0 1

e
1
d 1

)

The variables x0...2, y0...d are

x0 = (−1
d , 0,

1
d , 1)

x1 = (0, 1
e , 0,

1
e)

x2 = (1
d , 1,−

1
d , 0)

y0 = (0,−1
e , 1, d−

1
e)

yi = ( i
d , i−

1
e , 1−

i
d , d− i− 1

e)

for i = 0, . . . , d

yd = (1, d− 1
e , 0,−

1
e)

Check top-to-bottom symmetry. Check the two tag equations at x0:

dx0 + (1, 0, 0, 0) = x1 + y0; and 0x0 + (0, 0, 1, d) = (0, 0, 1, d)

corresponding to the corner tag equations x1y0 = xd
0L in VLM and x1y0 =

ABd in VAB. Check the tag equations at y0: 1y0 + (0, 1, 0, 0) = x0 + y1, and

(e− 1)x1 + (0, 0, 1, d− 1) = (0, 1− 1
e , 1, d−

1
e)

corresponding to x0y1 = y0M in VLM and x0y1 = xe−1
1 ABd−1 in VAB.
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x!k=3
Example 4.4 (Case k = 3) Then

(
α β
γ δ

)
=

(
0 1
−1 e

)(
0 1
−1 d

)(
−1

e 0
0 1

d

)
=

(
1
e 1
1 e− 1

d

)

So x0...3, y0...d+e−2 are

x0 = (−1
d , 0, 1, e−

1
d)

x1 = (0, 1
e ,

1
e , 1)

x2 = (1
d , 1, 0,

1
d)

x3 = (1, d− 1
e ,−

1
e , 0)

y0 = (0,−1
e , d−

1
e , de− 2)

y1 = (1
d , 1−

1
e , d− 1− 1

e , (d− 1)e− 2 + 1
d)

. . .

yi = ( i
d , i−

1
e , d− i− 1

e , (d− i)e− 2 + i
d)

for i = 0, . . . , d− 1

yd−2 = (1− 2
d , d− 2− 1

e , 2−
1
e , 2e− 1− 2

d)

yd−1 = (1− 1
d , d− 1− 1

e , 1−
1
e , e− 1− 1

d)

yd = (2− 1
d , 2d− 1− 2

e , 1−
2
e , e− 2− 1

d)

. . .

yd−2+i = (i− 1
d , id− 1− i

e , 1−
i
e , e− i− 1

d)

for i = 1, . . . , e

yd+e−3 = (e− 1− 1
d , d(e− 1)− 2 + 1

e ,
1
e , 1−

1
d)

yd+e−2 = (e− 1
d , de− 2, 0,−1

d)

Same checks; note especially the effect of the tag 3 at yd−1.
x!46

Example 4.5 (Case d = 4, e = 6, k = 6)

L M A B

x0 = ( −1/4 0 505/4 483 )
6 x1 = ( 0 1/6 22 505/6 )
4 x2 = ( 1/4 1 23/4 22 )
6 x3 = ( 1 23/6 1 23/6 )
4 x4 = ( 23/4 22 1/4 1 )
6 x5 = ( 22 505/6 0 1/6 )

x6 = ( 505/4 483 −1/4 0 )

(4.6)

and eq!bigm
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L M A B

y0 = ( 0 −1/6 483 11087/6 )
2 y1 = ( 1/4 5/6 1427/4 8189/6 )
2 y2 = ( 1/2 11/6 461/2 5291/6 )
3 y3 = ( 3/4 17/6 417/4 2393/6 )
2 y4 = ( 7/4 20/3 329/4 944/3 )
2 y5 = ( 11/4 21/2 241/4 461/2 )
2 y6 = ( 15/4 43/3 153/4 439/3 )
3 y7 = ( 19/4 109/6 65/4 373/6 )
2 y8 = ( 21/2 241/6 21/2 241/6 )
3 y9 = ( 65/4 373/6 19/4 109/6 )
2 y10 = ( 153/4 439/3 15/4 43/3 )
2 y11 = ( 241/4 461/2 11/4 21/2 )
2 y12 = ( 329/4 944/3 7/4 20/3 )
3 y13 = ( 417/4 2393/6 3/4 17/6 )
2 y14 = ( 461/2 5291/6 1/2 11/6 )
2 y15 = ( 1427/4 8189/6 1/4 5/6 )

y16 = ( 483 11087/6 0 −1/6 )

(4.7)

We read this table in several ways. Omitting the A and B columns describes
σLM in the impartial basis. Notice the tag equations

bottom: x1y0 = x4
0L and x0y1 = y0M ;

sides: x0x2 = x6
1, x1x3 = x4

2 and so on;

top: x5y16 = L505M1932 and x6y15 = x5
5L

373M1427.

f!sciss
Figure 4.2 plots the first two columns of (4.7) as “scissors” controlled by

the points x0 = (−1
d , 0) and y0 = (0,−1

e) and the origin (0, 0) (implicit but
crucial). To describe it in words, the sequence of yi starts from y0 and tries
to grow along the line Λ of slope 1/[4, 6, 4, 6, . . . ]

.
= 0.261387212, without

crossing it. It first tries x0 (slope −∞), then x1 (slope 0) and x2 (slope 1/4,
so under Λ), then takes one step back to y1 = x2y0 (slope 3/10, so above
Λ). Now y0, y1, y2, y3, x3 is an arithmetic progression of length 5 = d+1 with
increment x2 (and yi+1 = yix2, so 0y0y1x2, 0y1y2x2, etc., are parallelograms);
but x3 (slope 6/23) is below L; so take one step back to y3 and construct the
next arithmetic progression y3, y4, y5, y6, y7, x4 of length 6 = e with increment
x3, and so on. Compare Figure 2.2, where the scissors were more open.

r!sciss
Remark 4.6 The abstract continued fraction [e, d, . . . , ] and its complement
[2, 2, . . . , 3, . . . , ] has two different “scissors” embeddings into the L,M -plane
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.exponent of M

/
exponent of L

!
x0

!y0 !
x1

!
x2 = (1, 6)

!y1

!y2 = (2, 11)
!y3 = (3, 17)

!
x3 = (4, 23)

!y4 = (7, 40)

Λ

Figure 4.2: Scissors (compare the dots of Figure 2.2.b). The exponents of
L are in units of 1/4 and those of M in units of 1/6. The initial points are
x0 = (−1, 0), y0 = (0,−1), x1 = (0, 1), y1 = (1, 5).

(as the dots of Figures 2.2 and 4.2) and into the A,B-planes, and the pretty
polytope Π(d, e, k) is just the diagonal embedding into the product.

We don’t see this clearly at present, but there must be a sense in which
Figure 4.2 puts together Mori billiards 3.3 with the Riemenschneider staircase
of [R], §3, pp. 220–3. It’s still an exercise to turn this from a philosophical
slogan into technically true propositions.

4.2 The quotient Q and the padded cell
s!pad

The exponents of x0...k, y0...l in Proposition 4.1 also behave in a characteristic
way modulo the integers (see Figure 4.3). To understand this, we write
M′ = Z · (L,M,A,B) ⊂ M for the sublattice generated by A,B,L,M , and
Q = M/M′ for the quotient. We think of Q pictorially as a fundamental
domain in M for the translation lattice M′, as in Figure 4.3.

c!Q
Corollary 4.7 (iv) Q ∼= Z/d⊕ Z/e, based by:

if k = 2κ is even:

x0 ≡ (−1
d , 0,∓

1
d , 0); and y0 ≡ (0,−1

e , 0,±
1
e); (4.8)
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×
y1

×
y2

× × ×
yd−1

×

×!x1

!x3

!y0 ≡ x3
!x3

!
x2

!
x0

!
x0 ≡ x4

Figure 4.3: The padded cell (with sides identified): the values of xi and
yj in the torus Q = M/M′. The xi cycle around the 4 points (±1

d , 0) and
(0,±1

e) closest to the origin, while the yi walk around the path of Figure 4.3,
performing k−1 quarter-circuits around the padding of the cell, starting from
x3 ≡ y0. Each quarter-circuit takes place in steps of xi and has endpoint xi+1.

if k = 2κ + 1 is odd:

x0 ≡ (−1
d , 0, 0,±

1
d) and y0 ≡ (0,−1

e ,±
1
e , 0), (4.9)

where in either case ± = (−1)κ.

(v) The classes in Q of monomials x0, . . . , yl are given as follows (for even
k):

x1 ≡ −y0 ≡ (0, 1
e , 0,∓

1
e), xi ≡ −xi−2 for i ≥ 2

and yj+1 = yj + xi(j)
(4.10)

for j in the appropriate interval. In particular, in Q, the xi are periodic
with period 4, with x3 ≡ y0.

Note that in Q, the different corner tags on the two long rectangles say
the same thing; thus

x1y0 = x0
1A

αBβ = xd
0L both give x1 ≡ y−1

0 ∈ Q

x0y1 = y−(e−1)
0 AγBδ = y0M both give y0 ≡ x0y1 ∈ Q

because xd
0, y

e
0 ∈ M.
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5 Proof of Main Theorem 1.2.3
ch!pf

Structure of the proof

The proof of Main Theorem 1.2.3 builds a staircase: first, we drop a chain of
projections down from the top of VAB, using Corollary 2.9 and the blowdowns
of Proposition 2.1.d to eliminate the generator x2...k and y2...l one at a time.
This chain will serve as a guiding rail in the main construction; it records
the order of variables and the current state of the tags and annotations as
we eliminate them (Proposition 5.2): as each sν = xi+1 or yj+1 is eliminated
from VAB,ν+1, it has tag 1, and appears in an equation sνhν = xiyj with its
neighbours, where hν = hν(A,B) is the monomial in A,B defined in 5.1.3.

We then build the 6-fold VABLM up from the bottom, holding tight to
our guiding rail, the chain of projections of VAB. Each step Vν+1 → Vν

of the induction is a Kustin–Miller unprojection (see [PR]), and adjoins an
unprojection variable sν = xi+1 or yj+1. The current Vν is contained in the
ambient space Aν = Ai+j+6

〈x0...i,y0...j ,A,B,L,M〉. The main point is to set up the
unprojection divisor Dν ⊂ Vν ; we define it by the ideal

IDν = (x0...i−1, y0...j−1, hν), (5.1)

with hν(A,B) as in 5.1.3, so that Dν is the hypersurface eq!Dnu

Dν : (hν(A,B) = 0) ⊂ A6
〈xi,yj ,A,B,L,M〉. (5.2)

Thus Dν is by definition the product of affine 4-space A4
〈xi,yj ,L,M〉 with the

monomial curve hν(A,B) = 0; the elements L,M form a regular sequence
for Dν , and the section L = M = 0 in Dν is the unprojection divisor for
VAB,ν+1 → VAB,ν . The remaining issue is to prove that Dν ⊂ Vν , or equiva-
lently, that eq!DV

IVν ⊂ IDν =
(
x0...i−1, y0...j−1, hν

)
. (5.3)

For this, rather than working with the actual equations of Vν (that we cannot
always calculate in closed form, and include complicated terms), we prove
the stronger result: any monomial in x0...i, y0...j, A,B, L,M with the same
T-weight as a generator of IVν is in IDν = (x0...i−1, y0...j−1, hν).8 Thus, every
T-homogeneous generator of IVν is a sum of monomials in IDν .

8Is this correct? In addition, we prove that in appropriate cases (with luck all the
Pfaffian equations in pentagrams) the 3 monomials known to occur in the Pfaffian are the
only possible monomials in that degree. Say here that the italicised claim is only true in
the main case d, e ≥ 2, de > 4, other cases treated elsewhere.
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It turns out in the end, much to our regret, that our proof does not involve
any explicit pentagrams or Pfaffians; however, they are close at hand if we
ever felt the compulsion to use them.

5.1 The projection sequence of VAB
s!pseq

This section and the next lay the groundwork for the proof of the Main
Theorem 1.2.3 by setting out facts and notation for the chains of birational
projections down from VAB and up from VLM . Either chain is provided by
the blowdown of Proposition 2.1.d applied to the conclusion [a2, . . . , b1] = 0
of Corollary 2.9.

ex!decon
Example 5.1 Consider the long rectangle of Figure 1.2. The concatenated
continued fraction [4, 2, 1, 3, 2, 2] = 0 is deconstructed as

[4, 2, 1, 3, 2, 2] (→ [4, 1, 2, 2, 2] (→ [3, 1, 2, 2] (→ [2, 1, 2] (→ [1, 1] = 0

This is a recipe for a chain of birational projections, each eliminating a mono-
mial from σAB with tag 1:

1B

A 2 3
4 2
2 2
0 −1

(→
AB 1 2B

4 2
2 2
0 −1

(→
1AB2

AB 3 2
2 2
0 −1

(→

A2B3
2 1AB2

2 2
0 −1

(→
A3B5

1

2 1AB2

0 −1

(→ A3B5
1 0A4B7

0 −1

For example, on the second line, we read x1y2 = x2
2A

2B3 and x2y1 = y2AB2

from the tags and annotation of the first rectangle, that we can check against
(1.6). Each rectangle is the monomial cone σAB,ν of a Gorenstein affine toric
variety VAB,ν with the given monomials in A,B as annotations, and each step
VAB,ν+1 → VAB,ν is a birational projection.
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5.1.1 Order of monomials
ss!order

Our construction inverts this type of chain, up from a codimension 2 complete
intersection in x0, x1, y0, y1, A,B, adding x2, y2 and so on one at a time, to
recover VAB. For this, we order the k + l− 2 steps inverse to the elimination
of the monomials x2...k, y2...l; that is, we rename the nth eliminated monomial
sν with ν = k + l−2−n, so that s0 = x2 and s1 = y2. We work by induction
on this ν. At the same time, we name the annotation hν on the monomial
sν as it is eliminated; the chain starts from the top with

sk+l−3 = yl and hk+l−3 = B and bl = 1. (5.4)

(This assumes the main case d, e ≥ 2 so that bl = 1. Otherwise, if ak = 1
then this line should be sk+l−3 = xk and hk+l−3 = A.)

Thus in Example 5.1, [s0, s1, s2, s3, s4] = [x2, y2, y3, x3, y4] and

[h0, h1, h2, h3, h4] = [A3B5, AB2, AB2, AB,B].

The scissors of Figure 4.2 strongly suggest this ordering of the monomials,
although there is a choice to make at the end between y1 and x2, which both
have tag 1; we always eliminate s1 = x2.

