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1. Introduction

The geometry of a hyperbolic three manifold H3=G is carried by its convex core, the
smallest closed set containing all closed geodesics. If G is geometrically ¢nite, the
boundary @C=G of the convex core is a pleated surface homeomorphic to the
Riemann surfaces O=G at in¢nity. In a series of papers [9^12], see also [23], the
author and L. Keen investigated the geometry of @C=G and in particular its pleating
locus which, equipped with the natural bending measure, is a measured geodesic
lamination on each component of O=G. We restrict here to quasi-Fuchsian groups,
so that O=G has two connected components O!=G, each homeomorphic to a ¢xed
hyperbolic surface S, possibly with punctures. We denote the (measured) bending
laminations on the two components of @C=G by pl! respectively. The object of this
paper is to investigate the pair ð½plþ%; ½pl&%Þ for groups near the Fuchsian locus
F . (Here ½m% denotes the projective measure class of the measured lamination m.)
The key tool is the observation that a necessary condition for a closed geodesic axis
to be in the support of plþ [ pl& is that its trace be real. Since the trace is a
holomophic function on quasi-Fuchsian space QF , and is obviously real valued
on F , one would expect the possible laminations to be related to critical points
of length functions on F . There is one obvious constraint: it is not hard to show
that the laminations ð½plþ%; ½pl&%Þ always ¢ll up S. In [15], Kerckhoff showed that
for given measured laminations m; n which ¢ll up S, and k 2 ð0;1Þ, the function
lm þ kln is convex along earthquake paths and has a unique minimum on F . As
k varies, these minima are distinct and form the line of minima Lm;n for m; n. Let
m; n be measured laminations on S. We denote by Pm;n the set of points in QF
for which ½plþ% ¼ ½m%; ½pl&% ¼ ½n%. We call this set the pleating variety for m and n.
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In the special case of the once punctured torus, we proved in [11] and [12] that if m; n
are measured laminations whose support ¢lls up S, then the closure of Pm;n intersects
F precisely along the line of minima for m; n. We conjecture that the same result is
true for an arbitrary hyperbolic surface S. In this paper we prove the following
partial results in support of this claim. A measured lamination is rational if its
support consists entirely of closed curves. We prove in Theorem 5.1 that if m; n
are rational laminations whose support ¢lls up S, then Pm;n \ F is contained in
the line of minima for m; n. In Theorem 7 we give a suf¢cient condition for a point
p in Lm;n to be in the closure of Pm;n, in terms of the Jacobian matrix @lai=@lbj

! "

,
where ai; bj are the curves in the support of m and n. As discussed in more detail
in Section 6, it may well be possible to combine our results with the methods of
Bonahon and Otal [19] to prove the complete conjecture. It would be preferable,
however, to ¢nd a more direct and elementary proof.

There are two dif¢culties in extending results from the punctured torus to the gen-
eral case. The condition that the trace be real is not in general suf¢cient to ensure
that an axis be a bending line. One needs in addition that the associated pleated surface
be embedded and convex. The proof in [11] that if S is a once punctured torus, then
near F , the pleated surface realising an axis with real trace is embedded, extends
without dif¢culty. However, the convexity condition needs more care. For the
punctured torus case it is automatic: since (for rational laminations) there is only
one bending line, there is only one direction in which to bend. When there are several
nonconjugate bending lines, we have to ensure that all the bending angles have
the same sign. The second dif¢culty is that if a lamination has several components,
we need to ensure that the length of each component separately is real. The condition
that the length of the lamination itself be real is not enough. This last point seems
to present a serious dif¢culty in establishing the complete generalisation of the
punctured torus result above. In general, although in one complex variable one
can move away from a critical point in at least two directions keeping a single function
real valued, the corresponding result in several variables is false. This point is discussed
further in Section 6. Starting from a Fuchsian group, one can use Thurston’s
quakebend construction to bend along a measured geodesic lamination m. This con-
struction ¢xes the length lm and, at least for small values of the bending measure,
one obtains a one parameter family of quasi-Fuchsian groups whose bending measure
is in the class of plþ is the given lamination m. It is natural to ask how to control the
lamination ½pl&%, and whether all possible pairs ð½plþ%; ½pl&%Þ occur in this way. In view
of the above results, this means that we should investigate how the Kerckhoff lines of
minima meet the locus lmðpÞ ¼ c. When S is a once punctured torus it is not hard
to show, see [12], that for given measured laminations m; n which ¢ll up S, the
Kerckhoff line Lm;n intersects fp: lmðpÞ ¼ cg in a unique point pn. Thus bending away
from pn, we can construct groups in the pleating variety Pm;n. In higher genus the
situation is a little more subtle. If S has genus g and b punctures, then Fuchsian space
F has dimension 2d ¼ 6g & 6 þ 2b. For each simple closed curve g and c > 0, the
horocycle Hg;c ¼ fp 2 F : lgðpÞ ¼ cg is homeomorphic to R2d&1. The space PML of
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projective measured laminations which forms the Thurston boundary of F is a sphere,
also of dimension 2d & 1. It is not hard to see that the subset PMLg of measured
laminations ½n% such that g; n ¢ll up S is homeomorphic to R2d&1.

