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Abstract

We present a new class of affine Gorenstein 6-folds obtained by
smoothing the 1-dimensional singular locus of a reducible affine toric
surface; their existence is established using explicit methods in toric
geometry and serial use of Kustin—Miller Gorenstein unprojection. As
an application, we use these varieties to give an explicit description of
the canonical G, cover of Mori flips of Type A.

Overview

Part I introduces a large class of remarkable 6-folds called diptych varieties;
each is an affine 6-fold Vapry constructed starting from two toric 4-fold
panels Vg UV hinged along a reducible toric surface T = Vg N Vi
(compare the Wilton diptych [W]). The construction depends on discrete
toric data called a diptych of long rectangles, describing the Newton polygon
of monomials of the two toric panels Vg and Vij,. It is equivariant under
a big torus! T = (G,,)* = (C*)*. Apart from easy initial cases, diptych
varieties are indexed by 3 natural numbers d, e, k, or by a 2-step recurrent
continued fraction [d, e, d, ..., (d or e)] (to k terms). We make a further case
division into four families to handle the cases when d or e = 1.

The worked example 1.1 is an extended introduction in colloquial style,
illustrating almost all the main features of our construction; see also [Ki],
Section 11. The general introduction to Part I continues in 1.2.

Diptych 6-folds Vg serve as ambient spaces or key varieties for Mori
flips of Type A, and our work is motivated by this application. Part II

1Schizophrenic footnote: We write A" for affine space C" and G,,, for the multiplicative
group C*. Our main interest is in varieties over C, so it would also be natural to write
A" =C", G,, = C* and T = (C*)* throughout. Our varieties mostly occur as schemes
defined over Z, for example an affine toric scheme Spec Z[o N M].
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reinterprets Mori’s classification of extremal neighbourhoods of Type A [M3],
describing the canonical G,, cover of the flip as a specialisation of a diptych
6-fold (a regular pullback). Example 7.1 gives the first explicit instance. We
expect diptych varieties also to appear as key varieties in other constructions
of interest, in the same way as toric varieties.

Although Part I is self-contained and explicit (in fact rather elementary),
the application in Part II to the explicit classification of Mori 3-fold flips is
the driving force behind our study, and predicts many features of Part I that
would otherwise seem mysterious or arbitrary choices. This applies especially
to the level of generality adopted: why diptych? why long rectangles? We
take up these points briefly in 1.3. The separate introduction to Part II
discusses in more detail the background from explicit Mori theory and what
our theory contributes to it.
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Part 1
Diptych varieties

1 Introduction to Part 1

1.1 Extended example
1.1.1 Background and notation

As usual, for r > 0 and a coprime to r, we write (1, a) for the action of Z/r
on A? given by (u,v) — (eu, %) where € = exp @ € C is a chosen primitive
rth root of 1. We use the same notation? for the cyclic quotient singularity
A?/(Z/r) = SpecClu,v]*/". See [More] for elementary tutorial material on
this construction. We focus here on concrete cases, starting with %(1, 2); the

ring of invariants C[u, v]%/7 is generated by the monomials

Yo = u7, Yy = udv, Ys = uv?, Y3 = uv’, Ys = '07, (1.1)

with relations between them determined by the tag equations

Yoo = Vi, Yi1Ys = Vs, YoYs = Y. (1.2)

These are of the general form v;_1v;41 = v for any 3 consecutive monomials
Vi_1,;,V;+1 on the Newton boundary. The exponents or tags a; are the
entries in the Jung-Hirzebruch continued fraction expansion of ——; here

7T72 =2- ﬁ = [2,2,3]. The quotient A*> — S C A?‘yo'”@ is thus the

morphism (u,v) — (yo..4), and the image S is uniquely determined by (1.2):
the complete intersection (1.2) consists of S plus the (yo,y4)-plane with a
“fat” nonreduced structure. To see actual generators of the ideal Is we also
need the “long equations” yoys = Y12, Y1%a = Y2y3 and yoys = y1y3, that
derive from (1.2) using easy syzygy manipulations. In what follows, we write
S = Sj for the quotient 1(1,2).

In the same way, the quotient singularity %(1, 3) is

S, cA‘<l

: .2 _ .4
20,%1,L2,23) given by Tl = Ty, T1T3 = Ty (13)

with [2,4] =2-1=1.

20Or (continuing the footnote of p. 1) £(1,a) denotes the action of the multiplicative
group j, on A% given by (u,v) — (cu,e%) for € € p,.
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1.1.2 The tent T

The starting point for our example is the reducible affine surface or tent of

Figure 1.1 (with k =3,/ =4 and k+ 1+ 2 =9 in our case). It consists of a
S
Sh Sy
So

Figure 1.1: The tent T = Sy U S; U S, U S3 C A]g;”kzyo , is obtained by
glueing Sy U S; transversally along the xp-axis, S; U S, along the xj-axis,

S, U S3 along the y;-axis, and S3 U .Sy along the yp-axis

cycle of 4 components, with vertical sides the surface quotient singularities
Si C A, ,yand S3 C A}, of types £(1,3) and 7(1,2) as just described,

and top and bottom the coordinate planes Sy = A?%yl) and Sy = A?

(z0,Y0) " In

equations, T C A? is the reducible variety defined by

Is,,Is, and z;y; =0 for all4,j with (4,7) # (0,0), (k,1). (1.4)

1.1.3 First toric extension 7' C V5

We now seek to embed T into a toric variety V' (irreducible and normal) so
that T is both a regular section of V' and a union of its toric strata; the main
purpose of this paper is to analyse the several different ways of doing this,
and the compatibilities between them.

One solution is the affine toric 4-fold V45 with monomial cone schemat-
ically represented in Figure 1.2, our first long rectangle. 1t is a schematic
representation of a cone o(Vy4p), the Newton polygon of Vyp in the mono-
mial lattice M = Z* (see Figure 2.3 for another perspective, with A, B in
their position in the 4-dimensional lattice Ml.) We read o(V4p) and the toric
variety Vap automatically from the figure as follows: the dots around the
boundary (clockwise from bottom left) are the generators zo_x, ¥i..0; the two
remaining generators A, B are shown as annotations at the top corners. It is

fI'T
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4 9 ?3
o2

2
i o2

Figure 1.2: The long rectangle for Vg

awkward and not very enlightening to draw them in their correct geometric
position in the 4-dimensional lattice M (compare Figure 2.3). The relations
(1.2) and (1.3) continue to hold, as represented by the tags down the long
sides. These constrain xq_j to a plane face of o(V4p), and in that plane they
generate the Newton boundary of %(1, 4); ditto yo.. ;. The new ingredients are
the tags and annotations 42, 17 at the top corners, that say how we intend
to deform the reducible equations zoys = 0 and z3y; = 0 for T" appearing in
(1.4) to usual binomial equations of toric geometry:

Toys = 134,  x3y3 = y4B. (1.5)

We view A and B as deformation parameters, and interpret (1.5) as smooth-
ing the reducible double locus along the x3- and ys-axes, the top corners
Sl N 52 and SQ N 53 of Figure 1.1.

On the other hand, equations (1.5) and the original tag equations (1.2—
1.3) now completely determine the cone o(V4p) in a monomial lattice M =
Z*. Indeed, xs,vys, A, B is a Z-basis of M, and the remaining generators
o, ..., Lo, Y3,...,Yo are Laurent monomials in this basis, obtained by con-
tinued division from (1.5) together with (1.2-1.3):

_ = B -1
Ty = [E%(A:U;l l)a Ys yé( x:il>;
— 2T (A1) Y2 = yi(Bxs "), 16
T —1‘3( Yy ) ) n :yi<B$51)5 ( : )
ro=a2(Ays )y = yA(Bay Y.

A rational, polyhedral cone o in the monomial lattice M defines a (irre-
ducible, normal) toric variety Vg, = Spec C[M N g]. We claim more: our
monomials xg._3,%0.4, A, B in Ml generate M N 045, and the resulting toric

10
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variety Vap = Spec C[M N o4p] is a flat deformation of 7. When we say
deformation, we mean the total space of the deformation; in fact A, B define
a flat morphism Vyp — A?A,B) with fibre T : (A = B = 0) over 0, although
the morphism does not figure prominently in our considerations.

The relations satisfied by our monomials come implicitly from their in-
clusion in M. We are usually not interested in writing them all out, but we
want to find enough equations to justify our claim. By substituting from
(1.6), we find the relation

1Yo = A4B7 (17)

that deforms the original equation z1yo = 0 in T; this is the corner tag (0) of
Figure 1.2, indicating a tag equation at xy, with tag 0 derived from the other
tags (the annotation A*B7 is left implicit). We view it as a partial smoothing
of the reducible double locus of T" along the xy-axis — the hypersurface in
A%, yo.a.p) defined by (1.7) is of course normal.

Now, how does the relation xgy; = 0 deform? From (1.6) we write out
zoy1 = xhy; *ATB°, hence

Toyr = y61A7BIQ or xoy = 11 A*B’. (1.8)

The first equality is a tag equation for yy, with negative tag —1; this is
the (—1) at the bottom right of Figure 1.2. Along the yp-axis of T', where
yo # 0, (1.8) ensures that the A, B deformation is also a partial smoothing
of the singularity, making it irreducible and normal. However, (1.8) with its
negative tag is anomalous in that it is not a polynomial equation, so we are
not really allowed to use it as a generator of the ideal of the affine variety
Vap. We thus replace it by the second expression, which in view of (1.7) is
equivalent to it where 3y # 0. The relation zyy; = 21 A3B5 is also anomalous
as a tag equation for g, since it involves the “opposite” generator x; in place
of yo. Now the equations of V4 include (1.7-1.8); these define an irreducible
normal complete intersection in A‘Zxo,xhyo’yh AB)-

Since V4p is a toric 4-fold, it is Cohen—Macaulay; we see in Lemma 2.4
that it is also Gorenstein. (Exercise: check from the above description that
the semigroup ideal of interior monomials of o(Vyp) is generated by AB;
compare Section 2.3 and Figure 2.3.) One checks that the locus (A = B = 0)
inside V45 equals T at the general point of each component, and in particular
each component is 2-dimensional. Therefore A, B is a regular sequence and
T C Vg is a flat deformation.

11
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1.1.4 Conclusion

In this example we found the A, B deformation T" C Vsp in a more-or-
less inevitable way starting from the new tag equations zoys; = r3A and
x3y3 = y4B, that naturally smooth the double locus of T along the x3-
and y4-axes. After a monomial calculation that is birationally forced, our
rectangle closed up neatly to give the tag equations (1.7-1.8), so that this
deformation also leads to partial smoothings of the xy and yy-axes, giving an
irreducible and normal variety Vsp such that A = B = 0 contains Sy as a
reduced component. Corollary 2.9 explains that this miracle works precisely
because the concatenation [4,2,1,3,2,2] is a continued fraction expansion
of 0. These numbers are the tags at xo,x3, y4,...,y1; the asymmetry (x;
omitted but y; included) is significant, and relates to the anomalous tag
equations (1.8).

1.1.5 Second toric extension 7" C Vi,

As hinted above, T has more than one deformation to a toric 4-fold. We now
write down the second long rectangle Figure 1.3 and the resulting deformation
T C Vip. The calculations are just as for Vg, except that we start from the

(0) g0 (=3)

4 9 ?3
o2

2
’ o2

L M
Figure 1.3: The long rectangle for Vi,

bottom and work up. Hindsight based on Corollary 2.9 and [3,2,2,1,4,2] =0
tells us that this will work. The new tag equations that smooth out the x,-
and yp-axes of T are represented by the ;4,1,; at the bottom:

z1yo = 1oL, Toy1 = Yo M. (1.9)

12
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This time xg, yo, L, M base the monomial lattice and (1.9) together with
(1.2-1.3) give the remaining variables as Laurent monomials:

_ —1
T, = :Eé(LyO_l), Y1 = yo(Mz, ™),

. Y2 = yo(Mag")?,
vy = wg(Lyy 1)?, 1y (1.10)
04 7 Y3 = yo(Mzy " )°,
=m0 (Loo )y, = gy
As before, we deduce the tag equations for x3 and y,:
Toys = LPM",  ways =y, *LTM?*" = 23 LM?>. (1.11)

The latter is anomalous as before: the partial smoothing along the y,-axis is
specified either by the Laurent monomial y;® or by a polynomial equation
x5 in the “opposite” variable 5.

1.1.6 The 6-fold VABLM

We now have two deformations T' C Vg and T' C Vs of our tent T to toric
4-folds. They are quite different: indeed, Vsp is smooth along the x3- and
ys-axes by (1.5), but has hypersurface singularities along the zo- and yp-axes
of transverse type z1yo = A*B7 and zoy; = y;'A"B'2 by (1.7) and (1.8).
In contrast, Vs smooths the xy- and yp-axes by (1.9), but leaves the ws3-
and ys-axes with the transverse hypersurface singularities oy, = L2M7 and
T3ys =y, " LT M?" of (1.11).

Main Theorem 1.2.3 now asserts that these two toric panels fit together
in a 4-parameter deformation T C Vapru:

T - Vg
m ﬂ (1.12)

Vive C  Vaprum

More precisely, we build an affine 6-fold Vapry with a regular sequence
A, B, L, M such that the section L = M =01is Vyp and A = B =0 is Vp,.
The idea is amazingly naive: starting at the top, we simply merge the tag
equations (1.5) and (1.11) for z3 and y4 from Vsp and Vi, obtaining

Wc A?x2,$3,y4,y3,A,B,L,M> defined by

Toys = T2A + LPM7,  x3ys = yuB + o3 LM>. (1.13)
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It is a codimension 2 complete intersection, A, B, L, M is a regular sequence
for W, and the section L = M = 0 is birational to V45 by the Laurent
monomial argument of (1.6).

The plan is now to adjoin x1, xg, y2, Y1, Yo as rational functions on W, so
Vapry will be birational to W. In commutative algebra terms, the coordinate
ring of Vapra is constructed from the complete intersection (1.13) by serial
unprojection. We run through the construction as a pleasant narrative; the
reasons it all works include some detailed tricks that we explain later when
we treat the material more formally. Suffice it to say that we add the new
variables x1, xg, Y2, Y1, Yo one at a time, and in that order. Adding them in a
different order does not work.

1.1.7 First pentagram

We construct z; as a rational function on W (1.13) with divisor of poles the
codimension 3 complete intersection

D:(z3=ys= LM =0)CW, (1.14)

where LM?3 is the hcf of the two terms L2 M7 and x5 LM? in (1.13). The new
variable z; appears in three equations

Tixy =, xys=--, wmLM>=-.. (1.15)

that express the rational function x; as a homomorphism Zp — Oy,. More
intrinsically, z; is an unprojection variable x; € Hom(Zp,wyw ) with Poincaré
residue a basis of wp = Op; see [PR] and [Ki] for the theory and practice of
unprojection. In our calculation we take as input the equations (1.13) and
(1.14) of W and D, and use them to fix up a 5 x 5 skew matrix A = {a;;}
whose five 4 x 4 Pfaffians are the two input equations (1.13) and the three
new unprojection equations (1.15) for x;. This calculation is repeated serially
in what follows, and we make it systematic with magic pentagrams:

T3 Ya y3 3 —B —mr
Ya LM3 —I3A
1) Y3 T3 LM4
- B (1.16)

12.35 x1ys = x323A + ys LM*,
13.45 T1T3 = l’% + BLM4,
12.45 T2lYs3 = IL‘3AB + JflLMg.

23.45 woyy = 12A+ LPM7,
12.34 T3lYs = y4B + JJSLM‘S,

14
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The array is a skew 5 x 5 matrix A = {a;;}; we only write the 10 upper-
triangular entries a;s = ys3,...,a15 = —x1, etc. Its 4 x 4 Pfaffians are

Pt = aijar — aaj + agaj,  for any distinct 4, j, k, 1 (1.17)

(as with minors and cofactors, with an overall choice of £1; in long calcu-
lations we abbreviate Pf;;; to ij.kl). In (1.16), viewing ys,ys, x3,x2 and
the two equations xoy, = ---, x3y3 = --- as given, we seek to add x; and
three new equations x 23 = -+, 2194 = --- and xoys = - - - + 21 LM?3. These
trinomial equations play a role for Vs similar to the binomial tag equa-
tions v;_1v;41 = vf* for the cyclic quotient singularities S; and the tent T
The array is written out automatically from the pentagram and the given
equations (1.13): we write the given variables ys, y4, 3, x2 down the super-
diagonal, the new unprojection variable x; in the top right, and the given
LM3 = th(L2M7,IgLM3) as the entry a924. Requiring Pf12.34 and Pf23.45
to give (1.13) determines the remaining entries. The output is the three
equations involving z; as the three remaining Pfaffians in (1.16).

1.1.8 Serial pentagrams

The remaining variables g, y2, ¥1, Yo are adjoined likewise to give the codi-
mension 7 variety Vagra (see Chapter 5 for a formal treatment). We write
out the calculations without further comment for your delight.

T
’ ys 1y —AB —x
L2 Ys x5 LM?3 —x%
T r9e BM
T
Zo 1

12.35 xor3 = 1125 + BMys,
13.45 wowy = 23 + AB*M,
12.45 w1y3 = ABx3 + LM?3x,.

23.45 1Tz = I% + .BLJ\447
12.34 TolYs = ABZE3 + LM3ZE1,

To (1 ys LM?xy —ABz% —y

T2 M —T
1 Y2 T ABQ
To Lo

12.35 TolYg = AB2y3 + LM2.’130I1,
13.45 @1y, = A2B322 + Lngg,
12.45 zoys = ABx123 + Mys.

23.45 Tolog = l’% + AB2M,
12.34 zyy3 = ABx3 + LM3xy,
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L2 y Yo LMI% —A’2B3zy, —uyi
2

) M —I1
T 2
1 T AB

Lo

Zo
12.35 w9y = AB%y, + LM 3,
13.45 xy; = A3B%xy + LMz,

12.45 TolYa = AQBs.fE]_:UQ + Myl

23.45 xore = 2?2 + AB?M,
12.34 my, = A®B323 + LM?22,

L2 y Lay —A’B® —y
i) M —T

T n T AB2

Zo Yo Lo

12.35 9y = AB%*y; + Lx%xl,
13.45 wyo = A'B” + La},
12.45 xoy; = A3B%x; + Myj.

23.45 wowy = 23 + AB*M,
12.34 xyy, = A*BOxy + LM},

The final two equations x1yg = --- and zgy; = --- merge the tag equa-
tions (1.7-1.8) and (1.9) for xy and y, at the bottom of the two long rectangles
in exactly the same way as (1.13) merged the tag equations at the top. In
other words, the whole calculation could have been done starting with these
two equations and working up — if you liked the puzzle, you will enjoy turning
it upside down and doing it all over again.

1.2 Introduction to Part I continued
1.2.1 Tents and their toric extensions

A tent T'= SoU S; U Sy U Ss is an affine Gorenstein surface as in Figure 1.1;
its 4 irreducible components are Sy, Sy = A? and S, S3 cyclic quotient singu-
larities of type %(a,1) and 1(3,1) (where r, o are coprime natural numbers,
and similarly for s, /3). They glue transversally along their toric strata (=
coordinate axes), giving T' four singular axes of transverse ordinary double
points; the two axes on Sy are the top axes, and the two on Sy the bottom
axes. For details, see Definition 2.3.

16

intro!l



Our first result is the easy toric Lemma 2.11: an extension 7" C V45 of
a tent T to an (irreducible, normal) affine toric 4-fold V45 that smooths the
top axes is given by a matrix (3 §) € SL(2,Z) with a,b > 0 and @ = o mod r,
b = ( mod s; this exists if either a or § divides rs — 1. Corollary 2.9 gives
an alternative treatment in terms of continued fraction expansions of 0, such
as [4,2,1,3,2,2] = 0 in our example. By Proposition 2.1.d, this is obtained
by concatenating with a 1 the expansions of complementary fractions - and
—— and is thus easy to set up. This is standard material in toric geometry,
and only the interpretation is new.?

1.2.2 Classification Theorems 3.5 and 3.9

The input to our Main Theorem 1.2.3 is a diptych of extensions T' C Vapg
and T" C Vpy as above, smoothing respectively the top and bottom axes
of T. Section 3.1 discusses the condition on 71" for two such smoothings
to exist (see Lemma 3.2): we need a second matrix (,7) € SL(2,Z) with
ag = 1 mod r and bh = 1 mod s. Theorem 3.5 classifies all solutions to
this problem: with simple initial exceptions, each corresponds to a 2-step
recurrent continued fraction [d, e, d, ..., (d or e)]. We think of d,e > 2 as the
main case or Type 1(d, e, k), with Example 1.1 as [2,4,2] or Type 1(2,4,3);
the more detailed Classification Theorem 3.9 separates off the cases with d
or e = 1 into three further families II, IIT and TV.

1.2.3 Main Theorem

A diptych of 4-fold toric panels T C Vag and T C Vi that smooth respec-
tively the top and bottom azxes of T extends to a 6-fold Vapryr as in (1.12).

The diptych variety Vagras is an affine variety with an action of the torus
T = (G,,)*. It has a reqular sequence A, B, L, M consisting of eigenfunctions
of the T-action such that Vag and Vi are the sections given by L = M =0
and A =B =0, and T is their intersection A= B =L =M = 0.

It follows that Vg is a Gorenstein affine 6-fold and is a flat 4-parameter
deformation of the tent 7. The T-action restricts to the big torus of both
4-fold panels Vg and Vi ,; the original tent 7' is a union of toric strata in
each, with the T-action inducing the natural (G,,)* action on each of its four
toric components.

3 Although the extension T C Vg is a deformation, we treat it organically rather than
infinitesimally (as Altmann [A]).

17
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1.2.4 Indications of the proof

We want to handle our diptych varieties Vaprys as explicit objects, but, as
with toric varieties, without necessarily writing down all the relations for their
coordinate rings. Pfaffian equations arising from pentagrams as in (1.16) ffoll.
of Example 1.1 are trinomials, analogous to the binomial equations of toric
geometry (especially the tag equations of cyclic quotient singularities), and
we hope to get away using only these.

Main Theorem 1.2.3 is proved by serial unprojection, supported by a
mass of toric geometry. As described in Example 1.1, we start from two
equations defining a codimension 2 complete intersection in A%, and adjoin
the remaining variables one at a time using the Kustin—Miller unprojection
theorem of [PR]; the serial use of this theorem provides most of what we
need.