5.1.2 The projection VAB,ν+1 → VAB,ν
ss!snu

The projection sequence gives cones σAB,ν that depend on the induction
parameter ν. The top corners of each σAB,ν are monomials xi and yj with
i = i(ν) and j = j(ν) (Table 5.1 keeps track of these functions), and we know
the equations of VAB,ν including

xi−1yj = xαν
i Aν and xiyj−1 = yβν

j Bν , (5.5)

given by the tags and annotations at xi and yj in VAB,ν as in Figure 5.1. f!mod

" "
""

xi−1

αν

xi

Aν Bν
yj

yj−1

βν

Figure 5.1: The bar xi yj at the top of σAB,ν , with tag equations (5.5).
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p!snu
Proposition 5.2 The chain of projections VAB,ν+1 → VAB,ν reduces VAB

down to a codimension 2 complete intersection VAB,0 ⊂ A6
〈x0,x1,y0,y1,A,B〉. The

step VAB,ν+1 → VAB,ν eliminates sν = xi+1 or yj+1, with two possible cases
for the top of σAB,ν+1:

either
sν

xi yj

xi−1 yj−1

or
sν

xi yj

xi−1 yj−1

In the left case sν = xi+1, the top of σAB,ν is determined in terms of ν + 1
and the original tag ai at xi by

Aν = Aν+1, Bν = Aν+1Bν+1, αν = ai − 1, βν = βν+1 − 1, (5.6)

and similarly in the right case by

Aν = Aν+1Bν+1, Bν = Bν+1, αν = αν+1 − 1, βν = bj − 1. (5.7)

5.1.3 Choice of hν(A,B)
ss!hnu

We set hν = hcf(Aν , Bν), equal to Aν or Bν by (5.6–5.7). The unprojection
divisor of VAB,ν+1 → VAB,ν is the hypersurface (hν = 0) ⊂ A4

xi,yj ,A,B; in the
main construction of VABLM in 5.3, the unprojection divisor of Vν+1 → Vν is
(hν = 0) ⊂ A6

〈xi,yj ,A,B,L,M〉.
The initial case n = 0 or ν = k+ l−2 is VAB,ν = VAB; in our construction

of VABLM , it is the final goal: if we reach it, there is nothing more to check.
Then A = Aν , B = Bν , hν = 1, and divisibility by hν is trivial.

5.1.4 Unprojecting DAB,ν ⊂ VAB,ν
ss!upAB

Proposition 5.2 described the projection VAB,ν+1 → VAB,ν that eliminates
the variable sν ; inverting this, we construct VAB,ν+1 as an unprojection from
VAB,ν adjoining sν . For this, define DAB,ν ⊂ Ai+j+4

〈x0...i,y0...j ,A,B〉 by the ideal

(x0...i−1, y0...j−1, hν); thus DAB,ν is the hypersurface (hν = 0) ⊂ A4
〈xi,yj ,A,B〉.

Claim DAB,ν ⊂ VAB,ν. In other words, every generator of the ideal of VAB,ν

is in the ideal (x0...i−1, y0...j−1, hν) of DAB,ν.
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This is an exercise in toric geometry. [Hint: The main case goes as follows.
Consider an equation xiyj′ = xξ

iy
η
j A

αBβ for some j′ < j. First ξ = 0, for
otherwise we could divide through by xi to get a monomial expression for
yj′ . Now comparing our equation with the tag equation xiyj−1 = y

βj

j Bν gives

yj′y
βj−η
j y−1

j−1 = AαBβB−1
ν . (5.8)

However, both sides of (5.8) must be 1, since the span of y0...l is comple-
mentary to the span of A,B in the vector space MQ (compare Figure 2.3).
Therefore AαBβ = Bν , and both sides of our equation are in the ideal.]

The analogous claim in the more complicated context of Proposition 5.8
is the key point in the proof of the existence of VABLM .

5.2 Crosses, pitchforks and pentagrams

5.2.1 The spreadsheet for VAB

As just explained, our construction of Vν+1 from Vν reverses the projection
sequence down from the top of VAB. Our proof also needs information derived
from the projection sequence up from the bottom of VLM . Thus in Extended
Example 1.1, we deconstructed VLM by eliminating y0, y1, y2, x0, x1 from the
bottom of Figure 1.3. Here we establish how the two projection sequences
interleave, as an exercise in patient bookkeeping.

Table 5.1 gives the function i = i(ν), j = j(ν) of 5.1.2 describing the top
of VAB,ν as in Figure 5.1. The table repeats periodically with period d+e−2,
or alternate half periods of d − 1, e − 1. We set v = ν mod d + e − 2 and
write ν = C(d + e− 2) + v. t!spsh

The starting point ν = 0 is VAB,ν with x1, y1 at its top bar. We describe
the odd case k = 2κ + 1. Set C = 0 and enter the first round: the line
v = a = 1 adds an xi, then a = 2, . . . , e − 1 is a half round that adds
e − 2 terms yj; similarly, the line v = e (so b = 1) adds an xi and then
b = 2, . . . , d− 1 is a half round that adds d− 2 terms yj. We then increment
C (→ C + 1 and loop. Each half round adds one xi and d− 2 or e− 2 terms
yj. There are k − 1 half rounds, ending with ν = (d + e− 2)κ if k = 2κ + 1
or ν = (d− 1)κ + (e− 1)(κ− 1) if k = 2κ.

The above treatment assumes that we are in the main case d, e ≥ 2;
everything remains true when d or e or both are 2. Then the intervals
2 ≤ a ≤ d− 1 or 2 ≤ b ≤ e− 1 are empty, so the corresponding half periods
add one xi and no yj.
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v i j

0 2C + 1 (d + e− 4)C + 1

a 2C + 2 (d + e− 4)C + a for 1 ≤ a ≤ e− 1

e + b− 1 2C + 3 (d + e− 4)C + e− 2 + b for 1 ≤ b ≤ d− 1

Final k = 2κ + 1 l = (d + e− 4)κ + 2

v i j

0 2C + 1 (d + e− 4)C + 1

a 2C + 2 (d + e− 4)C + a for 1 ≤ a ≤ d− 1

d + b− 1 2C + 3 (d + e− 4)C + d− 2 + b for 1 ≤ b ≤ e− 1

a 2C + 2 (d + e− 4)C + a for 1 ≤ a ≤ d− 1

Final k = 2κ l

Table 5.1: Numbering the unprojection sequence for VAB. The even case
k = 2κ has one fewer half round. The final line is irregular: it adds a final yl

instead of xk+1 with l = (d+ e− 4)κ+2 or l = (d− 2)κ+(e− 2)(κ− 1)+2.

5.2.2 Comparing the projection sequences for VAB and VLM

We want to compare the bars xi, yj at the top of VAB,ν with the corresponding
thing at the bottom of VLM after a number of projections. To see this, we
divide the monomials yj up into intervals according to the lines of Table 5.1,
writing Yi−1 for the ith half period. In more detail, for k even, the line for f!pfpi
even i = 2C + 2 gives the interval

Yi−1 =
{
yj

∣∣ for j ∈ [ni + 1, . . . , ni + d− 1]
}

(5.9)

where ni = (d + e− 4) i−2
2 ; similarly, the line i′ = 2C + 3 gives

Yi′−1 = {yj

∣∣ for j ∈ [ni′ + 1, . . . , ni′ + e− 1]
}

(5.10)

where ni′ = (d + e− 4) i′−3
2 + d− 2.

Notice the adjacency between the intervals: the last entry ni + d − 1 of
Yi−1 equals the first entry ni′ + 1 of the following interval Yi′ with i′ = i + 1,
and vice versa. For d or e = 2, the interval Yi reduces to one element.
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Figure 5.2: Projecting VAB from the top and VLM from the bottom

l!barLemma 5.3 The bars at the top of VAB,ν are precisely xi+1, yj with j ∈ Yi.
The bars at the bottom of VLM,ν′ (after projecting out ν ′ monomials from

VLM , starting with y0) are precisely xi−1, yj with j ∈ Yi. See Figure 5.2.

The first clause merely repeats the information contained in Table 5.1
about the order of projection. The projection sequence of VLM from the
bottom is enumerated by a symmetric and more or less identical spreadsheet,
which proves the second clause.

The following simple consequence is a key point of our proof in Section 5.3.
c!kil

Corollary 5.4 Suppose that we project out n1 monomials from the top of
VAB down to the top bar xi, yj and n2 monomials from the bottom of VLM up
to the bottom bar xi′ , yj′, where n1 +n2 = k + l− 2, so that just 4 monomials
remain. Then i′ < i and j′ ≤ j.

Equivalently, either i′ = i− 1 and j′ = j − 1 or i′ = i− 2 and j′ = j, so
that any such projection leads to a “cross” or “pitchfork” of the shape$

$
$
$

#######"""""""xi

xi−1

yj

yj−1

or

$
$
$

$xi

xi−1

xi−2

yj (5.11)

The same phenomenon was already implicit in the cascade of pentagrams
of Example 1.1; we include this, although it is not essential for our proof.
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Corollary 5.5 Projecting out n1 monomials from the top of VAB and n2

from the bottom of VLM with n1 + n2 = k + l− 3 gives a pentagram of one of
the two shapes

$
$
$

$
$

*******&&&&&&& or

$
$
$
$

$'''''''
3333333 (5.12)

5.3 Proof by induction
s!pf

We construct V = VABLM by serial unprojection. The induction starts from
the codimension 2 complete intersection

V0 ⊂ A8
〈x0,x1,y0,y1,A,B,L,M〉

defined by

x1y0 = Tx0(VAB) + Tx0(VLM) and x0y1 = Ty0(VAB) + Ty0(VLM)

where Tx0(VAB) is the righthand side of the tag equation at x0 in VAB, and
similarly for the other three terms. Clearly V0 is Gorenstein and A,B,L,M
is a regular sequence, with the regular section L = M = 0 in V0 the variety
VAB,0. We use the following elementary fact about unprojection.

l!com
Lemma 5.6 Unprojection commutes with regular sequences: let X,D be as
in [PR], Theorem 1.1 and Y → X the unprojection of D in X. Suppose that
z1, . . . , zr ∈ OX is a regular sequence for X and for D. Then z1, . . . , zr is
also a regular sequence for OY , and Yz is the unprojection of Dz in Xz, where
Yz : (zi = 0) ⊂ Y and similarly for Dz and Xz. !

indas
Inductive assumption 5.7 We own a variety Vν = VABLM,ν having a T-
action, together with a regular sequence L,M made up of T-eigenfunctions
such that Vν ∩ (L = M = 0) = VAB,ν.

We start with ν = 0, and VABLM,ν = V0 as above. The induction has
k + l − 2 steps, adjoining x2...k and y2...l in the order determined in 5.1.1.
When ν reaches k + l− 2 then VABLM = Vν and we are finished. Otherwise,
if ν < k + l − 2, the induction step consists of proving that Vν has a divisor

63



Dν on which L,M is a regular sequence, and the section Dν ∩ (L = M = 0)
is the divisor DAB,ν ⊂ VAB,ν .

If ν < k + l − 2, by 5.1.4, the step VAB,ν+1 → VAB,ν of the chain down
from VAB is the unprojection adjoining the element sν with unprojection
ideal

(
x0...i−1, y0...j−1, hν

)
, where hν is the monomial in A,B defined in 5.1.3.

We seek to imitate this for the 6-fold Vν ; for this, define Dν by

Dν ⊂ A8
〈x0...i,y0...j ,A,B,L,M〉 with ideal IDν =

(
x0...i−1, y0...j−1, hν

)
.

Clearly, it is the hypersurface Dν : (hν = 0) ⊂ A6
〈xi,yj ,A,B,L,M〉, and is the

product of A4
〈xi,yj ,L,M〉 with the plane curve hν(A,B) = 0. The issue is to

prove that Dν ⊂ Vν .
p!k

Proposition 5.8 (Key point) IVν ⊂ IDν = (x0...i−1, y0...j−1, hν) for every
ν < k + l − 2.

We prove this by a general argument on T-weights of monomials that may
appear in a relation, without any need to analyse the actual equations of Vν .
We introduce the notation R(ν) for the T-weights of homogeneous generators
of IVAB,ν or equivalently, of IVν (by T-equivariance); we write f ∈ R(ν) to
indicate that f is a homogeneous polynomial with T-weight in R(ν). The
precise statement we prove is the following:

cl!div
Claim 5.9 Any monomial xξ

iy
η
j A

αBβLλMµ ∈ R(ν) is divisible by hν.

Recall that hν = hcf(Aν , Bν); we usually prove divisibility by Aν or Bν .
By definition, any alleged monomial in R(ν) is T-equivalent to a relation in
IVAB,ν for xi′yj′ or xi′xi′′ or yj′yj′′. The main mechanism of the proof is to
compare it with one of the two equations (5.5), or more precisely, with one
of the model monomials eq!mod2

xi−1yj
T∼ xαν

i Aν and xiyj−1
T∼ yβν

j Bν , (5.13)

coming from the top corners of VAB,ν as in Figure 5.1.

Step 1 Claim 5.9 holds for every monomial in R(ν − 1). Indeed, it is
divisible by hν−1 by induction, and by (5.6–5.7) the hν increase as ν decreases.

Step 2 The first actual calculation in the proof: Claim 5.9 holds for all
the monomials xi′yj with i′ = 0, . . . , i − 1 and xiyj′ with j′ = 0, . . . , j − 1
appearing in cross-over relations.
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Proof We write out the proof for xi′yj in detail as a model case. The
method is to compare an alleged monomial

xξ
iy

η
j m

T∼ xi′yj ∈ R(ν), where m is a monomial in A,B,L,M

with the known monomial xαν
i Aν

T∼ xi−1yj from (5.13). We have η = 0:
otherwise dividing both sides by yj contradicts Corollary 4.2.iii. Consider

xi′

xi−1

T∼ xξ−αν
i

m

Aν
(5.14)

By Corollary 4.2.ii and the fact that i′ ≤ i − 1, the lefthand side has L,M
exponents πLM( xi′

xi−1
) ≤ 0 (see (4.3) for the notation πLM and πAB); thus

αν ≥ ξ, and the equivalence takes the form eq!gt-1

xαν−ξ
i

xi′

xi−1

T∼ m

Aν
with αν ≥ ξ. (5.15)

Now for the same reason, πAB( xi′
xi−1

) ≥ 0. The same goes for xαν−ξ
i , except

for the case xi = xk, at the top left of the rectangle for VAB.
This initial case is important: πAB(xk) = (−1

d , 0) (see Proposition 4.1);
because of the negative exponent, we cannot get our conclusion by convexity
alone. Instead we use a congruence argument based on intuition derived from
the padded cell 4.3: in fact, the negative exponent is the smallest possible
value −1

d , and we claim that αν is one of d − 1, d − 2, . . . , 1. Indeed, if
ν = k + l − 2 we are at the end of the induction, and there is nothing to
prove. Otherwise, the tag at xk has decreased by at least one from its pristine
value d. It follows that the lefthand side of (5.15) has A exponent > −1 and
B exponent ≥ 0. On the other hand, the righthand side of (5.15) is a Laurent
monomial. Therefore m is divisible by Aν , as required.

The argument for xiyj′ is similar but slightly easier. Suppose that eq!topc

xiyj′
T∼ xξ

iy
η
j m with m = AαBβLλMµ. (5.16)

First ξ = 0, because otherwise dividing through by xi would contradict
Corollary 4.2.iii. Next, dividing through by the monomials in the second
expression of (5.13) gives

yj′

yj−1
= yη−βν

j × m

Bν
. (5.17)
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As before, since j′ ≤ j − 1, Corollary 4.2.ii gives that πLM(
yj′

yj−1
) ≤ 0. There-

fore η − βν ≤ 0. Taking that term to the lefthand side gives

yβν−η
j

yj′

yj−1
=

m

Bν
with βν ≥ η. (5.18)

Now j′ ≤ j − 1, so πAB(
yj′

yj−1
) ≥ 0; the same goes for yj except if j = l and

yj is at the top of the long rectangle, and we are finished, with Vν = VABLM .
Therefore the exponents of A,B on the lefthand side are ≥ 0, and hence m
is divisible by Bν .

This proves Step 2. Q.E.D.

