
MA124: Maths by Computer - Week 8

Regulations

• This assignment gives 15% of your final mark.

• The assignment is due on Monday 7 March 2011, to be handed over to the special box in
the lobby next to the Mathematics General Office by 3pm the latest.

• Even if you cannot come yourself, you have to arrange for your work to be handed in timely
(e.g. ask a friend to bring it). No late work will be accepted.

• Your work should be on paper and stapled (no electronic form, unless you are disabled in
a way making this necessary).

• You should put only your student identity number on your work, but not your name.

• Solutions can be by a single author, or by a pair in which case both authors will receive
the same mark. In the latter case, do not forget to include both ID numbers.

• If you think you’ve found a typo, please consult mathstuff to see if has already been
corrected before e-mailing me at S.V.Nazarenko@warwick.ac.uk.

5A Newton-Raphson. (7%)

In class we used the Newton-Raphson method to find cube roots, developing the m-file
newt.m which you can find on mathstuff.

(a) Plot the function f(x) = x3 − 4x2 − x + 2 over the interval x ∈ [−2, 5] and find
approximate values of the three roots by eyeball. Include this plot in your write-up.

(b) Modify the m-file newt.m from class so that it treats the function from part (a), and
then use it with suitable starting values to locate the three roots very accurately.
Include in your write-up the m-file, the list of successive approximations for each root,
and the tolerance you are using.

(c) Again modify the m-file so that it looks for roots of the equation sin(x) = x/2. Run
the file with the starting condition x0 = 2. Now run several starting conditions
x0 ∈ [1.0, 1.1]. Include in your write-up an illustration of what is happening and a
brief explanation.

(d) If you apply Newton-Raphson to find the one zero of the function

h(x) =

{
x√
|x|

for x ̸= 0,

0 for x = 0,

it will go wrong. Sketch the function by hand. If the starting point is x0 > 0 work
out by hand the value of the next iteration x1. Explain briefly what is going on.



5A Logistic map: route to chaos. (8 %)

The logistic map was popularized in a 1976 paper by the biologist Robert May, as a discrete-
time demographic model. Mathematically, the logistic map is written

xn+1 = r xn (1− xn).

where xn is a number between zero and one which represents the population at year n, and
x0 represents the initial population (at year 0), and r is a positive number representing a
combined rate for reproduction and starvation.

This nonlinear difference equation is intended to capture two effects: (1) Reproduction
where the population will increase at a rate proportional to the current population when
the population size is small. (2) Starvation where the growth rate will decrease at a rate
proportional to the value obtained by taking the theoretical ”carrying capacity” of the
environment less the current population.

(a) Find the two stationary points x of the logistic map by solving the equation

x = r x (1− x).

at fixed r.

(b) Start with an initial population x0 (between 0 and 1) and draw by hand web diagrams
to iterate the logistic map for r = 0.5 and for r = 1.5. What qualitative difference
in behavior do you observe in the two cases? Describe your results in terms of the
equilibrium points you found: which of the equilibria is stable in each of these two
cases? Does it matter what x0 do you start with? Interpret your results in terms of
the population dynamics (population grows? stabilizes at a finite size? dies out?)

(c) Modify the script ”QuadraticMap” we used in class to study the behavior of the
logistic map for different values of r using the bifurcation diagram. Enclose a plot of
the bifurcation diagram and use answer the following questions:

• What do you observe for r between 0 and 1?

• What do you observe for r between 1 and 3?

• At what value of r do you observe the first period doubling bifurcation? Describe
behavior of the system for large time (i.e. number of iterations n ≫ 1) when the
period has doubled.

• At what value of r do you observe the second period doubling bifurcation? Be-
tween how many values of x does the system oscillate now?

• Try to give approximate values r for the 3rd and the higher bifurcation points, - as
high as you can using your bifurcation diagram. For this you might want to modify
your script to zoom-in at the bifurcation points, i.e. to use smaller ranges of r with
denser points (enclose a few zoomed-in parts of the bifurcation plot to support
your answers, - not too many!). In 1975, Mitchell Feigenbaum discovered that
the ratio between the lengths of two successive bifurcation intervals approaches
a universal (Feigenbaum) constant δ = 4.669201609 · · ·. Use your measurements
of the bifurcation positions in r, and demonstrate that they are in a reasonable
agreement (i.e. approximately) with the Feigenbaum theory.

• At r ≈ 3.57 there is the end of the period-doubling sequence, which manifests the
onset of chaos. We can no longer see any oscillations. Slight variations in the initial
population yield dramatically different results over time, a prime characteristic of
chaos. However, even though most values of r > 3.57 exhibit chaotic behavior,
there are still certain isolated values of r that appear to show non-chaotic behavior;
these are sometimes called islands of stability. Please find an example of such a
stability island on your bifurcation plot, and find the oscillation period for this
island (i.e. find between how many points does x oscillate if r is inside the island).