The order the variables are adjoined is already determined at the level
of the toric panel V45, whose coordinate ring can also be analysed by serial
projection. At each step of the induction we have to set up the new unpro-
jection divisor D, C V,. The divisor D, itself is the product of a monomial
curve A*BP = 0 with affine space A*. This is where we make essential use of
the relation between the combinatorics of the two panels Vg and Vi, the
key point being to compare the order of variables in the projection sequences
of Vyp and Vs as in Corollary 5.4. The reader with extensive teaching and
administrative obligations may wish to take most of this on trust.

1.3 Motivation from Mori flips

Part II applies diptych varieties to explicit Mori theory; the first genuine
case is Example 7.1. We confine ourselves here to the motivation that Mori
flips of Type A offer our treatment of diptych varieties. This discussion is
intended partly to explain some of the objects and features that turn up, and
to justify the level of generality we work at, and partly as a mnemonic aid.

1.3.1 Definition of Mori flip
A flipping extremal neighbourhood is a 3-fold morphism
ccx-Lysp (1.18)

where P € Y is an isolated 3-fold singularity, f contracts a single curve
C = P! to P and is an isomorphism on the complements (X \ C') = (Y \ P).
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What category do we work in? P € Y is naturally an isolated singularity,
that is, a germ of algebraic variety over C up to local analytic equivalence, and
X — Y is a projective morphism, hence an analytic germ of neighbourhood
of C. One can replace analytic by formal or etale according to taste. Our
approach to these matters is pragmatic: we choose a model of Y as an affine
variety over C, treating changes of analytic model, category-switching, etc.,
by assuming whatever we need. In other words, we assume that the necessary
localisation and analytic change of models have already taken place; this is
implicit in the assumption that f contracts only one irreducible curve C', and
in the following.

We assume that X has analytically Q-factorial terminal singularities, and
—Kx is relatively ample. Moreover, the Weil divisor class group of X is
cyclic: C1X = ZA, with ample generator A. (One reduces to this case by
passing if necessary to an Abelian cover ramified only at the singularities.)
Write —Kx = 0A, where § > 1 is the Fano index of X. Mori’s famous flip
theorem gives another small partial resolution

ctexttLysp (1.19)

with Ot = P!, where X has terminal singularities and K+ is ample. See
Mori [M1] for the original proof and Corti [Co02] for a recent update based
on Shokurov’s ideas.

1.3.2 The G,, cover of a flip

We explain the ideology of the first part of Reid [Wf?], that views a flip as
the Proj of a Z-graded ring, or as variation of GIT quotient for a G,, action.

A flipping singularity Y has a Z-graded algebra R = €, ., Oy (nf.A),
where A is the ample generator of Cl X; the finite generation of R as an
Oy-algebra is equivalent to the flip theorem. Taking Spec defines an affine
Gorenstein 4-fold Spec R = A (a finitely presented scheme over Y') that is a
G,, cover A — Y closely related to the total space of the canonical bundle
Ky (N.B.: this is not a Q-line bundle over the flipping point P € Y'). On
the other hand, taking only the homogeneous part of R of degree > 0 gives
the N-graded finitely generated Oy-algebra

R+ =EPOy(nfA), with ProjR, =X.

n>0
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This holds by definition, because A is an ample Q-divisor on X. Doing
the same with the homogeneous part of R of degree < 0 gives X in the
same way. This means that X and X can both be studied by graded ring
methods. See Example 7.1 for an actual construction.

The grading of R defines an action of G,, on it and on A = SpecR,
and the three varieties in the flip diagram X — Y « X are three different
GIT quotients by this action. The categorical quotient is Spec of the ring
of invariants, that is, Spec Ry = Y. Taking Proj R, excludes the variety of
the “irrelevant ideal” defined by the vanishing of all the graded elements of
degree > 0. Thus taking Proj R, is the GIT procedure of taking the quotient
of the set of semistable points V**; similarly for Proj R _.

1.3.3 The general elephant

Write S = Sy € |—Ky| for the general elephant of Y and Sx = f~}(S) C X
for its birational transform. It is known (see Kollar and Mori [KM], Section 2)
that P € S is a Du Val surface singularity, and it follows from the adjunction
formula that f: Sy — S is a crepant partial resolution; since the minimal
resolution of a Du Val singularity dominates every crepant partial resolution,
and f contracts just one irreducible curve, it follows that Sy is the surface
obtained by extracting one exceptional curve of the minimal resolution. (Or
to put it another way, start from the minimal resolution of S and contract
back down all but one of the exceptional curves.)

Now the equation of S C Y is a global section of Oy (dA), and hence the
G,, cover of S is a principal divisor or hyperplane section in A. The G,,
cover of Y can therefore be studied as a 1-parameter deformation of the G,,
cover of S, which is determined by a Du Val singularity plus extra data.

This is the second ideological point of Reid [Wf?]. It says that a 3-fold
flip can be seen as a 1-parameter deformation of a Du Val singularity with
a suitable twisting by G,,. The analogy is with the classification of terminal
singularities, each of which can be viewed as an equivariant 1-parameter
deformation of a cyclic cover of a Du Val singularity ([YPG], Theorem 6.1).

1.3.4 The Type A assumption

We now assume in addition that S is a Du Val singularity of Type A, that is,
a cyclic quotient singularity of type %(1, —1) for some 7. Since the minimal
resolution of S is a simple chain of r — 1 exceptional curves, the partial
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resolution Sy — S is just a matter of extracting one link of the chain, that
is, breaking the chain into two pieces of length a — 1 and r —a — 1 (just one
if a =1 or r —1); thus Sy is a neighbourhood of an exceptional P! on a
toric surface with two singularities of type £(1,—1) and —(1,—1). When
we make a G,, cover of S or Sy, it is almost inevitable that the result will
be a toric 3-fold.

1.3.5 The section

There is another way of reducing dimension, namely taking a general section
through P € Y. Kollar and Mori [KM], Theorem 1.8 use this as the basis
of a classification of flips. In fact, Mori [M3], 2.1 proves the much easier
statement that under the Type A assumption, the general hyperplane section
through P €Y is also a cyclic quotient singularity. This is the basis for our
diptych viewpoint: the G,, cover of a flip is a 4-fold having two quite different
hyperplane sections, each isomorphic to a toric variety.

1.3.6 Long rectangles

The top and bottom are C' = P! and C* = P!. This is the reason that our
long rectangles only have 2 monomials xg,yo and zy,1; at the bottom and
the top, whereas they have any number of monomials down the side.

It would be nice to get this in a more precise form out of Mori’s k2A or
k1A assumptions. We want k1A to be a special case of k2A.

1.3.7 Unobstructed deformations

A key point for us is that deformation problems concerning Mori flips are
a priori unobstructed. That is, the obstruction space T? is zero for for-
mal reasons. Indeed, X has isolated hyperquotient singularities (see [YPG],
Theorem 3.2); thus if we arrange our deformations to take place within the
hypersurface, the deformation problem has no local T?, and has a finite di-
mensional T! at finitely many points. Moreover, f has relative dimension 1
over an affine (or Stein or formal) neighbourhood of a point.

1.3.8 Conclusion

In this section we have tried to convince you of the following points:
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e The G, cover of a Mori flip of Type A is an affine Gorenstein 4-fold
A with two different Gorenstein toric 3-folds as regular sections. The
two panels correspond to “elephant” and “section” of the flipping sin-
gularity P € X.

e Each toric panel is a “long rectangle”. The top and bottom of each
panel corresponds to the exceptional curves of X~ — X and X+ — X;
they only need two monomial generators, corresponding to the fact that
both exceptional curves are weighted P's.

e Moreover, the deformation problem from either of these 3-fold sections
out to A can be treated in a way that is a priori unobstructed.
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2 Toric geometry

This chapter centres around the combinatorics of Jung—Hirzebruch continued
fractions. After recalling standard facts, we define a tent 7', and, under
appropriate assumptions, construct a toric extension 7' C V45 that smooths
its top two axes. We particularly appreciate tents T" that admit a second toric
extension 17" C Vpj; smoothing also the bottom two axes as in 1.1.6. These
pairs of extensions (1.12) are the input for Main Theorem 1.2.3, and our
Theorem 3.5 classifies them in terms of 2-step recurrent continued fractions
d,e,d,...].

We also prepare material for the proof of Main Theorem 1.2.3, especially
the combinatorics of serial unprojection. The toric extension T" C Vg can
be treated in terms of a matrix (; %) € SL(2,Z), or equivalently, in terms of
a certain continued fraction expansion of 0. The latter treatment gives Vg
a sequence of Gorenstein projections.

2.1 Jung—Hirzebruch continued fractions
2.1.1 Formal properties

A continued fraction expansion is a formal expression

1, .. el =1 —1/(ca—1/(cg— -+ —1/cp))

1 1
Co— —T [CQ,...,Cn]

cn

The entries ¢; are called tags. If ¢y, ... c, are integers, the righthand side is a
rational number, provided that the expression makes sense (that is, division
by zero does not occur).*

The next proposition discusses four aspects of continued fractions. We
spell out this material, because we use it often and with large multiplicity
in what follows: we invert continued fractions and pass to complementary
fractions, we “top and tail” them by cutting off a tag at one end and adding
one at the other, say:

lag, ...,ax_1] — [ag, ax_1,...,a1], etc., (2.2)

“For tutorial material and exercises, see Reid [More]. The notation is explained in
Riemenschneider [R] §3, pp. 220-3, where complementary tags are calculated using the
Riemenschneider staircase. Related material on concatenated continued fractions is used
in Craw and Reid [CR], 2.2.
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and we concatenate the resulting fractions.

Proposition 2.1 (a) Factoring a matrix: The formal identity

(31;)(31é)“'($ é>:<3§Z)' (23

holds in indeterminates or variables ¢y, . . ., c,, wherep,q,p',q" are poly-
nomials, the numerators and denominators of p/q = [c1,...,¢,) and
/¢ =[c1,...,ca1]. (No cancellation occurs in the fraction p/q, what-
ever the nature or values of the quantities c;, because p and q satisfy
an hef identity ap + Bq = 1.) The fraction p'/q’ is the first convergent
of p/4q.

(b) Blowdown: [cy,... ¢, 1,1] =[c1,..., ¢ 1 — 1] and
[Cl, ey Ciq, 17Ci+17 PN ,Cn] = [Cl, ey Gl — 1>Ci+1 - 1, .. .,Cn]. (24)
This is just the identity (% ) (D) (%) =(% 20) (% 1),

Two notions of “inverse” of a continued fraction play a role in our theory:
(c) Reciprocal: [cy,...,¢,] = p/q and its reciprocal continued fraction
[Cn, - ]l =p/q" (2.5)

share the same numerator p, and their denominators are inverse modulo
p. More precisely, there is a formal identity

q¢" = N(co,...,ch1) - p+1, (2.6)
where N(cg, ..., cn_1) 1S the numerator of [ca, ..., cn_1]. In particular,
if ¢; € Z and the expressions are meaningful then [c,, ..., 1] = p/q",

where q¢* =1 mod p. See (2.11) for what this means in our context.

(d) Complement: Let p/q = [c1,...,¢,] with ¢; € Z and ¢; > 2. Then

the complementary continued fraction is [by,...,bn] = p/(p —q), and
satisfies

[Cn,...,Cl,l,bl,...,bm} = 0. (27)
Moreover, serial blowdown reduces the expansion to [1,1] = [0] = 0; in

particular, Y (c; —1) = > (b; — 1), and one of by, c; < 2. For example,
[4,2,1,3,2,2] = [4,1,2,2,2] = [3,1,2,2] = [2,1,2] = [1,1] = 0. (2.8)
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Remark 2.2 Traditionally, one uses Jung—Hirzebruch continued fractions
to write a fraction - with r > a > 1 and a,r coprime integers as

1
by — -+

r
_:[b]_)"';bn—l]:bl_
a

Then b, is the round-up by = [%], and is > 2, because Z > 1, and for the
same reason all subsequent b; > 2 (to the end of the algorithm). Here we do
something slightly bigger, with a > 1, but r € Z any integer coprime to a:
for example, =2* = —3 — 2 = [-3,3,2,2]. This means that b; = [Z] € Z;
however, from the second step onwards and to the end of the algorithm,
1/(b1 — L) > 1 is a conventional fraction, so that b; > 2 for each i with
2<i:<n-—1.

In traditional use, (2.3) identifies 3 types of data: a rational fraction
p/q > 1, a continued fraction [ci,...,¢,| with all ¢; > 2, and a matrix
(:Z:;ﬂ) € SL(2,Z) with p > ¢ > 0. However, we relax these restrictions,
considering things like [5,1,3] =5—2 = I = [4,2] (a blowdown) or [2,0,2] =
4, with

G- ()6 -0 e

The matrix product (2.3) is meaningful even when (2.1) involves division by
zero. More generally, the sequence of integer tags [ci, ..., ¢,| contain more
information than the matrix (2.3), which contains more information than the
fraction £: while (:Zﬁ f)) € SL(2,Z), the fraction £ (when defined) is its image
in the quotient group PSIL(2,7Z), whereas the expression [cy,...,c,] is a lift
to the “universal cover” of SL(2,7Z) inside the universal cover of SL(2,R),
keeping track of winding number. For example, [0,0,0,0] is the composite
of 4 rotations by m/2, or (% (1))4 = id. Running around one of our long
rectangles always gives winding number 1.

2.1.2 Notation for the quotient 1(1,a)

As in Example 1.1, for r > 1 and 0 < a < r coprime to r we write (1,a)
for the Z/r action on A%um given by (u,v) — (gu,e"), and for the quotient
S = A?/%(1,a) by this action. We allow A? as the case r = 1, without
worrying unduly about the value of a (of course, a = 0); it corresponds
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to the identity matrix or the empty continued fraction [@]. The lattice M
of invariant Laurent monomials consists of u‘v? with i + aj = 0 mod r; it
is a copy of Z2, but with no preferred basis. The coordinate ring of S,
based by Z/r-invariant monomials, is minimally generated by monomials
on the Newton boundary of the positive quadrant ¢ C Mg, with x¢o = u",

r1 = w' "%, etc. The continued fraction — = [ai,...,a,_1] provides the
generators xg_ ;. and the tag equations holding between them:

Tixi =ay fori=1,...,k—1. (2.10)

These determine .S completely: they express any x; as a Laurent monomial in

any two consecutive monomials z;, x;1. The complete intersection in A’Z;;l R

given by (2.10) is S plus A%xo,xk) (usually with a nonreduced structure). The
other generators of Ig are “long equations” z;x; = monomial for |i — j| > 2,
that can be deduced from (2.10) via syzygies.

When ab = 1 mod r the expressions 1(1,a) and (b, 1) give the same
group action (up to choosing the primitive root €* as the new basis of 1, );
the reciprocal continued fractions define the same invariant monomials, read

in the opposite direction:

r
r—a

_ a1 ,..—1
UV, Tog =T Xy ...

=lay,...,ap1] — To=u", ¥1=1u
r—a

r _ T _ r—b
r—b_[ak_l’”"al] = T =", Tp_p =uwv" .

(2.11)

2.2 Tents and fans
2.2.1 The definition of tent

eqltag

eqlopp
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Definition 2.3 A tent T = Sy U S; U Sy U Sy ¢ AFFH2 > is the union of def!tnt

(To...k>Y0...1
the four affine toric surfaces of Figure 1.1, with horizontal sides Sy = A?xo,yw
and Sy = A%Ik ) and vertical sides the cyclic quotient singularities
S = %(1, ) with coordinates xo.  from = = [ai,...,az_1], and
Sy = %(1,5) with coordinates g ; from ﬁ = [b1,...,bi_1]

(where r, o are coprime natural numbers, and similarly for s, 3). The coor-
dinates xg_j, yo.; of the ambient space A**2 and the equations for T are
shown schematically in Figure 2.1. The components glue transversally along
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Tk Ui
Tk—1 Yi—1
€ Y1
Zo Yo

Figure 2.1: Coordinates and tags for T'

their toric strata (= coordinate axes), giving T four singular axes of trans-
verse ordinary double points; the two axes on Sy are the top axes, and the
two on Sy the bottom axes.

Our definition expresses 7" embedded in A**2 by explicit coordinates;
its ideal I7 is generated by Ig,, [s,, determined by the tags down the sides
as in Section 2.1, together with the cross-equations z;y; = 0 for all pairs
(,5) # (0,0), (k,1).

However, T' can be viewed abstractly as an identification scheme as stud-
ied more generally in Reid [dP]: write I'; U T for the toric 1-strata of the
S; and C' = | [;/_,(T, UTY). Let D be the four axes A' with coordinates
X0, Tk, Y1, Yo glued transversally at a common origin (as coordinate axes in
A%); write ¢: C' — D for the morphism given by g on the z¢-axes of Sy and
S1, and so on, to perform the identifications of Figure 1.1. Then

There are no parameters or moduli in this glueing.

Lemma 2.4 Let T be the tent of Definition 2.3. Then T is a Gorenstein
scheme. Moreover, T has an action of (G,,)* that restricts to the toric struc-
ture on each component.

Proof We use elementary results of [dP], Section 2. T" is Cohen—-Macaulay
because all the glueing happens in codimension 1 ([dP], 2.2). We prove it is
Gorenstein using the criterion of [dP], Corollary 2.8.

Each component S; is a toric surface; on each, choose a Z-basis my, mo for
the monomial lattice, oriented clockwise (e.g., on Sy, take xo, z1 Or Tp_1, Tg;
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on Sy, take zx, y;). The 2-form s = dm—mll A dmi; € Q2 on the big torus is a basis
for Q2 is defined over Z, independent of the choice of oriented basis, and has
log poles along each stratum of S, with residue along each stratum A! equal
to + times the natural basis 42 of f,. We take this basis element s on each
component. Under the identification ¢: C' — D of the double locus, over the
general point of each component of D, the residues from the two components
are £9™ and therefore cancel out; thus s satisfies the conditions of [dP],
Corollary 2.8.ii and is a basis of the dualising sheaf wr.

Each component of T is a toric variety, so (G,,)® acts on the disjoint
union of the components. Each glueing imposes one linear condition on the
action; we think of Tg, = (G,,)* = {(M\o, 1,1, A3)} as the big torus of Sy and
Ts, = {(Xo, A1, 1,1)} that of Sy, ete. Q.E.D.

2.2.2 The fan ®(; ¢) in the plane given by (} ¢) € SL(2,7Z)

Jung—Hirzebruch continued fractions factor a base change in SL(2,7Z) into
elementary moves (Proposition 2.1.a); in our case, the base change goes from
the monomials xg, yo at the bottom of our long rectangle to xy,1; at the top
(up to sign and orientation). Section 2.3 constructs the toric variety Vap and
the first extension 7" C V4p generalising (1.6), using a matrix in SL(2,Z) to
generate the monomial cone o4p5 of Figure 2.3 in the 4-dimensional lattice
M = Z*.

We first analyse the combinatorics of this construction in a stripped-down
2-dimensional setting obtained by projecting M to Ml = Z2. Consider two
oriented bases xg, yo and 7, £ of Z? related by inverse base changes

To=1"E" wyo=n6" and 1 =215y &=x5"yy". (2.13)

Here r,s,a,b > 0 are integers with rs —ab =1, so

(Z ;‘) and (_Sb _ra) € SL(2,7) (2.14)

are a pair of inverse elements.” (If a or b = 0 then r = s = 1, and one or
two points in what follows may need minor restatement; 2.2.4 summarises
the initial cases.)

®Exercise: Run through (3 ¢) = (2%') and (; ¢) = (7 *?) as a sanity check, to recover
the two long rectangles of Example 1.1.
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The vectors g, yo,7, & subdivide the plane My into the fan ®(} %) of
Figure 2.2.a consisting of 4 cones (xg, yo), (zo,&), (£,7), (Yo, n). It determines
a tent 7', with coordinate ring generated by the 4 monomial cones and related
by myms = 0 if my, ms are not in a common cone (compare Definition 2.3).
The next lemma studies the tent T corresponding to ®(j ¢).

Lemma 2.5 Consider the cone (xo,§) (marked Sy in Figure 2.2.a). The
lattice M is generated by the monomials xo,& together with either of
vo! = (@pg)' or = (apte).

Therefore (xo,§) is the monomial cone (1) or (1,1 — ), where o is the
least residue of a mod r, and 7 that of b (note that rs — ab = 1 implies «

and r — vy are inverse mod r).
® Ys=1
o ® s
® Y2
5 S3 T3 — £ (]
Sl To © [} yl
o %o T, ® 10 ®
(a) To ® (b)

Figure 2.2: The fan ®(}; ¢ ) € SL(2,Z) defined by xo, 0,7, &

Write xg,21,..., 21,2 = & for the successive monomials along the
Newton boundary of (xo,&). The number k and the monomials themselves
come from factoring the base change (2.13) into elementary moves:

)= (0 D6 (0 (5 Y e

More concretely, they are given by the continued fraction expansions
—b a
lag,ay,...,ax_1] = - and [ag,...,a1] = . (2.16)

by either of the following constructions:
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(1) From the bottom, g is given, and v1 = (xJ€)'/", where v is the least

residue of b mod r. Thus ag = (_Tb] = @ <0 and
xy = (V" = ygtalo,  that is, iy = 0. (2.17)

If v = 0 then r divides b, whereas rs — ab = 1 implies that r,b are
coprime; thus r = 1, so that k = 1 and x1 = &. Otherwise xa, . .., x}
are determined as usual by tag equations

TiaTip =x fori=1,...k—1,
where [ay, ..., ap—1] = % (see Remark 2.2).

(2) From the top, x, = &£ is gwen; if r | a then, as before, r = 1 and
the only monomials are xq, 1, = &. Otherwise, set xj,_, = (o™ ~*)V/",
where « is the least residue of a mod r. Then r — a = apr — a where
ap = [%] > 1, and

Tp—1 = fak(iﬂof_a)l/r = a:Z’“??‘l that is, wp_1n = 23"

The remaining monomials are determined by

o
Ti1Tip = a3t where [ag_1,...,a1] =

r—oa’

In the same way, the sequence [by, by, ..., b factors the inverse trans-
formation of (2.13) into elementary moves:

<:Z :i>:(—01 zi) (_01 bll_1>"'<_01 b11) (_01 blo) (2.18)

More concretely, (yo,n) is the monomial cone +(b,1) or 1(1,—a), and the
tags and monomials on the S side are by, ..., b and vy, ..., yx, given by

—a b
[bo,bl, Ce ,blfl] = ? and [bl, c. ,bl] = g (219)

and y, = x5y = (ygn)l/s where (3 is the least residue of b mod s.

