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Abstract

This is a first introduction to unprojection methods, and more
specifically to Tom and Jerry unprojections. These two harmless tricks
deserve to be better known, since they answer many practical ques-
tions about constructing codimension 4 Gorenstein subschemes. In
particular, we discuss here the two smoothing components of the anti-
canonical cone over P(1, 2, 3).

Section 1 treats the “6 ⇥ 6 extrasymmetric format”, that describes the
Segre embedding of P2⇥P2 and some of its degenerations. One can view this
as just algebraic manipulations, or as a typical case of Tom unprojection.
In a similar vein, Section 2 treats the “Double Jerry construction”, that
describes the Segre embedding of P1⇥P1⇥P1 and some of its degenerations.
We conclude with some general remarks, mnemonics, slogans, and FAQ. We
do not pretend any generality, or any theoretical treatment of Gorenstein
codimension 4.

Let X ⇢ A7 be the anticanonical cone over P(1, 2, 3)hu,v,wi; this is also the
quotient by the group action 1

6(1, 2, 3) on A3
hu,v,wi. We set out its 7 coordinate

monomials as the Newton polygon

u6 u4v u2v2 v3

u3w uvw
w2

=

x0 x1 x2 x3

y0 y1

z

(1)

The ideal of relations holding between these 7 monomials is generated by the
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9 quadratic equations

x0x2 = x2
1, x0y1 = x1y0, x0z = y2

0, x0x3 = x1x2

x1x3 = x2
2, x1y1 = x2y0, x1z = y0y1, y0x3 = x2y1, x2z = y2

1.
(2)

1 Extrasymmetric format

1.1 Extrasymmetric format

Tom unprojections frequently lead to equations in extrasymmetric format.
For example, consider the 6⇥ 6 skew matrix

N =

0
BBBB@

z �y a b d
x b c e

d e f
�z ��y

�x

1
CCCCA =

✓
B A
�A �B

◆
(3)

A matrix of this shape is extrasymmetric (the term also covers slightly
more general cases). It is made up of 3⇥ 3 blocks, where the top right block
A is symmetric, the top left block B is skew, and the bottom right block �B
just repeats the information contained in the top left block, in this case with
a scalar factor �.

The 4⇥ 4 Pfa�ans of N generate the ideal of the Segre embedding

Segre(P2 ⇥ P2) ⇢ P8
ha,b,c,d,e,f,x,y,zi. (4)

More precisely, the extrasymmetry means that the 15 upper-triangular en-
tries of N consist of 9 independent entries and 6 repeats. The same is true of
the 4⇥ 4 Pfa�ans of N , which give 9 relations and 6 repeats. The resulting
9 equations define a variety in A9

hx,y,z,a,b,c,d,e,fi that, when � 6= 0, is a linear

transformation away from the a�ne cone over Segre(P2 ⇥ P2). The linear
transformation involves taking

p
��, and swapping the signs of the square

root interchanges the two copies of P2 ⇥ P2. We leave the calculations as
entertainment.

A more banal way to define Segre(P2⇥P2) is
V2 M = 0 with M a generic

3 ⇥ 3 matrix. If we write M = A +
p
��B with A symmetric and B skew,

the ideal of 2 ⇥ 2 minors of M equals the ideal of 4 ⇥ 4 Pfa�ans of the
extrasymmetric matrix N =

�
B A
�A �B

�
.

More geometrically, this format displays P2 ⇥ P2 as a nongeneric linear
section of Grass(2, 6).
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1.2 Specialise to v6(P(1, 2, 3))

Now specialise by setting � = 0, z = 0 and y = c; the Pfa�ans equations
specialise to the same as (2) with

a = x0 b = x1 c = x2 x = x3

d = y0 e = y1

f = z
(5)

That is, the anticanonical cone X over P(1, 2, 3) is the particular section
� = 0, z = 0 and y = c of the cone over P2 ⇥ P2. Wiggling the section gives
one of the smoothing components of the deformations of X.