Generalising the once punctured torus result, we prove in Theorem 7.2 that for each
c > 0 the Kerckhoff line Lg;n intersects Hg;c in a unique point pn, and that the map
n 7! pn is a homeomorphism. Assuming our Conjecture 6.5, this would mean that
for any g; c and any n 2 MLg we can ¢nd groups in Pg;n for which lg ¼ c. We also
consider the problem of bending away ¢xing the lengths of a maximal set of d disjoint
closed curves faig, thus restricting to a d-dimensional submanifold E ) F . We now
have the freedom to vary the ratios of the bending angles along the bending lines
ai. This means that the projective class of the bending lamination plþ varies in a
d & 1-dimensional simplex Q. For each p 2 E and s 2 Q, there is a unique lamination
n ¼ Cðp; sÞ such that the line of minima Lm;n meets E in p, where
m ¼

P

i sidai 2 Q. We show that C is a homeomorphism from E * Q to a subset
of the set ML+ of laminations n such that n; a1; . . . ; ad ¢ll up S. However we also
prove in Theorem 7.3 the rather surprising negative result that C is not surjective.
In other words, for any choice of ¢xed lengths lai ¼ ci; i ¼ 1; . . . ; d, there are
laminations n 2 ML+ for which it is impossible to bend on the lines ai obtaining groups
with pl& 2 ½n%.

The paper is organized as follows. Section 2 contains background on quasi-
Fuchsian groups, geodesic laminations, and real and complex Fenchel Nielsen
coordinates. In Section 3, we discuss pleated surfaces and the convex hull boundary
and prove various basic facts about the possible pleating loci. Section 4 summarises
the results we need from Kerckhoff about minima of length functions. In
Section 5, we prove Theorem 5.1, and in Section 6 we prove Theorem 7. Our results
about bending away from horocycle and shearing planes are in the ¢nal
Section 7. The results in this paper are heavily based on the results of
Kerckhoff [15] who deemed it prudent, see his discussion on p. 189, to restrict to
surfaces without punctures. We wanted to include punctures since otherwise we
would be excluding the case of once and twice punctured tori, which provide the
most easily investigated examples for which the dimension d is 1 and 2, respectively.
It is indeed true that many of the results on which [15] and, hence, our paper are
based are stated only in the context of closed surfaces, however we have been unable
to detect any point at which the results we use fail. The main difference is that at
various points where one has to consider simply connected complementary
components, one has now in addition to allow once punctured disks.

2. Background

2.1. QUASI-FUCHSIAN GROUPS

A Kleinian group G is a discrete subgroup of the isometry group PSLð2;CÞ of
hyperbolic 3-space H3. Such a group also acts by conformal automorphisms on

KERCKHOFF MINIMA AND PLEATING LOCI 213



the sphere at in¢nity ĈC. The limit setLðGÞ ) ĈC is the set accumulation points of ¢xed
points of G, and the regular set OðGÞ is its complement. A Kleinian group is Fuchsian
if LðGÞ is a round circle.

Let S be an oriented surface of negative Euler characteristic, homeomorphic to a
closed surface with at most a ¢nite number of points removed. A ¢nitely generated
Kleinian group is quasi-Fuchsian if H3=G is homeomorphic to the product of such
a surface S with the open interval ð0; 1Þ, and ifOðGÞ has exactly two simply connected
G-invariant components O!. Equivalently, G ¼ p1ðSÞ and LðGÞ is a topological
circle. In this situation, the quotients O!=G are Riemann surfaces, both home-
omorphic to S. After ¢lling in punctures, the surfaces O!=G compactify the ends
of H3=G and ðO [H3Þ=G is homeomorphic to S * ½0; 1%. The representation space
RðSÞ is the set of representations r: p1ðSÞ ! PSLð2;CÞ such that the images of loops
around boundary components are parabolic, modulo conjugation in PSLð2;CÞ. A
representation r 2 RðSÞ is quasi-Fuchsian if rðp1ðSÞÞ is a quasi-Fuchsian group with
H3=G ’ S * ð0; 1Þ; in particular, r is faithful and its image is discrete.