Not every tent T' = Sy U S; U Sy U S3 (Definition 2.3) is given by a fan
as in 2.2.2. Which are? And in how many ways? What extra data does the
fan know about beyond 7?7 The tent T" knows the 4 monomial cones up to
SL(2,7Z) isomorphism, but does does not know how they fit together in Z?; it
knows the fractions %(a, 1) and i(ﬁ, 1), but not the corner tags ag, by, ax, b;.
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Corollary 2.6 The fan ®(; %) gives T with Sy = (o, 1), S5 = £(3,1) by
the construction of 2.2.2 if and only if a = o mod r and b = 3 mod s.
For fized T, except for initial cases with r = s =1 (see 2.2.4), there are

0, 1 or 2 matrizes for which ®(3 %) gives T':

e if neither a nor (3 divides rs — 1, there are none;
o if a divides rs — 1 then a = o, b= (rs — 1)/« provides a solution;

o similarly, if 6| (rs — 1) then a = (rs — 1)/ and b = 3 provides a
solution.

Remark 2.7 Whereas Figure 2.2.a just sketches the division of the plane
into 4 cones (g, %), (x0,&), (£,m), (vo,n), (b) accurately plots the mono-
mials in the case (3 %) = (1%), with tags [ao, ..., as3] = [0,4,2,4] at the x;
and [bg,...,bs] = [-3,3,2,2,1] at the y;. The comparison of the rich and
messy reality of Figure 2.2.b with our square-cut projective pictures such as
Figures 1.2-1.3 and 2.1 is enlightening, if somewhat startling.

Please check that you can see the effect of the tags in the picture:

ag =0 at rg = 1,0,y are in arithmetic progression;
by =1 at yy = Ox3y,ys is a parallelogram;
bp = —3 at yo = 1 is in the affine convex hull 1 € (g, y1, yo),

and so on. The figure and its monomials have other convexity and collinearity
properties to which we return later (compare the Scissors of Figure 4.2).

2.2.3 Big end, little end, and attitude of a long rectangle

In the SL(2,7Z) geometry of the plane, all basic cones are equivalent, so there
is of course no notion of the size of an angle. Despite this, the bottom cone
(x0, o) is clearly the big end of ® in Figure 2.2: if we view ® as a pie chart,
(x0,y0) occupies the lion’s share of the plane, practically 50%. The issue is
not size, but convexity. Our choice of signs in (2.13) is equivalent to

—{&m) C (2o, yo) - (2.20)

Even more holds: every monomial appearing as a minimal generator in the
other cones has inverse in (zo, yo).
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Our choices in ® have already decided that the bottom Sy = A%xoyy())
its big end and the top S, = A%E,n) its little end. (The two players swap ends
for the second half of the game.) Once this choice is out of the way, there
are still two dichotomies for the corner tags, forming a division into 4 cases,
the attitude of the long retangle and of the panel Vsp. Treating this carefully

here will save many headaches later.

is

corlat
Corollary 2.8 Except for initial cases with r or s =1 (see 2.2.4) r,s # a,b
and
r<a <= b<s and r<b <= a<s.
The long rectangle oap thus has attitude:
Top tags: eitheray > 2 and by =1 if r <a and b < s; or
ar=1and by > 2 ifr >a and b > s; and
Bottom tags: either ag < —1 and by =0 if r < b and a < s; or
ap =0 and by < —1 ifr > b and a > s.
cor!VAB
Corollary 2.9 If ap < 0 and by = 0 then [ag, ... ,ag, by, ..., ba,b1] = 0. If
ap =0 and by < 0 then [ay,...,ax, b, ..., b =0.

Conwversely, given %(1,a) and %(1,&) as in Definition 2.3, the tent T is
given by a fan ®(3 %) if and only if the continued fractions
r S

= la,...,a1_1] and
r—a s —

ﬁ:[bl,...,bk_l]

can be concatenated with ai and b; such that

either  [ag,...,ag, by, ..., bo,01] =0 or [aj,as...,ax by, ... b =0.
Proof x; and y, are opposite vectors in Figure 2.2, so (z1,za, ..., Y1, %) 18
a half-space with a basic subdivision. Q.E.D.
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2.2.4 Initial cases

We list here all the cases with r or s < 1, treating all cases with attitude not
covered by Corollary 2.8.

1 0 0 0 ToYr = A7
0 1 0 0 T1Yo = B.
1 0 be—20 ToY1 = 551{147
b 1 0 b T1Yo = B.
(1 a) 0 “ oY1 = A,
0 1 a 0 1Yo = Y1 B.
) 1 1 1 T1y1 = T2 A, Tayo = Y1 B,
<S 1 8) s Toxg = 7,
0 —(s—=1)| 2190 = AB,zoy1 = i A
. 1 1 1 oy = T2 A, vy = Y1 B,
(T . 1) r YoY2 = Y1, )
—(r — 1) 0 1Y =y, B, zoy1n = AB.

The cases with @ or b = 1 and r,s > 2 are not exceptional; rather, they
serve as the first regular example of our construction:

S 1 1 T
r rs—1 o1 T 1 re1
(1 s ) " 2 (rs —1 3) 2 ° <2'21)
0 —(r—1) —(s—1) 0

2.3 Construction of 7' C Vyp from (; §) € SL(2,Z)
For the deformation T' C V4p, we pump up the fan ®(} %) of 2.2.2 out of

the plane M to the cone 045 of Figure 2.3 in the 4-space of M = Z*, using
the new variables A, B respectively to bend along the £ and 7 axes. In more
detail, consider the monomial lattice M = Z* based by &,7, A, B, and the

cone 045 in Mg spanned by
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&,m, A, B together with x9= (Anp~1)"¢%, yo = n"(BE) (2.22)
(compare (2.13)). We draw 045 projectively, so that it has two quadrilateral

§

Zo

Yo

n

Figure 2.3: The monomial cone o4

faces EnAxg and EnyeB (the “back”), and four triangles £ Bxg, Bxoyo, ToyoA
and yoAn (the “front”). The primitive vectors orthogonal to these faces are,
in order,

(0,0,0,1) (0,0,1,0) (0,1,1,0) (rb,rs,1,0) (rs,as,0,1) (1,0,0,1). (2.23)

We get oap from the simplex (£,7,x0,30) by pulling out each of the two
back faces to quadrilaterals, adding a vertex A in the plane of zq, £, n such
that &, 7, A is basic and the quadrilateral xg, &, 7, A is convex as shown, and
likewise for B in the plane of g, n,£. The picture can be viewed from different
perspectives (we use some below, see Figure 4.1), and trying to read metric
properties from these can be misleading.

The dual cone o)z is the convex hull of the orthogonal vectors (2.23).
Since these are all in the hyperplane of weights w with w(AB) = 1, the
dotted line from A to B is interior to o45, and AB generates the ideal of
interior monomials. This is Danilov’s criterion for the toric variety Vap =
Spec(Cloap N M]) to be Gorenstein. The unextended simplex (£, 7, xq, yo)
itself does not in general determine A, B or the matrixes (2.14).

The 2-faces (xg,&) and (yo,n) of the simplicial cone (£, 7, xq, yo) are also
faces of o4, basic in M if and only if » = 1, respectively s = 1; they are the
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monomial cones of toric surfaces S; and S3, and to determine these, we want
the monomials of M along these sides, and the tag relations between them,
including those at the four corners® (we explain this below). All this comes
from the relations (2.22) and their inverses

n=(A"B%; ")y, €=, (A"Byy )" (2.24)
Indeed (2.22) and (2.24) give

(wo€™ )" =An~" and  (yon~")!/* = B¢

€ M. 2.25
(x6€)" = A’Boyy" and  (ygn)'/* = A" By 22
This implies that S; and S5 are the quotient singularities
1 1 1 1
S1 = —(a,1) = —(1,-0b d S3=-(b1)=—(1,—a). 2.26
V2@ )2 (L) ad S ()= (L-a). (220

The more precise statement is the following:

Lemma 2.10 The face (xo,&) spans a 2-dimensional vector space in Mg,
that intersects M in the sublattice generated as a Z-module by xo, & together
with either of

(IS&)”T:AI’BSyO—l or (xoﬁ_“)l/rzAn_l.

Write xg, x1, ..., Tp_1,xr = & for the successive monomials along the Newton
boundary of (xo,§). The number k and the monomials themselves come from
either of the continued fraction expansions

—b a
lag, ay, ... ap_1] = — and  [ag,...,a1] = . (2.27)

by the following constructions:
1. From the bottom, xq is given, and x, = (x3€)Y", where 7 is the least
residue of b modulo r. Thus ag = (_wa = # <0 and

x) = (03" = A’ Boxoyyt,  that is, xiyo = APBxfe.  (2.28)

6Repetition, needs a little pruning.
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If v = 0 then r divides b, whereas rs — ab = 1 implies that r,b are
coprime; thus r = 1, so that k = 1 and x1 = &. Otherwise xa, . .., x}
are determined as usual by tag equations

Tixig =xy fori=1,... k—1,
where [ay, ..., a,—1] = % (see Remark 2.2).

2. From the top, x; = £ is given; if r | a then, as before, 1 = 1 and
the only monomials are xq, 1, = &. Otherwise, set xj_, = (o™ ~*)V/",
where « 1s the least residue of a mod r. Then r — o = air — a where
ap = [%] > 1, and

Ty = E%* (2of )V = 2 An~Y that is, xp_1m = Ax(E.

The remaining monomials are determined by

T
r—a’

o
Ti1Tip = ', where [ag_1,...,a1] =

The ring C[M N {(xq, )| (the coordinate ring C[S;| of S1) is isomorphic to
the invariant ring of the cyclic quotient singularity *(a,1) = (1, —b); here
ab=1rs—1, so that ab= —1 mod s.

In the same way, (yo,n) = (b, 1) = 1(1, —a) with initial monomials y,
and y,_1 determined by the corner tag equations

ToYy1 = ATBGCUSO and &y = Bnbl,

with by = [=2] < 0 and b = [¥] > 1, and the remaining monomials for Ss
are Yo, Y1, - - - Yi-1, Yu tagged by

b
[bo,bl,...,bl,l]:?a and [br,... by] = . (2.29)
Lemma 2.11 Let
T =S,US US>, USs

be a tent with two given cyclic quotient singularities in reduced form S, =
La,1) and S3 = £(B,1). Then toric deformations T C Vap that smooth the
& and n azes correspond one-to-one with matrizes

a =« mod r,

b= [ mod s.

roa :
<b s> € SL(2,Z) with
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Since ab = rs — 1 obviously implies that a < r or b < s, this means that

either a=a|rs—1 and b="11
rs—1

or b=p[rs—1 and a=";

There may be 0, 1 or 2 solutions.
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3 Classification of diptychs

3.1 A second panel V;),

Our” construction in 2.3 of the toric deformation T C Vg was given by the
fan ®(} %) dividing the plane M into the four cones of Figure 2.2. Its key
properties are that its 4 cones give the 4 sides of T', and the union of its three
top cones is one step beyond conver; by this we mean that shaving either xg or
Yo off the two side cones makes the union of the three top cones convex. (More
specifically, in Figure 2.2, the tag 0 at xy means that x1, 0, yy are collinear, so
that every monomial except z( is in the upper half-space; and the negative
tag by < 0 at yp means that all the monomials from xg, ..., zg, y;,...,y; are
strictly within a half-plane.)

3.1.1 A second fan &'(; Y)

For the right panel V7, of our diptych, we need a second fan ¢’ in a plane
M’ (not identified with M), defining the same tent 7', but this time the big
end of @ is the top (£, 7n) corresponding to Ss, and its little end the bottom
(x0,yo) corresponding to Sy. For this, replace (2.13) with the base change

zo=n"E9, yo=n"" and =5y, £=alyy” (3.1)

based on the inverse pair (—, ) and (7° 9.), with g,h > 0. As before,
Zo,&,m, 90 define a fan &' of 4 cones, but with signs giving the inclusion

— (o, y0) C (&, n) opposite to (2.20), so that (£,n) is the big end.

[

Lemma 3.1 In @' the cone (xy,&) corresponding is %(l,h) & %(—g, 1); the
cone (yo,n) is 1(1,9) = 1(—h,1).

Hence @' defines the same tent T as ® of 2.2.2 if and only if —g = «
mod r and —h = [ mod s.

We say that ® and &’ related in this way are partners. Section 3.2 classifies
all partner pairs.

Lemma 3.2 From Vg, the cone (¢, &) is %(a, 1) = %(1, —b) and from Vi
it is 2(1,9) = £(=h,1). The cone (yo,n) is +(b,1) = 1(1,—a) and also
L(1,h) = i(—g,1). Therefore ag = 1 mod r and bh = 1 mod s; together

with rs —ab =rs — gh = 1, these imply that

"This material needs organising as a coherent narrative.
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a+h=b+¢g=0mod r and mod s. (3.2)

3.1.2 A second panel Vj;,
ss!VLM

I fix notation: the left panel V5 was specified by the matrix
Ty = (An—l)’l‘é‘a7
v = n"(BEY

Likewise, the right panel Vp,, is Spec of the cone o), in the same Mg
generated by xg, 1o, L, M together with monomials

¢ = (Lyy )=,
n o= y(Mazy')

We draw the two monomial cones 045 and oy, together in Figure 4.1

<Z Z) via the monomials

specified by (; g) € SL(2,Z).

1'2nd2
% b) and from Vi
it is 2(1,9) = 2(=h,1). The cone (yo,n) is +(b,1) (1, —a) and also
L(1,h) = i(—g,1). Therefore ag = 1 mod r and bh mod s; together
with rs —ab =rs — gh = 1, these imply that eq!9

a+h=b+g=0modr and mod s. (3.3)
rlconvx
Remark 3.4 The union o4 U o)y has convex hull a cone with a vertex.

Indeed, in the R-basis xg,yo, zr,y; of M, the condition for a linear form
(cr, 5,7,9) to be positive on A, B is

a—ay+rd>0 and [+ sy—0bd > 0.

This is achieved by taking

s 0 a ) ) a s
- > —>—, thatis, —6(—,—),
b v r ¥ r'b
h r

independently of «, (. Similarly, % € (S, 7

) gives positivity on L, M.

3.2 Classification of partner pairs -
S:

Classifying all partner pairs ®, &’ of fans is an elementary “infinite descent”
exercise similar to playing with Fibonacci numbers.
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Rules of the game: Given integers eq!10

r,s>1, a,b,g,h >0, with ab=gh=rs—1

(3.4)
and a4+ h=0b+¢g=0modr and mod s.
Use the congruences to define ¢ and e: eq!10a
a+h=es and b+ g=or. (3.5)

The following two operations preserve all the equalities and congruences
while interchanging ¢ and e: eq!22

roa 0 1\ (r a\ b s
b s -1 ¢)\b s/  \eb—1r g
r g r g o 1\ b r
h s h s)\-1 0/  \oh—s h
and (“its inverse with ¢, J interchanged”) eq!23
(r a) <5 —1) (7‘ a) B (g oa — s)
b s 1 0 b s)  \r a
(3.7)
T g r g\ (0 =1\ (g eg—r
<h s) <h s) (1 5 ) n <s a )

It turns out that a series of these operations with alternating 9, € reduces to
the initial case (39), (L9) and then down to (% §), (Y 3'). Inverting the
procedure gives the following result.

(3.6)

th!d-e
Theorem 3.5 (Classification Theorem I) Each solution of (3.4-3.5) is
one of the exceptional solutions (3.10) below, or is given by eqld-e

-0 D6 )7 D)
GO-(50) 0 sm)-( 02

or the same with the two righthand sides interchanged. The 0,¢ alternate,
the two lines have the same number k + 1 of factors (for some k > 1), and
the values of 6, € and k that are allowed are exactly the following: eq!lt6

2 [ 3 |>4

(3.9)



Exceptional solutions The casesb=g=0 ora=h =0, the matrizes eqlex

G -GD = GG oo

for any a,g > 0, or the same with both matrizes transposed.

Remark 3.6 (1) The exceptional cases correspond to the not-very-long rect-
angles and not-very-surprising diptych varieties:

a 0 —h roy1 = Ax§ + Myg

0 -a 0 oo Twe=B+L

and we do not need to mention them again. They do not give rise to Mori
flips because they do not admit weights with wt B = 0 and wt L > 0.
(2) The cases b= h = 0 or a = g = 0 are regular solutions in Theorem 3.5
with k=1 and (say) d = a, e = ¢: eqlin

-G DD D=5 DE D) o

They provide the endpoint of our infinite descent, and correspond to case
I(a,g,1) in Theorem 3.9:

a 0 0 -9 zoy1 = Azt + M

o —a g 0 1Yo = B+ Lz}

(3) The restriction on k when de < 3 in (3.9) arises because the product
in (3.8) no longer satisfies r, s, a,b > 0 for bigger values of k. Thus

b)) )-G)

has top righthand entry < 0 for ¢ = 0 and k = 2. For de = 1,2,3 and
k = 3,4, 6 respectively, the product of k factors is -1:

o =1\ (e -1\ [(dore -1\ _ (-1 0
1 0 1 0 1 0/ \0 -—-1)’
so we are basically into elements of finite order in SL(2,Z).
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Sketch proof The proof is based on a case division according to the rel-
ative sizes of r,..., h; in each case, an appropriate combination of (3.6-3.7)
decreases the entries of both matrixes, down to one of the initial cases. When
d,e > 2 and b > h, (3.6) decreases all the entries of both matrixes and then
the resulting factorisation is the stated one ((3.7) increases all the entries).
The interchanged version occurs for b < h. The cases when § or ¢ = 1 is
indeterminate: either operation decreases some entries and increases others,
but composing the two decreases them all.

3.3 Mori billiards and quadratic irrationalities

Our analysis boils down to the 2-step recurrent continued fraction

r=[6,¢e]=[5¢e0,...], arootof ex®—dex+6=0. (3.12)

Following Mori [M3], p. 167, introduce the quadratic form
Qsc(,y) = 0a® — deay + ey’

The columns of our matrix solutions to (3.4-3.5) are equipotentials for (). 5 =
0 or € with alternating 9, ¢:

Lemma 3.7 In the notation of Theorem 3.5

(6,0) fork odd,

<Q578(r’ b)’ Q6’8(87 a)> - {(6, E) fOT‘ k even.

(see Figure 3.1 and Mori [M3], p. 167).

Example 3.8 For § = 7, ¢ = 3, the matrixes (} %) are

13 3 20 20 57 57 379 .
o1)> \1 7) {7 2) \20 133/ %
and they have

Qse(1,0) =7, Q;5:(3,1) =3, Q5-(20,7) =7,
Q5:(57,20) =3, Qs.(379,133) =7, etc.
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?—ay+y? =1 2% — 2zy +y* =2 2 —2xy+2y* =1

Fa
“« v

3x% — 3ay +y* =3 2?2 —3zy+ 3yt =1
Figure 3.1: Mori billiards when de < 4

3.4 The four families of minimal models of pairs -
slmin

Theorem 3.5 with d,¢ > 2 gives the main family 1(d, e, k) of long rectangles:

just use the output [d,¢,9,...]| of the theorem as the lefthand tags. When

d or ¢ = 1, this is incompatible (as it stands) with the tags of Lemmas 2.5

and 2.10; in fact we worked there with minimal generators of monomial

cones, and so all the tags are a; > 2. Eliminating redundant generators
corresponds to the blowdown of Proposition 2.1.b. Successively striking out

1s and decrementing adjacent tags by 1 gives the following result.

thlcl
Theorem 3.9 (Classification Theorem II) Up to reflection symmetries,

any pair of long rectangles is one of the following:

Name parameters case of Theorem 3.5

I(d, e, k) die>2,k>1 d=90,e=c¢

II(e, h) e>3,h>0 d=1,e=¢, k=2h+2 even
I11(d, h) d>3,h>0 d=0,e=1,k=2h+2 even
IV(d, h) d>3,h>0 d=0,e=1,k=2h+1 odd
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where the families I-1V are described below.
Here “up to reflection symmetries” means interchanging x; and y; if nec-
essary, and swapping the two rectangles with a top-to-bottom inversion.
Swapping the two rectangles with a top-to-bottom inversion take one
solution to another. It takes families I, II and III to themselves. Its purpose
in the statement is to put 6 = 1, ¢ > 3 and k odd into Family IV.

For example, if we start from a chain 1,e,1,¢,...,1,e in Theorem 3.5 of
even length k = 2h + 2 with e > 4, then contracting out all the intermediate
Is gives the tags 1l,e — 1,e —2,..., e — 2, e — 1 of family II(e, h).

In the detailed list below we omit the corner annotations A, B at the top
of the lefthand rectangle, and L, M at the bottom of the righthand one. The
shorthand 2* denotes a column of 2s repeated = times. We usually write the
torso on the lefthand rectangle only, taken it as read on the righthand one.

Family I(d, e, k) for d,e > 2, k> 1
We treat separately the case I(d, e, 1), which has empty torso:

d 0 0 —e
0 (3.13)
0 —d e 0

CASE d,e > 3, k > 2 There are k — 2 alternating brackets; at the bottom
left, the tags are a = e, b=d if k is odd, or a = d, b = e if k is even.

d 1 0 —(e—1)

0 —(b—-1) a 1
When k = 2 the torso has 297! on the right (as in (2.21)).
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CASE d > 3,e =2 The expression 3,23, 3 for the righthand tags does not
make sense. Instead each occurrence is replaced with 4. At the bottom there
is a slightly different outcome for k even or odd:

d 1 0 —1 d 1 0 —1
2d—2 9d—2
{2 4 } { 4}
la 2o} oo U4
: : 5 3
2 2 d
0 —1 d 1 0 —(d—1) 2 1

CASE d = 2,e > 3 In the same way, replace each fragment 3,297, 3 with
4.

CasEd=e=2,k>2

2 1 0 -1
k=1 E+1
0 —1 2 1

Family Il(e, h) for e >3, h >0
The case Il(e, 0) is the same as I(1,¢,2) with d = 1:

1 0 —(e—1)

0 —(e—1) 1 1
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CASE e > 5, h > 1 There are h — 1 repeating brackets.