The proof of Step 2 used Corollary 4.2.ii to compare the exponents of
xi/xi′ and yj/yj′ , with typical implication i > i′ ⇒ πLM(xi) > πLM(xi′). For
Step 3 we need a similar comparison for monomials xi/yj′ and yj/xi′ . Care is
needed here to distinguish the order of monomials in the projection sequences
from the top of VAB and from the bottom of VLM : the L,M exponents behave
monotonically in the projection sequences of VAB, and vice versa.

l!cmp
Lemma 5.10 Given two monomials m1,m2 ∈ {x0...k, y0...l}, suppose that the
projection sequence for VAB eliminates m1 before m2; then

πLM(m1) ≥ πLM(m2). (5.19)

Similarly, if the projection sequence for VLM eliminates m1 before m2 then

πAB(m1) ≥ πAB(m2). (5.20)

See Scissors, Figure 4.2 for a picture. Example 4.5 provides a numerical
sanity check, with the respective orders of elimination

VAB : y16, y15, y14, x6, y13, y12, y11, y10, x5, y9, y8, x4, y7, y6, y5, y4, x3, y3, y2, x2;

VLM : y0, y1, y2, x0, y3, y4, y5, y6, x1, y7, y8, x2, y9, y10, y11, y12, x3, y13, y14, x4.

Step 3 Claim 5.9 holds for all monomials yjya with a = 0, . . . , j − 2.
First, Corollary 5.4 implies that the VLM projection sequence eliminates

ya before xi−1. Indeed, xi−1 is joined to yj in a cross or pitchfork involving at
most yj and yj−1, so this is a party to which no ya with a ≤ j − 2 is invited.
Therefore Lemma 5.10 gives eq!piAB
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πAB

( ya

xi−1

)
≥ 0. (5.21)

As before, comparing the alleged monomial with the first of (5.13) gives eq!ya

ya

xi−1

T∼ xξ−αν
i

m

Aν
. (5.22)

The proof divides into two cases.

Case 1 The projection sequence for VAB eliminates xi before ya.
Lemma 5.10 says that ξ − αν ≥ 1 is impossible in (5.22) (the lefthand

side would have πLM strictly smaller than the right). Thus eq!yaw

xαν−ξ
i

ya

xi−1

T∼ m

Aν
with αν ≥ ξ, (5.23)

and (5.21) implies that Aν divides m.

Case 2 The projection sequence for VAB eliminates ya before xi. This
means that ya, yj are both contained in the interval Yi−1 of Lemma 5.3, and
that ya is not at the bottom:

xi ! ! yj

! ya

! yb

)
)

)
)

)

Suppose that xi is tagged with d (or simply replace d ↔ e in what follows),
and write Yi−1 = [b, b + d− 2] for the interval of Lemma 5.3. Our conclusion
in this case is that ξ − αν < a − b + 1 and ≡ a − b + 1 mod d. Therefore
ξ ≤ αν , and the argument of Case 1 works as before.

The proof goes as follows:

(a) For ya ∈ Yi−1

πLM(ya) = (a− b)πLM(xi) + πLM(yb) < (a− b + 1)πLM(xi). (5.24)

(b) On the other hand, taking πLM in (5.22) gives

(ξ − αν)πLM(xi) = πLM(ya)− πLM(xi−1) < πLM(ya) (5.25)

Therefore ξ − αν < a− b + 1 ≤ d− 2.
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(c) Moreover modulo M′, we have

ya ≡
xa−b+1

i

xi−1
∈ Q. (5.26)

(d) Therefore in (5.22), ξ − αν ≡ a− b + 1 mod d.

Proof (a) follows from the tag equations for the toric variety VAB at the
successive yα: as yα+1 is eliminated it has tag 1 and tag equation eq!yal

xiyα = yα+1A
uαBvα. (5.27)

Applying πLM gives the equality in (5.24), and the inequality comes from
Lemma 5.10.

(b) When we reach the bottom of this interval, we eliminate xi, with tag 1
and tag equation

xi−1yb = xiA
ubBvb . (5.28)

Viewing this equation modulo M′ gives yb ≡ xi/xi−1, and together with (5.27)
this gives the value of ya in Q as eq!ysuba

ya ≡ ybx
(a−b)
i ≡ xa−b+1

i

xi−1
, (5.29)

which proves (c).
In the coordinates of the padded cell Q, we know that xi−1 is (0,±1

e) and

xi is (±1
d , 0). The alleged monomial tells us that yα ≡ xξ−α

i /xi−1 modulo M′,
and (d) follows. Q.E.D.

Step 4 Claim 5.9 holds for all monomials xixa with a = 0, . . . , i− 2.
We only consider the case eq!star

d, e ≥ 2 and de > 4. (∗)

In fact,9 we must use this assumption, since the claim fails when d = e = 2.
Given this, the argument turns out to be rather coarse compared to Step 3,
and we win with something to spare.

9Say this, if true?: This is the (only?) place in the proof that uses de > 4? Also, deal
with case assumption d, e ≥ 2, de > 4 in the statement of Main Claim 5.9.
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Proof We compare an alleged monomial xixa
T∼ yη

j m with the first of (5.13)
as usual; move the yj term across, this time regardless of sign, obtaining

yβν−η
j

xa

yj−1

T∼ m

Bν
. (5.30)

Our conclusion in this case is that βν − η− 1 > −2 and d divides βν − η− 1;
this implies that πAB(m/Bν) ≥ πAB(xayj/yj−1) ≥ 0, so that Bν divides m as
required.

The proof goes as follows:

(1) Arguing from the top, we see that yj goes before xi−2 in the projection
sequence for VAB; the tag equation in VAB as yj is eliminated is eq!pfAB

xi−2yj−1
T∼ yjA

uBv. (5.31)

(2) From the bottom, the existence of the pitchfork (xi...i−2, yj) implies
that in the projection sequence for VLM , the tag equation as yj−1 is
eliminated is eq!pfLM

xi−2yj
T∼ yj−1L

sM t. (5.32)

(3) Now substitute for yj/yj−1 from (5.31), obtaining

yβν−η−1
j

xi−2xa

AuBv

T∼ m

Bν
. (5.33)

Taking L,M parts gives

(βν − η − 1)πLM(yj) ≥ −πLM(xi−2)− πLM(xa). (5.34)

Now since yj goes before xi−2 in the VAB sequence, Lemma 5.10 says
that πLM(yj) is bigger than either summand on the right. Therefore

βν − η − 1 > −2. (5.35)

(4) Now substitute for xi−2/yj−1 from (5.32), obtaining eq!mB

yβν−η−1
j LsM t T∼ m

Bν
. (5.36)

Now the usual padded cell congruence argument implies that d divides
βν−η−1. In fact m/Bν and LsM t ∈ M′, whereas yj is at the endpoint
of an interval Yi−1 and so has coordinates (±1

d , 0) in Q.
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Finally, either a = i − 2 and the tag equation (5.32) at yj−1 gives
πAB(xayj/yj−1) = 0, or xa goes before yj−1 in the projection sequence for
VLM , so that πAB(m/Bν) ≥ πAB(xayj/yj−1) ≥ 0, and Bν divides m as re-
quired.

Q.E.D.
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6 The other cases

The above treatment assumed d, e ≥ 2 and de > 4. The remaining cases are

(i) d = 1, e ≥ 5 or d ≥ 5, e = 1.

(ii) d = e = 2.

(iii) (d, e) = (1, 4) or (4, 1).

(iv) de ≤ 3.

6.0.1 Rough notes

de− 4 is a discriminant, compare 3.3.
The cases d = e = 2 and {d, e} = {1, 4} provide mild counterexamples

to Claim 5.9 in the preceding proof. The difference with the cases de )= 4
is that the T-weights of x0, . . . , xk ∈ M include long arithmetic progressions,
so that 5.3, Step 4 for xixa often fails: it is not true that every monomial
T-equivalent to a relation R is divisible by hν . These cases are discussed in
the separate chapter [BR].

In the cases de ≤ 3, at least one of d, e equals 1, and k is small (see (3.9)).
This handful of cases can almost certainly be treated as easy initial cases of
the main family I(1, e, k) or I(d, 1, k).

In the cases with d or e = 1, the main difference is that we have a choice
as to which monomials it makes sense to project out. Any xi tagged with
a 1 could be projected out at any time, and different order of projections
will lead to different forms of the equations (some with redundant generators
and some without). The phenomenon was already present in the previous
chapter: every one of our deconstructions ended with the two monomials
x2, y1 both tagged with a 1, and we chose to project out the x2.

In the bigger cases with d or e = 1, the monomials xi and yj still have
coordinates in the impartial basis A,B,L,M , and we can use this to deter-
mine a preferred order of projections down from the top of VAB and up from
the bottom of VLM . These orders are different from the straightforward lex-
icographic order x0, x1, x2, . . . , but if we follow them we still get our crosses,
pitchforks and pentagrams, and most of the remaining ingredients of our
proof.
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6.1 d = 1, e ≥ 5

(The variables tagged with 1 can be eliminated, and then it should be the
same as d, e ≥ 2 and de > 4.)

There is a choice here: one strategy is to start by eliminating the variables
tagged with 1 as redundant generators, and put together a whole new proof
from scratch similar to the argument for d, e ≥ 2 and de > 4. However, it
turns out to be more convenient to leave in the redundant generators: this
obliges us to rearrange the order of projection, but it has the advantage that
the main equations remain Pfaffians with monomial entries.

We illustrate the issues involved by working out the case I(1, e, 1), that
is, d = 1, e ≥ 3 and k = 3. The equations from the bottom are f!131

!
!
!
!

(0)

1

e

1
A

!

≡

!

(0)

2e−2

2
B

!
!
!
!

eL

1

e

(0)

!

≡

!

1M

2e−2

(−(e− 1))

Figure 6.1: The case I(1, 3, 1)

x0y1 = Ae−1Be−2 + y0M and x1y0 = AeBe−1 + xe
0L (6.1)

Although the monomial x1 is redundant as a generator, it does no harm to
leave him in throughout the unprojection calculation. The Pfaffian equations
come from the chain





yj xj
2A

e−j−1Be−j−2 −xe−j−1
0 L −yj+1

x0 AB −1
x1 M

x2



 (6.2)

for j = 0, . . . , e−2 and the final coda introducing x3 as unprojection variable




ye−1 xj
2A

e−j−1Be−j−2 −xe−j−1
0 L −x3

x0 A −1
x1 BM

x2



 (6.3)
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The two top tag equations are

x2y3 = x3A + LM3 and x3y2 = y2
3B + x2

2LM2 (6.4)

The effect of leaving in the redundant generator x1 = x0x2 + ABM is
that these matrixes have a unit entry. But eliminating him messes up the
shape of the remaining equations.

e.g. d = 1, e = 6, k = 10.
Lefthand tags: 1, 6, 1, 6, 1, 6, 1, 6, 1, 6, 0.
Righthand tags: 2, 2, 2, 3, 2, 3, 2, 3, 2, 2,−4.

> Matrix([x10,x9,x8,x7,x6,x5,x4,x3,x2,x1,x0]);

[ 265 209 -1 0]
[ 56 265/6 0 1/6]
[ 71 56 1 1]
[ 15 71/6 1 5/6]
[ 19 15 5 4]
[ 4 19/6 4 19/6]
[ 5 4 19 15]
[ 1 5/6 15 71/6]
[ 1 1 71 56]
[ 0 1/6 56 265/6]
[ -1 0 265 209]

> Matrix([y10,y9,y8,y7,y6,y5,y4,y3,y2,y1,y0]);

[ 209 989/6 0 -1/6]
[ 153 362/3 1 2/3]
[ 97 153/2 2 3/2]
[ 41 97/3 3 7/3]
[ 26 41/2 7 11/2]
[ 11 26/3 11 26/3]
[ 7 11/2 26 41/2]
[ 3 7/3 41 97/3]
[ 2 3/2 97 153/2]
[ 1 2/3 153 362/3]
[ 0 -1/6 209 989/6]
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The matrices when d = 1, e = 6, k = 6

1. x6 (out), x5, x3 (in), y6, y5




y5 x4
5 By6 x3

y6 L14M11 A
x6 L5M4

x5





2. x5, x4 (in), x3, y6 (out), y5




x3 Ax4
5 L5M4 x4

y5 1 AB
y6 L14M11X3

x5





3. x5, x4, x3, y5 (out), y4 (in)




y5 L9M7x2
3 A2Bx3

5 y4

x5 L5M4 1
x4 AB

x3





4. x5, x4, x3, y4 (out), y3 (in)




y4 L4M3x2
3 A3B2x2

5 y3

x5 L5M4 1
x4 AB

x3





5. x5, x4 (out), x3, x1 (in), y3




y3 x3
3 A4B3x5 x1

x5 L4M3 1
x4 ABLM

x3





6. x5 (out), x3, x2 (in), x1, y3




x1 x2
3 ABLM x2

y3 1 A4B3

x5 L4M3x1

x3




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6.2 d = e = 2
s!22

Weights (assume k even).

y2 k/2 (k + 1)/2 0 −1/2

y1 1/2 1/2 1/2 1/2

y0 0 −1/2 k/2 (k + 1)/2

xk (k − 1)/2 k/2 −1/2 0

xk−1 (k − 2)/2 (k − 1)/2 0 1/2
...

...

x1 0 1/2 (k − 2)/2 (k − 1)/2

x0 −1/2 0 (k − 1)/2 k/2

Notice that all the xi are collinear in Z4, and in any projection, so that
arguing on T-weights will not effectively deter monomials in the equations
for xixj.

The actual equations include

xi−1xi+1 = x2
i + (AB)k−i−1(LM)i−1BM

y1xi = ABxi+1 + LMxi−1

All the equations not involving y0, y2 come from

y1 AB x0 x1 . . . xk−2

LM x2 x3 . . . xk

x1 x2 . . . xk−1

m01 . . . m0,k−1

mij

where
mi,i+1 = (AB)k−3−i(LM)iBM

and (exponents need correcting)

mi,j =
(AB)i−j − (LM)i−j

AB − LM
(AB)i(LM)k−jBM
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On the other hand the T-weight of y0y2 does force all monomials in the
long equations to be divisible by h.
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Try again

k = 7

y1 AB x0 x1 x2 x3 x4 x5

LM x2 x3 x4 x5 x6 x7

x1 x2 x3 x4 x5 x6

A4B5M y1A3B4M y2
1A

2B3M −A3B4LM2 y3
1AB2M − 2y1A2B3LM2 dunno

A3B4LM2 y1A2B3LM2 y2
1AB2LM2 −A2B3L2M3 y3

1BLM2 − 2y1AB2L2M3

A2B3L2M3 y1AB2L2M3 y2
1BL2M3 −AB2L3M4

AB2L3M4 y1BL3M4

BL4M5

Same but subst BM = z, AB = C, LM = D

k = 7

y1 C x0 x1 x2 x3 x4 x5

D x2 x3 x4 x5 x6 x7

x1 x2 x3 x4 x5 x6

C4z y1C3z y2
1C

2z − C3Dz y3
1Cz − 2y1C2Dz dunno

C3Dz y1C2Dz y2
1CDz − C2D2z y3

1Dz − 2y1CD2z

C2D2z y1CD2z y2
1D

2z − CD3z

CD3z y1D3z

D4z

with dunno = (y4
1 − 3y2

1CD + C2D2)z.
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Same but float z

y1z Cz x0 x1 x2 x3 x4 x5

Dz x2 x3 x4 x5 x6 x7

x1 x2 x3 x4 x5 x6

C4 y1C3 y2
1C

2 − C3D y3
1C − 2y1C2D y4

1 − 3y2
1CD + C2D2

C3D y1C2D y2
1CD − C2D2 y3

1D − 2y1CD2

C2D2 y1CD2 y2
1D

2 − CD3

CD3 y1D3

D4

The bottom 6× 6 matrix is the second wedge of

y2
1C/D − C2 y1C CD 0 −D2 −y1D2/C

−y1C2/D −C2 0 CD y1D y2
1D/C + D2

The general case

y1z Cz x0 . . . xi−1 xi . . . xk−2

Dz x2 . . . xi+1 xi+2 . . . xk

x1 . . . xi xi+1 . . . xk−1

Ck−3 . . . . . . . . .