1.3 The same viewed as a Tom unprojection

As we said, the extrasymmetric matrix N in (3) has 6 repeated entries. The
entries that are not repeated are the three diagonal entries a, c, f of the top
right 3⇥3 block A. They correspond to the three coordinate points of P2⇥P2

such as (1, 0, 0), (1, 0, 0), etc. A practical point of view on unprojection is
that it groups the 9 equations according to how a is involved. Because of the
format of (3), a only appears linearly in 4 equations

ac = · · · , ae = · · · , af = · · · , ax = · · · , (6)

and the remaining 5 equations not involving a are the Pfa�ans of

Nb4 =

0
BB@

z �y b d
x c e

e f
�x

1
CCA (7)

(delete row and column 4 from N of (3)). What makes this a Tom1 matrix
is that the 6 entries not in row and column 1 are in the codimension 4 c.i.
ideal (c, e, f, x). The coincidences m25 = m34 = e and m45 = �x = �m23

that bring this about are remnants of the extrasymmetry of N .
Geometrically, these are the equations of the projection of P2 ⇥ P2 from

the point (1, 0, 0), (1, 0, 0). It is a 4-fold section of Grass(2, 5) that contains
the 3-plane P3

hb,d,z,yi defined by the ideal (c, e, f, x).
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1.4 Finding the Tom format from v6(P(1, 2, 3))

We can start from the other end, dividing the 9 equations of v6(P(1, 2, 3))
into 4 that are linear in a and 5 not involving a. Namely, from the Newton
polygon

a b c x
d e

f
(8)

of v6(P(1, 2, 3)), one reads af = d2, ae = bd, ac = b2 and ax = bc together
with the five Pfa�ans of 0

BB@
0 �c b d

x c e
e f

0

1
CCA . (9)

2 Double Jerry format

2.1 Double Jerry

A neat starting point ([TandJ], 8.2) is to view Double Jerry as a theorem
saying that a codimension 2 complete intersection m1 = m2 = 0 that contains
two di↵erent codimension 3 complete intersections (x1, x2, x3) and (y1, y2, y3)
is defined by two bilinear forms

m1((x1, x2, x3), (y1, y2, y3)) and m2((x1, x2, x3), (y1, y2, y3)), (10)

and one can introduce unprojection equations

s · (x1, x2, x3) = · · · and t · (y1, y2, y3) = · · · (11)

together with a long equation st = · · · . Each unprojection separately is given
by a 5⇥ 5 Pfa�an Jerry matrix, but the long equations is an intriguing and
surprisingly complicated function of m1,m2, xi, yi.

2.2 Our particular case

Rather than rework this material in general from [TandJ], 8.2, consider the
particular case arising from the Newton polygon (8).
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As before, one notes that a only appears linearly in 4 equations, so can
be eliminated or “projected out”, expressing the variety as an unprojection;
as before, note that a multiples c, e, f, x

af = d2, ae = bd, ac = b2 and ax = bc; (12)

the 5 equations not involving a are

bx = c2, dx = ce, fc = e2, bf = de and be = dc. (13)

These are the Pfa�ans of the Jerry45 matrix0
BB@

b d c 0
0 e c

f e
x

1
CCA . (14)

The matrix is basically a permutation of (9). What makes it a Jerry45 is
that the 7 entries in the last two rows and columns are combinations of the
regular sequence c, e, f, x. What makes it a double Jerry is that m45 = x
is one of the variables on the nose, rather than a linear combination. The
deformation 0

BB@
b d c �f

g e c
f e

x

1
CCA (15)

(with g an indeterminate in degree 1 and � a scalar) respects these re-
quirements. Putting a back in as unprojection variable gives a variety in
P7
ha,b,c,d,e,f,g,xi that is projectively equivalent to P1 ⇥ P1 ⇥ P1 when � 6= 0.

The projective equivalence involves the cube root of �, with the Z/3 Galois
symmetry permuting the 3 copies of P1 cyclically.

2.3 Z/3 symmetry

The little exercise in Z/3 symmetry is fun and not quite obvious: in (15),
the three equations involving x are

xb = c2 � �ef

�xd = �f2 � ce

xg = e2 � fc
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Writing ↵, !↵, !2↵ for the cube roots of 1
� = ↵3, and treating these equations

with the cyclic symmetry rotating (x,�d, g) and (c, f, e), we find

xzi = yjyk for {i, j, k} = {0, 1, 2}, (16)

where y0, y1, y2 and z0, z1, z2 are the appropriate cyclotomic combinations of
(x,�d, g) and (c, f, e):

z0 = ↵4b� ↵3d + ↵2g,

z1 = ↵4b� !↵3d + !2↵2g,

z2 = ↵4b� !2↵3d + !↵2g,

and

y0 = f + ↵e + ↵2c,

y1 = f + !2↵e + !↵2c,

y2 = f + !↵e + !2↵2c.