1 2 0 —(e — 2)
e—1 2
28—5
e—2 3
26—5
e—2 3
2@—5
e—1 2
0 —(e — 2) 1 2
CASE e=14
1 2 0 -2
3
2h=1 h+1
3
0 -2 1 2

Family 111(d, h) for d >3, h > 0

CASE d > 5 There are h repeating brackets. When h = 0 the left torso is

empty, the right is 2971

d—1

1 -1 0
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CASEd =4

3 1 —1 0
2
2h h+2
2
—1 0 3 1

2 1 —1 0 2 ; -1 0
3 and 9
—1 0 2 1 — . 5 ;

Family IV(d,h) for d >3, h >0

CASE d > 5 The case h = 0 is the same as I(d,e, 1) (the case (3.13) with
empty torso) specialised to e = 1.
There are h — 1 repeating brackets. When h = 1 the torso consists of a

single d — 1 against 2972,
d—1 1 -1 0
22
2d—5

{d—2 3 }
2d—5

d—1 2
0 —(d—2) 1 2
CASE d=14
1 -1 0
oh—1 2
3 h+1
0 —2 1 2

47



CASE d =3 In this case h is no longer a parameter.

2 1 —1 0
2 2
0 -1 1 2
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4 Combining monomial cones o5 and o),

4.1 The pretty polytope II(d, e, k)
A
Yl
L - M
Yo' o
B

Figure 4.1: Pretty polytope II: Starting from simplex ABLM, pull out x
on plane ABL, etc., with crosspiece xyyo on the edge AB in ratio 1 : d, and
xry; on the edge LM in ratio 1 : e. II has 8 vertices and 12 triangular faces;
A, B, L, M have valency 5, and xq, yo, T, y; valency 4.

All our varieties T', Vag, Vi, Vapru are equivariant under the same torus
T = G2; write M = Hom(T,G,,) for its character lattice, identified with
the monomial lattice of both V5 and Vij,. The coordinate ring of Vapras
constructed in Chapter 5 is Ml-graded (that is, T-equivariant). Write f ~ gto
mean that f and g are eigenfunctions with the same T-weight or eigenvalue in

M. This chapter mostly treats the T-weights of monomials; we mix additive
and multiplicative notation, and sometimes write = for f X g, so that, for
example, the first equation of (4.1) means zg X LVdpT B,

The pretty polytope 11 of Figure 4.1 combines the two polytopes oap
of Section 2.3 and o of Section 3.1. While V5 and Vi each provided
many possible Z-bases of M, we use instead the impartial Q-basis L, M, A, B,
writing out the T-weights of xg 1, yo..; as follows:

Lo = (-%,0,’7,5) and Ty = (O, %,a,ﬁ), (41)

where

49

chlpp

slpp

flpp

eq!-1/d

eq/maca



=

(4.2)

-

( _1
(O 1>~-<0 1)( d 0) if k is even
(a 5)_ -1 e -1 e 0
vy o) 1
01 0 1 e 0 if kis odd
\ —1 e -1 d 0

(k factors in each product). Compared to (3.8), we simply remove the first

and last tags (d at 2 and 0 at xg), and put in denominators d, e corresponding

to the index of the sublattice M' = Z - (L, M, A, B) C M (see Corollary 4.7).
The impartial basis gives M two projections

Tap: M — Q? and wy: M — Q? (4.3)

that track the exponents of A, B and of L, M. The image group Q? is ordered,
and we write 7wy (m) < 0 to mean that m € M has nonpositive L, M
exponents, etc.

Proposition 4.1 In the impartial basis L, M, A, B, the monomials xq, ...,y
have T-weights of the form (for even k):

xoz(—é 0 ~ 0)
r1=( 0 é a () Tp—o = ( é 1) (4.4)
_ (1 _ 1 :
o =( 3 1 ) 1 = (o f 0 ¢)
zy3=(1 d—1 ) z, = (v 6 =%0)
and
o = (0 —1 dy—a d5-3 )
voo= (3 1=z )
Yj+1 = bjyj —Yji (4-5)
-1 = é 1—é )
yw = (dy—a do—p 0 —% )

where the b; in (4.5) are the tags at y; (usually 2 or 3).

When k is odd, the top-to-bottom symmetry swaps d and e. At the top,
we don’t change anything (recall that we define «, 3,7, in x1, xo by the other
choice in (4.2)); at the bottom we do d < e and modify «, 3,7, d accordingly,
giving x = (v, ', —%,O) and y = (ey' — o/, ed’ — 7,0, —é).
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Proof The matrix product in (4.2) ensures that the k — 1 changes of basis
of the form z5 = xfxal, etc., take the last two entries (f: f) of x1,xy into

the last two entries <7B/ d 136> of xp, xi_1. The first two columns then just

record known data from V7, and the last two from V3. Q.E.D.

Corollary 4.2 (i) Except for the explicit —é and —% i To, Tk, Yo,y at
the four corners, all the entries are > 0.

(ii) (From here on, we assume d,e > 2; the other cases are treated else-
where.) The L and M exponents wpy(x;) and wrp(y;) increase mono-
tonically with © and j (in fact, increase exponentially if de > 4, as
illustrated in Figure 4.2), while map(x;) and wap(y;) decrease.

(iii) None of xo._ ) or yo.1 is T-equivalent to a monomial in the other vari-
ables (all the x;, y;, A, B,L, M ).

For (iii), notice that the z;, y;, A and B are minimal generators of the
coordinate ring of Vg by the results of Section 2.3. So it is impossible to
write even the first two entries of z; or y; as a positive integral combination
of the other variables.

Example 4.3 (Case k = 2) Then

G- )G

The variables zg_ 2, vyo..q are

- O

—_ 0 |
N—

y02(07 - 17d_é)

_27

To = (_l707171) i . i .
. dl dl yi:(aaz_%a1_37d_z_é)
r = (0,—,0,—) .
L9 fori=0,...,d
Ty = (8717_870)

Ya = (17d - %707 _%>
Check top-to-bottom symmetry. Check the two tag equations at xg:
dxg + (1,0,0,0) = 21 + yo; and Oz + (0,0,1,d) = (0,0,1,d)

corresponding to the corner tag equations z1yo = z¢L in Viy and 210 =
AB% in V. Check the tag equations at yo: 1y + (0,1,0,0) = x¢ + y1, and

(6_1>{E1+(0,0,1,d—1):(0,1—é71,d—é)

corresponding to xoy; = yoM in Vi and xoy; = xi_lABd*1 in Vup.
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Example 4.4 (Case k = 3) Then

1

SHNE

So .3, Yo...d+e—2 are

(&

()G

yoz(O,—%,d—é,de—2)
zg = (—5,0,1,e— %) = (G1-td-—1-1(d-1)e—-2+13)
xlz(O,%,%,l)
zy = (5,1,0,3) yi = (5i—td—i—1(d—ie—2+1)
zy = (1,d—1,-1,0) fori=0,...,d—1
Yoo =(1—-2d-2-12-12e—-1-2)
Yaor = (1-2d—1-21-1e—-1-1)
W= @-ha-1-21-2e—2-Y)
Ygoyi = (i—2id—1-11—2Le—i—1)
fori=1,... ¢
Yare-s = (e—1—2.de—1)—2+1 1 1-1)
Ydie—2 = (e—%,de—Q,O,—%)

Same checks; note especially the effect of the tag 3 at y,_1.

Example 4.5 (Case d =4, e = 6, k = 6)

L M A B
xo = ( —1/4 0 505/4 483
6 = = ( 0 1/6 22 505/6
4 oz = ( 1/4 1  23/4 22
6 a3 = ( 1 23/6 1  23/6
4 oz = ( 23/4 2 1/4 1
6 x5 = ( 22 5056 O 1/6
s = ( 505/4 483 —1/4 0

and
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L M A B

v = (0 —1/6 483 11087/6 )
2 0y = ( 1/4 5/6  1427/4 8189/6 )
2y = ( 1/2  11/6 461/2 5291/6 )
3 ys = ( 3/4 17/6  417/4 2393/6 )
2 oy = ( 7/4 20/3 329/4 944/3 )
2 ys = ( 11/4 21/2 241/4 461/2 )
2 ys = ( 15/4 43/3 153/4 439/3 )
3y = ( 19/4 109/6 65/4 373/6 ) (@7)
2 ys = ( 21/2 241/6 21/2 241/6 ) '
3 yw = ( 65/4 373/6 19/4 109/6 )
2 yo = ( 153/4 439/3 15/4  43/3 )
2 yn = ( 241/4 461/2 11/4 21/2 )
2 yi2 = ( 329/4 944/3 7/4  20/3 )
3wz = ( 417/4 2393/6 3/4  17/6 )
2y = ( 461/2 5291/6 1/2  11/6 )
2 yis = (1427/4 8189/6 1/4  5/6 )
)

ye = (483 11087/6 0 —1/6

We read this table in several ways. Omitting the A and B columns describes
orym in the impartial basis. Notice the tag equations

bottom: z1yo = zgL and xoy; = yoM;
sides: zory = 28, 2123 = 23 and so on;

top: sy16 = LY M3 and xgy 5 = 23 L3 MM,

Figure 4.2 plots the first two columns of (4.7) as “scissors” controlled by
the points zo = (—3,0) and yo = (0, —2) and the origin (0,0) (implicit but
crucial). To describe it in words, the sequence of y; starts from gy, and tries
to grow along the line A of slope 1/[4,6,4,6,...] = 0.261387212, without
crossing it. It first tries x (slope —o0), then z; (slope 0) and x5 (slope 1/4,
so under A), then takes one step back to y; = xayy (slope 3/10, so above
A). Now yo, Y1, Y2, Y3, 23 is an arithmetic progression of length 5 = d+ 1 with
increment xs (and y;11 = yixe, so 0yoy1 T2, 0y1y2x9, etc., are parallelograms);
but x3 (slope 6/23) is below L; so take one step back to y3 and construct the
next arithmetic progression ys, y4, s, Ys, Y7, 4 of length 6 = e with increment
x3, and so on. Compare Figure 2.2, where the scissors were more open.

Remark 4.6 The abstract continued fraction [e, d, ..., ] and its complement
2,2,...,3,...,] has two different “scissors” embeddings into the L, M-plane
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Yq = <7a 40)

)
exponent of L _ A s
e
ys = (3,17) 23 = (4,23)
N3
o
(N '
Yo L ¢ ; = (1,6) exponent of M
S 2 ! —
T
[ ]
To

Figure 4.2: Scissors (compare the dots of Figure 2.2.b). The exponents of
L are in units of 1/4 and those of M in units of 1/6. The initial points are

Ty = (_170)7 Yo = (Ov _1)7 Ty = (07 1)7 n = (175)'

(as the dots of Figures 2.2 and 4.2) and into the A, B-planes, and the pretty
polytope II(d, e, k) is just the diagonal embedding into the product.

We don’t see this clearly at present, but there must be a sense in which
Figure 4.2 puts together Mori billiards 3.3 with the Riemenschneider staircase
of [R], §3, pp. 220-3. It’s still an exercise to turn this from a philosophical
slogan into technically true propositions.

4.2 The quotient () and the padded cell

The exponents of xg._ x, yo..; in Proposition 4.1 also behave in a characteristic
way modulo the integers (see Figure 4.3). To understand this, we write
M' =7Z-(L,M,A,B) C M for the sublattice generated by A, B, L, M, and
@ = M/M' for the quotient. We think of @) pictorially as a fundamental
domain in M for the translation lattice M, as in Figure 4.3.

Corollary 4.7 (iv) Q= Z/d S Z]/e, based by:
if k =2k is even:

Ty = (_5707:':570)7 and Yo = (07 _%7()’:‘:%); (48)
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n Y2 Yd—1
Yo = T3 X — —X— — X — X%X— — X L 0
\ |
\ |
X
\ |
\ |
T o %
L
To T2 Ty = T4
T3

Figure 4.3: The padded cell (with sides identified): the values of x; and
y; in the torus @ = M/M'. The x; cycle around the 4 points (+2,0) and
(0, j:%) closest to the origin, while the y; walk around the path of Figure 4.3,
performing k—1 quarter-circuits around the padding of the cell, starting from
x3 = 1p. Each quarter-circuit takes place in steps of x; and has endpoint x;, .

if k=2k+1 is odd:
Ty = (—5,0,0, ié) and Yo = (Oa _%7 i%70)7 (49)

where in either case + = (—1)".

(v) The classes in Q of monomials xy, ...,y are given as follows (for even
v =—y=(0,1,0,F), 2=z, ori > 2
1 Yo = ( e :Fe) 2 f = (4.10)

and Y41 = Yj + i)

for j in the appropriate interval. In particular, in Q, the x; are periodic
with period 4, with x3 = yo.

Note that in @), the different corner tags on the two long rectangles say
the same thing; thus

Ty = 29ABP = 241 both give x,=y;' € Q
2oy = Yo VATB® = yoM  both give o = zoys € Q

because zg, y¢ € M.
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5 Proof of Main Theorem 1.2.3

Structure of the proof

The proof of Main Theorem 1.2.3 builds a staircase: first, we drop a chain of
projections down from the top of Vg, using Corollary 2.9 and the blowdowns
of Proposition 2.1.d to eliminate the generator x5 _; and gy ; one at a time.
This chain will serve as a guiding rail in the main construction; it records
the order of variables and the current state of the tags and annotations as
we eliminate them (Proposition 5.2): as each s, = ;41 or y;41 is eliminated
from Vap,41, it has tag 1, and appears in an equation s,h, = x;y; with its
neighbours, where h, = h,(A, B) is the monomial in A, B defined in 5.1.3.

We then build the 6-fold V gy up from the bottom, holding tight to
our guiding rail, the chain of projections of Vig. FEach step V,.1 — V,
of the induction is a Kustin—Miller unprojection (see [PR]), and adjoins an
unprojection variable s, = ;41 or y;+1. The current V,, is contained in the
ambient space A, = Aggtﬁyoj AB,L,M)- The main point is to set up the
unprojection divisor D, C V,; we define it by the ideal

Ip, = (%o, i-1,Y0..j-1, hw), (5.1)
with h,(A, B) as in 5.1.3, so that D, is the hypersurface
D, : (h,(A,B) =0) C A?’EuyjaA,B,L,M)‘ (5.2)

Thus D, is by definition the product of affine 4-space A?xi,yj, L) with the
monomial curve h,(A, B) = 0; the elements L, M form a regular sequence
for D,, and the section L = M = 0 in D, is the unprojection divisor for
Vapy+1 — Vap,. The remaining issue is to prove that D, C V,, or equiva-
lently, that

Iy, C Ip, = (zo.i-1,Yo..j-1, ). (5.3)
For this, rather than working with the actual equations of V,, (that we cannot
always calculate in closed form, and include complicated terms), we prove
the stronger result: any monomial in zo 4, Y. ;, A, B, L, M with the same
T-weight as a generator of Iy, is in Ip, = (To..i—1,Yo..j—1, h,).® Thus, every
T-homogeneous generator of Iy, is a sum of monomials in Ip, .

8Is this correct? In addition, we prove that in appropriate cases (with luck all the
Pfaffian equations in pentagrams) the 3 monomials known to occur in the Pfaffian are the
only possible monomials in that degree. Say here that the italicised claim is only true in
the main case d,e > 2, de > 4, other cases treated elsewhere.
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It turns out in the end, much to our regret, that our proof does not involve
any explicit pentagrams or Pfaffians; however, they are close at hand if we
ever felt the compulsion to use them.

5.1 The projection sequence of V,p

This section and the next lay the groundwork for the proof of the Main
Theorem 1.2.3 by setting out facts and notation for the chains of birational
projections down from Vg and up from Vy,,. Either chain is provided by
the blowdown of Proposition 2.1.d applied to the conclusion [ag,...,b;] =0
of Corollary 2.9.

Example 5.1 Consider the long rectangle of Figure 1.2. The concatenated
continued fraction [4,2,1,3,2,2] = 0 is deconstructed as

[4,2,1,3,2,2] — [4,1,2,2,2] — [3,1,2,2] — [2,1,2] — [1,1] = 0

This is a recipe for a chain of birational projections, each eliminating a mono-
mial from 045 with tag 1:

1B
2
4 2 — 4 2 — AB 3 9 —
2 2 2 2 2 2
0 -1 0 -1 0 -1
A2BS ) 1 A32 A385 1
2 2 — 9 1A32 — A’BP 1 0A4B7
0 -1 0 -1 0 -1

For example, on the second line, we read z1ys = 73A?B? and 1yy; = y, AB?
from the tags and annotation of the first rectangle, that we can check against
(1.6). Each rectangle is the monomial cone 045, of a Gorenstein affine toric
variety Vap, with the given monomials in A, B as annotations, and each step
Vapy+1 — Vap, is a birational projection.
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5.1.1 Order of monomials

Our construction inverts this type of chain, up from a codimension 2 complete
intersection in g, x1, Yo, y1, 4, B, adding x5, y» and so on one at a time, to
recover Vp. For this, we order the k + [ — 2 steps inverse to the elimination
of the monomials x5, y2. ;; that is, we rename the nth eliminated monomial
s, with v = k+1—2—mn, so that sg = x5 and s; = y5. We work by induction
on this v. At the same time, we name the annotation h, on the monomial
s, as it is eliminated; the chain starts from the top with

Sk+1-3 = Yl and hk+l73 =B and bl =1. (54)

(This assumes the main case d,e > 2 so that b, = 1. Otherwise, if a5 = 1
then this line should be s;1; 3 = z; and hyy 3 = A.)
Thus in Example 5.1, [so, 51, 52, 53, 54] = [22, Y2, ¥3, T3, y4] and

[hOa h17 h27 h3; h4] = [A3B5’AB27AB27AB7B]‘

The scissors of Figure 4.2 strongly suggest this ordering of the monomials,
although there is a choice to make at the end between y; and x5, which both
have tag 1; we always eliminate s; = x5.

5.1.2 The projection Vyp,+1 — Vap,

The projection sequence gives cones o4p, that depend on the induction
parameter v. The top corners of each 045, are monomials x; and y; with
i =1i(v) and j = j(v) (Table 5.1 keeps track of these functions), and we know
the equations of V4, including

B, (5.5)

o
iy, = xi A, and  xiy;o = Y;

given by the tags and annotations at x; and y; in Vap, as in Figure 5.1.

A, B,
Ty Yj
, B,
Ti—q Yj—1

Figure 5.1: The bar x;——y; at the top of o4p,, with tag equations (5.5).
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Proposition 5.2 The chain of projections Vap,+1 — Vap, reduces Vap
down to a codimension 2. cqmplete intersection Vap CA@o,wl,yo,yl,A,B)' The
step Vapy+1 — Vap, eliminates s, = x;11 or yj1, with two possible cases

for the top of cap+1:

Sy Sy
either x; Yj or x; Yj
Ti—1 Yj—1 Ti—1 Yj—1

In the left case s, = 11, the top of cap, is determined in terms of v + 1
and the original tag a; at x; by

Al/ = AV+17 BV = AV+1BV+17 Qy = a; — 17 /61/ = /BV-"-l - 17 (56)
and similarly in the right case by

AI/ - AV+1BV+17 BV - Bl/+17 Qy = Opy1 — 17 ﬁu = bj - 1. (57)

5.1.3 Choice of h,(A, B)

We set h, = hcf(A,, B,), equal to A, or B, by (5.6-5.7). The unprojection
divisor of Vap,+1 — Vap, is the hypersurface (h, = 0) C Aii’ywA’B; in the
main construction of Vapgrys in 5.3, the unprojection divisor of V,,, 1 — V, is
(h, =0) C A?xi,yj,A,B,L,M>'

The initial case n = 0 or v = k+1—21is Vup, = Vap; in our construction
of Vapra, it is the final goal: if we reach it, there is nothing more to check.
Then A= A,, B=B,, h, =1, and divisibility by h, is trivial.

5.1.4 Unprojecting Dap, C Vap,

Proposition 5.2 described the projection Vap,11 — Vap, that eliminates
the variable s,; inverting this, we construct V4p,41 as an unprojection from
Vap, adjoining s,. For this, define Dyp, C Al(;g.t,yomj,A,B) bif the ideal

(%0..i-1,Yo..j—1, hw); thus Dap, is the hypersurface (h, = 0) C A@i’yj’A’By

Claim Dyp, C Vap,. In other words, every generator of the ideal of Vap,
is in the ideal (To..i—1,Y0. j—1, ) of Dap,.
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This is an exercise in toric geometry. [Hint: The main case goes as follows.
Consider an equation z;y; = xfy”AaBﬁ for some j° < j. First & = 0, for
otherwise we could divide through by z; to get a monomial expression for
yy. Now comparing our equation with the tag equation z;y;_1 = yfj B, gives

ypy? "yl = A°B°B; L. (5.8)

However, both sides of (5.8) must be 1, since the span of ¥, _; is comple-
mentary to the span of A, B in the vector space Mg (compare Figure 2.3).
Therefore A*B® = B,,, and both sides of our equation are in the ideal.]

The analogous claim in the more complicated context of Proposition 5.8
is the key point in the proof of the existence of Vagras.

5.2 Crosses, pitchforks and pentagrams
5.2.1 The spreadsheet for V,p

As just explained, our construction of V1 from V,, reverses the projection
sequence down from the top of V5. Our proof also needs information derived
from the projection sequence up from the bottom of V7 ;. Thus in Extended
Example 1.1, we deconstructed Vi, by eliminating yo, y1, y2, o, 1 from the
bottom of Figure 1.3. Here we establish how the two projection sequences
interleave, as an exercise in patient bookkeeping.

Table 5.1 gives the function i = i(v), j = j(v) of 5.1.2 describing the top
of V4p, asin Figure 5.1. The table repeats periodically with period d+e—2,
or alternate half periods of d — 1, e — 1. We set v = v mod d + e — 2 and
write v = C(d + e — 2) + v.

The starting point v = 0 is Vg, with z1,y; at its top bar. We describe
the odd case £ = 2k + 1. Set C' = 0 and enter the first round: the line
v = a = 1 adds an z;, then a = 2,...,e — 1 is a half round that adds
e — 2 terms y;; similarly, the line v = e (so b = 1) adds an z; and then
b=2,...,d—1is a half round that adds d — 2 terms y;. We then increment
C +— C + 1 and loop. Each half round adds one x; and d — 2 or e — 2 terms
yj. There are k — 1 half rounds, ending with v = (d+e—2)k it k =2k + 1
orv=_(d—1)k+(e—1)(k — 1) if k = 2k.