Let G0 be a ¢xed Fuchsian group with Oþ=G0 homeomorphic to S. Let r0 be the
associated representation p1ðSÞ ! PSLð2;CÞ. Any other quasi-Fuchsian group G
with Oþ=G0 ’ S, and corresponding representation r, can be obtained as a
quasiconformal deformation of G0. This means that there is a quasiconformal
homeomorphism f of ĈC which conjugates r0 and r, in other words fðr0ðgÞðzÞÞ ¼
rðgÞðfðzÞÞ for all g 2 p1ðSÞ and z 2 ĈC. Notice that the map f is conformal if and only
ifG0 andGare conjugate inPSLð2;CÞ. The groupG ismarked by the homeomorphism
f. Quasi-Fuchsian space QF ðSÞ is the space of marked quasi-Fuchsian groups,
modulo conjugation in PSLð2;CÞ. It has a holomorphic structure induced from
the natural holomorphic structure of SLð2;CÞ. Fuchsian spaceF ¼ F ðSÞ is the subset
of QF ðSÞ such that the components O! are round disks. Thus a point p in F corre-
sponds to a hyperbolic structure SðpÞ ¼ H2=rðp1ðSÞÞ on S, in which the holonomy
round each puncture is parabolic. As is well known, if S has genus g and b punctures,
then F is homeomorphic to Rd where d ¼ 3g þ b & 3. It follows from Bers’ simul-
taneous uniformization theorem that QF can be parameterized by points in
F * F , (where F denotes structures with the opposite orientation to those in F )
and hence is a ball in complex space of the same dimension C2d .

For further details on these de¢nitions, good references are [17, 18].

2.2. FENCHEL NIELSEN COORDINATES

Throughout this paper, we shall make central use of Fenchel Nielsen and complex
Fenchel Nielsen coordinates for F and QF respectively. Both are de¢ned with
respect to a ¢xed pants decomposition of S, that is, a collection A ¼ faig of disjoint
simple closed curves which cut it into three holed spheres P ¼ fPjg, where we allow
that some of the holes may be punctures. We exclude from A peripheral loops round
punctures, so that each a 2 A is a boundary component of exactly two of the pants
P;P0 2 P, where possibly P ¼ P0. A pants decomposition always contains exactly
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d disjoint nonperipheral curves, where d ¼ 3g þ b & 3 as above. The Fenchel Nielsen
coordinates of a hyperbolic structure H2=G on S (represented by a point p 2 F )
relative to the pants decomposition A consist of the lengths lai 2 Rþ of the
nonperipheral curves faig, together with twists tai 2 R which measure the relative
positions along faig in which the pants P;P0 are glued to form H2=G. So as to
be able to distinguish the effect of Dehn twists about a, one needs to choose the
common perpendiculars relative to ¢xed closed curves tranverse to a which
effectively de¢ne the marking of S. This allows one to de¢ne not only ta modulo
the length la, but ta 2 R. We omit a more detailed disussion of the conventions whose
exact form will not be important here. Good references are [1, 8]. It is important to
notice however that we de¢ne ta as an actual hyperbolic length and not, as the above
authors, a fraction of la.

Since ta is a signed distance, it de¢nes a real analytic function on F . The Fenchel
Nielsen theorem is that, if A ¼ ai; i ¼ 1; . . . ; d is a pants decomposition of S, the
map p 7! ðlai ðpÞ; tai ðpÞÞ; i ¼ 1; . . . ; d de¢nes a real analytic bijection between F
and ðRþÞd * ðRÞd . We denote the group with coordinates ðlai ; tai Þ by Gðlai ; tai Þ.

Complex Fenchel Nielsen Coordinates

It is shown in [16] and [24] that the Fenchel Nielsen construction extends to
quasi-Fuchsian groups. The idea is to replace the length coordinate la with the
complex translation length la of the element ga 2 p1ðSÞ representing the curve a.
Complex length is de¢ned by the formula Tr ga ¼ 2 cosh la=2 and is chosen so that
<la > 0. There is a problem in this de¢nition: there is an ambiguity of sign which
depends on whether one chooses the half length as la=2 or la=2 þ ip. To determine
a quasi-Fuchsian representation p1ðSÞ ! PSLð2;CÞ uniquely, it turns out one needs
to specify the half lengths la=2. The data fla=2; a 2 A;<la > 0g determines the lifts
of boundary geodesics of the pants P, uniquely up to isometries of H3. Conversely,
given a point q 2 QF , it is possible to de¢ne the half lengths la=2 in a canonical
(and holomorphic) way. The complex twist parameter ta describes the gluing of
neighbouring pants; with suitable conventions, it is the signed complex distance
between the oriented common perpendiculars to lifts of appropriate boundary curves
in the two pants, measured along their oriented common axis. Notice that even
though the pants are skewed, the lifts of axes and their common perpendiculars
are well de¢ned, so that it still makes sense to speak about orientations inherited
from the orientation of S. Once again, the precise details of the construction will
not be relevant to us here. A more detailed summary appears in [22], and careful
discussions of signed complex distance are to be found in [7, 22]. As discussed at
length in [22], it is important to take ta to be signed complex distance so as to obtain
a holomorphic function on QF .

The data fla=2 2 Cþ; ta 2 C=2pi; a 2 Ag determine a unique point inRðSÞ, where
Cþ ¼ fz 2 C:< z > 0g. In contrast to the Fuchsian case, the resulting group is in
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general neither discrete nor quasi-Fuchsian. One does however get a holomorphic
embedding of QF into ðCþÞd * ðC=2piÞd which restricts to the Fenchel Nielsen
embedding on F , see [24] theorem 1. Some examples of speci¢c computations of
traces given the complex Fenchel Nielsen coordinates of the corresponding represen-
tation are given in [4].