(17)

Together with y0z0 = y1z1 = y2z2, these fit into the standard equations of
P1 ⇥ P1 ⇥ P1 as the 2⇥ 2 minors of the 3-cube.

2.4 Interpretation as double Jerry

In (15), the two equations not involving x are

bf � de + gc = 0 and be� dc + �gf = 0 (18)

This is a codimension 2 c.i. containing the codimension 3 c.i. f = e = c = 0,
and adjoining x as unprojection variable of this ideal gives the 5 Pfa�ans of
(15). However, (18) also contains the codimension 3 c.i. b = d = g = 0, and
adjoining t as the unprojection variable gives the other half of the double
Jerry: 0

BB@
a b c d

c d b
z �y

t

1
CCA . (19)

Putting these equations through the same wash gives tyi = zjzk, and the
long equation xt = y0z0 = y1z1 = y2z2.

Mistakes in (19). With unprojection variable a, after the wash, I get

0
BB@

a b d g
��g b d

c e
f

1
CCA . (20)
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3 General remarks and FAQ

3.1 Which one is Tom, and which is Jerry?

We o↵er three answers as useful mnemonics.

(i) Tom is fatter. The ancestral Tom is the projective 4-fold P2 ⇥ P2,
whereas for Jerry it is the 3-fold P1 ⇥ P1 ⇥ P1.

(ii) As a Pfa�an matrix, the Tomi condition is that, deleting the ith row
and column, the remaining 6 entries mjk are in a codimension 4 c.i.
ideal. In simple cases, this means two coincidences among the mjk. On
the other hand, the Jerryjk condition is that the 7 elements mij and
mik in the jth and kth rows and columns are in a codimension 4 c.i.
ideal, which is 3 conditions.

(iii) Weight-for-weight, Jerry is more singular. The linear projection of
P1 ⇥ P1 ⇥ P1 ⇢ P7 from any point P contracts the 3 lines through P
to nodes. In contrast, if we take the 3-fold hyperplane section V of
P2 ⇥ P2 to get the flag variety of P2, the linear projection of V from P
only has two nodes.

3.2 What’s it all about?

A hypersurface or complete intersection is determined by the coe�cients of its
defining equations, so the deformation theory is unobstructed. The subtlety
of the deformation theory here is nothing to do with obstructions, but how to
pass to the quotient by the appropriate equivalence relation, which involves
dividing by the groupoid of local di↵eomorphisms.

The Buchsbaum–Eisenbud theorem puts codimension 3 Gorenstein ideals
in the same framework: the variety is given by a skew (2k + 1) ⇥ (2k + 1)
matrix (most commonly 5 ⇥ 5), that contains both the defining equations
and the syzygies, so that the entries of the matrix can be freely deformed. In
other words, the skew matrix is a given template into which one can simply
pour functions on the ambient space in a liquid manner.

In contrast, one usually expects problems in codimension 4 to be ob-
structed. A typical case is the cone over dP6, whose deformation theory has
the 2 components we have mentioned many times.
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The point of Tom and Jerry is that, in most commonly occuring cases,
our variety admits a Gorenstein projection to codimension 3, with the pro-
jected variety given by the Pfa�ans of a 5 ⇥ 5 skew matrix; that is, the
projected variety is a regular pullback from Grass(2, 5) in its Plücker em-
bedding, marked with an unprojection divisor that corresponds to a linear
subspace of Grass(2, 5). Every geometer must have done the easy exercise
of seeing that any linear subspace of Grass(2, 4) (the Klein quadric) either
consists of lines of P3 passing through a point P , or dually, of lines contained
in a plane P2 ⇢ P3. The Tom and Jerry formats answer the same question
for Grass(2, 5); see [TandJ], 1.1.

3.3 Do they do everything?

Unfortunately, no. Tom and Jerry provide two smooth components of the
deformation theory, and for deformation problems entirely contained inside
one component or the other, they can be relied on to do everything. How-
ever, we know other cases in codimension 4 that appear not to have any
useable structure of Kustin–Miller unprojection. We return to this issue in
subsequent papers.

One might also hope to treat some of the obstructed cases via appropri-
ate Gorenstein projections; the aim here would be to model the obstructed
problem in terms of the variety of linear subspaces of Grass(2, 5). This is
obviously not in place yet, even in examples.