The above treatment assumes that we are in the main case d,e > 2;
everything remains true when d or e or both are 2. Then the intervals
2<a<d—1or2<b<e—1are empty, so the corresponding half periods
add one z; and no y;.
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v 1 J

0 20+1 (d+e—4)C+1

a 2C + 2 (d+e—4)C+a forl<a<e—1
e+b—1 2C + 3 (d+e—4)C+e—2+b for1<b<d-1
Final k=2k+1 l=(d+e—4)k+2

v ? J

0 20+1 (d+e—4)C+1

a 2C +2 (d+e—4)C+a for1<a<d-1
d+b—1 | 2C+3 | (d+e—4)C+d—2+b forl1<b<e—1

a 20 +2 (d+e—4)C+a forl<a<d-1
Final k =2k l

Table 5.1: Numbering the unprojection sequence for Vip. The even case
k = 2k has one fewer half round. The final line is irregular: it adds a final y;
instead of z 1 withl = (d+e—4)k+2o0rl=(d—2)k+(e—2)(k—1)+2.

5.2.2 Comparing the projection sequences for V5 and Vpy,

We want to compare the bars x;, y; at the top of V4p,, with the corresponding
thing at the bottom of Vp,, after a number of projections. To see this, we
divide the monomials y; up into intervals according to the lines of Table 5.1,
writing Y;_; for the ith half period. In more detail, for k even, the line for
even ¢ = 2C' + 2 gives the interval

Yioo={y;[forjeni+1,...,n+d—1]} (5.9)
where n; = (d + e — 4)'52; similarly, the line i’ = 2C' + 3 gives
Y;’—lz{yj |f01‘j€ [ni/—i-l,...,ni/—i—e—l]} (510)

where ny = (d+e — 4)1'/;3 +d—-2.
Notice the adjacency between the intervals: the last entry n; + d — 1 of
Y;_1 equals the first entry n; + 1 of the following interval Y, with ¢/ =i+ 1,

and vice versa. For d or e = 2, the interval Y; reduces to one element.
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2

e 2d73
3

d 26—3
3

e 2d—3
2

d 1

Figure 5.2: Projecting Vg from the top and Vyj; from the bottom

Lemma 5.3 The bars at the top of Vap, are precisely x;y1,y; with j €Y.
The bars at the bottom of Vi, (after projecting out v/ monomials from
Vi, starting with yo) are precisely x;_y1,y; with j € Y;. See Figure 5.2.

The first clause merely repeats the information contained in Table 5.1
about the order of projection. The projection sequence of Vi, from the
bottom is enumerated by a symmetric and more or less identical spreadsheet,
which proves the second clause.

The following simple consequence is a key point of our proof in Section 5.3.

Corollary 5.4 Suppose that we project out ny monomials from the top of
Vag down to the top bar z;,y; and ny monomials from the bottom of Vi up
to the bottom bar xy,y; , where ny +ng = k+1—2, so that just 4 monomials
remain. Then i' < i and j' < j.

Equivalently, either i’ =i—1and j’=j—1ori =i—2 and j' = j, so
that any such projection leads to a “cross” or “pitchfork” of the shape

Zi Yj i
>< or Ti-1 Y (5.11)
Ti—1 Yi—

Li—2

The same phenomenon was already implicit in the cascade of pentagrams
of Example 1.1; we include this, although it is not essential for our proof.
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Corollary 5.5 Projecting out n; monomials from the top of Vap and ny
from the bottom of Vi with ny +ne = k+1— 3 gives a pentagram of one of
the two shapes

or (5.12)

5.3 Proof by induction

We construct V' = Vg by serial unprojection. The induction starts from
the codimension 2 complete intersection

8
Vo C A<x07961,y07y1,A7B,L,M>

defined by
1Yo = Tiy(Vap) + Too (Vo) and  zoys = Tyy(Vag) + Tye(Viur)

where T, (Vap) is the righthand side of the tag equation at xy in Vg, and
similarly for the other three terms. Clearly V} is Gorenstein and A, B, L, M
is a regular sequence, with the regular section L = M = 0 in V| the variety
Vapo. We use the following elementary fact about unprojection.

Lemma 5.6 Unprojection commutes with reqular sequences: let X, D be as
in [PR], Theorem 1.1 andY — X the unprojection of D in X. Suppose that
21, ., 20 € Ox is a reqular sequence for X and for D. Then zq,..., 2z is
also a reqular sequence for Oy, andY, is the unprojection of D, in X,, where
Y, :(z;,=0) CY and similarly for D, and X,. O

Inductive assumption 5.7 We own a variety V,, = Vaprm, having a T-
action, together with a reqular sequence L, M made up of T-eigenfunctions
such that V, N (L =M =0) = Vap,.

We start with v = 0, and Vapray, = Vo as above. The induction has
k 4+ [ — 2 steps, adjoining x5 and yo ; in the order determined in 5.1.1.
When v reaches k + [ — 2 then V gy = V., and we are finished. Otherwise,
if v < k+1— 2, the induction step consists of proving that V, has a divisor

63

s!pf

llcom

indas



D, on which L, M is a regular sequence, and the section D, N (L = M = 0)
is the divisor Dap, C Vap,.

If v < k+1—2, by 5.1.4, the step Vap,+1 — Vap, of the chain down
from V,p is the unprojection adjoining the element s, with unprojection
ideal (xgmi_l, Yo...j—15 hy), where h, is the monomial in A, B defined in 5.1.3.
We seek to imitate this for the 6-fold V,; for this, define D, by

D, C Aé(3:150“.i,yo“.j,A,B,L,M> with ideal Ip, = (330...1'71, Yo...5—1, hu).

Clearly, it is the hypersurface D, : (h, = 0) C A?Ii’yyA’B’L,M), and is the
product of A?%yj, £y With the plane curve h,(A, B) = 0. The issue is to
prove that D, C V,,.

Proposition 5.8 (Key point) Iy, C Ip, = (%o..i-1,%0..j-1, ") for every
v<k+1-2.

We prove this by a general argument on T-weights of monomials that may
appear in a relation, without any need to analyse the actual equations of V,,.
We introduce the notation R(v) for the T-weights of homogeneous generators
of Iy,,, or equivalently, of Iy, (by T-equivariance); we write f € R(v) to
indicate that f is a homogeneous polynomial with T-weight in R(v). The
precise statement we prove is the following:

Claim 5.9 Any monomial a:fy;’AaBﬁL’\M“ € R(v) is divisible by h,,.

Recall that h, = hef(A,, B,); we usually prove divisibility by A, or B,.
By definition, any alleged monomial in R(v) is T-equivalent to a relation in
Iy, for xyy; or xyxy or yyy;. The main mechanism of the proof is to
compare it with one of the two equations (5.5), or more precisely, with one
of the model monomials

Ti_1Y; 3 ;v A, and x5 3 yf”B,,, (5.13)
coming from the top corners of Vyp, as in Figure 5.1.

STEP 1 Claim 5.9 holds for every monomial in R(v — 1). Indeed, it is
divisible by h,_; by induction, and by (5.6-5.7) the h,, increase as v decreases.

STEP 2 The first actual calculation in the proof: Claim 5.9 holds for all
the monomials xyy; with ' = 0,...,i — 1 and z;y;y with j' =0,...,5 —1
appearing in cross-over relations.

64

clldiv

eq!mod2



Proof We write out the proof for zyy; in detail as a model case. The
method is to compare an alleged monomial

gpfyj”m L zyy; € R(v), where m is a monomial in A, B, L, M

with the known monomial z{* A, < x;—1y; from (5.13). We have n = 0:
otherwise dividing both sides by y; contradicts Corollary 4.2.iii. Consider

Ty T E—ay m

~ I’ _—

Ti—1 ‘ A,

(5.14)

By Corollary 4.2.ii and the fact that ¢/ < ¢ — 1, the lefthand side has L, M
exponents 7z (—=) < 0 (see (4.3) for the notation 7wy and wap); thus

Ti—1

a, > &, and the equivalence takes the form
ay,—¢ Ly T M .
S —— ~ —  with «, > & 5.15
2 Tiq Az/ v — f ( )

X,/

v—=§

Now for the same reason, FAB(xi—l) > 0. The same goes for z}
for the case x; = x;, at the top left of the rectangle for V,p.

This initial case is important: map(z;) = (—3,0) (see Proposition 4.1);
because of the negative exponent, we cannot get our conclusion by convexity
alone. Instead we use a congruence argument based on intuition derived from
the padded cell 4.3: in fact, the negative exponent is the smallest possible
value —;11, and we claim that «, is one of d — 1,d — 2,...,1. Indeed, if
v ==Fk+1— 2 we are at the end of the induction, and there is nothing to
prove. Otherwise, the tag at x; has decreased by at least one from its pristine
value d. It follows that the lefthand side of (5.15) has A exponent > —1 and
B exponent > 0. On the other hand, the righthand side of (5.15) is a Laurent
monomial. Therefore m is divisible by A,, as required.

The argument for z;y;s is similar but slightly easier. Suppose that

, except

Ty A xfy?m with m = A*BPLAM™. (5.16)

First ¢ = 0, because otherwise dividing through by x; would contradict
Corollary 4.2.iii. Next, dividing through by the monomials in the second
expression of (5.13) gives

yj/ 77_61/ m
B A X —. 5.17
oY B, (5.17)
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As before, since j' < j — 1, Corollary 4.2.ii gives that WLM(yi/_j_'l) < 0. There-

fore n — 3, < 0. Taking that term to the lefthand side gives

Bv—n y]/ _ m :
vl 2 = —  with (6, >n. 5.18
v T B, B, > (5.18)

Now 5/ < j—1, so WAB(ygi/l) > 0; the same goes for y; except if j = [ and
y; is at the top of the long rectangle, and we are finished, with V,, = Vagru.
Therefore the exponents of A, B on the lefthand side are > 0, and hence m
is divisible by B,.

This proves Step 2. Q.E.D.

The proof of Step 2 used Corollary 4.2.ii to compare the exponents of
x;/xy and y;/y;, with typical implication ¢ > &' = 7wy (2;) > mpp (). For
Step 3 we need a similar comparison for monomials x;/y; and y;/z;. Care is
needed here to distinguish the order of monomials in the projection sequences
from the top of V45 and from the bottom of Vi ,: the L, M exponents behave
monotonically in the projection sequences of Vg, and vice versa.

Lemma 5.10 Given two monomials my, mg € {xo_k,Yo..1}, suppose that the
projection sequence for Vap eliminates my before mo; then

WLM(ml) 2 WLM(mQ). (519)

Simalarly, if the projection sequence for Vi eliminates my before mo then

FAB(ml) 2 7TAB<m2). (520)

See Scissors, Figure 4.2 for a picture. Example 4.5 provides a numerical
sanity check, with the respective orders of elimination

VAB © Y16, Y15, Y145 T6, Y13, Y12, Y115 Y105 T5, Y9, Y8, Tas Y7, Y6, Ys» Ya, T3, Y3, Yo, T2;

VLM Yo, Y1,Y2, o, Y3, Y4, Ys, Y6, L1, Y7, Y8, T2, Yo, Y10, Y11, Y12, T3, Y13, Y14, T 4.

STEP 3 Claim 5.9 holds for all monomials y;y, with a =0,...,7 — 2.

First, Corollary 5.4 implies that the V., projection sequence eliminates
Yo before z;_;. Indeed, x;_; is joined to y; in a cross or pitchfork involving at
most y; and y;_1, so this is a party to which no y, with a < j — 2 is invited.
Therefore Lemma 5.10 gives
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WAB( Ya ) > 0. (5.21)

Ti—1
As before, comparing the alleged monomial with the first of (5.13) gives

Ya T ¢—a, M
~ —_—. 5.22
Ti-1 g A, ( )

The proof divides into two cases.

CASE 1 The projection sequence for V4 eliminates x; before y,.
Lemma 5.10 says that £ — «,, > 1 is impossible in (5.22) (the lefthand

side would have 7y, strictly smaller than the right). Thus
x;“"f% L Aﬁy with a, > €, (5.23)

and (5.21) implies that A, divides m.

CASE 2 The projection sequence for V,p eliminates y, before z;. This
means that y,,y; are both contained in the interval Y;_; of Lemma 5.3, and
that y, is not at the bottom:

T; Y
Ya

Yb

Suppose that z; is tagged with d (or simply replace d < e in what follows),
and write Y;_; = [b,b+ d — 2] for the interval of Lemma 5.3. Our conclusion
in this case is that £ —a, <a—b+1 and = a — b+ 1 mod d. Therefore
¢ < a,, and the argument of Case 1 works as before.

The proof goes as follows:

(a) Fory, € Y;4
v (Ya) = (@ — O)mpn(z3) + 7w (yp) < (@ — b+ D)mpa().  (5.24)
(b) On the other hand, taking 7y, in (5.22) gives
(& —a)mm(xi) = mom(Ya) — T (Tiz1) < Tra(Ya) (5.25)

Therefore £ —a, <a—b+1<d—2.
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(¢) Moreover modulo M, we have

quJrl
Yy = — €qQ. (5.26)
Ti—1

(d) Therefore in (5.22), { —a, =a—b+ 1 mod d.

Proof (a) follows from the tag equations for the toric variety Vap at the
successive ¥y, as yay1 is eliminated it has tag 1 and tag equation

TilYa = Yas1 A% B, (5.27)

Applying 7y gives the equality in (5.24), and the inequality comes from
Lemma 5.10.
(b) When we reach the bottom of this interval, we eliminate z;, with tag 1

and tag equation

Ti1Yp = J,‘Z‘Auvab. (528)
Viewing this equation modulo M gives y, = z;/x;_1, and together with (5.27)
this gives the value of y, in Q) as

a—b+1
R S e m— (5.29)

Ti—1

which proves (c).

In the coordinates of the padded cell @, we know that z;_; is (0, j:%) and
x; 1s (jzé, 0). The alleged monomial tells us that y, = xf_a /x;_1 modulo M/,
and (d) follows. Q.E.D.

STEP 4  Claim 5.9 holds for all monomials x;x, with a =0,...,1 — 2.
We only consider the case

d,e>2 and de > 4. (%)

In fact,? we must use this assumption, since the claim fails when d = e = 2.
Given this, the argument turns out to be rather coarse compared to Step 3,
and we win with something to spare.

9Say this, if true?: This is the (only?) place in the proof that uses de > 4? Also, deal
with case assumption d, e > 2, de > 4 in the statement of Main Claim 5.9.
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Proof We compare an alleged monomial z;x,, X ygm with the first of (5.13)
as usual; move the y; term across, this time regardless of sign, obtaining

Tg T M
—_—~

Yj—1 B—u

y (5.30)
Our conclusion in this case is that 8, —n—1 > —2 and d divides 5, —n —1;
this implies that map(m/B,) > map(z.y;/y;—1) > 0, so that B, divides m as
required.

The proof goes as follows:

(1) Arguing from the top, we see that y; goes before z;_5 in the projection
sequence for Vyp; the tag equation in Vsp as y; is eliminated is

Ti—2Yj—-1 ’E yjAqu. (531)

(2) From the bottom, the existence of the pitchfork (x; ;_o,y;) implies
that in the projection sequence for Vi, the tag equation as y;_; is
eliminated is

Ti—2Y; ’E yj,ILSMt. (532)

(3) Now substitute for y;/y;_1 from (5.31), obtaining

Yy . (5.33)

Taking L, M parts gives

(By =1 — Vmem(y;) > —moim(@ioa) — T (2a). (5.34)

Now since y; goes before z;_5 in the Vyp sequence, Lemma 5.10 says
that mza(y;) is bigger than either summand on the right. Therefore

B, —n—1> -2 (5.35)
(4) Now substitute for x;_»/y,;_1 from (5.32), obtaining

v—T|— S T m
y T LM ~ 5 (5.36)

v

Now the usual padded cell congruence argument implies that d divides
B, —n—1. In fact m/B, and L°M" € M, whereas y; is at the endpoint
of an interval Y;_; and so has coordinates (i—é, 0) in Q.
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Finally, either ¢« = i — 2 and the tag equation (5.32) at y;_; gives
map(xayj/yi—1) = 0, or z, goes before y;_; in the projection sequence for
Vium, so that mag(m/B,) > map(z.y;/yj—1) > 0, and B, divides m as re-
quired.

Q.E.D.
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6 The other cases

The above treatment assumed d,e > 2 and de > 4. The remaining cases are

6.0.1 Rough notes

de — 4 is a discriminant, compare 3.3.

The cases d = e = 2 and {d,e} = {1,4} provide mild counterexamples
to Claim 5.9 in the preceding proof. The difference with the cases de # 4
is that the T-weights of xg, ..., zr € M include long arithmetic progressions,
so that 5.3, Step 4 for x;x, often fails: it is not true that every monomial
T-equivalent to a relation R is divisible by h,. These cases are discussed in
the separate chapter [BR].

In the cases de < 3, at least one of d, e equals 1, and k is small (see (3.9)).
This handful of cases can almost certainly be treated as easy initial cases of
the main family I(1,e, k) or I(d, 1, k).

In the cases with d or e = 1, the main difference is that we have a choice
as to which monomials it makes sense to project out. Any z; tagged with
a 1 could be projected out at any time, and different order of projections
will lead to different forms of the equations (some with redundant generators
and some without). The phenomenon was already present in the previous
chapter: every one of our deconstructions ended with the two monomials
T2, 1, both tagged with a 1, and we chose to project out the xs.

In the bigger cases with d or e = 1, the monomials z; and y; still have
coordinates in the impartial basis A, B, L, M, and we can use this to deter-
mine a preferred order of projections down from the top of V45 and up from
the bottom of V7 ;. These orders are different from the straightforward lex-
icographic order g, x1, To, . .., but if we follow them we still get our crosses,
pitchforks and pentagrams, and most of the remaining ingredients of our
proof.
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6.1 d=1,e>5

(The variables tagged with 1 can be eliminated, and then it should be the
same as d,e > 2 and de > 4.)

There is a choice here: one strategy is to start by eliminating the variables
tagged with 1 as redundant generators, and put together a whole new proof
from scratch similar to the argument for d,e > 2 and de > 4. However, it
turns out to be more convenient to leave in the redundant generators: this
obliges us to rearrange the order of projection, but it has the advantage that
the main equations remain Pfaffians with monomial entries.

We illustrate the issues involved by working out the case I(1,e,1), that
is,d=1,e>3 and k = 3. The equations from the bottom are

B
2 0)g——— o (—(e—1))
ce
=202 = 2672
le
(0) e e—el,,
Figure 6.1: The case I(1,3,1)
zoyr = AB? 4 oM and  xyy0 = A°BN 4+ b L (6.1)

Although the monomial z; is redundant as a generator, it does no harm to
leave him in throughout the unprojection calculation. The Pfaffian equations
come from the chain
yj wpATTTIBOIE —af L gy
Zo AB -1

2
- v (6.2)
4]
for j =0,...,e—2 and the final coda introducing x3 as unprojection variable
Yeor apATTIBETI72 gt L gy
To A -1
o BM (6.3)
)
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The two top tag equations are
Toys = v3A+ LM? and w3y, = y3B + x5 LM? (6.4)

The effect of leaving in the redundant generator x; = zgxs + ABM is
that these matrixes have a unit entry. But eliminating him messes up the
shape of the remaining equations.

eg.d=1,e=06, k=10.

Lefthand tags: 1,6,1,6,1,6,1,6,1,6,0.

Righthand tags: 2,2,2,3,2,3,2,3,2,2, —4.

> Matrix([x10,x9,x8,x7,x6,x5,%x4,x3,x2,x1,x0]);

265 209 -1 0]
56 265/6 0 1/6]
71 56 1 1]
15 71/6 1 5/6]
19 15 5 4]

19/6 4 19/6]

4 19 15]
5/6 15 71/6]
1 71 56]
1/6 56 265/6]
0 265 209]

L I s I e T e N e O e I e A e Y e O O e |
= O = = O

\4

Matrix([y10,y9,y8,y7,y6,y5,y4,y3,y2,y1,y0]);

209 989/6 0 -1/6]
153 362/3 1 2/3]
97 153/2 2 3/2]
41 97/3 3 7/3]
26 41/2 7 11/2]

26/3 11 26/3]

1
7 11/2 26  41/2]
3 7/3 41 97/3]
2 3/2 97 153/2]
1 2/3 153 362/3]
0 -1/6 209 989/6]

L T e T e O e I e Y s Y e N N e A e I |
—
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The matrices when d=1,e=6, k=6

1. x¢ (out), x5, x5 (in), ys, ¥s

ys w3 Buyg T3
Vs L14M11 A
T L5M4

Ty

2. x5, x4 (in), x3, ys (out), ys

r3 Axi LPM* Ty

y5 1 AB
Vs L14M11X3
L5

3. Ty, Ty, T3, Ys5 (OUt)7 Ya (in)
ys L°M72 A’Bai
Ty L5M4 1
Ty AB
I3

4. X5, Tgy T3, Y4 (Out)7 Ys (ln)
ys LAMBzi A3B%22  ys
s L5M4 1

1‘4 AB
x3
5. x5, x4 (out), s, 1 (in), ys
ys 73 A'Bdrs m
Ty L4M3 1
Ty ABLM
Z3

6. x5 (out), x3, z2 (in), 1, Y3

z1 a2 ABLM

Ys 1 A*B?
Ts L4M3$1
I3
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6.2 d=e=2

Weights (assume k even).

Ys k/2  (k+1)/2 0 —~1/2
Y1 1/2 1/2 1/2 1/2
Yo 0 —~1/2 k2 (k+1)/2
z, (k=12  k/2 ~1/2 0
e (k—=2)/2 (k—1)/2 0 1/2

T 0 /2 (k—2)/2 (k—1)/2
o ~1/2 0 (k—-1)/2  k/2

Notice that all the z; are collinear in Z*, and in any projection, so that
arguing on T-weights will not effectively deter monomials in the equations
for TiTj.
The actual equations include
Ti 1T = 22+ (AB)*YLM)'BM
Y17 = ABri + LMz

All the equations not involving g, yo come from

y AB xy 11 ... Tp_o
LM i) T3 Ce T
I ) e Tp—1
mo1 ... MMor-1
mij

where A '
M = (AB)* 3 (LM)'BM
and (exponents need correcting)
(AB)'"™ — (LM)™

R i k—j
mi; H g AB) (LM BM
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On the other hand the T-weight of yyy, does force all monomials in the
long equations to be divisible by h.
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Try again

k=17
n AB oz T T2 T3 Ta Ts
LM x4 T3 T4 T5 Te T7
11 Lo T3 T4 Ts Zg
ABSM gy A3BAM 12 A2B3M — A3BALM? 12 AB?M — 2y, A2B3LM? dunno
A3BALM? y1 A2 B3 LM? yiAB*LM? — A2B3L?M?® y3BLM? — 2y, AB*L> M
A2B3L2 M3 W AB2L2M? yiBL*M3 — AB*L3M*
AB%L3M* y1 BL3M*
BLAM?