Ck−1−iDi−2 y1Ck−2−iDi−2 . . . . . .

Ck−2−iDi−1 . . . . . .

. . . . . .

Dk−3

The bottom (k−1)×(k−1) block is the second wedge of a 2×(k−1) matrix
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any two consecutive columns of which (say i− 1, i) reduce to

. . . CaDb 0 . . .

. . . 0 CcDd . . .

with a + c = k − 2− i and b + d = i− 1, and the rest of which is then fixed
by requiring the j − 1, j minor to be Ck−2−jDj−1 and the j − 2, j minor to
be y1Ck−2−iDi−2.

. . . y1CaDb−1 CaDb 0 . . .

. . . −Cc+1Dd−1 0 CcDd . . .
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Part II

Mori flips of Type A

7 Introduction to Part II

To go from a diptych 6-fold VABLM to a Mori flip involves

(1) a suitable choice of 1-parameter subgroup Gm ⊂ T, or equivalently a
grading of the coordinate ring k[VABLM ];

(2) a suitable regular codimension 2 section (or regular pullback) homo-
geneous under the Gm-action;

(3) passing to the GIT quotient by this Gm action as described in Reid
[Wf?] and in 1.3.2.

We explain how to make these choices for any diptych 6-fold in Theo-
rem 8.5, to construct Mori flips of Type A. We sketch the converse: finding
a diptych variety to realise a given flip in this way (Theorem 8.6). The key
is Mori’s division algorithm [M3].

7.1 First example
exa!first

Let VABLM be the short diptych I(d, e, 1) of Figure 7.1.

!(0) !(−d)

!A d !0 B

!eL
!0 M

!(0) !(−e)

Figure 7.1: The short diptych with tags d, e

Then VABLM is just A6
〈x01y01AL〉 with B,M given by the two righthand tag

equations

VABLM : x0y1 = Axd
1 + M, x1y0 = B + Lxe

0. (7.1)

Setting A = uα, B = uβ, L = tλ, M = tµ defines a regular pullback of
VABLM , the codimension 2 complete intersection

Vut : x0y1 = uαxd
1 + tµ, x1y0 = uβ + tλxe

0. (7.2)
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We make these equations homogeneous, giving the “section” u and “ele-
phant” t the weights wtu = 0, wt t = 1; we choose λ = em1 and µ = dm2,
and give the top x1, y1 positive weights wtx1 = m2, wt y1 = m1 + dm2;
homogeneity of the two equations fixes the bottom weights to be negative:
wtx0 = −m1, wt y0 = −m2 < 0.

These weights determine an action of Gm on Vut as a 1-parameter sub-
group Gm ⊂ T of the torus T = (Gm)4 that acts on VABLM . Passing to
the GIT quotient by this Gm action, in other words to the Proj, describes
a flip X → T ← X+. The two flipping curves C ⊂ X and C+ ⊂ X+

are weighted P1s represented by the top and bottom of our diptych panel:
C = P(m2,m1 + dm2)xk,yl

and C+ = P(m1,m2)x0,y0 , so that C+ = P1 with
homogeneous coordinates the weighted ratio xm2

0 : ym1
0 between the bottom

two monomials in Figure 7.1. Before the flip, the extremal neighbourhood X
is a union of two affine pieces xk )= 0, each a Type A terminal hyperquotient
given by

xk = 1 (x0y1 = uαxd
1 + tµ)/ 1

m2
(−m1,m1, 0, 1) with y0 = B + Lxe

0, and

yl = 1 (x1y0 = uβ + tλxe
0)/

1
m1+dm2

(−m2,m2, 0, 1) with x0 = uαxd
1 + tµ.

This explains our choice of tents having top and bottom S0 = S2 = A2 rather
than more general toric surfaces, and thus our choice of long rectangles.

7.2 The explicit manifesto

The Mori category consists of (quasi-)projective 3-folds with Q-factorial ter-
minal singularities. The singularities were classified into explicit lists by
Mori [M2]; see also [YPG], Theorem 6.1. The other ingredients of the Mori
category are the steps of the minimal model program

(i) divisorial contractions (surface → point) (Kawakita [Kk1], [Kk2]);

(ii) divisorial contractions (surface → curve) (Tziolas [Tz1], [Tz2]);

(iii) flips (Mori [M1], [M3], Kollár and Mori [KM]);

the final models

(iv) Mori fibre space conic bundles X → S (Prokhorov [Pr1], [Pr2], Mori
and Prokhorov [MP]);
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(v) Mori fibre space del Pezzo fibrations (Corti [Co1], Pukhlikov [Pu1],
[Pu2]);

(vi) Fano 3-folds ([Si]);

and

(vii) Sarkisov links between the 3-fold Mfs in (iv–vi) (Sarkisov [Sa], Corti
[Co1], [Co02], Corti, Pukhlikov and Reid [CPR], Corti and Mella [CM],
Brown, Corti and Zucconi [BCZ]).

As indicated by the selective references, much progress has been made on
each of these items since the Minimal Model program was established in the
1980s; one hopes in the fullness of time to see many more explicit results,
even concrete lists of varieties.
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8 Mori flips and diptych varieties

8.1 Mori’s continued division algorithm

8.1.1 A summary of Mori’s algorithm

Theorem 2.2 of [M3] proves that any semistable extremal neighbourhood
C ⊂ X has completion along C isomorphic to the completion of the following
model for suitable mi, ai, gi.

Input Two patches of an extremal neighbourhood with glueing rules: for
i = 1, 2,

Ui :
(
ξiηi = gi(ζ

mi
i , u)

)
⊂ 1

mi
(1,−1, ai, 0)

where the variables are in order ξi, ηi, ζi, u and gi ∈ C[[u]][ζmi
i ]. The glueing

is achieved by
ξm1
1 = ξ−m2

2 , ζ1ξ
−a1
1 = ζ2ξ

m2−a2
2

with the glueing of ηi implicit in the equations.

Initial data from the input Two types of data, for i = 1, 2.
Discrete data: read off the integers mi, ai and set

ρi = degT gi(T, u), αi = valu gi(T, u).

Set two auxilliary integers

δ = a1m2 + a2m1 −m1m2,

and
ε = (δρ1ρ2)

2 − 4ρ1ρ2 = discr(ρ1x
2
1 − δρ1ρ2x1x2 + ρ2x

2
2).

(The δ, ε appearing here are quite different from those of Theorem 3.5. Note
that δ > 0 since it comes from the canonical class. And, except in a handful
of small cases having in particular ρ1, ρ2 ≤ 4, also ε > 0.) It is a requirement
coming from the Gm action that 2m1 > δρ2m2: if this is not the case, swap
the roles of 1, 2 in the indexing and compute again.

Continuous data: construct the homogeneous polynomials

Gi(T, S) = gi(T/S, u)Sρi ∈ C[[u]][S, T ]

and note that Gi(T, 1) is reduced. We arrange for Gi(0, 1) = uαi using
coordinate change in xi, yi.
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Discrete part of the algorithm Define

n 1 2 3 4
ρi ρ1 ρ2 ρ1 ρ2 repeat 4-periodically
αi α1 α2 α1(ρ1 − 1) α2(ρ2 − 1) repeat 4-periodically
αi,2 α1 α2 repeat 2-periodically

The powers of z in the tag equations (or, equally, the Gm weights) come from

n 1 2 · · · d(k + 1)
d(n) m1 m2 (∗) −d(k − 1)

where the missing entries (∗) are computed by d(n+1)+d(n−1) = δρnd(n),
and k is the first positive integer for which the d(k) ≤ 0; no further values
of d(n) are required. (Here Mori also defines the modified sequence d∗(n);
in diptych terms, this computes the grading around the bottom of the long
rectangle as well as down the d, e side.)

The powers of u in the tag equations come from

n 0 1 2 3
e(n) 0 −α1 −α2 0

and e(n + 1) + e(n− 1) = δρne(n) + δαn−2 − αn−1,2.

The polarisations of the singularities are generated by

n 1 2 · · · k + 1 k + 2
c(n) a1 m2 − a2 (∗) −c(k − 1) −c(k)

where the missing entries (∗) are computed by c(n+1)+ c(n− 1) = δρnc(n).

Continuous part of the algorithm Set

n 1 2 3 4
Gi G1 G2 G1(uα1S, T )/uα1 G2(uα2S, T )/uα2 repeat 4-periodically.

Then compute sections of bundles Fi ∈ H0(X,Li) – we treat them simply
as new variables. We arrange them schematically (together with alternative
notation x1, . . . , y′2 that is used later) as

F2 F1

F3 F0

F4
...

Fk−2

Fk−1 Fk+2

Fk Fk+1

=

x1 x2

y2 y1

...

y′2 x′1
y′1 x′2
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satisfying equations

F3F1 = G2(z
m2 , F δ

2 ) and F2F0 = G1(z
m1 , F δ

1 )

at the top and then defined by tag equations

Fn+1Fn−1 = Gn−2(F
δ
n , ue(n)zd(n)) for 3 ≤ n ≤ k − 1.

(Theorem 3.10 of [M3] proves that Fn−1 divides Gn−2.) We extend beyond
Fk by

Fk+1Fk−1 = Gk−2(F
δ
k , ue(k)zd(k))z−ρk−2d(k)

Fk+2Fk = Gk−1(F
δ
k+1, u

e(k+1)zd(k+1))z−ρk−1d(k+1).

(Theorem 3.12 of [M3] proves this extended division.)

Output when d(k) < 0 The neighbourhood C ⊂ X is a flipping neigh-
bourhood. Set

m′
1 = −d(k + 1), a′1 = c(k − 1) mod m′

1

m′
2 = −d(k), a′2 = c(k) mod m′

2
and g′i(T, u) = G′

i(T, 1)

where c mod m means the residue of c in 1, . . . ,m. (Note that the m′
i are

indexed in the opposite order to Section 8.2 below.)
Two patches of the flipped neighbourhood with glueing rules:

U ′
i :

(
ξ′iη

′
i = g′i((ζ

′
i)

m′
i , u)

)
⊂ 1

m′
i

(1,−1, a′i, 0)

where the variables are in order ξ′i, η
′
i, ζ

′
i, u and g′i ∈ C[[u]][(ζ ′i)

m′
i ]. The glueing

is achieved by

(ξ′1)
m′

1 = (ξ′2)
−m′

2 , ζ ′1(ξ
′
1)
−a′1 = ζ ′2(ξ

′
2)

m′
2−a′2

with the glueing of η′i implicit in the equations.

Output when d(k) = 0 The neighbourhood C ⊂ X is a divisorial neigh-
bourhood. Set

m = −d(k + 1), a = c(k − 1) mod m and g(T, u) = Gk−1(T, 1).
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A patch on the image of the contraction:

U :
(
ξη = g(ζm, u)

)
⊂ 1

m
(1,−1, a, 0)

where the variables are in order ξ, η, ζ, u and g ∈ C[[u]][ζm].
Mori calculates much more from these equations. For example, [M3], The-

orem 3.13 shows that C = (Fk−1 = Fk+2 = u = 0) ⊂ X, and Proposition 3.14
then calculates that

Ln · C =
d(n)

m1m2
.

8.1.2 Mori’s projective model of the flip

Given discrete parameters as above together with the polynomials G1, G2,
Mori describes the variety

X =

(
x1y1 = G1(zm1 , xδ

2)
x2y2 = G2(zm2 , xδ

1)

)
⊂ A5

〈x1,x2,y1,y2,z〉 ×∆(u), (8.1)

where ∆(u) is a formal neighbourhood of the origin, Spec C[[u]]. This variety
has a Gm action, described explicitly in [M3] Remark 2.7, and the flip (or
divisorial contraction) of the initial extremal neighbourhood is described by
the variation of this Gm action. This is carried out explicitly in Theorem 4.7
of [M3] to compute the output of the algorithm described above.

8.2 Mori flips from diptych varieties
s!lrflip

We explain how a diptych variety determines a family of canonical covers
of Mori flips. There are several steps: we choose a Gm action on V , then
specialise the annotation variables A,B,L,M to reduce V to a 4-fold; the
standard variation of GIT quotient now describes a 3-fold flip, and we must
check whether it is a Mori flip.

8.2.1 Diptych varieties and Gm actions

Let V = VABLM be a diptych variety based on the pair of long rectangles
XAB and YLM intersecting in the tent T . We determine a Gm action on V
by assigning integer weights to all the variables so that the equations are
homogeneous with respect to these weights.
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l!act
Lemma 8.1 Any choice of weights for x0, x1, y0, y1, A,B,L,M for which the
tag equations at the bottom corners are homogeneous uniquely determines a
Gm action on V .

Of course, there are only really 4 degrees of freedom in the choice of
weights, since the trinomial tag equations impose 4 linear conditions.

Proof The diptych is constructed by unprojection. This construction is
equivariant for the action of T; each unprojection ideal is homogeneous, and
then the unprojection variable can be chosen to lie in one homogeneous piece
of the unprojection Hom space. Q.E.D.

Nearly following Mori [M3], write

wtxk = m2, wt yl = m1 and wtx0 = m′
1, wt y0 = m′

2. (8.2)

for the weights of the corner variables.
l!wts

Lemma 8.2 Suppose that V has a Gm action with wtA = wtB = 0,
and assume that codimV > 2. Let p/q = [ak, ak−1, . . . , a1] and r/s =
[bl, bl−1, . . . , b1]. Then

(
−m′

1

−m′
2

)
=

(
wtL/(a′0 − a0)
wtM/(b′0 − b0)

)
=

(
q −p
−r s

)(
m1

m2

)
.

If m′
1,m

′
2 < 0 then x0, y0, A,B are the only variables with weight ≤ 0.

To construct examples, we usually use the equations expressed in the
form (

m1

m2

)
=

(
s p
r q

)(
−m′

1

−m′
2

)
and

wtL = (a0 − a′0)m
′
1

wtM = (b0 − b′0)m
′
2

.

Proof Lemma 2.10 shows wtx0 = wtxp
ky

−q
l Aq and wt y0 = wtx−s

k yr
l B

s,
implying the first claim, that

wtx0 = −qm1 + pm2 and wt y0 = rm1 − sm2.

The same lemma computes the tag equations at the bottom corners as

x1y0 = y−a0
1 h1,0(A,B) + x

a′0
0 L, x0y1 = x−b0

1 h0,1(A,B) + y
b′0
0 M (8.3)
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for monomials h0,1, h1,0 in A,B. Suppose that a0 = 0; a similar argument
works if instead b0 = 0. The first equation has weight zero and so wtx1 > 0.
Since b0 ≤ 0, the second equation has nonnegative weight and so wt y1 > 0.
Both L,M have strictly positive weight since a′0, b

′
0 > 0 (under the codi-

mension restriction). All other variables now have positive weight since the
weight function is linear (or by considering the tag equations down the edges
of the tent).