3.4 Still a bit missing

The smoothing components referred to in the title and elsewhere are not
homogeneous. That is, each of Section 1 and Section 2 had a deformation
parameter in degree 0 (smoothing out one of the 1/2 or 1/3 singularities of
P(1, 2, 3)), and one in degree 1 (extending to a variety in P7). How that works
out in applications is still a problem. There is a deformation calculation of
Jan Stevens c. 1995 that says you can smooth one of the A1 or A2 singularities
by deformations in degree �1, but not both. Maybe this is the same point.
It is also interesting that our deformation involve a base change of order
2 respectively 3. This is probably forced by the fact that they implicitly
contain simultaneous resolution of the A1 and A2 singularities of the cone
over P(1, 2, 3).

We need to think a bit more about these points.
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3.5 Gratuitous slogans

The deformations here are nonperturbative, that is, one-o↵ constructions,
rather than power series expansions; they are B side, that is, algebraic geo-
metry using polynomials, with (as they stand) nothing to do with Gromov–
Witten theory or symplectic geometry.

4 Appendix: e-mails from Jan Stevens, 22nd
Mar and 23rd Mar 2011

You asked about my computation of 15 years ago of the deformation space
of the anticanonical cone over P(1, 2, 3). It is not in my book [S], and I did
not publish it, as it is just a result not fitting in a bigger picture. But it is
in the literature. Klaus Altmann wrote it down in his paper [A].

Of course, with an nonisolated singularity one has to be careful what is
meant by an infinite dimensional versal deformation. One possible answer is
that of Herwig Hauser [H].

I copy below a mail I sent to you in 1995.
The deformation parameters in degree 0 do not occur in the base space

equations, so they can as well be replaced by power series, b in v3, and d and
f in w2. This gives infinitely many deformation variables, and in this sense
we have the whole infinite dimensional versal deformation.

I had stored my computations under the name singular del Pezzo, and
indeed that is the variety defined by the 9 quadrics. In P6 it deforms to a
nonsingular del Pezzo, and the cone over such a thing has the two smoothing
components, Therefore one expects in this case also two components, and
that is what the computation gives.

There are two nice small families, written below, obtained in rolling fac-
tors format. I do not quite see how the equations you write down now relate
to these families. What are exactly the deformation parameters on the two
smoothing components described in your title? On one small component I
have four variables. I would like to understand your base change.

But as the deformation variables of degree zero do not occur in the base
equations, we always have three degree 0 variables, on both components. This
makes them more complicated. But for the total space of each component
separately one can make a coordinate transformation, such that the equations
have three terms, a characteristic feature for Pfa�ans and Grassmanians.
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4.1 e-mail of 1995

Dear Miles and Mirel,
I found my computations, and redid them.

I start from:

✓
w1 v0 v1 v2

u v1 v2 v3

◆
and

w2
1 � v0w2

w1u� v1w2

u2 � v2w2

(21)

| w_1 v_0 v_1 v_2 |
| u v_1 v_2 v_3 |
w_1^2-v_0w_2 w_1u-v_1w_2 u^2-v_2w_2

or: 0
@w2 w1 u

w1 v0 v1

u v1 v2

1
A and

v3w1 � uv2

v0v3 � v1v2

v1v3 � v2
2

(22)

| w_2 w_1 u |
| w_1 v_0 v_1 |
| u v_1 v_2 |
v_3w_1-uv_2 v_0v_3-v_1v_2 v_1v_3-v_22

Result Base space: ac = ae = 0
Equations:

a(a + bv3)f + b(e + fw2)(v2 � c) + v1w1 � v0u

�(a + bv3)du� b(e + fw2)v3 � afw2 � v2w1 + v1u

(e + fw2)w2 + v3w1 � (v2 � c� dw2)u

�bd(e + fw2)u� b(e + fw2)2 + (a + bv3)dv1 + afw1 � v2
1 + v0v2

�afu� (e + fw2)w1 + v1(v2 � c� dw2)� v0v3

�(a + bv3)dv3 + (e + fw2)u� v2(v2 � c� dw2) + v1v3

�a(a + bv3)d� bd(v2 � c)w2 + av1 + b(v2 � c)2 + w2
1 � v0w2

(a + bv3)(v2 � c) + w1u� v1w2

(a + bv3)v3 + u2 � v2w2

(23)
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a(a+bv_3)f+b(e+fw_2)(v_2-c)+v_1w_1-v_0u
-(a+bv_3)du-b(e+fw_2)v_3-afw_2-v_2w_1+v_1u
(e+fw_2)w_2+v_3w_1-(v_2-c-dw_2)u
-bd(e+fw_2)u-b(e+fw_2)2+(a+bv_3)dv_1+afw_1-v_12+v_0v_2
-afu-(e+fw_2)w_1+v_1(v_2-c-dw_2)-v_0v_3
-(a+bv_3)dv_3+(e+fw_2)u-v_2(v_2-c-dw_2)+v_1v_3
-a(a+bv_3)d-bd(v_2-c)w_2+av_1+b(v_2-c)2+w_12-v_0w_2
(a+bv_3)(v_2-c)+w_1u-v_1w_2
(a+bv_3)v_3+u2-v_2w_2

or:

(a + bv3)af + b(e + fw2)(v2 � c) + v1w1 � v0u

�(a + bv3)(e + fw2)v3 � v2w1 + (v1 � (a + bv3)d)u

�bd(e + fw2)u� b(e + fw2)2 + (a + bv3)dv1 + afw1 � v2
1 + v0v2

�a(a + bv3)d� bd(v2 � c)w2 + av1 + b(v2 � c)2 + w2
1 � v0w2

(a + bv3)(v2 � c) + w1u� v1w2

(a + bv3)v3 + u2 � v2w2

�afu� (e + fw2)w1 + v1(v2 � c� dw2)� v0v3

�(a + bv3)dv3 + (e + fw2)u� v2(v2 � c� dw2) + v1v3

(e + fw2)w2 + v3w1 � (v2 � c� dw2)u

(24)

(a+bv_3)af+b(e+fw_2)(v_2-c)+v_1w_1-v_0u
-(a+bv_3)(e+fw_2)v_3-v_2w_1+(v_1-(a+bv_3)d)u
-bd(e+fw_2)u-b(e+fw_2)2+(a+bv_3)dv_1+afw_1-v_12+v_0v_2
-a(a+bv_3)d-bd(v_2-c)w_2+av_1+b(v_2-c)2+w_12-v_0w_2
(a+bv_3)(v_2-c)+w_1u-v_1w_2
(a+bv_3)v_3+u2-v_2w_2
-afu-(e+fw_2)w_1+v_1(v_2-c-dw_2)-v_0v_3
-(a+bv_3)dv_3+(e+fw_2)u-v_2(v_2-c-dw_2)+v_1v_3
(e+fw_2)w_2+v_3w_1-(v_2-c-dw_2)u

Small families:0
@w2 w1 u

w1 v0 v1

u v1 v2

1
A and

v3w1 � u(v2 � c� dw2) + w2(e + fw2)

v0v3 � v1(v2 � c� dw2) + w1(e + fw2)

v1v3 � v2(v2 � c� dw2) + u(e + fw2)

(25)
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| w_2 w_1 u |
| w_1 v_0 v_1 |
| u v_1 v_2 |
v_3w_1-u(v_2-c-dw_2)+w_2(e+fw_2)
v_0v_3-v_1(v_2-c-dw_2)+w_1(e+fw_2)
v_1v_3-v_2(v_2-c-dw_2)+u(e+fw_2)

and

✓
w1 v0 v1 v2

u v1 v2 v3

◆
and

w2
1 � v0w2 + (a + bv3)v1

w1u� v1w2 + (a + bv3)v2

u2 � v2w2 + (a + bv3)v3

(26)

| w_1 v_0 v_1 v_2 |
| u v_1 v_2 v_3 |
w_12-v_0w_2+(a+bv_3)v_1
w_1u-v_1w_2+(a+bv_3)v_2
u2-v_2w_2+(a+bv_3)v_3