Same but subst BM =z, AB=C, LM =D

k=T

yn C xg 1 Ty T3 Ty Ts5
D zy x5 T4 Ts Te T
Ty T2 T3 Ty Ts L6

Clz (32 yiC?2 — Dz y}Cz —2y,C?*Dz dunno

3Dz 11 C?* Dz yiCDz — C*D?*z 3Dz — 2y,CD?*z
C?D?z 1 CD?z y2D*2 — CD3z
CD3z y1 D3z
D*z

with dunno = (y{ — 3y2CD + C?D?)z.
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Same but float z

nz Cz xy 1 @9 T3 Ty T
Dz x93 13 14 Ts Te T
1 T2 T3 Ty Ty Te

Ct gy C? 2C%*—-C3D 13C —2y,C%*D  yi — 3y2CD + C*D?
3D y1C?D yiCD — C?D? yi D — 2y, C D?

C?*D? 1 CD? yiD* — CD?
CD3 leS
D4

The bottom 6 x 6 matrix is the second wedge of

yiC/D—-C* ywwC CD 0 -D* —yD?/C
-y C?*/D  —-C* 0 CD wyD yiD/C+ D?

The general case

nz Cz oz ... Ti_1 T T2
Dz ) e Tit+1 Ti42 . T
X1 .. Z; Tit1 oo X1
Ck—S
Ck—l—iDi—Q ylck‘—Q—iDi—Z
Ck‘*?*’iD’i*l
ch—3

The bottom (k—1) x (k—1) block is the second wedge of a 2 x (k—1) matrix
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any two consecutive columns of which (say ¢ — 1,4) reduce to
cep® 0
0 CeD4
witha+c=k—2—iand b+ d =17 — 1, and the rest of which is then fixed
by requiring the j — 1, j minor to be C¥~2=7Di~! and the j — 2, j minor to
be ylck727iDi72.

le“Db‘l Can 0
_Cc—i-l Dd—l 0 Cch
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Part II
Mori flips of Type A

7 Introduction to Part 11

To go from a diptych 6-fold Vg to a Mori flip involves

(1) a suitable choice of 1-parameter subgroup G,, C T, or equivalently a
grading of the coordinate ring k[Vaprl;

(2) a suitable regular codimension 2 section (or regular pullback) homo-
geneous under the G,,-action;

(3) passing to the GIT quotient by this G,, action as described in Reid
[Wf?] and in 1.3.2.

We explain how to make these choices for any diptych 6-fold in Theo-
rem 8.5, to construct Mori flips of Type A. We sketch the converse: finding
a diptych variety to realise a given flip in this way (Theorem 8.6). The key
is Mori’s division algorithm [M3].

7.1 First example

Let Vagru be the short diptych 1(d, e, 1) of Figure 7.1.
A B

d B 0 (0) (—e)
Figure 7.1: The short diptych with tags d, e
Then Vaprar is just A?xm yorAzy With B, M given by the two righthand tag
equations
Vagra: zoyy = Azt + M, x1y0 = B + Lat. (7.1)

Setting A = u®, B = u’, L = t*, M = t" defines a regular pullback of
Vasry, the codimension 2 complete intersection

Vi : zoyr = u®xd + ", myo = uP + . (7.2)
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We make these equations homogeneous, giving the “section” u and “ele-
phant” ¢ the weights wtu = 0, wt¢ = 1; we choose A = em; and u = dmo,
and give the top x1,y; positive weights wtz; = mao, wty; = my + dmy;
homogeneity of the two equations fixes the bottom weights to be negative:
wtxg = —mq, wtyg = —mg < 0.

These weights determine an action of G,, on V,; as a 1-parameter sub-
group G,, C T of the torus T = (G,,)* that acts on Vapry. Passing to
the GIT quotient by this G,, action, in other words to the Proj, describes
aflip X — T «— XT. The two flipping curves C C¢ X and C* Cc X*
are weighted P's represented by the top and bottom of our diptych panel:
C = P(ma,mq + dma)s, ,, and CT = P(my, ma)z, 4., S0 that O = P! with
homogeneous coordinates the weighted ratio xy" : y5" between the bottom
two monomials in Figure 7.1. Before the flip, the extremal neighbourhood X
is a union of two affine pieces ) # 0, each a Type A terminal hyperquotient
given by

1 =1 (2oyr = uaf +t“)/miz(—m1,m1,0, 1) with yy= B+ Lz, and
Y = 1 ([L’lyo = uﬁ —+ t)‘xg)/m(—mg,m% 0, 1) with Ty = Ua$61l + tH.
This explains our choice of tents having top and bottom Sy = S; = A? rather

than more general toric surfaces, and thus our choice of long rectangles.

7.2 The explicit manifesto

The Mori category consists of (quasi-)projective 3-folds with Q-factorial ter-
minal singularities. The singularities were classified into explicit lists by
Mori [M2]; see also [YPG], Theorem 6.1. The other ingredients of the Mori
category are the steps of the minimal model program

(i) divisorial contractions (surface — point) (Kawakita [Kk1], [Kk2]);
(i) divisorial contractions (surface — curve) (Tziolas [Tzl], [Tz2]);
(iii) flips (Mori [M1], [M3], Kollar and Mori [KM)]);
the final models
(iv) Mori fibre space conic bundles X — S (Prokhorov [Prl], [Pr2], Mori
and Prokhorov [MP]);
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(v) Mori fibre space del Pezzo fibrations (Corti [Col|, Pukhlikov [Pul],
[Pu2]);

(vi) Fano 3-folds ([Si]);
and

(vii) Sarkisov links between the 3-fold Mfs in (iv—vi) (Sarkisov [Sa], Corti
[Col], [Co02], Corti, Pukhlikov and Reid [CPR], Corti and Mella [CM],
Brown, Corti and Zucconi [BCZ]).

As indicated by the selective references, much progress has been made on
each of these items since the Minimal Model program was established in the
1980s; one hopes in the fullness of time to see many more explicit results,
even concrete lists of varieties.
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8 Mori flips and diptych varieties

8.1 Mori’s continued division algorithm
8.1.1 A summary of Mori’s algorithm

Theorem 2.2 of [M3] proves that any semistable extremal neighbourhood
C C X has completion along C' isomorphic to the completion of the following
model for suitable m;, a;, g;.

Input Two patches of an extremal neighbourhood with glueing rules: for
i=1,2,

Ui: (fﬂ?z = gz(§z7m>u)) - %(17_17@&'70)

where the variables are in order &, n;, (;,u and g; € C[u][¢]"]. The glueing
is achieved by

=6 QT =0T

with the glueing of n; implicit in the equations.

Initial data from the input Two types of data, for ¢+ =1, 2.
Discrete data: read off the integers m;, a; and set

pPi = degT gZ<T7 U), Gy = Valu Gi (T7 u)
Set two auxilliary integers
0= a1Mao + AoM1 — M1Mo,
and
e = (6p1p2)? — 4Ap1pa = discr(pra; — dp1pawis + po3).

(The 0, e appearing here are quite different from those of Theorem 3.5. Note
that 6 > 0 since it comes from the canonical class. And, except in a handful
of small cases having in particular p;, po < 4, also € > 0.) It is a requirement
coming from the G,, action that 2m; > dpayms: if this is not the case, swap

the roles of 1,2 in the indexing and compute again.
Continuous data: construct the homogeneous polynomials

Gi(T, S) = g:i(T/S,u)S" € C[u][S5,T]
and note that G;(T,1) is reduced. We arrange for G;(0,1) = u® using

coordinate change in z;, y;.
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Discrete part of the algorithm Define

n |1 2 3 4

pi | p1 P2 p1 P2 repeat 4-periodically
a; |a; as aj(pr —1) ag(py —1) repeat 4-periodically
Qio | ap repeat 2-periodically

The powers of z in the tag equations (or, equally, the G,,, weights) come from

n |1 2 - dk+1)
d(n) [my my (x) —d(k—1)

where the missing entries (%) are computed by d(n+1)+d(n—1) = dp,d(n),
and k is the first positive integer for which the d(k) < 0; no further values
of d(n) are required. (Here Mori also defines the modified sequence d*(n);
in diptych terms, this computes the grading around the bottom of the long
rectangle as well as down the d, e side.)

The powers of v in the tag equations come from

n |0 1 2 3
e(n)[0 —q —ap 0

and e(n+ 1) +e(n — 1) = dpnpe(n) + dap—o2 — p_12.

The polarisations of the singularities are generated by

n |1 2 - k41 k42
cn)[ar mo—ay (x) —c(k—1) —c(k)

where the missing entries (x) are computed by ¢(n+1)+c¢(n—1) = dp,c(n).

Continuous part of the algorithm Set
n|1 2 3 4
Gi|Gi Gy Gi(u™S,T)/u™ Gy(u2S,T)/u* repeat 4-periodically.

Then compute sections of bundles F; € H°(X, L;) — we treat them simply
as new variables. We arrange them schematically (together with alternative

notation x1, ..., y5 that is used later) as
F2 F1 il )
F3 Fy Y2 hn
Fy
Fi—s
Fro1  Fipo Ys T
Fp  Fra Y1
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satisfying equations
FyFy = Go(2™, FY) and  FyFy = Gy(2™, FY)
at the top and then defined by tag equations
Fpi1Foy = Groo F2uf™z™y for 3<n<k—1.

(Theorem 3.10 of [M3] proves that F,,_; divides G,_s.) We extend beyond
Fy, by

Fro1 Froy = Gi_o(FP, ut® 23R)) y=pr—2d(®)

FrioF), = Gk—1(F,f+1, ue(k—l—l)zd(k—i—l))Z—pk_ld(k+1).

(Theorem 3.12 of [M3] proves this extended division.)

Output when d(k) < 0 The neighbourhood C' C X is a flipping neigh-
bourhood. Set

my =—d(k+1), a) =c(k—1) mod m) , i
mby = —d(k), ay = ¢(k) mod mj, and - gi(T,u) = Gy(T, 1)
where ¢ mod m means the residue of ¢ in 1,...,m. (Note that the m/ are

indexed in the opposite order to Section 8.2 below.)
Two patches of the flipped neighbourhood with glueing rules:

, 1
U7 (&mi = gi((€)™, ) € —(1,=1,;,0)

7

where the variables are in order &, 1/, ¢!,u and g} € C[u][(¢/)™]. The glueing
is achieved by

/

(€)™ = (&)™, (&)™ = G

with the glueing of 7, implicit in the equations.

Output when d(k) =0 The neighbourhood C' C X is a divisorial neigh-
bourhood. Set

m=—dk+1), a=clk—1)mod m and ¢(T,u)=Gr_1(T,1).
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A patch on the image of the contraction:

U: (577 = g((m,u)) C %(1, —1,a,0)

where the variables are in order &, 7, (,u and g € Cu][¢™].

Mori calculates much more from these equations. For example, [M3], The-
orem 3.13 shows that C' = (Fj_; = Fj42 = v = 0) C X, and Proposition 3.14
then calculates that

d(n)

m1m2'

L, C=

8.1.2 Mori’s projective model of the flip

Given discrete parameters as above together with the polynomials Gy, G,
Mori describes the variety

X = ( Ty = Gz, o) ) C A x A(u),  (8.1)

Toys = Go(2™2,29) (@1,22,51,92,2)

where A(u) is a formal neighbourhood of the origin, Spec C[u]. This variety
has a G, action, described explicitly in [M3] Remark 2.7, and the flip (or
divisorial contraction) of the initial extremal neighbourhood is described by
the variation of this G,, action. This is carried out explicitly in Theorem 4.7
of [M3] to compute the output of the algorithm described above.

8.2 Mori flips from diptych varieties

We explain how a diptych variety determines a family of canonical covers
of Mori flips. There are several steps: we choose a G, action on V, then
specialise the annotation variables A, B, L, M to reduce V to a 4-fold; the
standard variation of GIT quotient now describes a 3-fold flip, and we must
check whether it is a Mori flip.

8.2.1 Diptych varieties and G,, actions

Let V. = Vapra be a diptych variety based on the pair of long rectangles
Xap and Y, intersecting in the tent 7. We determine a G,, action on V'
by assigning integer weights to all the variables so that the equations are
homogeneous with respect to these weights.
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llact
Lemma 8.1 Any choice of weights for xq, x1,y0,vy1, A, B, L, M for which the

tag equations at the bottom corners are homogeneous uniquely determines a
G,,, action on V.

Of course, there are only really 4 degrees of freedom in the choice of

weights, since the trinomial tag equations impose 4 linear conditions.

Proof The diptych is constructed by unprojection. This construction is
equivariant for the action of T; each unprojection ideal is homogeneous, and
then the unprojection variable can be chosen to lie in one homogeneous piece
of the unprojection Hom space. Q.E.D.

Nearly following Mori [M3], write
wtzp = mge, whty; =m; and wtxy=m), wtyy=m;. (8.2)
for the weights of the corner variables.

Ilwts
Lemma 8.2 Suppose that V has a G,, action with wtA = wtB = 0,

and assume that codimV > 2. Let p/q = [ax,ar_1,...,a1] and r/s =
[bl7 bl—h PN ,bl]. Then

) _ (weLfah—a0)y _ (a -p) (m
—mby )  \wtM/(by —by)) \—-r s me )’
If m,ml < 0 then x,yo, A, B are the only variables with weight < 0.

To construct examples, we usually use the equations expressed in the
form
mi\ _ (s p\[(—m and wt L = (ag — ag)m)
Mo roq) \—m wt M = (by — by)mb
Proof Lemma 2.10 shows wtzy = wtaly, “A? and wtyy = wtx, *y; B®,
implying the first claim, that
wtxg = —gmq +pms and  wtyy = rmq — smo.
The same lemma computes the tag equations at the bottom corners as
_a al _ I
w10 = Y1 “hio(A, B) + 23° L, zoyr = 27 ho1(A, B) + yo' M (8.3)
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for monomials hg1,h1o in A, B. Suppose that ap = 0; a similar argument
works if instead by = 0. The first equation has weight zero and so wt z; > 0.
Since by < 0, the second equation has nonnegative weight and so wty; > 0.
Both L, M have strictly positive weight since aj, by > 0 (under the codi-
mension restriction). All other variables now have positive weight since the
weight function is linear (or by considering the tag equations down the edges
of the tent).
For the remaining claim, we first show that

wt L\  [—aer’ +ajq aps’ —aip ) (M (8.4)
wt M)\ boq —byr  —bop' + bys) \'ma :
where p'/q¢ = [ag,ax_1,...,a2] and r'/s" = [b,b_1,...,bs]. Lemma 2.10

computes that x; = aszlyl_ 7 A7 and y; = ¥y B¥, and therefore
wtz; = —¢'my + p'msy, Wty = r'm; — s'mo.
Using equations (8.3),

wt L = —agwty; — agm
= (—ap)(r'my — s'my) — aj(—qmy + pmy)

= (—aor’ + apgg)my + (aps’ — ajp)ms
and

= (=bo)(—q'mq + p'ma) — by(rmy — smy)
= (boq’ — byr)my + (—bep’ + bis)ma,

which proves (8.4). Now if ag = 0 then also r = ¢’ and s = p/, and the claim
follows from (8.4) with these values. Q.E.D.

Definition 8.3 An action is of flipping type if one of the following sign
conditions is met:

either my,my >0 and m,my, <0, or my,my <0 and mj, m, > 0.

Corollary 8.4 Actions of flipping type on V' for which X ap is the G,, cover
of an elephant are determined by a pair (—m/, —m/}) € N2
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8.2.2 Specialising diptych varieties to 4 dimensions

We replace A, B, L, M by two variables u, z. There are several different ways
we could manage the specialisation. In the first place we compute monomial
specialisation, that is, we make assignments of the form

A=y, B=u’, L=z M=2z"

for integers v, 3, A\, u > 0. (The case when one or more exponent is zero will
also give flips, but not of type k2A.) Later we allow more general polynomials
or power series, but in any case these expressions must be homogeneous.

Theorem 8.5 Let V. = V(A,B,L, M) be a diptych variety. Any pair of
integers my,my < 0 determine a G, action on V' of flipping type with

wtzg =m}, wtyy=mh, wtzp = —(sm}+pmj), wty = —(rm} + qm))
wtA=wtB=0, wtL=(ag—ag)mi, wtM = (by— bj)ms.

Any pair of integers «, B > 0 determine a monomial specialisation
A=u® B=uP L=z0"%m ) — ,bo—to)ms

that is compatible with the G,, action for wtu = 0, wt z = 1. The resulting
flip diagram is a semistable Mori flip in which the quotient of (u =0) C V
is a Du Val elephant and the quotient of (z = 0) C V is a cyclic quotient
hyperplane section.

Proof The only thing to check is that X~ has terminal singularities. This
is clear from the trinomial form of the two equations at the top of the diptych,
as in Example 7.1. Q.E.D.

8.2.3 A comparison of diptychs and the division algorithm

We run Mori’s algorithm for a diptych variety in several steps: compute
two patches before the flip, that is, the two tag equations at the top of the
diptych variety localised away from the origin; determine m;, a;, oy, G;, p;i, F;
from these two patches; apply Mori’s algorithm; and compare the outcome
of Mori’s algorithm with the two patches determined by the localised tag
equations at the bottom of the diptych variety.
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The diptych variety with a choice of G,, action Consider the diptych
variety

9 1 0 -4 19 87
53 5 3 o 11 38
9 9 9 9 W”?hh?pafg 6 o7
o2 o2 ‘rflei;gimzil chgice)' L 16
3 3 : 5
0 —4 51 1 1

This has partial continued fractions

[2,5,2]= 16/9 [1,3,2,2]=4/7
2,5,2,5]=71/40 =p/q  [1,3,2,2,3]=9/16 = r/s.

The top two equations are
w3ys = 3 A + LI M0 Tays = ys B + a3 LM (8.5)

The choice of weights m; = 87, my = 49 come from setting m} = mj = —1
in Lemma 8.2, the smallest possibility.

Patches on the flip according to the diptych variety We make the
specialisation A = u®?, B = u®. The weights force the specialisation L =
221 M = 22 which in this case is L = 22, M = z5.

The top corner tag equations (8.5) give the two patches

1 1
zy=1: (z3y5 = u™ +2%) C 4—9(11,87,0, 1) = 4—9(1, —~1,0,9)

N 1 1
ys =1 (zayy =u™ +2*°)  C §(49,38,0,1) = g(l,—l,o, 16)

where the usual second tag equation x4y, = B + (234 + LM LAMT is
brought to normal form with the coordinate change v} = ys—x] A L*M7"—- - -
The patch equations we get after the flip are

Ty = L+A9316 — 22 +u16a1+9a2

and
zoyr = M + (22L + A°BY)*A'B™ = 25 4 ...y tea 00z
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which can be put in standard form by y; =y; — - - -.
The quotients of this give a semistable flip. The elephant is

Xup//G,, = Claox1, yiy1, u] /equations = Clu, v, w]/(vw — A*¥ B¥).

We could compute the section too. As far as the diptych variety is concerned,
this is the end of the calculation.

Mori’s division algorithm The two patches above are the starting point
for Mori’s calculations.

1
pL="5m =87,a1=16: Uy: (& = u™ +2%)  C g(L —1,0,16)

1
po=2,my =49,a5 = 40: Uy: (&g = u® 4+ 2") C 4—9(—1, 1,0,40)

(Following Mori, we arrange for the local coordinate along the extremal curve
to have weight 1 in each local patch; this variable is & in the first patch and
72 in the second.) The auxilliary variables are

§ = agmy +aymg —mimy =1, &= (6pi1p2)* — 4p1p2 = 60.

[M3], Definition 3.2 computes G;, p;, o, @; 2, d(i), e(i) and Definition 3.11
gives d(7). Note below that d(1) > d(3), and d(6) < 0 so k = 6.

n (0 1 2 3 4 ) 6 7
Pn 5 2 ) 2
o, a; O 4oy 9 o o7
Qn 2 Qg 631 (&%) 651 (%)

d(n)| my ma 2mg —my 9mg — 5my 16my — 9my Tlmg — 40my

87 49 11 6 1 —1 —1
e(n)|0 —ag —ag 0 o oy + s Say + 4oy 14o + 8ay
c(n)| 16 9 2 1 0 ~1

Recall that d(n) are the G,, weights and that ¢(n) are computed in the same
way as d(n), with initial values a; = 16, mgy — ay = 9 in place of my, ms.
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We read G, G5 from the initial patches and compute G3, G4 according
to the rule. From then on, GG; repeat 4-periodically.

G\(T,5) = T°+u"5

Go(T.S) = T2 +u»S?
G3(T,S) = G (u*S,T)/u*r = T° 4yt S°
Gy(T,S) := G (u2S,T)/u*? = T?+ u*2S?

G5(T, S) = T° +Ua185 = Gl(T, S)

[M3] Definition 3.9 and Theorem 3.10 compute F; by the formulas
Fo 1Foy = G o F2, zd(”)ue(”)) for 3<n<k-1

and
P Fyin = Groo(F 248 2 W),
Fka+2 — Gk—l (ij_t,_lzd(k_l), Ue(k+1)).
In this example, the F; will correspond to diptych variety variables as

F Fy Fy Fs Fy F5 Fg Fp Fy

Ys Ys Ty T3 T2 T1 To Yo Y1

The equations (with F; replaced by x; as above) read:

n Mori diptych

3| moxy = xj+u*z? roxy = x5+ BL°M?

4| mxy = 23 +uPrto2!2 |\ mxy = 23+ AB2LM?
5| mory = af +ud 2 g, = 2+ APB'M

6| Ty = z22%+utbur9o2 | gy = 220+ AB'

7T zoyn = yp2d +ultat0ez | goy = yoM + 21 AYBT.

So Mori’s algorithm computes the same patches as the diptych variety. (The
first four are identical after substitution. The final equation is different, but
determines the patch after the flip.)

The first step in Mori’s division algorithm is to show that

y2 (25 4 u® 2%) 2% u# = 0 mod x4
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where 27 denotes any sufficiently high power of z for the following calcula-
tion. Indeed

yo (2§ + u 2) et = ((ysa5)° + 2 u“2z55)z#u#
( 298 + UOQI + y5ua2 ZSS)Z#U#
(2435 + y5 az)z#u#

((zays — yu) + yduo?) z#u#
0.

8.3 Diptych varieties from Mori flips

This is our main application and original motivation.