For the remaining claim, we first show that
(

wtL
wtM

)
=

(
−a0r′ + a′0q a0s′ − a′0p
b0q′ − b′0r −b0p′ + b′0s

)(
m1

m2

)
(8.4)

where p′/q′ = [ak, ak−1, . . . , a2] and r′/s′ = [bl, bl−1, . . . , b2]. Lemma 2.10
computes that x1 = xp′

k y−q′

l Aq′ and y1 = x−s′

k yr′
l Bs′ , and therefore

wtx1 = −q′m1 + p′m2, wt y1 = r′m1 − s′m2.

Using equations (8.3),

wtL = −a0 wt y1 − a′0m
′
1

= (−a0)(r
′m1 − s′m2)− a′0(−qm1 + pm2)

= (−a0r
′ + a′0q)m1 + (a0s

′ − a′0p)m2

and

wtM = −b0 wtx1 − b′0m
′
2

= (−b0)(−q′m1 + p′m2)− b′0(rm1 − sm2)

= (b0q
′ − b′0r)m1 + (−b0p

′ + b′0s)m2,

which proves (8.4). Now if a0 = 0 then also r = q′ and s = p′, and the claim
follows from (8.4) with these values. Q.E.D.

Definition 8.3 An action is of flipping type if one of the following sign
conditions is met:

either m1,m2 > 0 and m′
1,m

′
2 < 0, or m1,m2 < 0 and m′

1,m
′
2 > 0.

Corollary 8.4 Actions of flipping type on V for which XAB is the Gm cover
of an elephant are determined by a pair (−m′

1,−m′
2) ∈ N2.
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8.2.2 Specialising diptych varieties to 4 dimensions

We replace A,B,L,M by two variables u, z. There are several different ways
we could manage the specialisation. In the first place we compute monomial
specialisation, that is, we make assignments of the form

A = uα, B = uβ, L = zλ, M = zµ

for integers α,β,λ, µ > 0. (The case when one or more exponent is zero will
also give flips, but not of type k2A.) Later we allow more general polynomials
or power series, but in any case these expressions must be homogeneous.

th!monfl
Theorem 8.5 Let V = V (A,B,L,M) be a diptych variety. Any pair of
integers m′

1,m
′
2 < 0 determine a Gm action on V of flipping type with

wtx0 = m′
1, wt y0 = m′

2, wtxk = −(sm′
1 + pm′

2), wt yl = −(rm′
1 + qm′

2)

wtA = wtB = 0, wtL = (a0 − a′0)m
′
1, wtM = (b0 − b′0)m

′
2.

Any pair of integers α,β > 0 determine a monomial specialisation

A = uα, B = uβ, L = z(a0−a′0)m
′
1 ,M = z(b0−b′0)m

′
2

that is compatible with the Gm action for wtu = 0, wt z = 1. The resulting
flip diagram is a semistable Mori flip in which the quotient of (u = 0) ⊂ V
is a Du Val elephant and the quotient of (z = 0) ⊂ V is a cyclic quotient
hyperplane section. To check

Proof The only thing to check is that X− has terminal singularities. This
is clear from the trinomial form of the two equations at the top of the diptych,
as in Example 7.1. Q.E.D.

8.2.3 A comparison of diptychs and the division algorithm

We run Mori’s algorithm for a diptych variety in several steps: compute
two patches before the flip, that is, the two tag equations at the top of the
diptych variety localised away from the origin; determine mi, ai, αi, Gi, ρi, Fi

from these two patches; apply Mori’s algorithm; and compare the outcome
of Mori’s algorithm with the two patches determined by the localised tag
equations at the bottom of the diptych variety.
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The diptych variety with a choice of Gm action Consider the diptych
variety

2 1
5 3
2 2
5 2

3
0 −4

0 −4
5 3
2 2
5 2

3
2 1

with flipping
weights (the
minimal choice):

49 87
11 38
6 27
1 16

5
−1 −1

This has partial continued fractions

[2,5,2]= 16/9 [1,3,2,2]= 4/7

[2,5,2,5]= 71/40 = p/q [1,3,2,2,3]= 9/16 = r/s.

The top two equations are

x3y5 = x2
4A + L9M16 x4y4 = y5B + x4

3L
4M7. (8.5)

The choice of weights m1 = 87, m2 = 49 come from setting m′
1 = m′

2 = −1
in Lemma 8.2, the smallest possibility.

Patches on the flip according to the diptych variety We make the
specialisation A = uα2 , B = uα1 . The weights force the specialisation L =
z2m′

1 , M = z5m′
2 which in this case is L = z2, M = z5.

The top corner tag equations (8.5) give the two patches

x4 = 1:
(
x3y5 = uα2 + z98

)
⊂ 1

49
(11, 87, 0, 1) =

1

49
(1,−1, 0, 9)

y5 = 1:
(
x4y

′
4 = uα1 + z435

)
⊂ 1

87
(49, 38, 0, 1) =

1

87
(1,−1, 0, 16)

where the usual second tag equation x4y4 = B + (x2
4A + L9M16)4L4M7 is

brought to normal form with the coordinate change y′4 = y4−x7
4A

4L4M7−· · · .
The patch equations we get after the flip are

x1y0 = L + A9B16 = z2 + u16α1+9α2

and
x0y1 = M + (x2

0L + A9B16)4A4B7 = z5 + · · ·+ u71α1+40α2 ,
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which can be put in standard form by y′1 = y1 − · · · .
The quotients of this give a semistable flip. The elephant is

XAB//Gm = C[x0x1, y
5
0y1, u]/equations = C[u, v, w]/(vw −A49B87).

We could compute the section too. As far as the diptych variety is concerned,
this is the end of the calculation.

Mori’s division algorithm The two patches above are the starting point
for Mori’s calculations.

ρ1 = 5,m1 = 87, a1 = 16: U1 : (ξ1η1 = uα1 + z435) ⊂ 1

87
(1,−1, 0, 16)

ρ2 = 2,m2 = 49, a2 = 40: U2 : (ξ2η2 = uα2 + z98) ⊂ 1

49
(−1, 1, 0, 40)

(Following Mori, we arrange for the local coordinate along the extremal curve
to have weight 1 in each local patch; this variable is ξ1 in the first patch and
η2 in the second.) The auxilliary variables are

δ = a2m1 + a1m2 −m1m2 = 1, ε = (δρ1ρ2)
2 − 4ρ1ρ2 = 60.

[M3], Definition 3.2 computes Gi, ρi, αi,αi,2, d(i), e(i) and Definition 3.11
gives d(i). Note below that d(1) > d(3), and d(6) < 0 so k = 6.

n 0 1 2 3 4 5 6 7

ρn 5 2 5 2 5 2

αn α1 α2 4α1 α2 α1 α2

αn,2 α1 α2 α1 α2 α1 α2

d(n) m1 m2 2m2 −m1 9m2 − 5m1 16m2 − 9m1 71m2 − 40m1

87 49 11 6 1 −1 −1

e(n) 0 −α1 −α2 0 α1 α1 + α2 8α1 + 4α2 14α1 + 8α2

c(n) 16 9 2 1 0 −1

Recall that d(n) are the Gm weights and that c(n) are computed in the same
way as d(n), with initial values a1 = 16, m2 − a2 = 9 in place of m1,m2.
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We read G1, G2 from the initial patches and compute G3, G4 according
to the rule. From then on, Gi repeat 4-periodically.

G1(T, S) = T 5 + uα1S5

G2(T, S) = T 2 + uα2S2

G3(T, S) := G1(uα1S, T )/uα1 = T 5 + u4α1S5

G4(T, S) := G1(uα2S, T )/uα2 = T 2 + uα2S2

G5(T, S) = T 5 + uα1S5 = G1(T, S)

[M3] Definition 3.9 and Theorem 3.10 compute Fi by the formulas

Fn−1Fn+1 = Gn−2(F
δ
n , zd(n)ue(n)) for 3 ≤ n ≤ k − 1

and
Fk−1Fk+1 = Gk−2(F

δ
k z−d(k), ue(k)),

FkFk+2 = Gk−1(F
δ
k+1z

d(k−1), ue(k+1)).

In this example, the Fi will correspond to diptych variety variables as

F0 F1 F2 F3 F4 F5 F6 F7 F8

y4 y5 x4 x3 x2 x1 x0 y0 y1

The equations (with Fi replaced by xi as above) read:

n Mori diptych
3 x2x4 = x5

3 + uα1z55 x2x4 = x5
3 + BL5M9

4 x1x3 = x2
2 + u2α1+α2z12 x1x3 = x2

2 + AB2LM2

5 x0x2 = x5
1 + u9α1+5α2z5 x0x2 = x5

1 + A5B9M
6 x1y0 = x2

0z
2 + u16α1+9α2 x1y0 = x2

0L + A9B16

7 x0y1 = y5
0z

5 + u71α1+40α2 x0y1 = y0M + x4
1A

4B7.

So Mori’s algorithm computes the same patches as the diptych variety. (The
first four are identical after substitution. The final equation is different, but
determines the patch after the flip.)

The first step in Mori’s division algorithm is to show that

y5
5(x

5
3 + uα1z55)z#u# ≡ 0 mod x4
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where x# denotes any sufficiently high power of x for the following calcula-
tion. Indeed

y5
5(x

5
3 + uα1z55)z#u# =

(
(y5x5)5 + y5

5u
α2z55

)
z#u#

=
(
(z98 + uα2x2

4)
5 + y5

5u
α2z55

)
z#u#

≡ (z435 + y5
5u

α2)z#u#

=
(
(x4y4 − y5

5u
α1) + y5

5u
α2

)
z#u#

≡ 0.

8.3 Diptych varieties from Mori flips

This is our main application and original motivation.

Theorem 8.6 Let C ⊂ X be an extremal neighbourhood of type k2A with
δ = 1. Then there is

• a diptych variety VABLM

• specialisations of A,B,L,M as functions of the variables x1, . . . , xk,
y1, . . . , yl and two additional variables u, z; the variety after specialisa-
tion is denoted Vuz.

• a Gm action on Vuz for which wtu = 0 and wt z = 1

such that a formal neighbourhood of C ⊂ X is isomorphic to a formal neigh-
bourhood of P1(xk, yl) in the Gm quotient of Vuz polarised by positive weight.
The contraction of C ⊂ X (and also its flip, when this is a flipping neigh-
bourhood) is realised by the variation of this Gm quotient.

Moreover, restricting to the locus z = 0 in each quotient describes an
elephant of the extremal neighbourhood C ⊂ X, while u = 0 describes a
section of it.

We want to prove this in two steps. The choice of diptych and of group
action corresponds to the discrete part of Mori’s algorithm; the specialisations
correspond to the continuous part.

8.3.1 The numerical part

A diptych is determined (up to the symmetries of a rectangle) by the pair of
tags d, e down one side. Given a flip of type k2A, these are computed by

d = δρ2 = ρ2, e = δρ1 = ρ1,
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since we restrict attention to the case δ = 1. This provides the diptych
variety VABLM .

The weights of the group action are determined on the xi and yj as follows.
The indices of the singularities on C ⊂ X are the orders of the stabilisers
along the xk and yl axes; so these variables are given weights m2 and m1

respectively. The specialisation we make is of the form

A = uα2 + higher order terms in u, B = uα1 + higher order terms in u.

In particular, A and B must both have weight 0. The weights of all other
xi, yj are then determined by the homogeneity of the tag equations on VAB.
Finally, the weights of L,M are determined by the homogeneity of, say, the
two equations at the top of the diptych.

8.3.2 Choosing the specialisations

We are required only to solve for A,B,L,M so that the initial (top) two
equations of the specialised diptych variety Vuz equal the two equations of
Mori’s projective model (modulo increasing formal powers of u) given in
section 8.1.2. We omit this.
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9 Open problems

Does VABLM have more symmetry? We noted in the introduction that
the 6-fold VABLM has an effective action of (Gm)4. It is possible that it has
a bigger group of symmetries, or even that it is quasi-homogeneous under a
bigger group, not necessarily preserving the toric sections. A boring example
is I(d, e, 1) when the pair of rectangles has k = l = 0 (see also 7.1); then the
equations include B = · · · , M = · · · , so that VABLM = A6 and has a huge
automorphism group.

Recurring continued fractions? Family I is built from 2-step recurrent
continued fractions [d, e, d, e, . . . ]. As is well known, these are convergents to
quadratic irrationalities: the quadratic

ex2 − dex + d = 0 (9.1)

has roots the recurrent continued fraction ξ = [d, e, d, e, . . . ] and its com-
plement [2, . . . , 2, 3, 2, . . . , 2, 3, . . . ]. Where does the quadratic irrationality
come from? In Mori’s context, we guess it comes from comparing the two
quadratic intersection pairings of two nonsingular surfaces, the minimal res-
olution of the elephant and section. What does it really mean?

More general tents? We discussed in Section 1.3 how our level of gen-
erality is driven by Mori flips of Type A. How widely our methods apply
to more general tents and toric extensions forms a portfolio of interesting
research problems.

It would be interesting to understand deformations such as those of
Lemma 2.11 and Main Theorem 1.2.3 in the general case of a number of
cyclic quotient singularities meeting as a cycle transversely in their 1-strata.
In this paper, we work out a case in which we deform a union of four surfaces.

More general flips? Can we do the same for flips of type D and E? The
ideology of Reid [Wf?] is that passing to the Gm cover relates a wide class of
flips to variation of GIT quotients. Next, this should reduce the study of Mori
3-fold flips to deformation of Gm covers of Du Val singularities. In this paper
we have carried out this program for Type A flips, and in the process stumbled
on a vast new theory of diptych varieties. It is possible that Gm covers of
flips of type D and E hold similar treasures. The alternative is that the
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more exotic flips are much more restricted, and correspond mostly to rather
simple graded rings. Extending the results of Brown [B] to codimension 2
and 3 might be a way into this problem area.

The geometry of flips? Diptych varieties and Mori’s division algorithm
contain many clues to the geometry of flips. As one example, we see one
family of flips degenerating into another. The passage to a minimal basis of
a long rectangle (which is nontrivial only in the case when one of d, e equals
1) raises the possibility of distinct diptych varieties having a common panel,
say XAB being the same in each. For example,

XAB =

2 1
4 3
2 2

2
0 −1

can be partnered by either of

−2 0
4 3
2 2

2
1 3

and

0 −3
4 3
2 2

2
4 1

.

At the level of flips, this gives two distinct families of flips having the same
elephant (both before and after the flip). Since the deformation problem for
the elephant is unobstructed (see Section 1.3.7), these do not represent two
different components of flips, but one family degenerating into the other.
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Part III

Appendixes
The \end{document} can go here.

10 Calculation interlude

It seems certain that the entire ideal of relations of VABLM can be written
starting from an N × N Pfaffian matrix (with N = k + l + 2), allowing
cancellation of certain “floating monomials”. The phenomenon is the same
as Riemenschneider’s “quasi-determinantal” formats [R].

10.1 One vertebra

Problem: Understand the variety V defined by the 4 × 4 Pfaffians of the
following (e + 5)× (e + 5) skew matrix:





4 3 2 1 0 1 . . . j . . . e

x0 B X y0 y1 . . . yj . . . ye

x1 M ABe x2ABe1 . . . xj
2ABej . . . xe

2A

x2 xe
0L xe1

0 LM . . . xej
0 LM j . . . LMe

y1 y2 . . . yj+1 . . . ye+1

...