Equations for components: (a = 0):

b(du + e + fw2)(v2 � c) + v1w1 � (v0 + bd(v2 � c))u

�b(du + e + fw2)v3 � v2w1 + v1u

(du + e + fw2)w2 + v3w1 � (v2 � c)u

�b(du + e + fw2)2 � v2
1 + (v0 + bd(v2 � c))v2

�(du + e + fw2)w1 + v1(v2 � c)� (v0 + bd(v2 � c))v3

(du + e + fw2)u� v2(v2 � c) + v1v3

b(v2 � c)2 + w2
1 � (v0 + bd(v2 � c))w2

b(v2 � c)v3 + w1u� v1w2

bv2
3 + u2� v2w2

(27)

b(du+e+fw_2)(v_2-c)+v_1w_1-(v_0+bd(v_2-c))u
-b(du+e+fw_2)v_3-v_2w_1+v_1u
(du+e+fw_2)w_2+v_3w_1-(v_2-c)u
-b(du+e+fw_2)2-v_12+(v_0+bd(v_2-c))v_2
-(du+e+fw_2)w_1+v_1(v_2-c)-(v_0+bd(v_2-c))v_3
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(du+e+fw_2)u-v_2(v_2-c)+v_1v_3
b(v_2-c)2+w_12-(v_0+bd(v_2-c))w_2
b(v_2-c)v_3+w_1u-v_1w_2
bv_32+u2-v_2w_2

and the other component (e = c = 0):

(a + bv3)2f + v1w1 � (v0 � bfu)u

�(a + bv3)du� (a + bv3)fw2 � v2w1 + v1u

duw2 + fw2
2 + v3w1 � v2u

(a + bv3)dv1 + (a + bv3)fw1 � v2
1 + (v0 � bfu)v2

�(a + bv3)fu� dv1w2 � fw1w2 + v1v2 � (v0 � bfu)v3

du2 + fuw2 � v2
2 + v1v3

�(a + bv3)2d + (a + bv3)v1 + w2
1 � (v0 � bfu)w2

(a + bv3)v2 + w1u� v1w2

(a + bv3)v3 + u2 � v2w2

(28)

(a+bv_3)2f+v_1w_1-(v_0-bfu)u
-(a+bv_3)du-(a+bv_3)fw_2-v_2w_1+v_1u
duw_2+fw_22+v_3w_1-v_2u
(a+bv_3)dv_1+(a+bv_3)fw_1-v_12+(v_0-bfu)v_2
-(a+bv_3)fu-dv_1w_2-fw_1w_2+v_1v_2-(v_0-bfu)v_3
du2+fuw_2-v_22+v_1v_3
-(a+bv_3)2d+(a+bv_3)v_1+w_12-(v_0-bfu)w_2
(a+bv_3)v_2+w_1u-v_1w_2
(a+bv_3)v_3+u2-v_2w_2
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A coordinate transformation of the total space gives:

v1w1 � v0u� bec

�v2w1 + v1u� bev3

w2e + uc + w1v3

�v2
1 + v0v2 � be2

�w1e� v1c� v0v3

ue + v2c + v1v3

w2
1 � v0w2 + bc2

�v1w2 + w1u� bcv3

�v2w2 + u2 + bv2
3

and

a2f + v1w1 � v0u

�afw2 � v2w1 + (v1 � ad)u

(du + fw2)w2 + v3w1 � v2u

afw1 � v1(v1 � ad) + v0v2

�afu� (du + fw2)w1 + (v1 � ad)v2 � v0v3

u(du + fw2)� v2
2 + v1v3

a(v1 � ad) + w2
1 � v0w2

av2 + w1u� v1w2

av3 + u2 � v2w2

(29)

v_1w_1-v_0u-bec
-v_2w_1+v_1u-bev_3
w_2e+uc+w_1v_3
-v_12+v_0v_2-be2
-w_1e-v_1c-v_0v_3
ue+v_2c+v_1v_3
w_12-v_0w_2+bc2
-v_1w_2+w_1u-bcv_3
-v_2w_2+u2+bv_32

and:

a2f+v_1w_1-v_0u
-afw_2-v_2w_1+(v_1-ad)u
(du+fw_2)w_2+v_3w_1-v_2u
afw_1-v_1(v_1-ad)+v_0v_2
-afu-(du+fw_2)w_1+(v_1-ad)v_2-v_0v_3
u(du+fw_2)-v_22+v_1v_3
a(v_1-ad)+w_12-v_0w_2
av_2+w_1u-v_1w_2
av_3+u2-v_2w_2

Finally, the two equations for the A1 and A2 are:

(a + bv3)v3 + u2 � v2w2

(a + bv3)v3u� (c + dw2)uw2 � (e + fw2)w2
2 + u3 � v3w1w2

(30)
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(a+bv_3)v_3+u2-v_2w_2
(a+bv_3)v_3u-(c+dw_2)uw_2-(e+fw_2)w_22+u3-v_3w_1w_2

I do not see from these equations why the conditions ac = ae = 0 should
hold.