Theorem 8.6 Let C' C X be an extremal neighbourhood of type k2A with
0 = 1. Then there is

e a diptych variety Vaprm

e specialisations of A, B, L, M as functions of the variables 1, ..., x},
Y1, ...,y and two additional variables u, z; the variety after specialisa-
tion is denoted V,,.

e a G,, action on V,, for which wtu =0 and wtz =1

such that a formal neighbourhood of C' C X is isomorphic to a formal neigh-
bourhood of P*(zy,y;) in the G, quotient of V,,. polarised by positive weight.
The contraction of C C X (and also its flip, when this is a flipping neigh-
bourhood) is realised by the variation of this G,, quotient.

Moreover, restricting to the locus z = 0 in each quotient describes an
elephant of the extremal neighbourhood C' C X, while w = 0 describes a
section of it.

We want to prove this in two steps. The choice of diptych and of group
action corresponds to the discrete part of Mori’s algorithm; the specialisations
correspond to the continuous part.

8.3.1 The numerical part

A diptych is determined (up to the symmetries of a rectangle) by the pair of
tags d, e down one side. Given a flip of type k2A, these are computed by

d=10py=pa2, e=0dp1=pi,
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since we restrict attention to the case 6 = 1. This provides the diptych
Variety VABLM-

The weights of the group action are determined on the x; and y; as follows.
The indices of the singularities on C' C X are the orders of the stabilisers
along the z; and y; axes; so these variables are given weights mo and m;
respectively. The specialisation we make is of the form

A = u*? + higher order terms in u, B = u® + higher order terms in .

In particular, A and B must both have weight 0. The weights of all other
x;, y; are then determined by the homogeneity of the tag equations on Vyp.
Finally, the weights of L, M are determined by the homogeneity of, say, the
two equations at the top of the diptych.

8.3.2 Choosing the specialisations

We are required only to solve for A, B, L, M so that the initial (top) two
equations of the specialised diptych variety V., equal the two equations of
Mori’s projective model (modulo increasing formal powers of u) given in
section 8.1.2. We omit this.
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9 Open problems

Does Vg have more symmetry? We noted in the introduction that
the 6-fold Vapras has an effective action of (G,,)*. It is possible that it has
a bigger group of symmetries, or even that it is quasi-homogeneous under a
bigger group, not necessarily preserving the toric sections. A boring example
is I(d, e, 1) when the pair of rectangles has k =1 = 0 (see also 7.1); then the
equations include B = ---, M = ---, so that Vagry = A% and has a huge
automorphism group.

Recurring continued fractions? Family I is built from 2-step recurrent
continued fractions [d, e, d, e, ...]. As is well known, these are convergents to
quadratic irrationalities: the quadratic

ex? —dex +d =0 (9.1)
has roots the recurrent continued fraction & = [d,e,d,e,...] and its com-
plement [2,...,2,3,2,...,2,3,...]. Where does the quadratic irrationality

come from? In Mori’s context, we guess it comes from comparing the two
quadratic intersection pairings of two nonsingular surfaces, the minimal res-
olution of the elephant and section. What does it really mean?

More general tents? We discussed in Section 1.3 how our level of gen-
erality is driven by Mori flips of Type A. How widely our methods apply
to more general tents and toric extensions forms a portfolio of interesting
research problems.

It would be interesting to understand deformations such as those of
Lemma 2.11 and Main Theorem 1.2.3 in the general case of a number of
cyclic quotient singularities meeting as a cycle transversely in their 1-strata.
In this paper, we work out a case in which we deform a union of four surfaces.

More general flips? Can we do the same for flips of type D and E? The
ideology of Reid [Wf?] is that passing to the G,, cover relates a wide class of
flips to variation of GIT quotients. Next, this should reduce the study of Mori
3-fold flips to deformation of G,, covers of Du Val singularities. In this paper
we have carried out this program for Type A flips, and in the process stumbled
on a vast new theory of diptych varieties. It is possible that G,, covers of
flips of type D and E hold similar treasures. The alternative is that the
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more exotic flips are much more restricted, and correspond mostly to rather
simple graded rings. Extending the results of Brown [B] to codimension 2
and 3 might be a way into this problem area.

The geometry of flips? Diptych varieties and Mori’s division algorithm
contain many clues to the geometry of flips. As one example, we see one
family of flips degenerating into another. The passage to a minimal basis of
a long rectangle (which is nontrivial only in the case when one of d, e equals
1) raises the possibility of distinct diptych varieties having a common panel,
say Xap being the same in each. For example,

2 1 -2 0 0 -3
4 3 4 3 4 3
Xap= 2 2 can be partnered by either of 2 2 and 2 2
2 2 2
0 —1 1 3 4 1

At the level of flips, this gives two distinct families of flips having the same
elephant (both before and after the flip). Since the deformation problem for
the elephant is unobstructed (see Section 1.3.7), these do not represent two
different components of flips, but one family degenerating into the other.
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Part I11
Appendixes

The \end{document} can go here.

10 Calculation interlude

It seems certain that the entire ideal of relations of Vigras can be written
starting from an N x N Pfaffian matrix (with N = k + [ + 2), allowing
cancellation of certain “floating monomials”. The phenomenon is the same
as Riemenschneider’s “quasi-determinantal” formats [R].

10.1 One vertebra

Problem: Understand the variety V defined by the 4 x 4 Pfaffians of the
following (e +5) x (e + 5) skew matrix:

4 3 2 1 0 1 J e
g B X 1y Y1 Yj cee Ve
x, M AB® 1,AB® ... z)ABY ... a5A
zy xSl xf'LM ... xfLMJ ... LM¢
N Y2 e Yji+1 oo Vet
—VYi M,

with rows and columns numbered as shown (we ignore + signs, but get them
right before doing the computer algebra): down to the basement, the first
four are labelled —4, -3, —2, —1, so that x; is m_3_5 and y; heads the ith
column. The final (e4 1) x (e+ 1) box has entries m;; for 0 <i < j<e+1
given by the closed formula

(zom2)® — (BM)*
Tolg — BM ’

mij = XAL(zoB)* ™ (2o M)" x where ¢ = j — . (10.1)
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in the ¢ row and j column, making the Pfaffian equation —3—2.15

Ty AB*" 1) AB*

: . - . 10.2
xg'LM* xy ) LMY (10.2)

T1Mi; = det

into an identity (after substituting 21X = x¢zy — BM). The superdiagonal
entries

mmﬂ = XAL(xoB)e_i_l(ng)i7

are monomials, but no other entries m;; with 7 >4+ 1.

Simple observations

We know a bit about V: It is a Gorenstein 7-fold in A°t1% with coordinates
X, X0, 1,22, Y0, - - -, Yer1, A, B, L, M. The serial unprojection construction of
V' has cascade of pentagrams zg, x1, T2, Y11, y; giving the 5 x 5 submatrix

o B —X —Y;
Ty M —z,AB%
Ty x{ LM

Yi+1

with Pfaffians

Tors = 11X + BM

11y = 5 ABET 4 gt LM
T1Yir1 = xéﬂABe_i + xS_Z'LMi+1
ToYir1 = THABT X +yM

Toy; = Yi1 B + 2§ ' LM'X

xg <> M, B < x5 and y; <> y._; is a symmetry of V' and of its equations.

Setting A = B = 0 gives a toric 5-fold. Likewise setting L = M = 0 or
A=x29=00r L =127=0.

It makes sense to view the 7-fold as a flat deformation of the 4-fold ob-
tained by setting X = A= L = 1.
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How to understand the equations

The minors of the 2 x (e+1) matrix of y; on the top right are the equations of
the rational normal curve I'. C P¢. At the same time, the rows B¢, ..., z§ and
x§, ..., M® parametrise copies of I'. C IP°. So we hope to view V' as a kind of
scroll construction. Now among many different constructions of scrolls there
are residual constructions (the complete intersection of k linearly independent
quadrics through P"~2 C P" is a scroll residual to the P"~?) and linear
generation constructions (the variety obtained by joining up corresponding
points of £ — 1 embedding of P! as rational normal curves in P%).

Proposition 10.1 The affine piece x1 # 0 of V is isomorphic to G,, x A°
parametrised by 1 # 0, xg, 29, A, B, L, M.

The first Pfaffian zqxs = 21X + BM is a quadric of rank 6 (that is, the
affine Grassmannian aGr(2,4) C AS). If z; # 0 then X = (zoxg — BM)/x;.
Next, each Pfaffian involving x; times any of the y; in the last two columns
can be solved for y;, and both give the same value:

At the bottom right, the Pfaffian Xz; = BM + zoxy is a quadric of
rank 6 (that is, the affine Grassmannian aGr(2,4) C A®). If z; # 0 then
X = (BM + zox2)/x1. Next, each Pfaffian involving z; times any of the y;
in the last two columns can be solved for y;, and both give the same value:

vy = By ABSH 4 g LLMY

The point is just that going from x; times y; in the penultimate column to
x1 times y; in the final row, involves rolling the factors

B+ 29 and x9g+— M
at the bottom, and this neatly cancels the change
T AB s 2 PABTY and 2l LMY s 2T T LM

from moving up a row, etc.

10.2 More vertebras — the case [5, 3, 5]

This case is a bit bigger than Example 1.1, and we work it out in more detail;
all the equations are derived from the Pfaffians of 11 x 11 skew matrixes, in
fact in 2 different ways. We provide Magma code to automate part of the
calculations.
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0 -2
3 2
5 2
2
3
2
3 1

Write the skew 11 X 11 matrix M =

T3 LM? —563 —Ys —Ys —Ya —Ys —y2 M mi10 mi11

e B —L*MY —x,L3M8 —x%L2M5 —mi”L]W2 —x‘ll —yoB  —y B
T w13A T3AB  22AB%*  13AB® —AB*M —x0LM? —2iLM

Ys Ya Ys Yo T r,AB®  A*B™

ms.6 ms7 mszg ms9 ms5,10 ms11

me,7 me.s me.9 me.10 me,11

mrs mro mr10 mri11

mg.9 msg 10 mg 11

nM YoM

mio,11

The calculation starts from the top, with the two equations
Toys = 15A + L°M™  and  ysa3 = ygB + x5 L MM (10.3)

These are the 2 Pfaffians of the initial submatrix M(1,2,3,4,5) without ;.

The 5 x 5 submatrixes M(1,2,3,4,14) for i = 5,6, 7,8 involve only entries
in the first 4 rows, and correspond to the magic pentagrams that successively
adjoin 1, vy, y3, y2. The submatrix M(1,2,3,4,9) corresponds to the “flat”
pentagram ys, T3, To, T1, o that adjoins xq. At this point we float monomials
in M(1,2,3,4,9), modifying the matrix by
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w3 LM? —x3 —yo M w3 LM? —23 —y,

Ty, B —af vy BM —x}
>

T AB4M T AB4

Zo Lo

3 BLM? —23 —y»B

M —
— 2 i (104)
T AB5

Zo

The commmon factor M from the 3 terms (1, 3), (1,9), (3,9) floats across to
multiply (2,4), and the factor B in (2,4) floats back to multiply the 3 terms
(1,3),(1,9),(3,9). Each operation leaves the 4 x 4 Pfaffians unchanged. We
write
M:(1,3,9) — (2,4) and B:(2,4) — (1,3,9).

After floating M (and optionally B), the two submatrixes M(2, 3,4, 9,1) for
1 = 10,11 adjoin the y; and yg. This accounts for all the specified entries.

The 21 unknown entries m; ; are not in pentagrams and have to be cal-
culated. The answer is:

Mo = —T3y2 + Tox3AB? ms 7 = r3w3 AL* M (2123 + BLM?)
mii1 = —z3y + 13 A°B° meg = 1173503 ABLM?(v1703 + BLM?)
mse = Tars AL M® Mo = xlngB2($1:B3 + BLM?)

mer = T1w303 ABL* M® ms,10 =y — 2122 AB' LM

msg = r3w3 ALM?(x}x; + 1123 BLM?
+ B*L*M°)
vy A}l + xja3 BLM®
+ zy23B2LPMS + B*LPM?)
5,10 = Y25 — T AB LMY me9 = $19U§AB($%IE§ + 2123 BLM?
ms11 = Y1¥Ys — A’BOLA MM + B2L2MS)
Mg, 10 = YolYa — 12, ABYL3 M®
me11 = Yiys — 1 AZBYLAM® Mra = YiYs — 22 A’BYL*MP
My 10 = Yoz — T1T ABLAM® Ms11 = Y1y2 — 23 A2BYLM?

myg = rirars AB*LM?
mgg = viv5AB?

m =
mio,11 = LC(].%%ABESLM 59

Each is determined by the specified entries together with the assumption that
B or M is a nonzero-divisor modulo the ideal of 4 x 4 Pfaffians. Example:
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for ms ¢, consider
Pfoys56 = 21ys L°M® — g L*M™ — Bmis g

Adding L>M?® times Pfi346 = —21y5 + 7373 AB + y, LM? kills the first two
term, and gives
v3x3ABL*M® — BU3
Therefore B times z3x3 AL?M® — ms ¢ is in the ideal of Pfaffians, so msg =
r3x3 ALPMS.
The entries that are not monomial are usually fairly simple, involving
things like

(z173)% — (BLM?)3

22 3 272376 _
rirs + 1123 BLM” + B*L°M” = PV VE

(in msg). This comes typically from using Ry ., : x123 = 3 + BLM?
repeatedly to substitute for z323. Compare the m;; in (10.1).

The ideal I we seek is generated by 44 key relations Ry q,, - - ., Ry, that
extend the 44 binomial equations of the tent and the two toric faces Vg and
Viar; we tabulate them in Section 10.4 below. They include the Pfaffians
from our magic pentagrams. The 330 Pfaffians of M are in I, and the
generators of I are derived from them. As with the calculation of the m; ;,
our derivation of some of the key relations involves cancelling factors of M or
B from Pfaffians or from suitable linear combinations of them. It is probably

not possible to obtain all the key relations as Pfaffians of a single matrix M.
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10.3 The other way up — the case [3,5, 3]

The same calculation can also be done starting from the bottom using the
skew matrix N =

o M x‘ll Y1 Yo T3 xi{’LM3 x%L2M6 x L3M® LAM'2
vy ABS 23l xoLM BLM? z3AB* 13AB® 23AB* x3iAB
rg A’B° x,AB' 23 ya M ysM ya M ys M

Yo (i Y2 B N4g N4 Naio N4l
N5.6 ns7 N5 8 Ns59 N5.10 N5 11
Ne,7 Ng.8 g9 16,10 e 11

ys B ys B ys B ye B

ng9 ng 10 ng 11
9,10 N9 11
110,11

where the two vertebras now correspond to the blocks [1,2,3,4] x [5,6] and

[1,2,3,7] x [8,9,10,11] in N. The hinge, corresponding to the flat penta-

gram, is the diagonal submatrix [1,2,3,4,7], which (up to permutation) is

the righthand matrix in (10.4).
nyg = i3 AB?

_ 2 3 4 2
4 2725 Nes = Yy — 702 AB LM
Ty4,9 = T1Y3 — Tody

Ne,9 = Y2Ys — x%x2AB4L2M5
Ne,10 = Y2Ya — x1x2AB4L3M8
ne11 = Yalys — ToAB LM

4 3278
N4 10 = T1Ya — .Tol'lL M

4 47 r11
Ng11 = T1Ys — xol"M

_ 444

nse = —xor] ABL T 3 3
ngg = —x7x503AB° LM

4 4415 ; 122
N7 = —Xox Lol — 7 AB° LM
; 1 1 _ .3 3 3279
ng10 = —X Ys LM + 21y L° M
4 , 1
Ng7 = —ZL’IIQLM

ng11 = —2iys LM + y, L* M*?
Ng.10 = —:L’lxgngB2L2M6
ng11 = —a2ys L*M® + ys L* M
nio1 = —r3r3ABL* M®

nsg = Y1Y2 — x?A2BgLM2

nso = y1ys — v3 A°BYL*M°®
ns10 = Y1ys — 11 A2BYLP M®
N511 = NYs — A*B LM
One gets the same 44 key equations tabulated below
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Remark 10.2 The shape of the two big matrixes suggest the general form
for longer chains of many vertebras. Working with M, we have:

(1)

(2)

(3)

Each vertebra of length d occupies a 4 x (d — 1) block of M; in our
example, the two vertebra occupy the blocks [1,2,3,4] x [5,6,7, 8] and
2,3,4,9] x [10,11] of M.

The entries in each row are monomials forming simple progressions; for
example yg, ...,y3 and LAMY .. 23 LM?.

The row intervals of two consecutive vertebras overlap in 3, so their
union is just 5 rows; these 5 indexes define a flat pentagram, for example
[1,2,3,4,9] above. A monomial flotation hinges between the monomial
progressions in the two vertebras.

The hinge between two vertebras, working down from the top or up
from the bottom, is the flotation in (10.4). The middle matrix is the
magic pentagram that adjoins zo (from the top) or adjoins z3 (from
the bottom). Its first 4 x 4 block floats to give the constant piece in
the first vertebra (rows 1-8 of M). Its bottom 4 x 4 block floats to give
the constant piece of the second vertebra (rows 1-6 of IN).
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10.4 Table of 44 key equations

oY

5
vozs = ToT2 — :cl AB’M

oy

zors — LT3 — :l:lx2 Yo BM
zoyr — LOY1L — ﬂflllAQBg — yoM
voys = ToYa — T1x9 ABY — y1 M
voys = ToYs — TIT3ABY — ys M
roys = ToYs — T12273AB? — yoys M + 2wy AB L M°
= 2oys — 225 AB(25 + 2BLM?) — yoyys M
Ry = Toys — 210275AB — yoys M + 2129 AB* L’ M°
= woys — 1123 AB(af + 323 BLM® + 3B L*M®) — yoys M
Raoys = ToYs — x‘llxgxéA Youys M + T ABALAMT?
= 2oys — TaA(xy + 4aSBLM? + 625 B2L*M® + 4B3 L3 M)
— Yays M

=vili~vii=v ey

R, 3—$1l’3—x2 BLM?
Xr1T 5
R _ A3BM™M _ 23 eryo = T2Yo — y1AB — xole
z1yo — L1Y0 g R B = g
R — o — 15 A2BY — 22 LM woyr — L2Y1 — Y2 Toxy
z1y1 — L1Y1 2 0 R B B AB4 B LM2
R — 22 AB* — v LM? zoy2 — T2Y2 — T3 i
e " Rayys = Toys — 13AB> — 23 L2 M
R, =Y — T ngB — y2LM3 22Y3 3 1
1Y3 2 R B B AB2 L3M8
R — poun — 2202 AB? — g LMB v T 2T xy
xT1Y4 13/4 243 y3 R B AB B L4M11
R = 2= — 2205 AB — u LM? zoys — L2Y5 — T3 T
o T o R = TaYe — T 2A— LPMM
Rm% = T1Yg — xgng _ y5LM3 T2Y6 6 3
Rayyo = 3yo — Y12 B — woafzo L — i AB° LM

= x3y0 — Y1yo B — 2V L(2) + 2AB° M)
v = T3y1 — Y3 B — afzo LM
= 3ys — y3B — x}x3 LM
= x3y3 — YaB — i3 L2 M°

— 2713 8
wsys = T3Ys — Ys B — x105L° M

=vlp=v =y R~ R~y
& 8

rays = L3Ys — Yo B — $2L4M11
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Ryyy, = Yoy2 — y1 :onlAB4
Ryiys = 11y3 — yz $1$2AB3LM + xlxgygAB4LM2

= y1ys — Y3 — 2] AB*LM (2} — BLM®)

+ :c1A2BSLM2(9;2 + BLM?)

Ryyy, = yoya — yg x1$2133ABQLM2

= YolYs — yg 1175 AB*LM? (23 + BLM?)
Rysys = Ysys — y4 x1x2x2A3L2M5

= Y3Ys — y4 — 2523 ABL*M® (23 + BLM?)
Ryyys = Yays — ys — Tax3 AL M®

Ryoys = YoyYs — ylyg $ox1$§’AB3 — $1ZB%AZBSLM + x1y2A2B9LM2
= Yoys — y1y2 2122 AB3L(a} 4+ 2AB° M) + a3y, A2 B LM?
= Y1Ys — y2y3 —x ngBQLM(:lezxg + 2{eiBLM? — y, B2 LM?)
= y1ys — ysys — T AB*LM (23 — BLM?)
+ 21 A’B* LM (x5 + BLM)

Rypys = YaUs — Ysys — 110505 ABLM? — zy 2503 AB*L* M?

= YoUs — Ysys — T3 ABLM? (x5 + 323 BLM?® + 2B*L* M°)
Ryys = YsYs — Yals — 112505 AL M® — 2303 ABL® M®

= Ys3Ys — Yays — Tax3 AL M° (23 + 2BLM®)

R

Yiysa

Ryoys = YoYs — Y12y — 11 ABL (w023 2525 + vox 23 BLM?
— 2021 B*L*M® + 25y; B*M — y, ABTLM®)
= Yoya — Y1y2ys + 11 A*B L*M° (2o LM* + 23AB*)
- xlngBz (x5 + 2BLM?)(z} + 2AB° M)
Ryiys = U195 — Ysys — T 0505 ABLM — 202523 AB*L*M*
— 23S ABPLP M + 2129y, AB* L3 M®
= y1Ys — Yays — S ABLM (23 + 325 BLM?
+ 323 B*L*M°® — B*L*M?) + AB*L* M®(x3 + BLM?)
s = Y2Us — YsYs — Tar3 ALM?(xix] + v123 BLM?® + B*L*M°)
= Yals — Y35 — Tors ALM? (2§ + 323 BLM? + 3B*L*M°)

R
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R

Yoys

}%yoys

Ryl Y6

Ryl Y6

}%yoys

}%yoyﬁ

= Yols — Y1Yols — Tt wari ABL — xoxSairs AB*L? M?
— 202 S ABP LA MO + 2023 AB*L*M® — 28y, AB*LM
+ x1y2A2BgL3M8

= YoUs — Y1¥2Ys — ToT|Tx3ABL — x]x505 A BO LM

— w353y AB*LM? + 232505 A*BY LM? — 21205y, AB* L* M®
+ x1x2x3A3BIQL2M5 + 21y A2 B L3 MB

= Y1Ye — y%ya wlengLM xéx%ygABLMQ

+ 2irsrs A2 B LM? — 2120503y, AB* L* M® + w2323 A* B L? MP
— 25ys ABPLPM® + 23203 A2BT L3 M® + 20y, AB*L* MM

= e — yoys — 2 aSeSALM — 282322 ABLPM* — 22325 AB*LP M7

— 1S ABPL*M™ + 29y, AB*L* MM

= YoYs — Y1Y2Ys — ToT Tars AL — x{asxi A’ B°LM

— 220303y ABLM? + 222305 AS B LM? — x 2523y AB*L*MP
+ 212303 ASBY L2 MP — 25y  ABPLP M® + 2303 A B2 LA M®
+ y2/421391;4jkfll

= Yoo — Y1yoys + Yo A’ B LM — wox{adal AL

— worSeias ABL* M? — zox’aiws AB? L3 M®
— 2or TS ABPL*M® + 2021 AB*L° M" — 28ys AB*LM
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10.5 Several vertebras

Work with I1(6, 5,6, 5), which has monomials

Ty @

® Y13
T3 .