2.3. GEODESIC LAMINATIONS

For details on this section see for example [3] or [18]. Let S be a surface as in
Section 2.1. We denote by S ¼ SðSÞ the set of all homotopy classes of simple closed
nonboundary parallel curves on S. For a ¢xed hyperbolic structure on S, there
is exactly one geodesic in each such homotopy class, and it is well known that S
is independent of the hyperbolic structure on S.

A geodesic lamination on S is a closed set that is a union of pairwise disjoint simple
complete geodesics called its leaves. A geodesic lamination is measured if it carries a
tranverse invariant measure, that is, an assignment of a ¢nite Borel measure to each
transversal which is invariant under the push forward map along leaves. We always
assume that the support of the measure m is the entire underlying lamination jmj,
and that jmj contains no leaves which end in a puncture. Notice that every puncture
is contained in a de¢nite horocyle neighbourhood which is not intersected by
any leaf of any lamination of this kind. We denote the set of such measured
laminations by MLðSÞ, topologised with the topology of weak convergence:
mn ! m if mnðT Þ ! mðT Þ for any transversal T . For m 2 ML, one can de¢ne the
length lm as the total mass of the measure which is the product of hyperbolic distance
along the leaves of m with the transverse measure m.

A measured geodesic lamination m 2 MLðSÞ is rational if its support jmj is a dis-
joint union of closed geodesics ai 2 S. We write such laminations

P

i aidai , usually
abbreviated to

P

i aiai, where ai 2 Rþ and dai is the lamination with support ai which
assigns unit mass to each intersection with ai. We denote the set of all rational
measured laminations by MLQðSÞ; the set MLQ is dense in ML.

The length of the rational lamination
P

i aiai is just
P

i ailai , where lai means of
course the function which assigns to p 2 F the hyperbolic length of the geodesic
ai on the surface SðpÞ. Kerckhoff [13, 14] has shown that if mn 2 MLQ converge
to m in ML, then ðlmn Þ converges to lm uniformly on compact subsets of F . In fact
this gives an alternative way of de¢ning the length function lm. In a similar way,
the geometric intersection number iða; a0Þ of two geodesics a; a0 2 S extends by
linearity and continuity to a continuous function iðm; nÞ onMLðSÞ, (see, for example,
[13, 18]). A projective measured lamination is an equivalence class of measured
laminations, with the relation that m; m0 2 ML are equivalent if they have the same
underlying support and if there exists k > 0 such that for any transversal T ,
m0ðT Þ ¼ kmðT Þ. We write ½m% for the projective class of m and denote the set of all
nonzero projective measured laminations on S by PMLðSÞ. If S has genus g and
b punctures, as usual we set d ¼ 3g & 3 þ b. Thurston showed that PMLðSÞ is a
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compacti¢cation of F ðSÞ, and hence that PMLðSÞ is homeomorphic to the sphere
S2d&1 (see [6, 18]).

3. The Convex Hull Boundary and Pleating Varieties

3.1. THE CONVEX HULL BOUNDARY

For details on this section, see [5, 10]. Let G be a Kleinian group. The convex hull or
convex core C=G of the 3-manifoldH3=G is the smallest closed convex set containing
all closed geodesics of H3=G. Alternatively, C can be de¢ned in the universal cover
H3, as the hyperbolic convex hull of the limit set L. If G is quasi-Fuchsian then
@C has exactly two components @C! which ‘face’ the components O! of O. The
quotients @C!=G are homeomorphic to O!=G and, hence, to S, see [10], proposition
3.1.

In the special case in which G is Fuchsian, C is contained in a single £at plane. We
regard this as a degenerate case in which @C is two sided, each side facing one
component of OðGÞ.

The convex hull boundary @C is made up of convex pieces of £at hyperbolic planes
which meet along a disjoint set of complete geodesics called pleating or bending lines.
They project to geodesic laminations, called the bending laminations, on @C!=G. As
explained in detail in [5], these laminations carry transverse measures, the bending
measures, denoted pl!ðGÞ. We proved in [10] that the map QF ! ML; q 7!
pl!ðqÞ is continuous.

We shall be especially interested in the case when the bending lamination is
rational. In this case, the bending measure is determined by the angles yi between
the planes which meet along the axes Ax ai of the geodesics gi in the support of
pl!. Precisely, if jplþj ¼ Uiai where ai 2 S, then plþðT Þ ¼

P

i iðT ; aiÞjyij, where yi
is taken to be 0 when the oriented support planes coincide. In particular, if G is
Fuchsian, then pl! ¼ 0.

3.2. CONSTRAINTS ON THE BENDING LINES

In this section we describe two relatively easy conditions constraining the possible
bending laminations pl! which can appear. The ¢rst concerns the topology of their
support. We use the following result proved in [11], proposition 3.3.

LEMMA 3.1. Suppose that G is a Kleinian group which is not Fuchsian, and that a is a
geodesic axis. Then a ) @Ci=G for at most one component @Ci=G of the convex hull
boundary @C=G.