−yi mi,j





with rows and columns numbered as shown (we ignore ± signs, but get them
right before doing the computer algebra): down to the basement, the first
four are labelled −4,−3,−2,−1, so that x1 is m−3−2 and yi heads the ith
column. The final (e + 1)× (e + 1) box has entries mij for 0 ≤ i < j ≤ e + 1
given by the closed formula eq!mij

mij = XAL(x0B)e−j(x2M)i × (x0x2)c − (BM)c

x0x2 −BM
, where c = j − i. (10.1)
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in the i row and j column, making the Pfaffian equation −3−2.ij

x1mij = det

∣∣∣∣
xi

2ABe−i xj
2ABe−j

xe−i
0 LM i xe−j

0 LM j

∣∣∣∣ (10.2)

into an identity (after substituting x1X = x0x2 − BM). The superdiagonal
entries

mi,i+1 = XAL(x0B)e−i−1(x2M)i,

are monomials, but no other entries mij with j > i + 1.

Simple observations

We know a bit about V : It is a Gorenstein 7-fold in Ae+10 with coordinates
X, x0, x1, x2, y0, . . . , ye+1, A,B, L,M . The serial unprojection construction of
V has cascade of pentagrams x0, x1, x2, yi+1, yi giving the 5× 5 submatrix





x0 B −X −yi

x1 M −xi
2ABei

x2 xei
0 LM i

yi+1





with Pfaffians

x0x2 = x1X + BM

x1yi = xi
2ABe−i+1 + xe−i+1

0 LM i

x1yi+1 = xi+1
2 ABe−i + xe−i

0 LM i+1

x0yi+1 = xi
2ABe−iX + yiM

x2yi = yi+1B + xe−i
0 LM iX

x0 ↔ M , B ↔ x2 and yi ↔ ye−i is a symmetry of V and of its equations.
Setting A = B = 0 gives a toric 5-fold. Likewise setting L = M = 0 or

A = x2 = 0 or L = x0 = 0.
It makes sense to view the 7-fold as a flat deformation of the 4-fold ob-

tained by setting X = A = L = 1.
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How to understand the equations

The minors of the 2×(e+1) matrix of yi on the top right are the equations of
the rational normal curve Γe ⊂ Pe. At the same time, the rows Be, . . . , xe

2 and
xe

0, . . . ,M
e parametrise copies of Γe ⊂ Pe. So we hope to view V as a kind of

scroll construction. Now among many different constructions of scrolls there
are residual constructions (the complete intersection of k linearly independent
quadrics through Pn−2 ⊂ Pn is a scroll residual to the Pn−2) and linear
generation constructions (the variety obtained by joining up corresponding
points of k − 1 embedding of P1 as rational normal curves in Pai).

Proposition 10.1 The affine piece x1 )= 0 of V is isomorphic to Gm × A6

parametrised by x1 )= 0, x0, x2, A,B, L,M .

The first Pfaffian x0x2 = x1X + BM is a quadric of rank 6 (that is, the
affine Grassmannian aGr(2, 4) ⊂ A6). If x1 )= 0 then X = (x0x2 − BM)/x1.
Next, each Pfaffian involving x1 times any of the yi in the last two columns
can be solved for yi, and both give the same value:

At the bottom right, the Pfaffian Xx1 = BM + x0x2 is a quadric of
rank 6 (that is, the affine Grassmannian aGr(2, 4) ⊂ A6). If x1 )= 0 then
X = (BM + x0x2)/x1. Next, each Pfaffian involving x1 times any of the yi

in the last two columns can be solved for yi, and both give the same value:

x1yi = xi
2ABe−i+1 + xe−i+1

0 LM i,

The point is just that going from x1 times yi in the penultimate column to
x1 times yi in the final row, involves rolling the factors

B (→ x2 and x0 (→ M

at the bottom, and this neatly cancels the change

xi
2ABe−1 (→ xi−1

2 ABe−i+1 and xe−i
0 LM i (→ xe−i+1

0 LM i−1

from moving up a row, etc.

10.2 More vertebras – the case [5, 3, 5]

This case is a bit bigger than Example 1.1, and we work it out in more detail;
all the equations are derived from the Pfaffians of 11× 11 skew matrixes, in
fact in 2 different ways. We provide Magma code to automate part of the
calculations.
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5 1 0 -2
---------- ----------
3 2 3 2
5 2 5 2

2 2
3 3
2 2

---------- ----------
0 -4 3 1

Write the skew 11× 11 matrix M =




x3 LM3 −x2
2 −y6 −y5 −y4 −y3 −y2M m1,10 m1,11

x2 B −L4M11 −x1L3M8 −x2
1L

2M5 −x3
1LM2 −x4

1 −y2B −y1B

x1 x4
3A x3

3AB x2
3AB2 x3AB3 −AB4M −x0LM2 −x2

0LM

y5 y4 y3 y2 x0 x2AB5 A2B10

m5,6 m5,7 m5,8 m5,9 m5,10 m5,11

m6,7 m6,8 m6,9 m6,10 m6,11

m7,8 m7,9 m7,10 m7,11

m8,9 m8,10 m8,11

y1M y0M

m10,11





The calculation starts from the top, with the two equations

x2y6 = x5
3A + L5M14 and y5x3 = y6B + x2

2L
4M11. (10.3)

These are the 2 Pfaffians of the initial submatrix M(1, 2, 3, 4, 5) without x1.
The 5× 5 submatrixes M(1, 2, 3, 4, i) for i = 5, 6, 7, 8 involve only entries

in the first 4 rows, and correspond to the magic pentagrams that successively
adjoin x1, y4, y3, y2. The submatrix M(1, 2, 3, 4, 9) corresponds to the “flat”
pentagram y2, x3, x2, x1, x0 that adjoins x0. At this point we float monomials
in M(1, 2, 3, 4, 9), modifying the matrix by eq!float
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



x3 LM3 −x2
2 −y2M

x2 B −x4
1

x1 AB4M

x0




(−→





x3 LM2 −x2
2 −y2

x2 BM −x4
1

x1 AB4

x0





(−→





x3 BLM2 −x2
2 −y2B

x2 M −x4
1

x1 AB5

x0




(10.4)

The commmon factor M from the 3 terms (1, 3), (1, 9), (3, 9) floats across to
multiply (2, 4), and the factor B in (2, 4) floats back to multiply the 3 terms
(1, 3), (1, 9), (3, 9). Each operation leaves the 4× 4 Pfaffians unchanged. We
write

M : (1, 3, 9) → (2, 4) and B : (2, 4) → (1, 3, 9).

After floating M (and optionally B), the two submatrixes M(2, 3, 4, 9, i) for
i = 10, 11 adjoin the y1 and y0. This accounts for all the specified entries.

The 21 unknown entries mi,j are not in pentagrams and have to be cal-
culated. The answer is:

m1,10 = −x2
2y2 + x2x3AB4

m1,11 = −x2
2y1 + x3A

2B9

m5,6 = x2
2x

3
3AL3M8

m6,7 = x1x
2
2x

2
3ABL2M5

m7,8 = x2
1x

2
2x3AB2LM2

m8,9 = x3
1x

2
2AB3

m10,11 = x0x
4
1AB5LM

m5,10 = y2y5 − x2AB4L4M11

m5,11 = y1y5 −A2B9L4M11

m6,10 = y2y4 − x1x2AB4L3M8

m6,11 = y1y4 − x1A
2B9L3M8

m7,10 = y2y3 − x2
1x2AB4L2M5

m5,7 = x2
2x

2
3AL2M5(x1x3 + BLM3)

m6,8 = x1x
2
2x3ABLM2(x1x3 + BLM3)

m7,9 = x2
1x

2
2AB2(x1x3 + BLM3)

m8,10 = y2
2 − x3

1x2AB4LM2

m5,8 = x2
2x3ALM2(x2

1x
2
3 + x1x3BLM3

+ B2L2M6)

m5,9 = x2
2A(x3

1x
3
3 + x2

1x
2
3BLM3

+ x1x3B
2L2M6 + B3L3M9)

m6,9 = x1x
2
2AB(x2

1x
2
3 + x1x3BLM3

+ B2L2M6)

m7,11 = y1y3 − x2
1A

2B9L2M5

m8,11 = y1y2 − x3
1A

2B9LM2

Each is determined by the specified entries together with the assumption that
B or M is a nonzero-divisor modulo the ideal of 4 × 4 Pfaffians. Example:
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for m5,6, consider

Pf24.56 = x1y5L
3M8 − y4L

4M11 −Bm5,6

Adding L3M8 times Pf13.46 = −x1y5 + x2
2x

3
3AB + y4LM3 kills the first two

term, and gives
x2

2x
3
3ABL3M8 −BU3

Therefore B times x2
2x

3
3AL3M8 −m5,6 is in the ideal of Pfaffians, so m5,6 =

x2
2x

3
3AL3M8.
The entries that are not monomial are usually fairly simple, involving

things like

x2
1x

2
3 + x1x3BLM3 + B2L2M6 =

(x1x3)3 − (BLM3)3

x1x3 −BLM3

(in m5,8). This comes typically from using Rx1x3 : x1x3 = x3
2 + BLM3

repeatedly to substitute for x3
1x

3
3. Compare the mi,j in (10.1).

The ideal I we seek is generated by 44 key relations Rx0x2 , . . . , Ry1y5 that
extend the 44 binomial equations of the tent and the two toric faces VAB and
VLM ; we tabulate them in Section 10.4 below. They include the Pfaffians
from our magic pentagrams. The 330 Pfaffians of M are in I, and the
generators of I are derived from them. As with the calculation of the mi,j,
our derivation of some of the key relations involves cancelling factors of M or
B from Pfaffians or from suitable linear combinations of them. It is probably
not possible to obtain all the key relations as Pfaffians of a single matrix M.
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10.3 The other way up – the case [3, 5, 3]

The same calculation can also be done starting from the bottom using the
skew matrix N =




x2 M x4
1 y1 y2 x3 x3

1LM3 x2
1L

2M6 x1L3M9 L4M12

x1 AB5 x2
0L x0LM BLM2 x3AB4 x2

3AB3 x3
3AB2 x4

3AB

x0 A2B9 x2AB4 x2
2 y2M y3M y4M y5M

y0 y1 y2B n4,8 n4,9 n4,10 n4,11

n5,6 n5,7 n5,8 n5,9 n5,10 n5,11

n6,7 n6,8 n6,9 n6,10 n6,11

y3B y4B y5B y6B

n8,9 n8,10 n8,11

n9,10 n9,11

n10,11





where the two vertebras now correspond to the blocks [1, 2, 3, 4]× [5, 6] and
[1, 2, 3, 7] × [8, 9, 10, 11] in N. The hinge, corresponding to the flat penta-
gram, is the diagonal submatrix [1, 2, 3, 4, 7], which (up to permutation) is
the righthand matrix in (10.4).

n4,8 = x3
1x

2
2AB4

n4,9 = x4
1y3 − x0x

2
1L

2M5

n4,10 = x4
1y4 − x0x1L

3M8

n4,11 = x4
1y5 − x0L

4M11

n5,6 = −x0x
4
1AB4L

n5,7 = −x0x
4
1x2L− x4

1AB5LM

n6,7 = −x4
1x2LM

n5,8 = y1y2 − x3
1A

2B9LM2

n5,9 = y1y3 − x2
1A

2B9L2M5

n5,10 = y1y4 − x1A
2B9L3M8

n5,11 = y1y5 −A2B9L4M11

n6,8 = y2
2 − x3

1x2AB4LM2

n6,9 = y2y3 − x2
1x2AB4L2M5

n6,10 = y2y4 − x1x2AB4L3M8

n6,11 = y2y5 − x2AB4L4M11

n8,9 = −x2
1x

2
2x3AB3LM3

n8,10 = −x3
1y4LM3 + x1y2L

3M9

n8,11 = −x3
1y5LM3 + y2L

4M12

n9,10 = −x1x
2
2x

2
3AB2L2M6

n9,11 = −x2
1y5L

2M6 + y3L
4M12

n10,11 = −x2
2x

3
3ABL3M9

One gets the same 44 key equations tabulated below
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Remark 10.2 The shape of the two big matrixes suggest the general form
for longer chains of many vertebras. Working with M, we have:

(1) Each vertebra of length d occupies a 4 × (d − 1) block of M; in our
example, the two vertebra occupy the blocks [1, 2, 3, 4]× [5, 6, 7, 8] and
[2, 3, 4, 9]× [10, 11] of M.

(2) The entries in each row are monomials forming simple progressions; for
example y6, . . . , y3 and L4M11, . . . , x3

1LM2.

(3) The row intervals of two consecutive vertebras overlap in 3, so their
union is just 5 rows; these 5 indexes define a flat pentagram, for example
[1, 2, 3, 4, 9] above. A monomial flotation hinges between the monomial
progressions in the two vertebras.

(4) The hinge between two vertebras, working down from the top or up
from the bottom, is the flotation in (10.4). The middle matrix is the
magic pentagram that adjoins x0 (from the top) or adjoins x3 (from
the bottom). Its first 4 × 4 block floats to give the constant piece in
the first vertebra (rows 1–8 of M). Its bottom 4×4 block floats to give
the constant piece of the second vertebra (rows 1–6 of N).
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10.4 Table of 44 key equations

Rx0x2 = x0x2 − x5
1 −AB5M

Rx0x3 = x0x3 − x4
1x

2
2 − y2BM

Rx0y1 = x0y1 − x4
1A

2B9 − y0M

Rx0y2 = x0y2 − x4
1x2AB4 − y1M

Rx0y3 = x0y3 − x3
1x

4
2AB3 − y2

2M

Rx0y4 = x0y4 − x4
1x2x

2
3AB2 − y2y3M + x2

1x2AB4L2M6

= x0y4 − x2
1x

4
2AB(x3

2 + 2BLM3)− y2y3M

Rx0y5 = x0y5 − x4
1x2x

3
3AB − y2y4M + x1x2AB4L3M9

= x0y5 − x1x
4
2AB(x6

2 + 3x3
2BLM3 + 3B2L2M6)− y2y4M

Rx0y6 = x0y6 − x4
1x2x

4
3A− y2y5M + x2AB4L4M12

= x0y6 − x4
2A(x9

2 + 4x6
2BLM3 + 6x3

2B
2L2M6 + 4B3L3M9)

− y2y5M

Rx1x3 = x1x3 − x3
2 −BLM3

Rx1y0 = x1y0 −A3B14 − x3
0L

Rx1y1 = x1y1 − x2A
2B9 − x2

0LM

Rx1y2 = x1y2 − x2
2AB4 − x0LM2

Rx1y3 = x1y3 − x2
2x3AB3 − y2LM3

Rx1y4 = x1y4 − x2
2x

2
3AB2 − y3LM3

Rx1y5 = x1y5 − x2
2x

3
3AB − y4LM3

Rx1y6 = x1y6 − x2
2x

4
3A− y5LM3

Rx2y0 = x2y0 − y1AB5 − x2
0x

4
1L

Rx2y1 = x2y1 − y2AB5 − x0x
4
1LM

Rx2y2 = x2y2 − x3AB4 − x4
1LM2

Rx2y3 = x2y3 − x2
3AB3 − x3

1L
2M5

Rx2y4 = x2y4 − x3
3AB2 − x2

1L
3M8

Rx2y5 = x2y5 − x4
3AB − x1L

4M11

Rx2y6 = x2y6 − x5
3A− L5M14

Rx3y0 = x3y0 − y1y2B − x0x
8
1x2L− x8

1AB5LM

= x3y0 − y1y2B − x8
1L(x5

1 + 2AB5M)