Ys
i) :
) : Ys

T ® ® 10

and top equations (“Step 17)

r3Yiz = ZL‘ZA + L29M168
Y1274 = Y138 + $§L24M139
“Steps 2-7". The three big wedges of the diagrams give x1-yo..5, T2 Ys..3

and w3 - ys..13, and are pullbacks from standard vertebras as in Section 10:
from the top,

Ty My X3 Y13 Y12 . Y9
3 —DBj L3M§ nggMg . CC%L?,
—ry —x3A —ziAB ... —x4AB*
Y12 Y11 ce Ys

where A3 = A, B3 = B, Ly = L*M?*, M3y = L°M?°, X3 = xj. The lower

triangle of entries are given as in (10.1)

(w924)° — (BM3)°
(ZEQ?IZ4 — BMg)

The next column of the matrix is headed by My = Ms/L3 = LM?® (this is

necessary to allow the progression in the second row to continue z3Ls — z3),
giving the pivotal floatation

mij = AL3 X3x4(v4M3)* ™ (22B)" x where ¢ = j — i;

Ty My X3 ysMy ry Ly X3 ys
r3 B 1} . r3 BM, 3
To  AgMs Ty A

T I
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“Steps 8-10":

Xo w1 B Y7 Ye Ys
My 3 Ys Yr Yo
Ty  x3Ay  23A9By 13A5B3
£C1L2M22 m%LgMg :c:fLQ

where A2 = AB5, Bg = ABﬁ, Lg = LM5, M2 = LMG, X2 == xg
“Steps 12-16”:

X1 x B Ya (5 e Yo
My xy Ys Ya e Y1

T x3A,  13AB, ... AB}

xoLle x%Lle . x8L1

where A} = A'B? B, = A°B® Ly =L, M, =M, X, = z}.

How to join them together into a whole variety?

The key is to understand what happens around a lop-sided pentagram
(or “flat” pentagram) such as ygxixewszy in Step 7 and its skew matrix

r1 By X Ys

i) B3M2 X3
T3 L3
Ty

Adjoining y7 to this (in Step 8) is an unfaithful Tom unprojection: the
unprojection equations should be y; - (22, z3, 24, Ms), but the bottom 4 x 4
block does not contain My, only the products BsM, and L3 (recall My = LM
and Lz = L*M?. We can write out a 6 x 6 “extrasymmetric” matrix (the
top 6 x 6 of the following display) whose Pfaffians include the unprojection
equation for y; M, multiplied by this kind of factor. The same applies in the
other direction to adjoining yg with unprojection equations yo-(x1, T2, 3, B3).
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Its unfaithful Tom is the bottom 6 x 6 block below.

Y7 SC%Bz x1Ly M3 ysBs X2$§L2M2 *
T1 Bs X5 Us $%X3AB4
T2 B3 M, X3 Moys
T3 L v, AB*
T4 M3z
Yo

By calculating 02.46 one gets * = y2 + w33 A, L' M".

10.6 How to join them together into a whole variety?

How to pass between the first big wedge and the second? Our standard link
(“Step 77) is the lop-sided pentagram ysxsxsxex;. We can break this up into
several intermediate steps to clarify its relation with the preceding Steps 2—6
and the following Steps 8-10. First, given the “rolling factors” pattern, it is
natural to try to add a further column after Step 6. “Step 61”:

X3 i) B3 c. Ys
Mz x4 ... Yo Ys
rs ... x4AB* AB°

.T%Lg IgL:g/Mg

(I write m;; promiscuously as notation for the entries of any 6 x 6 skew
matrix.) Multiply through the last column by Ms3/Ls = LM® = M, to
clear denominators: at the same time, adjoin the Tom unprojection variable
mie := 27 and fill in the bottom right element msg (say, using the two
different occurrences of the equation for z4ys):

X3 1w Bz ys T
Ms xy oy ys Mo
xs w4 AB*  AB°M,

riLls x5
vy X3AB*
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This does not really add anything new — its Pfaffians not involving z; are
multiples by M, or AB* of existing Pfaffian equations. The next step is to
“float across” the common factors M, from the 3 entries mag, mag, mag (the
“triangle” 236) to the 3 entries mqy, mys, mys, giving

X3 1wy BMy ysMy T
Ly x4 Y9 Ys
rs w4AB*  AB?
3 M; x5

AB*z3 X3

The mechanism behind this: magg, mag, msg are divisible by My (including
Ms = MsL3). If we divide the rows 2,3,6 by M, and multiply the comple-
mentary rows 1,4,5 by M,, the only difference it makes is to multiply or
divide some of the Pfaffians by M. Deleting column 5 gives the skew matrix
of Step 7:

X3 i) BM2 T

L Ty Ys
T3 AB5
3

How to link up with Steps 8-107

Xo x By ysBs Y7 Yo Ys
My x5 Ty Ys Y7 Yo
i) .T%AQ angQ Jngng .’I?gAQB%

BQL2M23 $1L2M22 x%L2M2 .CC?LQ
where A2 = AB5’ Bg = ABﬁ, Lg = LM5, M2 = LMG, XQ == xg
77
In the same way, the 3 entries of the triangle 356 are divisible by AB*,
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so I can float these over to 124, obtaining:

AB4X3 ) AB5M2 ySMZ 1
Ly AB'z, Yo Ys

XT3 Ty B
QZ%Mg QT%
$%X3

10.7 Supplement: the tag equations at y;

This section is preliminary to writing out a systematic list of the “most im-
portant” equations. It works out the tag equations down the y side, including
the tags at all the y; and some longer equations; that tag equations at “small”
y; (tagged with 2) are monomial Pfaffians, but the tag equations at the “big”
yi, and the longer equations cannot be reduced to trinomials.

10.7.1 A single vertebra
> X := TypelIPair([7,4]); Print(X);

7 1 0 -3

4 2 4 2
2 2
2 2
2 2
2 2
2 2

0 -3 7 1

-BxM - x174 + x0%x2,

-x173*x276*A - y6xM + xO*y7,
-x173*xx275%xAxB - yb5xM + x0%*y6,
-x173*x274xAxB"2 - y4xM + x0%*y5,
-x173*x273*%A*B"3 - y3*M + x0%y4,
-x173%x272xA*B"4 - y2*M + x0xy3,
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-x173*x2*xA*B"5 - y1xM + x0*y2,
-x173*xA*B"6 - yO*xM + xOx*yl,

-L*M™7 - x277xA + x1xy7,
-x0*L*M~6 - x276%A*xB + x1xy6,
-x072*%L*M"5 - x275xA*B"2 + x1*yb
-x073*LxM~4 - x274xAxB"3 + xl1xy4,
-x273*xA*xB"4 - x074*xLxM"3 + x1x*y3,
-x272xA*B"5 - x075xLxM"2 + xl1xy2,
-x2*%A*B"6 - x076xL*xM + xlxyl,
-A*B"7 - x0°7xL + x1xy0,

-x173*xL*M"6 - y7*B + x2xy6,
-x0*x173*xL*xM"5 - y6%xB + x2%*y5,
-x072xx173%xLxM"4 - ybxB + x2%*y4,
-x073*x173*L*M"3 - y4*B + x2*y3,
-x074*x173*L*M"2 - y3*B + x2%y2,
-x075*x173*L*M - y2*B + x2%yl,
-x076*x173*L - y1*B + x2xy0.

That is the case d = 4 and e = 7 of the following general construction:

Tols = l'cll —+ BM.
zoy; = oV b TABT 4y M fori=1,... ¢,

: . » . ‘ (10.5)
vy, = THABT 4 ai 'LM' fori=0,... e,
Toy; = Y B+ ag T LMY for i =0,...,e—1,
o —B —af! Yi-1
v, M —axb'ABeT
Ty —xg LM (1)
Yi

The top 4 x 4 block remains fixed. The last column has input the second
equation x1y;_1 = --- and output the equation x,y; = - - -, together with a

formula for zqy;.

10.7.2 The tag equation at small y;

Adjoining y; 1 to the Pfaffian variety () is a faithful Tom: we must provide
Yi+1- (xo, 1, B, y;—1), which generate the ideal of the bottom 4 x 4 submatrix.
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All but one of these relations fit as the 4 x 4 Pfaffians of the array

rg —B —a{! Yie1 Y
vy, M —xi'ABTT gl ABeT!
Ty —ab'LMTY —afT N LME (10.6)
Yi Yi+1
*

Nothing new here — just the equations (t) for i and i + 1.
Now any of the Pfaffians 12.56 or 23.56 or 34.56 gives the value of *. For
example, in 34.56, the 2 x 2 minor equals 4 = 2§ "' LM*~! times

ToYipr — yiM = x{ tab AR (10.7)
(by the second formula of (1)), so
x = afr{™ with a =25 'AB'and 8 = a5 " LM, (10.8)
giving the tag equation at y;:
YirYi = y; + i (10.9)

The “extrasymmetric” form of the 6 x 6 matrix is:

o —B —x‘f‘l Yi1 Yi zo M x1 B axs
r1 —M —Ba —za x‘f‘l B y;4 Yi
Ty —x0f —Mp or T2 Y Yir1
Yi Yi+1 Bxg M
afal™! afal!
(10.10)
10.7.3 Long equation for y; 1y;12?
Rewrite (10.10) in full.
g —B —af™ Yi-1 Yi
T1 —-M —:ré_lABe_i —rb ABe1
Ty  —xg LM —z§ T LMY (10.11)

Yi Yit1
ngzflmilflx;flABe—i—lLMi—l
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Add another column with a mystery entry * = ms7:

d—1
rg —B —1f Yi-1 Yi Yit1
. —M —zy'ABT —rhABe ! —ah AR
e—1i i—1 e—i—1 i e—i—2 i+1
r9 —xy LM -z LM -z LM
Yi Yit+1 Yit+2
ri T et AR T LM *
e—i—2 d 1 1, e—i—2 7
x5 x] xhAB LM

(10.12)
As before, nothing new here: deleting row-column 5 (projecting out y;_1) is
just (10.10) with ¢ — i + 1. There are various ways of solving for . For
example, Pfi5 57 is

Tox = x5 My ABST — by 1AB€ =2 (10.13)
= oty G ABT — (3 B A 2§ T LM ) g ABS T (10.14)
—(woy + BM)xg o el tABT 2 LM (10.15)

giving * = —(zowy + BM)x§ ™"~ IL’l SYABe2LM*'. Thus Pfys57 is the
long equation

Yi—1Yi+2 = YiYir1 — (LC()I'Q—'—BM) e—i—1 Cll 1 IABe - 2[1]\/[Z 1 (1016)

Warning One is tempted to make a little optimistic error of sign here (say
xore — BM), and get * as a monomial, but this is definitely false: you can
use the first relation of (10.10) to swap zoze + BM into 2¢ + 2BM or into
21015 — x¢, but no substitution makes it a monomial. The long equation can
be written as a Pfaffian, but not as a trinomial.

10.7.4 Two vertebras and tag equation at big y;
> X := TypelIPair([6,4,6]); Print(X);

6 1 0 -3

4 2 4 2

6 2 6 2
2 2
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We do not see the tag equation 1y, = y5 + 7 as a Pfaffian equation because
the series

Yo2ToT1X2Y3, ToT1T223Y3, Y3T1X2T3Y4,

of pentagrams Kkills ys before y, appears. The central pentagram is

rg —AB®  —af Y3
ry, —BM -3
T —LMS

xs

To adjoin ys and its unprojection equations ys - (x1, o, x3, M) is an unfaithful
Tom, because M is not itself an entry of the bottom 4 x 4 block; ditto for
Yy with yy - (xg, 21, 22, B) and B not in the top 4 x 4 block. Either of these
unprojections is an “unfaithful” 6 x 6 extrasymmetric formats (the equation
for yo M only appearing multiplied by some factors). These two 6 x 6 matrixes
fit together as the top and bottom blocks of the 7 x 7 array:

Y2 —.iE%ABG —woLMQ ygB $?$%LM2 *

Ty —-AB> —af U3 rix3 ABY
T —BM — ysM
Ty —LM? —x3AB*
T3 —xiLM*
Ya

(Although these are unfaithful, we get Pfaffian relations yo M and y,B by
going through other pentagrams.)

Number the rows and columns of the big matrix 0. .. 6, so that mg; = ys,
mse = Y4 and the mystery entry x* is mgg. Calculate the Pfaffian Pfgs 464:

r125ABSLM* — 42 BM — BM * .
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This is divisible by BM, which implies that
x = —y3 + 2105 AB°LM?®,
The tag equation at ys is thus

Pfo1s6 : 9oy = ys(ys — 2103 AB’ LM?) + 225 AB* L M?
=ys + 2{2i AB*LM? (2523 — ys BM).
As before, in the last line, one can use the “long equation” zors = xix3 +
ysBM to swap z5x3 — ysBM into xgxs — 2ysM or into 2x5x3 — zoxs, but
there is no way of reducing it to a monomial.

> PfaffianEquations(X);

{ -x273%A*B"5 - xO*L*M~3 + x1x*y3,
-y4*xL*M~4 - x273%x372%A*B"3 + x1xy5,
-y1xA*xB~6 - x0"3*x175*xL + x2xyO0,
-x273*%L"5*M"19 - y8*B + x3*y7,
-x174xL72xM"7 - x372xA*B"4 + x2*y4,
-L76*M"23 - x376%A + x2%y8,
-x1*L75xM~19 - x375xA*B + x2%*y7,
-x172xx273*L"3*M"11 - y6*B + x3*y5,
-A"4xB~23 - x074xL + x1xy0,
-y3*A*B"6 - xO*x175xL*M"2 + x2*y2,
-BxL*xM~4 - x274 + x1*x3,

-y3*B*M - x175%x2°3 + x0%*x3,
-x176xx2xA"2*B"11 - y1*M + xOxy2,
-y6*xLxM~4 - x273%x374*xA*B + x1x*xy7,
-x173*x273*L"2*%M"7 - yb*B + x3*y4,
-x175*xA"3*B"17 - yO*M + xOxyl,
-x3*A*B"5 - x175*xL*M"3 + x2xy3,
-x273*x3*xA*xB"4 - y3xLxM~4 + xl1xy4,
—y7*LxM"4 - x273*x375*%A + x1xy8,
-y5*xLxM~4 - x273%x373%A*B"2 + x1x*y6,
-x1756%x272xA*B"5 - y2*M + x0*y3,
-x1*x273%xL"4*xM"15 - y7*B + x3*y6,
-x174*x2"3%xL*M"3 - y4xB + x3*y3,
-AxB76xM - x176 + x0*x2,
-x172xL"4xM"15 - x374*A*B"2 + x2%y6,
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-x272xA72xB711 - x072*%L*M"2 + x1x*y2,
-x173*L73*xM"11 - x373*%A*B"3 + x2xy5,
-y2*xA*B"6 - x072*x175*xL*M + x2*yl,
-x2*A"3%B717 - x073*L*M + x1x*yl

10.8 More calculations

10.9 The 6,1,6,1,6 case

The monomials are zy, ..., x5 with tags 0,6,1,6,1,6 respectively yo,...,yr
with —4,2,2.3,2,2,2,1.

We can treat this as [11(6, 2) after passing to a minimal model; but leaving
in the redudant generators xs, x4 seems to lead to interesting big matrix
calculations, where all the unprojections are Toms.

Start from the top with

= Axg 4 L24M19 Tl = By7 4 L19M15.
Add x3,ys5, y4, y3 by the Pfaffians of
s B 1 Yo Ys Ya Ys
vy LSM* Azl ABzi  AB*x} AB31?
T5 L19M15 [/14‘]\4111,3 L9M7ZL‘§ L4M3ZE§

Y Yo Ys Ya

etc.

The terms in the bottom 4 x 4 are

($3l’5)c — (BL5M4)C
r3T5 — BL5M*

rixi ABTL* M3 (L M*)" x
where the superscript 7?7 can be determined easily and c is the height above
the diagonal: The immediate superdiagonal terms ¢,7 + 1 have ¢ = 1 so are

monomials.
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Writing out pentagrams implies that the next unprojection variable is
necessarily z; (N.B. not x,).
(Step 6.) The unprojection is

x3 BLM 1

X5

T4 L4M3 AB4I5

T

4
T3

Ys

(Step 7.) The only guy to eliminate is z4. Having done that, we have the
choice of adjoining x5 next, or ys. The two matrixes are

X1

4
T3

Y3

BLM To
1 AB*
and
Ty $1L4M3
T3

Ys l’ngMz AB4
Ty LM

xs3

We know how to put those two together into a 6 x 6.

(To get that, we

PL3M? xj xBL*M?
Ys $1L3M2

X5

Ty ABSx3
AB* Y2
LM a3

T3 Bys

Ty

Y2
3
Bys

X1

(10.17)

started by putting zs above the col containing z; and xs,

then filled in the entries in the top row, then solved for the top right entry.)
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Mystery matrix To calculate the tag equation y,y4, we wrote down the
matrix

T2AB? 2irsAB3LAM? ysLMP oy, 23LPMS g2+ 22ABALAMB

x5 AB* 3 xs LM T4 To(= w23 + AB?LM)
x1 L3M? Y3 x§L3M2 Yo
T3 BL*M3 AB?
x5 T
ysB
(Steps 8-9.)

In the matrix (10.17), one can float 23 from (1,3,6) to (2,4,5) and float
B from (1,4,6) to (2,3,5), to discover most of the remaining equations. We
can adjoin the variable vy, y1, Yo in a chain using the big matrix

xs LM 1 Y3 Y2 Y1
Ty AB® 22L3M? 23L*M riL
Ty x3ABY 22A’B° 13A3BY

(10.18)
Yo n Yo

Then we eliminate x5 tagged with 1 and put in the final zy using the

matrix

yo i ABP T

U1 L ZE3A3Bl4
T3 YoM
I

(10.19)

10.10 Magma routines for Pfaffian equations

Attach("lr.m");
SetVerbose("Userl",true);
Attach("lr.m");

X := TypellPair([3,4,3,4]); Print(X);

vV V V V
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4 2 4 2
3 3 3 3
4 2 4 2
3 3
2 2
0 -3 3 1

We can ask for > PfaffianEquations(X); There are 26 of them: this is a
little general calculation: there are £+ 1 monomials down one side, and [+ 1
monomials down the other, so a series of k41— 2 pentagrams giving the new
variable. Each pentagram gives 2 old Pfaffians and 3 new ones. In our case
k =4, 1 = 6 so there are 8 pentagrams and 2 + 3 x 8 Pfaffians. Of these 7
give the tag eqns around big side

-x173*%A"7*B"19 - yO*M + xOxyl,
-A"11xB~30 - x073*L + x1xy0,
-A"4xB~11xM - x174 + x0*x2,
-A*xB"3*L*M"3 - x273 + x1*x3,
-B*xL"4*M"11 - x374 + x2*x4,
-L711%M"30 - x4"3*A + x3*y6,
-x373xL"7*xM"19 - y6%xB + x4xy5,

In each of these, there are 2 known terms, and a third monomial. We
should be able to interpret them as a “continued fraction style arithmetic
progression”.

The remaining 19 Pfaffians are

-y5*xL"4*xM~11 - x373*x472*A + x2%y6,
-x2*xL77*M"19 - x472xA*B + x3*y5,
—y4*xL"4xM"11 - x373*x4*xA*B + x2xy5,
-x2*x3"3*L"3*M"8 - yb5*B + x4dx*y4,
-x272xL"3*M"8 - x4*A*B"2 + x3*y4,
-x1xL"3*M"8 - x373*xA*B"2 + x2*y4,
-y3*L*M~3 - x272%xx372%A*B"2 + xlxy4,
—x1*x272*xL"2%M"5 - y4*xA*B"3 + x3*y3,
-x172%L72*M"5 - x372*%A"2*B"5 + x2*y3,
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—x272%x3*xA2%B"5 - y2xL*M"3 + x1xy3
—y3*A*B"3 - x172%x272*L*M"2 + x3*y2,
-x3*A"3*B"8 - x173*%L*M"2 + x2%y2,
-x272xA"3*B"8 - x0xL*M"2 + x1xy2,
-x173*x2*xA"3*%B"8 - y1xM + x0*y2,
—x2*A"7*B719 - x072*xL*M + xlx*yl,
-y2*xA~4*B711 - xO*x173*L*M + x2x*yl,
-y1*A~4*xB711 - x072*x173*L + x2*y0,
-y2*A*B"3*M - x173%x272 + x0%*x3,
-y4*B*L*xM"3 - x272xx3"3 + x1%*x4,

These give each intermediate y; multiplied by a little interval of z;.
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10.11 Bigger Magma calculation and the cross equa-

tions

> X := TypelIPair([3,4,3,4,3]); Print(X);

3 1
4 2
3 3
4 2
3 3
3
2
2
0 -2

0 -3
4 2
3 3
4 2
3 3
3
2
2
4 1

There are 35 Pfaffian equations, 35 =2 + 3(k + 1 — 2) with k =5, [ = 8. Of
these, the 8 tag equations around the big side appear in “big crosses”

r5y7 = ysB + LY M,
Tyys = 1A + L3OM
T3T5 = T + BLMM*,
ryye = wILPM?* + z5AB?
ryyr = w:AB + a3 LMY
ToTy = T + AB3L3MM,
3y = z3AB? + @ LBM*,
T3y = w4 ASBY + 3LPMT, (10.20)
T3 = 15 + A‘BYULM*A,
Toyy = wIASB® + LM,
Talys = ZC3A7BIQ + ‘T%LM?),
ToTy = T3 + AUB3)M,
Tyys = T5A'BY  + xoLM?3,
Ty = A403109 + $3L,
royr = TIAPBY + yoM
(put Y7 = ys, Y2 = y4, Y3 = ys to make the horizontal equation z;¥; = ---).
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