Proof. The idea is to study the inverse image of a under the retraction map
r:H3 [ ĈC ! @C. On the one hand, if a ) @Cþ \ @C&, then r&1ðaÞ \ ĈC intersects both
components O!ðGÞ of OðGÞ; while on the other, it is not hard to show that
r&1ðaÞ \ ĈC is connected unless G is Fuchsian. &
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DEFINITION. Laminations m; n 2 MLðSÞ ¢ll up S if iðm; ZÞ þ iðn; ZÞ > 0 for all
Z 2 ML. An equivalent condition is that every component of S & jmj [ jnj contain
at most one puncture, which, after ¢lling in the puncture if needed, is compact
and simply connected.

For the equivalence of these two conditions we refer to [15], proposition 1.1 and
lemma 4.4, or to [20], proposition 2. These authors treat the case of closed surfaces
but there is no essential difference for surfaces with punctures provided we allow
complemetary components which are punctured disks. We shall usually be dealing
with rational laminations, in which case it is enough to require that the components
of the complement be disks or punctured disks. For general laminations this is
not enough, since the complement of a generic lamination is a union of ideal
polygons. This is why one needs in addition that the complementary components
be compact. The following result has also been proved in [2].

PROPOSITION 3.2. Let G be quasi-Fuchsian, G 2 QF ðSÞ. Let jpl!j be the supports
of the pleating laminations of @C!. Then jplþj and jpl&j ¢ll up S.

Proof. Suppose not, then there is a simple non-boundary peripheral loop a on S
disjoint from both jplþj and jpl&j. Cut @Cþ along jplþj. The remaining surface is
geodesically convex and contained in a single support plane. It contains a geodesic
representative of a which must be its axis in H3. The same is true of @C&. This con-
tradicts Lemma 3.1. &

The second constraint relates geometry to analysis and is the key to understanding
the arrangement of the pleating laminations in QF . It is a simple consequence
of the observation that the two planes in @C! which meet along a geodesic axis
AxðgÞ are invariant under translation by g.

PROPOSITION 3.3 ([9], lemma 4.6). Suppose that the axis of g 2 G is a bending line
of @C!ðGÞ. Then lðgÞ, the complex length of g, is real.

We remark that following [12], one can de¢ne the complex length of a lamination
and extend the above result to the case of general m 2 ML. This more delicate result
is not needed here.

COROLLARY 3.4. Suppose that q 2 QF , and that the support of plþ is contained in a
pants decomposition A ¼ faig of S. Then the complex lengths lai ðqÞ 2 R for all i.

Proof. By hypothesis plþ ¼
P

i aiai where ai X 0. If ai > 0 then ai is a bending line
of @C! and we can apply Proposition 3.3. Otherwise, iðai; mÞ ¼ 0 and so ai lies in a £at
part of @C!. Translation along the axis of ai leaves this £at part invariant and the
result follows. &

Inwhatfollowsweshallbeconcernedwiththeconverseofthisresult, thatis,conditions
under which the lengths lai 2 R imply that the support of pl! is contained in A.
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3.3. PLEATED SURFACES AND THE COMPLEX FENCHEL NIELSEN CONSTRUCTION

Let G 2 RðSÞ. Slightly varying the de¢nitions in [3, 26] to allow for non-discrete
groups G, we de¢ne a G-pleated surface map to be a hyperbolic structure p 2 F
on S, together with a map s:H2 ! H3 such that

(1) s conjugates the action of GðpÞ on H2 with the action of G on H3.
(2) s is an isometry onto its image with the path metric induced from H3.
(3) For each x 2 H2, there exists at least one geodesic g containing x such that sjg is

an isometry.

Usually we shall refer to the image of s as a pleated surface inH3. The set of points
in H2 satisfying (3) for exactly one geodesic G project to a geodesic lamination BðsÞ
on S. We call a pleated surface rational if BðsÞ is a union of closed curves. Let
p 2 F and let A;B be pants decompositions of S. There is an intimate connection
between rational pleated surfaces and the complex Fenchel Nielsen construction
when the complex lengths la; a 2 A are real. In the real Fenchel Nielsen con-
struction, the hyperbolic surface S with coordinates fðla; taÞ; a 2 Ag is made by gluing
together planar pairs of pants whose boundary curves have lengths la with a shift of ta
along the axis of a. Since each pair of pants is made by gluing two planar right angled
hexagons, the glued up pants lift to the hyperbolic plane H2, forming the universal
cover of the surface S. In the complex construction, the planar hexagons are replaced
by skew right angled hyperbolic hexagons of (complex) side lengths la=2. In the
special case in which all the prescribed lengths la=2 are real, this part of the con-
struction proceeds exactly as in the real case. The skew hexagons are planar and
the lift of each pair of pants is a £at surface contained in one hyperbolic plane.
The only difference between the two constructions is that in the ¢rst case the planar
pants are glued together with a shift ta along the axis of a, while in the second
the same pants are glued with the same shift ta ¼ <ta and an additional bend
ya ¼ =ta, which means that the glued up pants now form a pleated surface in
H3=G. More precisely, there is a pleated surface map dev:H2 ! H3 conjugating
the actions of Gðla; taÞ and Gðla; ta þ iyaÞ. The image is a rational pleated surface
DevðAÞ in H3 whose bending lamination is exactly fa 2 A: ya 6¼ 0g.