Rx3y1 = x3y1 − y2
2B − x8

1x2LM

Rx3y2 = x3y2 − y3B − x3
1x

2
2LM2

Rx3y3 = x3y3 − y4B − x2
1x

2
2L

2M5

Rx3y4 = x3y4 − y5B − x1x
2
2L

3M8

Rx3y5 = x3y5 − y6B − x2
2L

4M11
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Ry0y2 = y0y2 − y2
1 − x0x

8
1AB4L

Ry1y3 = y1y3 − y3
2 − x7

1x
3
2AB3LM + x3

1x2y2AB4LM2

= y1y3 − y3
2 − x7

1AB3LM(x3
2 −BLM3)

+ x2
1A

2B8LM2(x3
2 + BLM3)

Ry2y4 = y2y4 − y2
3 − x2

1x
4
2x3AB2LM2

= y2y4 − y2
3 − x1x

4
2AB2LM2(x3

2 + BLM3)

Ry3y5 = y3y5 − y2
4 − x1x

4
2x

2
3ABL2M5

= y3y5 − y2
4 − x4

2x3ABL2M5(x3
2 + BLM3)

Ry4y6 = y4y6 − y2
5 − x4

2x
3
3AL3M8

Ry0y3 = y0y3 − y1y
2
2 − x0x

7
1x

3
2AB3L− x7

1x
2
2A

2B8LM + x3
1y2A

2B9LM2

= y0y3 − y1y
2
2 − x7

1x
2
2AB3L(x5

1 + 2AB5M) + x3
1y2A

2B9LM2

Ry1y4 = y1y4 − y2
2y3 − x2

1x2AB2LM(x5
1x

2
2x3 + x4

1x
2
2BLM3 − y2B

2LM4)

= y1y4 − y2
2y3 − x7

1AB3LM(x3
2 −BLM3)

+ x2
1A

2B8LM(x3
2 + BLM)

Ry2y5 = y2y5 − y3y4 − x2
1x

4
2x

2
3ABLM2 − x1x

4
2x3AB2L2M5

= y2y5 − y3y4 − x4
2ABLM2(x6

2 + 3x3
2BLM3 + 2B2L2M6)

Ry3y6 = y3y6 − y4y5 − x1x
4
2x

3
3AL2M5 − x4

2x
2
3ABL3M8

= y3y6 − y4y5 − x4
2x

2
3AL2M5(x3

2 + 2BLM3)

Ry0y4 = y0y4 − y1y2y3 − x1ABL(x0x
5
1x

3
2x3 + x0x

4
1x

3
2BLM3

− x0x
4
1B

2L2M6 + x6
1y3B

2M − y2AB7LM5)

= y0y4 − y1y2y3 + x1A
2B9L2M5(x0LM2 + x2

2AB4)

− x6
1x

2
2AB2L(x3

2 + 2BLM3)(x5
1 + 2AB5M)

Ry1y5 = y1y5 − y2
2y4 − x7

1x
3
2x

2
3ABLM − x6

1x
3
2x3AB2L2M4

− x5
1x

3
2AB3L3M7 + x1x2y2AB4L3M8

= y1y5 − y2
2y4 − x5

1ABLM(x9
2 + 3x6

2BLM3

+ 3x3
2B

2L2M6 −B3L3M9) + AB8L3M8(x3
2 + BLM3)

Ry2y6 = y2y6 − y3y5 − x4
2x3ALM2(x2

1x
2
3 + x1x3BLM3 + B2L2M6)

= y2y6 − y3y5 − x4
2x3ALM2(x6

2 + 3x3
2BLM3 + 3B2L2M6)
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Ry0y5 = y0y5 − y1y2y4 − x0x
7
1x

3
2x

2
3ABL− x0x

6
1x

3
2x3AB2L2M3

− x0x
5
1x

3
2AB3L3M6 + x0x

5
1AB4L4M9 − x8

1y4AB4LM

+ x1y2A
2B9L3M8

Ry0y5 = y0y5 − y1y2y4 − x0x
7
1x

3
2x

2
3ABL− x7

1x
2
2x

2
3A

2B6LM

− x2
1x

4
2x3y1AB2LM2 + x2

1x
2
2x

2
3A

3B11LM2 − x1x
4
2y1AB3L2M5

+ x1x
2
2x3A

3B12L2M5 + x1y2A
2B9L3M8

Ry1y6 = y1y6 − y2
2y5 − x7

1x
3
2x

3
3ALM − x2

1x
4
2x

2
3y2ABLM2

+ x2
1x

3
2x

3
3A

2B5LM2 − x1x
4
2x3y2AB2L2M5 + x1x

3
2x

2
3A

2B6L2M5

− x4
2y2AB3L3M8 + x3

2x3A
2B7L3M8 + x2y2AB4L4M11

Ry1y6 = y1y6 − y2
2y5 − x7

1x
3
2x

3
3ALM − x6

1x
3
2x

2
3ABL2M4 − x5

1x
3
2x3AB2L3M7

− x4
1x

3
2AB3L4M10 + x2y2AB4L4M11

Ry0y6 = y0y6 − y1y2y5 − x0x
7
1x

3
2x

3
3AL− x7

1x
2
2x

3
3A

2B5LM

− x2
1x

4
2x

2
3y1ABLM2 + x2

1x
2
2x

3
3A

3B10LM2 − x1x
4
2x3y1AB2L2M5

+ x1x
2
2x

2
3A

3B11L2M5 − x4
2y1AB3L3M8 + x2

2x3A
3B12L3M8

+ y2A
2B9L4M11

Ry0y6 = y0y6 − y1y2y5 + y2A
2B9L4M11 − x0x

7
1x

3
2x

3
3AL

− x0x
6
1x

3
2x

2
3ABL2M3 − x0x

5
1x

3
2x3AB2L3M6

− x0x
4
1x

3
2AB3L4M9 + x0x

4
1AB4L5M12 − x8

1y5AB4LM
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10.5 Several vertebras

Work with II(6, 5, 6, 5), which has monomials

x4 !
x3 !
x2 !
x1 !
x0 !

''''""""

****
&&&&

####

3333

y13!
y8!
y5!
y0!

%%%%%%%%%%
and top equations (“Step 1”)

x3y13 = x6
4A + L29M168

y12x4 = y13B + x4
3L

24M139

“Steps 2–7”. The three big wedges of the diagrams give x1 ·y0...5, x2 ·y5...8

and x3 · y8...13, and are pullbacks from standard vertebras as in Section 10:
from the top,





x4 M3 X3 y13 y12 . . . y9

x3 −B3 L3M4
3 x2L3M3

3 . . . x4
2L3

−x2 −x5
4A −x4

4AB . . . −x4AB4

y12 y11 . . . y8





where A3 = A, B3 = B, L3 = L4M23, M3 = L5M29, X3 = x4
3. The lower

triangle of entries are given as in (10.1)

mij = AL3X3x4(x4M3)
4−j(x2B)i × (x2x4)c − (BM3)c

(x2x4 −BM3)
where c = j − i;

The next column of the matrix is headed by M2 = M3/L3 = LM6 (this is
necessary to allow the progression in the second row to continue x4

2L3 → x5
2),

giving the pivotal floatation




x4 M3 X3 y8M2

x3 B x5
2

x2 A2M2

x1




−→





x4 L3 X3 y8

x3 BM2 x5
2

x2 A2

x1




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“Steps 8–10”:





X2 x1 B2 y7 y6 y5

M2 x3 y8 y7 y6

x2 x3
3A2 x2

3A2B2 x3A2B2
2

x1L2M2
2 x2

1L2M2 x3
1L2





where A2 = AB5, B2 = AB6, L2 = LM5, M2 = LM6, X2 = x5
2.

“Steps 12–16”:





X1 x0 B1 y4 y3 . . . y0

M1 x2 y5 y4 . . . y1

x1 x4
2A1 x3

2A1B1 . . . A1B4
1

x0L1M4
1 x2

0L1M3
1 . . . x5

0L1





where A1 = A4B23, B1 = A5B29, L1 = L, M1 = M , X1 = x4
1.

How to join them together into a whole variety?
The key is to understand what happens around a lop-sided pentagram

(or “flat” pentagram) such as y8x1x2x3x4 in Step 7 and its skew matrix





x1 B2 X2 y8

x2 B3M2 X3

x3 L3

x4





Adjoining y7 to this (in Step 8) is an unfaithful Tom unprojection: the
unprojection equations should be y7 · (x2, x3, x4,M2), but the bottom 4 × 4
block does not contain M2, only the products B3M2 and L3 (recall M2 = LM6

and L3 = L4M23. We can write out a 6 × 6 “extrasymmetric” matrix (the
top 6× 6 of the following display) whose Pfaffians include the unprojection
equation for y7M2 multiplied by this kind of factor. The same applies in the
other direction to adjoining y9 with unprojection equations y9·(x1, x2, x3, B3).
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Its unfaithful Tom is the bottom 6× 6 block below.




y7 x2
3B2 x1L2M2

2 y8B3 X2x2
3L2M2 ∗

x1 B2 X2 y8 x4
2X3AB4

x2 B3M2 X3 M2y8

x3 L3 x4AB4

x4 M3x4
2

y9





By calculating 02.46 one gets ∗ = y2
8 + x4

2x
2
3A2L?M ?.

10.6 How to join them together into a whole variety?

How to pass between the first big wedge and the second? Our standard link
(“Step 7”) is the lop-sided pentagram y8x4x3x2x1. We can break this up into
several intermediate steps to clarify its relation with the preceding Steps 2–6
and the following Steps 8–10. First, given the “rolling factors” pattern, it is
natural to try to add a further column after Step 6. “Step 6+”:





X3 x2 B3 . . . y8

M3 x4 . . . y9 y8

x3 . . . x4AB4 AB5

. . . x4
2L3 x5

2L3/M3





(I write mij promiscuously as notation for the entries of any 6 × 6 skew
matrix.) Multiply through the last column by M3/L3 = LM6 = M2 to
clear denominators: at the same time, adjoin the Tom unprojection variable
m16 := x1 and fill in the bottom right element m56 (say, using the two
different occurrences of the equation for x4y8):





X3 x2 B3 y8 x1

M3 x4 y9 y8M2

x3 x4AB4 AB5M2

x4
2L3 x5

2

x4
2X3AB4




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This does not really add anything new – its Pfaffians not involving x1 are
multiples by M2 or AB4 of existing Pfaffian equations. The next step is to
“float across” the common factors M2 from the 3 entries m23,m26,m36 (the
“triangle” 236) to the 3 entries m14,m15,m45, giving





X3 x2 BM2 y8M2 x1

L3 x4 y9 y8

x3 x4AB4 AB5

x4
2M3 x5

2

AB4x4
2X3





The mechanism behind this: m23,m26,m36 are divisible by M2 (including
M3 = M2L3). If we divide the rows 2, 3, 6 by M2 and multiply the comple-
mentary rows 1, 4, 5 by M2, the only difference it makes is to multiply or
divide some of the Pfaffians by M2. Deleting column 5 gives the skew matrix
of Step 7: 



X3 x2 BM2 x1

L3 x4 y8

x3 AB5

x5
2





How to link up with Steps 8–10?





X2 x1 B2 y8B2 y7 y6 y5

M2 x3 x4 y8 y7 y6

x2 x4
3A2 x3

3A2 x2
3A2B2 x3A2B2

2

B2L2M3
2 x1L2M2

2 x2
1L2M2 x3

1L2





where A2 = AB5, B2 = AB6, L2 = LM5, M2 = LM6, X2 = x5
2.

??
In the same way, the 3 entries of the triangle 356 are divisible by AB4,
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so I can float these over to 124, obtaining:




AB4X3 x2 AB5M2 y8M2 x1

L3 AB4x4 y9 y8

x3 x4 B

x4
2M3 x5

2

x4
2X3





10.7 Supplement: the tag equations at yi

This section is preliminary to writing out a systematic list of the “most im-
portant” equations. It works out the tag equations down the y side, including
the tags at all the yi and some longer equations; that tag equations at “small”
yi (tagged with 2) are monomial Pfaffians, but the tag equations at the “big”
yi, and the longer equations cannot be reduced to trinomials.

10.7.1 A single vertebra

> X := TypeIIPair([7,4]); Print(X);
7 1 0 -3
---------- ----------
4 2 4 2

2 2
2 2
2 2
2 2
2 2

---------- ----------
0 -3 7 1

-B*M - x1^4 + x0*x2,

-x1^3*x2^6*A - y6*M + x0*y7,
-x1^3*x2^5*A*B - y5*M + x0*y6,
-x1^3*x2^4*A*B^2 - y4*M + x0*y5,
-x1^3*x2^3*A*B^3 - y3*M + x0*y4,
-x1^3*x2^2*A*B^4 - y2*M + x0*y3,
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-x1^3*x2*A*B^5 - y1*M + x0*y2,
-x1^3*A*B^6 - y0*M + x0*y1,

-L*M^7 - x2^7*A + x1*y7,
-x0*L*M^6 - x2^6*A*B + x1*y6,
-x0^2*L*M^5 - x2^5*A*B^2 + x1*y5
-x0^3*L*M^4 - x2^4*A*B^3 + x1*y4,
-x2^3*A*B^4 - x0^4*L*M^3 + x1*y3,
-x2^2*A*B^5 - x0^5*L*M^2 + x1*y2,
-x2*A*B^6 - x0^6*L*M + x1*y1,
-A*B^7 - x0^7*L + x1*y0,

-x1^3*L*M^6 - y7*B + x2*y6,
-x0*x1^3*L*M^5 - y6*B + x2*y5,
-x0^2*x1^3*L*M^4 - y5*B + x2*y4,
-x0^3*x1^3*L*M^3 - y4*B + x2*y3,
-x0^4*x1^3*L*M^2 - y3*B + x2*y2,
-x0^5*x1^3*L*M - y2*B + x2*y1,
-x0^6*x1^3*L - y1*B + x2*y0.

That is the case d = 4 and e = 7 of the following general construction:

x0x2 = xd
1 + BM.

x0yi = xd−1
1 xi−1

2 ABe−i + yi−1M for i = 1, . . . , e,

x1yi = xi
2ABe−i + xe−i

0 LM i for i = 0, . . . , e,

x2yi = yi+1B + xe−i−1
0 xd−1

1 LM i for i = 0, . . . , e− 1,

(10.5)





x0 −B −xd−1
1 yi−1

x1 −M −xi−1
2 ABe−i

x2 −xe−i
0 LM i−1

yi



 (†)

The top 4 × 4 block remains fixed. The last column has input the second
equation x1yi−1 = · · · and output the equation x1yi = · · · , together with a
formula for x0yi.

