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Vortices in annular 
condensates
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Gross-Pitaevskii (GP) equation:

),( trΨ condensate wavefunction

m atomic mass

m
aNg

24 π=

N number of atoms
a scattering length

1)(
2

=Ψ∫ rr d



    







+−=

⊥⊥

⊥
4

4

2

2

2 d
r

d
rV λω

Dimensionless units:
2

1







=

⊥
⊥ ωm
d 

Distance:

Time:

Energy:

1−
⊥ω

⊥ω

Annular condensates:



    

( ) Ψ



 Ψ++−+∇−=Ψ 2422

2
1

2
1 grr λµ

Thomas-Fermi approximation (no vortices)
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Find where n(r)=0 → radii of condensate
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Annular condensate:
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Solve GP equation numerically
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Thomas-Fermi approximation (>0)
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Thomas-Fermi approximation (>0)
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=0.01, g=1000



    

0=ν 11=ν

Densities:



    

Detecting vortices in annular condensates:

●     Collective modes

●     Expansion

●     Momentum distribution



    

Collective modes

GP equation in rot. frame→                       → TF approximation → 
linearize → Hydrodynamic equations
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Non-rotating case (=0), in limit 0

Introduce new variable: 
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Legendre's equation, eigenvalues:
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j=0,1,2,...where different m states are degenerate in 
this limit



    

Collective modes
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Low-lying modes (j=0) +|m| -|m|

Correspond to sound waves traveling 
around the annulus

6
ηω m=

For <<1

cq=ω
R
mq =

R

N
Nc

∂
∂= µ2

speed of sound

2
+= RR

mean radius



    

without vortex: +ve and -ve m modes are degenerate

with vortex: introduces frequency splitting between |m|>0 modes

j=0 modes: sum rule calculation
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If both modes are excited, then leads to “precession” of the 
oscillation
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Detecting vortices in annular condensates:

●     Collective modes

●     Expansion

●     Momentum distribution
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Expansion with no interactions (g=0):
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Detecting vortices in annular condensates:

●     Collective modes

●     Expansion

●     Momentum distribution



    

Momentum distribution
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Momentum Distribution
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Momentum distribution

νφier  )()( Ψ=Ψ rwith single vortex:

TF approximation in thin annulus limit (→0):
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Momentum Distribution
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Vortex formation in 
rotating condensates



    

Trapped BEC
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Trapped BEC
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Trapped BEC
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Trapped BEC

Resonant 
laser beam



    

Trapped BEC

Source: ENS
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2-dim Gross-Pitaevskii eqn.

For ||>0 and 
1
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 2
 vortex formation

Initial state: =0 and =    0 no vortices 



    

=0.78
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2-dim Gross-Pitaevskii eqn.

For ||>0 and 
1
<<

 2
 vortex formation

Initial state: =0 and =    0 no vortices 

Number of final vortices depends upon history
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Different initial states:

•  Solve in imaginary time for different 
 0
to

 

obtain various initial states
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Different initial states:

•  Solve in imaginary time for different 
 0
to

 

obtain various initial states

•  Propagate in real time at fixed  (=0.78) for 
different initial states and observe subsequent 
vortex formation and evolution of 〈L

z
〉
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Angular momentum at t=400



    

Mode frequencies

Within T.F. Approx. and for large numbers of vortices 
and =0:
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  Vortices in annular condensates

•  Stable multiply-quantized vortices can exist in annular 
condensates

  Vortex formation in rotating traps

Conclusions

•  Vortices may be detected by probing collective modes, 
expansion, or measuring the momentum distribution 

•  Number of vortices (and angular momentum) attained 
depends upon the vortices already in the condensate

•  Final state depends on rotation history- hysteresis ?