3.4. RATIONAL PLEATED SURFACES AND THE CONVEX HULL BOUNDARY

If G 2 QF , then the two components @C! of @C are pleated surfaces [5]. If A ¼ faig is
a pants decomposition, let

P!ðAÞ ¼ fq 2 QF & F : jpl!j ) Ag:

Notice that if q 2 P!ðAÞ then m ¼
P

i aiai with ai X 0. If ai ¼ 0 then the convex hull is
not bent along ai. (We cannot have ai ¼ 0 for all i since by de¢nition q =2F .)

By Corollary 3.4, if q 2 PðAÞ then all the complex lengths lai ðqÞ are real. If for
example q 2 PþðAÞ , it is clear that DevðAÞ ¼ @Cþ and that the bending measure
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is exactly
P

A =tada. Since @Cþ bounds a convex set, all the angles =ta; a 2 A have the
same sign. Conversely, suppose that the group G 2 RðSÞ has complex Fenchel
Nielsen coordinates fla; taga2A with la 2 R, and such that all the bending angles
ya ¼ =ta have the same sign. The following gives conditions on the ta which ensure
that G 2 QF and that DevðAÞ equals @C!.

THEOREM 3.5. Let A ¼ faig be a pants decomposition of S and suppose that
G 2 RðSÞ has complex Fenchel Nielsen coordinates fla; taga2A with la 2 R. Let
DevðAÞ be the associated pleated surface in H3. Then there exists e > 0 such that
if j=taj < e for all a 2 A, then the group G is quasi-Fuchsian. If in addition
=ta X 0 for all a 2 A, then DevðAÞ is a component of @CðGÞ.

This was proved in [11], theorems 6.1 and 7.2 for the once punctured torus. The
proof extends with only trivial changes to the general case. Notice that the proof
of 6.1 is still valid whether or not all the bending angles have the same sign. Lemma
7.1 holds because the condition =ta X 0; a 2 A implies that the half space cut
out by DevA is convex. This result is closely related to Thurston’s bending con-
struction described in detail in [5]. In fact, if Gðlai ; tiÞ 2 F , then Theorem 3.5 shows
that for small yi X 0, Gðlai ; ti þ iyiÞ is exactly the group obtained by bending
Gðlai ; tiÞ along the rational lamination

P

i yiai. In other words, for any given pants
decomposition A, we can always construct groups with q 2 PþðAÞ, or if we prefer
with q 2 P&ðAÞ. In the remainder of the paper, we want to address the problem
of when we can construct groups which are simultaneously in PþðAÞ \ P&ðBÞ
for an arbitrary pair of pants decompsitions A;B which ¢ll up S.

4. Lines of Minima

In [11], we showed that in the case of the once punctured torus, the problem just
described could be solved using Kerckhoff’s results about minima of length functions
along of earthquake paths in F . For higher genus, the situation becomes consider-
ably more complicated, but the same general idea works. We therefore begin by
collecting the results from Kerckhoff [15] which we need. Recall that the time t left
earthquake [13, 25] along a lamination m 2 ML is a real analytic map
EmðtÞ:F ! F which generalises the classical Fenchel^Nielsen twist. The earthquake
shifts complementary components of the lamination jmj on the surface SðpÞ a distance
tmðT Þ relative to one another, where mðT Þ is the m-measure of a transversal T joining
the two components. In particular, if A is a pants decomposition of S and if
m 2 MLQ; m ¼

P

i aiai, then the earthquake is expressed in terms of Fenchel Nielsen
coordinates relative to A by EmðtÞ: ðlai ; tai Þ 7! ðlai ; tai þ aitÞ; i ¼ 1; . . . ; d.

If p 2 F , we denote by Em ¼ EmðpÞ the earthquake path EmðtÞðpÞ; t 2 R. This £ow
induces a tangent vector ¢eld @=@tm on F . In [13], Kerckhoff showed that if
n 2 ML, then the length ln is a real analytic function of t along EmðpÞ, strictly convex
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if iðm; nÞ > 0 and constant otherwise. Wolpert [27] proved the antisymmetry formula

@ln=@tm ¼ &@lm=@tn; ð1Þ

from which one deduces easily that the minimum points for ln along Em and lm along
En coincide. He also showed that if iðm; nÞ > 0, then at the unique minimum,
@2ln=@t2m > 0. The following is the fundamental theorem of [15].

THEOREM 4.1 ([15], theorem 1.2). Suppose m and n ¢ll up S. Then for every
k 2 ð0;1Þ the function f ¼ lm þ kln has a unique critical point on F which is a global
minimum for f .