10.7.2 The tag equation at small yi

Adjoining yi+1 to the Pfaffian variety (†) is a faithful Tom: we must provide
yi+1 ·(x0, x1, B, yi−1), which generate the ideal of the bottom 4×4 submatrix.
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All but one of these relations fit as the 4× 4 Pfaffians of the array




x0 −B −xd−1
1 yi−1 yi

x1 −M −xi−1
2 ABe−i −xi

2ABe−i−1

x2 −xe−i
0 LM i−1 −xe−i−1

0 LM i

yi yi+1

∗




(10.6)

Nothing new here – just the equations (†) for i and i + 1.
Now any of the Pfaffians 12.56 or 23.56 or 34.56 gives the value of *. For

example, in 34.56, the 2× 2 minor equals ±β = xe−i−1
0 LM i−1 times

x0yi+1 − yiM = xd−1
1 xi

2ABe−i−1 (10.7)

(by the second formula of (1)), so

∗ = αβxd−1
1 with α = xi−1

2 ABe−i−1 and β = xe−i−1
0 LM i−1, (10.8)

giving the tag equation at yi:

yi−1yi+1 = y2
i + αβx2d−2

1 . (10.9)

The “extrasymmetric” form of the 6× 6 matrix is:




x0 −B −xd−1
1 yi−1 yi

x1 −M −Bα −x2α

x2 −x0β −Mβ

yi yi+1

αβxd−1
1




or





x0 M x1 αB αx2

xd−1
1 B yi−1 yi

x2 yi yi+1

βx0 βM

αβxd−1
1




.

(10.10)

10.7.3 Long equation for yi−1yi+2?

Rewrite (10.10) in full.




x0 −B −xd−1
1 yi−1 yi

x1 −M −xi−1
2 ABe−i −xi

2ABe−i−1

x2 −xe−i
0 LM i−1 −xe−i−1

0 LM i

yi yi+1

xe−i−1
0 xd−1

1 xi−1
2 ABe−i−1LM i−1





(10.11)
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Add another column with a mystery entry ∗ = m57:




x0 −B −xd−1
1 yi−1 yi yi+1

x1 −M −xi−1
2 ABe−i −xi

2ABe−i−1 −xi+1
2 ABe−i−2

x2 −xe−i
0 LM i−1 −xe−i−1

0 LM i −xe−i−2
0 LM i+1

yi yi+1 yi+2

xe−i−1
0 xd−1

1 xi−1
2 ABe−i−1LM i−1 ∗

xe−i−2
0 xd−1

1 xi
2ABe−i−2LM i





(10.12)
As before, nothing new here: deleting row-column 5 (projecting out yi−1) is
just (10.10) with i (→ i + 1. There are various ways of solving for ∗. For
example, Pf12.57 is

x0∗ = xi−1
2 yi+1ABe−i − xi+1

2 yi−1ABe−i−2 (10.13)

= xi−1
2 yi+1ABe−i − (yiB + xe−i

0 xd−1
1 LM i−1)xi

2ABe−i−2 (10.14)

= −(x0x2 + BM)xe−i−1
0 xd−1

1 xi−1
2 ABe−i−2LM i−1, (10.15)

giving ∗ = −(x0x2 + BM)xe−i−2
0 xd−1

1 xi−1
2 ABe−i−2LM i−1. Thus Pf23.57 is the

long equation

yi−1yi+2 = yiyi+1 − (x0x2 + BM)xe−i−1
0 xd−1

1 xi
2ABe−i−2LM i−1. (10.16)

Warning One is tempted to make a little optimistic error of sign here (say
x0x2 − BM), and get ∗ as a monomial, but this is definitely false: you can
use the first relation of (10.10) to swap x0x2 + BM into xd

1 + 2BM or into
2x0x2−xd

1, but no substitution makes it a monomial. The long equation can
be written as a Pfaffian, but not as a trinomial.

10.7.4 Two vertebras and tag equation at big yi

> X := TypeIIPair([6,4,6]); Print(X);
6 1 0 -3
---------- ----------
4 2 4 2
6 2 6 2

2 2
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2 2
3 3
2 2
2 2

---------- ----------
0 -5 4 1

We do not see the tag equation y2y4 = y3
2 + ? as a Pfaffian equation because

the series
y2x0x1x2y3, x0x1x2x3y3, y3x1x2x3y4,

of pentagrams kills y2 before y4 appears. The central pentagram is





x0 −AB5 −x5
1 y3

x1 −BM −x3
2

x2 −LM3

x3





To adjoin y2 and its unprojection equations y2 ·(x1, x2, x3,M) is an unfaithful
Tom, because M is not itself an entry of the bottom 4 × 4 block; ditto for
y4 with y4 · (x0, x1, x2, B) and B not in the top 4× 4 block. Either of these
unprojections is an “unfaithful” 6× 6 extrasymmetric formats (the equation
for y2M only appearing multiplied by some factors). These two 6×6 matrixes
fit together as the top and bottom blocks of the 7× 7 array:





y2 −x2
2AB6 −x0LM2 y3B x5

1x
2
2LM2 ∗

x0 −AB5 −x5
1 y3 x4

1x
3
2AB4

x1 −BM −x3
2 y3M

x2 −LM3 −x3AB4

x3 −x4
1LM4

y4





(Although these are unfaithful, we get Pfaffian relations y2M and y4B by
going through other pentagrams.)

Number the rows and columns of the big matrix 0 . . . 6, so that m01 = y2,
m56 = y4 and the mystery entry ∗ is m06. Calculate the Pfaffian Pf02.46:

x4
1x

2
2AB6LM4 − y2

3BM −BM ∗ .
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This is divisible by BM , which implies that

∗ = −y2
3 + x4

1x
2
2AB5LM3.

The tag equation at y3 is thus

Pf01.56 : y2y4 = y3(y
2
3 − x4

1x
2
2AB5LM3) + x9

1x
5
2AB4LM2

= y3
3 + x4

1x
2
2AB4LM2(x5

1x
3
2 − y3BM).

As before, in the last line, one can use the “long equation” x0x3 = x5
1x

3
2 +

y3BM to swap x5
1x

3
2 − y3BM into x0x3 − 2y3M or into 2x5

1x
3
2 − x0x3, but

there is no way of reducing it to a monomial.

> PfaffianEquations(X);
{ -x2^3*A*B^5 - x0*L*M^3 + x1*y3,

-y4*L*M^4 - x2^3*x3^2*A*B^3 + x1*y5,
-y1*A*B^6 - x0^3*x1^5*L + x2*y0,
-x2^3*L^5*M^19 - y8*B + x3*y7,
-x1^4*L^2*M^7 - x3^2*A*B^4 + x2*y4,
-L^6*M^23 - x3^6*A + x2*y8,
-x1*L^5*M^19 - x3^5*A*B + x2*y7,
-x1^2*x2^3*L^3*M^11 - y6*B + x3*y5,
-A^4*B^23 - x0^4*L + x1*y0,
-y3*A*B^6 - x0*x1^5*L*M^2 + x2*y2,
-B*L*M^4 - x2^4 + x1*x3,
-y3*B*M - x1^5*x2^3 + x0*x3,
-x1^5*x2*A^2*B^11 - y1*M + x0*y2,
-y6*L*M^4 - x2^3*x3^4*A*B + x1*y7,
-x1^3*x2^3*L^2*M^7 - y5*B + x3*y4,
-x1^5*A^3*B^17 - y0*M + x0*y1,
-x3*A*B^5 - x1^5*L*M^3 + x2*y3,
-x2^3*x3*A*B^4 - y3*L*M^4 + x1*y4,
-y7*L*M^4 - x2^3*x3^5*A + x1*y8,
-y5*L*M^4 - x2^3*x3^3*A*B^2 + x1*y6,
-x1^5*x2^2*A*B^5 - y2*M + x0*y3,
-x1*x2^3*L^4*M^15 - y7*B + x3*y6,
-x1^4*x2^3*L*M^3 - y4*B + x3*y3,
-A*B^6*M - x1^6 + x0*x2,
-x1^2*L^4*M^15 - x3^4*A*B^2 + x2*y6,
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-x2^2*A^2*B^11 - x0^2*L*M^2 + x1*y2,
-x1^3*L^3*M^11 - x3^3*A*B^3 + x2*y5,
-y2*A*B^6 - x0^2*x1^5*L*M + x2*y1,
-x2*A^3*B^17 - x0^3*L*M + x1*y1

}

10.8 More calculations

10.9 The 6, 1, 6, 1, 6 case

The monomials are x0, . . . , x5 with tags 0, 6, 1, 6, 1, 6 respectively y0, . . . , y7

with −4, 2, 2, 3, 2, 2, 2, 1.
We can treat this as III(6, 2) after passing to a minimal model; but leaving

in the redudant generators x2, x4 seems to lead to interesting big matrix
calculations, where all the unprojections are Toms.

Start from the top with

x4y7 = Ax6
5 + L24M19 x5y6 = By7 + L19M15.

Add x3, y5, y4, y3 by the Pfaffians of





x3 B 1 y6 y5 y4 y3

x4 L5M4 Ax5
5 ABx4

5 AB2x3
5 AB3x2

5

x5 L19M15 L14M11x3 L9M7x2
3 L4M3x3

3

y7 y6 y5 y4

· · ·

etc.





The terms in the bottom 4× 4 are

x?
3x

?
5AB?L4M3(L5M4)? × (x3x5)c − (BL5M4)c

x3x5 −BL5M4

where the superscript ?? can be determined easily and c is the height above
the diagonal: The immediate superdiagonal terms i, i + 1 have c = 1 so are
monomials.
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Writing out pentagrams implies that the next unprojection variable is
necessarily x1 (N.B. not x2).

(Step 6.) The unprojection is





x3 BLM 1 x1

x4 L4M3 AB4x5

x5 x4
3

y3





(Step 7.) The only guy to eliminate is x4. Having done that, we have the
choice of adjoining x2 next, or y2. The two matrixes are





x1 x4
3 BLM x2

y3 1 AB4

x5 x1L4M3

x3





and





y3 x1L3M2 AB4 y2

x5 LM x3
3

x3 By3

x1





We know how to put those two together into a 6× 6.





x2
1L

3M2 x4
3 x1BL4M3 x2 AB5x3

3

y3 x1L3M2 AB4 y2

x5 LM x3
3

x3 By3

x1





(10.17)

(To get that, we started by putting x2 above the col containing x1 and x3,
then filled in the entries in the top row, then solved for the top right entry.)
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Mystery matrix To calculate the tag equation y2y4, we wrote down the
matrix





x2
5AB3 x2

3x5AB3L3M2 y3L4M3 y4 x2
3L

8M6 y2
3 + x2

3AB4L4M3

x5AB4 x2
3 x3LM x4 x2(= x1x3 + AB5LM)

x1L3M2 y3 x3
3L

3M2 y2

x3 BL4M3 AB5

x5 x1

y3B





(Steps 8–9.)
In the matrix (10.17), one can float x3

3 from (1, 3, 6) to (2, 4, 5) and float
B from (1,4,6) to (2, 3, 5), to discover most of the remaining equations. We
can adjoin the variable y2, y1, y0 in a chain using the big matrix





x3 LM 1 y3 y2 y1

x2 AB5 x2
1L

3M2 x3
1L

2M x4
1L

x1 x3
3AB4 x2

3A
2B9 x3A3B14

y2 y1 y0

· ·
·




(10.18)

Then we eliminate x2 tagged with 1 and put in the final x0 using the
matrix 



y0 x4
1 AB5 x0

y1 L x3A3B14

x3 y0M
x1



 (10.19)

10.10 Magma routines for Pfaffian equations

> Attach("lr.m");
> SetVerbose("User1",true);
> Attach("lr.m");
> X := TypeIIPair([3,4,3,4]); Print(X);
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3 1 0 -3
---------- ----------
4 2 4 2
3 3 3 3
4 2 4 2

3 3
2 2

---------- ----------
0 -3 3 1

We can ask for > PfaffianEquations(X); There are 26 of them: this is a
little general calculation: there are k +1 monomials down one side, and l +1
monomials down the other, so a series of k+ l−2 pentagrams giving the new
variable. Each pentagram gives 2 old Pfaffians and 3 new ones. In our case
k = 4, l = 6 so there are 8 pentagrams and 2 + 3 × 8 Pfaffians. Of these 7
give the tag eqns around big side

-x1^3*A^7*B^19 - y0*M + x0*y1,
-A^11*B^30 - x0^3*L + x1*y0,
-A^4*B^11*M - x1^4 + x0*x2,
-A*B^3*L*M^3 - x2^3 + x1*x3,
-B*L^4*M^11 - x3^4 + x2*x4,
-L^11*M^30 - x4^3*A + x3*y6,
-x3^3*L^7*M^19 - y6*B + x4*y5,

In each of these, there are 2 known terms, and a third monomial. We
should be able to interpret them as a “continued fraction style arithmetic
progression”.

The remaining 19 Pfaffians are

-y5*L^4*M^11 - x3^3*x4^2*A + x2*y6,
-x2*L^7*M^19 - x4^2*A*B + x3*y5,
-y4*L^4*M^11 - x3^3*x4*A*B + x2*y5,
-x2*x3^3*L^3*M^8 - y5*B + x4*y4,
-x2^2*L^3*M^8 - x4*A*B^2 + x3*y4,
-x1*L^3*M^8 - x3^3*A*B^2 + x2*y4,
-y3*L*M^3 - x2^2*x3^2*A*B^2 + x1*y4,
-x1*x2^2*L^2*M^5 - y4*A*B^3 + x3*y3,
-x1^2*L^2*M^5 - x3^2*A^2*B^5 + x2*y3,
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-x2^2*x3*A^2*B^5 - y2*L*M^3 + x1*y3
-y3*A*B^3 - x1^2*x2^2*L*M^2 + x3*y2,
-x3*A^3*B^8 - x1^3*L*M^2 + x2*y2,
-x2^2*A^3*B^8 - x0*L*M^2 + x1*y2,
-x1^3*x2*A^3*B^8 - y1*M + x0*y2,
-x2*A^7*B^19 - x0^2*L*M + x1*y1,
-y2*A^4*B^11 - x0*x1^3*L*M + x2*y1,
-y1*A^4*B^11 - x0^2*x1^3*L + x2*y0,
-y2*A*B^3*M - x1^3*x2^2 + x0*x3,
-y4*B*L*M^3 - x2^2*x3^3 + x1*x4,

These give each intermediate yj multiplied by a little interval of xi.
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10.11 Bigger Magma calculation and the cross equa-
tions

> X := TypeIIPair([3,4,3,4,3]); Print(X);
3 1 0 -3
---------- ----------
4 2 4 2
3 3 3 3
4 2 4 2
3 3 3 3

3 3
2 2
2 2

---------- ----------
0 -2 4 1

There are 35 Pfaffian equations, 35 = 2 + 3(k + l − 2) with k = 5, l = 8. Of
these, the 8 tag equations around the big side appear in “big crosses”

x5y7 = y8B + x3
4L

19M69,
x4y8 = x3

5A + L30M109,

x3x5 = x4
4 + BL11M40,

x4y6 = x2
3L

8M29 + x5AB2,

x4y7 = x2
5AB + x3L19M69,

x2x4 = x3
3 + AB3L3M11,

x3y6 = x3
4AB2 + x2L8M29,

x3y4 = x4A3B8 + x3
2L

2M7,

x1x3 = x4
2 + A4B11LM4,

x2y4 = x2
3A

3B8 + x1L2M7,
x2y3 = x3A7B19 + x2

1LM3,

x0x2 = x3
1 + A11B30M,

x1y3 = x3
2A

7B19 + x0LM3,

x1y0 = A40B109 + x4
0L,

x0y1 = x2
1A

29B79 + y0M

(10.20)

(put Y1 = y3, Y2 = y4, Y3 = y6 to make the horizontal equation xiYi = · · · ).
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