4.2 Some more comments

I like to distinguish between deformation and degeneration. There is no
deformation of P2⇥ P2 involved, but a degeneration. The total space of it is
interesting. The connection with the anticanonical cone over P(1, 2, 3) is the
following: one component of the deformation space of the component has the
format of this total space, that is, is isomorphic to this total space times a
smooth factor (either infinite dimensional, or finite dimensional if we restrict
the deformation to nonpositive weight, so that it globalises).

What I sent to you yesterday claims that after a coordinate transforma-
tion the total space of the component has certain equations, in which some
variables do not occur, and the essential variables gives just your degen-
eration (after renaming the variables into yours I get exactly Tom). The
degeneration I mentioned is actually in my book [S].

Setting � = 0, but no other specialisation, gives the equations rankA  1
and Ab = 0, where b is the appropriate vector containing the entries of B.
There is a transverse A1 singularity, where the entries of A vanish. This is
inherited by 1

6(1, 2, 3). I think it is better to study the simultaneous resolution
in the general case, for rankA  1 and Ab = 0.

Now to Jerry. The same line of reasoning gives that the total space of
the other component is a smooth factor times something interesting, Now
because we have A2 we need two deformation variables for this singularity,
and the group involved in simultaneous resolution is the Weyl group A2. If
you look at my total space, you see an extra variable. Of course coordinate
transformations are still possible, simplifying some and complicating other
equations. I can rewrite my equations to be compatible with (15) in your
manuscript; I did not succeed with (19), but I wonder if that formula is
correct?

Transformed into your variables, and with extra variable µ
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the Pfa�an 0
BB@

b + µg d c� µf �f
g e c

f e
x

1
CCA (31)

(b + mg could be transformed to b, but I did not do it, because I wanted
to keep my old equations, and b alone occurs in the remaining equations.
Important here is that we have both c and c�mf .)

and four equations

af � d2 + g(b + µg)
ae� bd� �g2

ac� b(b + µg)� �gd
ax� b(c� µf)� �ge + �fd

(32)

where I understand that the last one is a long equation (my a is minus your
g, easy to forget the sign).

So there are two variables of degree 0. I did not compute what you get if
put � = µ = 0.
Best, Jan

References

[A] Klaus Altmann, One parameter families containing three dimensional
toric Gorenstein singularities, in Explicit birational geometry of 3-
folds, LMS Lecture notes 281, Cambridge Univ. Press, Cambridge,
2000, pp. 21–50

[TJ] Gavin Brown, Michael Kerber and Miles Reid, Fano 3-folds in codi-
mension 4, Tom and Jerry, Part I, arXiv:1009.4313, 33 pp. (submit-
ted)

[BE] David Buchsbaum and David Eisenbud, Algebra structures for finite
free resolutions, and some structure theorems for ideals of codimen-
sion 3. Amer. J. Math. 99 (1977), 447–485

[H] Herwig Hauser, An algorithm of construction of the semiuniversal
deformation of an isolated singularity, in Singularities, Part 1 (Arcata,
Calif., 1981), Proc. Sympos. Pure Math. 40, AMS, 1983, pp. 567–573

16



[KM] Andrew Kustin and Matthew Miller, Constructing big Gorenstein
ideals from small ones, J. Algebra 85 (1983) 303–322

[P] Stavros Papadakis, Gorenstein rings and Kustin–Miller unprojection,
Univ. of Warwick Ph.D. thesis, Aug 2001, vi + 72 pp., get from
verb!http://www.math.ist.utl.pt/ papadak!

[PR] Stavros Papadakis and Miles Reid, Kustin-Miller unprojection with-
out complexes, J. Algebraic Geom. 13 (2004), 563–577, preprint
math.AG/0011094, 18 pp.

[Ki] Miles Reid, Graded rings and birational geometry, in Proc. of al-
gebraic geometry symposium (Kinosaki, Oct 2000), K. Ohno (Ed.),
1–72. (Get from my website + 3-folds)

[S] Jan Stevens, Deformations of singularities, Springer LNM 1811,
2003. ISBN: 3-540-00560-9

17