The uniqueness part of this result uses that length is convex along earthquake
paths, and Thurston’s earthquake theorem [25] and [13], corollary 5.4, that there
is a left earthquake path between any two points in F . In fact if there were two
critical points, they would be joined by an earthquake path EZ along which
lm þ kln is strictly convex, since by hypothesis m; n ¢ll up S. This is clearly impossible.
(The proof of the earthquake theorem requires a bit of attention when S has
punctures. The main point is that in the approximation arguments, one has to
use the observation noted earlier that every leaf in the support of a lamination
m 2 ML avoids a de¢nite horocycle neighbourhood of each cusp.) The next result
shows that we really do need the assumption that m; n ¢ll up S.

PROPOSITION 4.2. Suppose that if m; n 2 ML do not ¢ll up S, and that k 2 ð0;1Þ.
Then the function ln þ klm has no critical point on F .

Proof. It suf¢ces to show that if m and n fail to ¢ll up S, then ln þ klm can always be
decreased. Precisely this statement is proved by Kerckhoff in part II of his theorem
2.1, see pp 194^195 in [15]. Once again the argument needs minor changes if S
has cusps to allow for the possibility that the complementary components of various
laminations may be punctured disks. &

Suppose that m 2 ML. Following Kerckhoff, we denote MLm the set of n 2 ML
such that m and n ¢ll up S. This set is described in [15], theorem 4.7:

THEOREM 4.3. Let m 2 ML. ThenMLm is homeomorphic with its induced topology
to an open disk of (real) dimension 2d ¼ 6g þ 2b & 6.

We remark that we shall mainly use this result in the case m 2 MLQ, in which case
it is particularly easy to see using the Dehn Thurston coordinates for ML, see
Section 7. Fix once and for all a continuous section j: PML ! ML, for example
by choosing a ¢xed surface S0 and de¢ning jð½n%Þ ¼ n=lnðS0Þ. The following is theorem
2.1 of [15].

THEOREM 4.4. Let m 2 ML. The map Fm: PMLm * ð0;1Þ ! F ðSÞ, sending ð½n%; kÞ
to the point where lm þ kljð½n%Þ attains its minimum, is a homeomorphism.
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For ¢xed m, the line k ! Fðn; kÞ: k 2 ð0;1Þ is called the line of minima of m; n,
denoted Lm;n. Notice that if we change m in ½m%, the map Fm changes but the line
Lm;n remains the same.

There is a useful alternative characterisation of lines of minima in terms of tangent
vectors along earthquake paths. As remarked above, the earthquake £ow EmðtÞ gen-
erates a ¢eld of tangent vectors @=@tm on F . Likewise, the length function lm de¢nes
a cotangent vector ¢eld dlm.

PROPOSITION 4.5 ([15], theorem 3.5). For all p 2 F , tangent vectors @=@tm;
m 2 ML, span the tangent space TpðF Þ and the cotangent vectors dlm; m 2 ML span
the cotangent space T+

p ðF Þ. The maps m ! @=@tmðpÞ and m ! dlmðpÞ are homeo-
morphisms onto TpðF Þ and T+

p ðF Þ respectively.

This gives the following alternative characterisation of critical points. Notice that
for this result, we do not need the assumption that k > 0.

PROPOSITION 4.6. Let m; n 2 ML and k 2 R. The point p 2 F is a critical point of
lm þ kln if and only if @=@tm ¼ &kð@=@tnÞ at p.

Proof. At a critical point, we have @=@tZðlm þ klnÞ ¼ 0 for every Z 2 ML. Using the
antisymmetry formula (1) this gives @lZ=@tm ¼ &kð@lZ=@tnÞ. Since the one forms dlZ
span the cotangent space at p, we conclude that @=@tm ¼ &kð@=@tnÞ. The converse
follows similarly. &

The following simple consequence of Kerckhoff [15], theorem 4.8, shows that in
fact the sign of k is automatic.

PROPOSITION 4.7. Suppose that m; n 2 ML and that m =2 ½n%. Suppose also that
@=@tm ¼ &kð@=@tnÞ for some k 2 R. Then m and n ¢ll up S and k > 0.

Proof. First suppose iðm; nÞ ¼ 0. If kW 0 then we get an immediate contradiction to
Proposition 4.5. If k > 0 then m0 ¼ m þ kn 2 ML and @=@tm0 ¼ 0, again contradicting
4.5. If iðm; nÞ > 0, then by [15], theorem 4.8, for any point p 2 F , there exists a
lamination Z 2 ML such that

@lZ
@tn

ðpÞ > @lm
@tn

ðpÞ and
@ln
@tm

ðpÞ > @lZ
@tm

ðpÞ:

This clearly forces k 6¼ 0. From @=@tm ¼ &kð@=@tnÞ we deduce &kð@lm=@tnÞ ¼
@lm=@tmðpÞ ¼ 0 and hence

@lZ
@tn

ðpÞ > 0 >
@lZ
@tm

ðpÞ ¼ &k
@lZ
@tn

ðpÞ

which forces k > 0. From Proposition 4.2, we conclude that m; n ¢ll up S. &
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COROLLARY 4.8. Suppose that m; n 2 MLwith ½m% 6¼ ½n%. Suppose also that at p 2 F
there exists k 2 R such that @=@tm ¼ &kð@=@tnÞ. Then k > 0, the laminations m and n ¢ll
up S, and p is the unique minimum of lm þ kln.

5. Necessary Conditions for Bending Away

We are ¢nally ready to address the main object of this paper: the arrangement of
possible bending laminations for quasi-Fuchsian groups near Fuchsian space F .
For m; n 2 PML, we set

Pm;n ¼ fq 2 QF : pl!ðqÞ 2 ½m%; pl!ðqÞ 2 ½n%g:

Notice that this de¢nition depends only on the projective equivalence classes of m and
n. As in Section 3.4, if A and B are pants decompositions, we let

P!ðAÞ ¼ fq 2 QF & F : jpl!j ) Ag

and set

PðA;BÞ ¼ PþðAÞ \ P&ðBÞ:

We call setsPþðAÞ;Pm;n and so on, pleating varieties. By Theorem 3.5, q 2 PðA;BÞ
provided yai X 0 and ybi W 0 for i ¼ 1; . . . ; d, and in addition 0 <

P

i yai ,
&
P

i ybi < e, for suf¢ciently small e > 0, where yg ¼ =tg is the bending angle on
the curve g.

Set

Q:¼ ðs1; . . . ; sdÞ: si X 0;
X

i

si ¼ 1

( )

) Rd ;

and for a pants decomposition A ¼ faig, let

QðAÞ ¼
X

i

siai 2 MLQ: ðs1; . . . ; sdÞ 2 Q
( )

:

The following is our ¢rst main result.

THEOREM 5.1. Suppose that pants decompositionsA;B ¢ll up S and that p 2 F is in
the closure of PðA;BÞ. Then p 2 Lx;Z for some x 2 QðAÞ; Z 2 QðBÞ which ¢ll up S. If
p 2 F is in the closure of Pm;n for some m 2 QðAÞ; n 2 QðBÞ, then x ¼ m and Z ¼ n.

Proof. By hypothesis, we can ¢nd qn 2 PðA;BÞ such that qn ! p. Thus qn 2 Pmn;nn
for some mn 2 QðAÞ; nn 2 QðBÞ. Passing to a subsequence, we may assume
mn ! m 2 QðAÞ; nn ! n 2 QðBÞ. We need to show that there exists k > 0 such that
m; n ¢ll up S and such that p is the global minimum of lm þ kln. By Corollary 4.8,
it will be enough to show that there exists k 2 R such that @=@tm ¼ &kð@=@tnÞ at p.
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Since lbi ; tbi are coordinates for QF , we have

@

@tm
¼

X

i

@lbi
@tm

@

@lbi
þ
X

i

@tbi
@tm

@

@tbi
:

Suppose that m ¼
P

i aiai and n ¼
P

i bibi. We claim that

(1) @lbi=@tmðpÞ ¼ 0; i ¼ 1; . . . ; d.
(2) There exists k 2 R such that @tbi=@tmðpÞ ¼ &kbi; i ¼ 1; . . . ; d.

Combining these results gives @=@tm ¼ &kð@=@tnÞ at p as required. To prove the ¢rst
claim, expand lbi as a Taylor series about p, using complex Fenchel Nielsen
coordinates with respect to A. For any function f :QF ! C, we write
Df ðqÞ ¼ f ðqÞ & f ðpÞ. Since qn 2 PðA;BÞ, we have Dlai ðqnÞ;Dlbi ðqnÞ 2 R. We also note
that the complex derivatives @lbi=@laj ðpÞ; @lbi=@taj ðpÞ are in fact real at p 2 F .

We have

Dlbi ðqnÞ ¼
X

j

@lbi
@laj

ðpÞDlaj ðqnÞ þ
X

j

@lbi
@taj

ðpÞDtaj ðqnÞ þ R

where R denotes terms at least quadratic in Dlai ðqnÞ and Dtai ðqnÞ. Thus taking
imaginary parts we ¢nd

0 ¼
X

j

@lbi
@taj

ðpÞDyaj ðqnÞ þ jjyAðqnÞjjEðqnÞ;

where jjyAðqÞjj ¼
P

i jDyai ðqÞj and EðqnÞ ! 0 as qn ! p. Notice also that
jjyAðqnÞjj 6¼ 0 since qn =2F . Now by hypothesis,

Dyai ðqnÞ
jjyAðqnÞjj

! ai;

so taking limits proves the ¢rst claim.
The proof of the second claim is similar. Expanding tbi about p and taking

imaginary parts we ¢nd:

Dybi ðqnÞ ¼
X

j

@tbi
@taj

ðpÞDyaj ðqnÞ þ jjyAðqnÞjjEðqnÞ

and thus

Dybi ðqnÞ=jjyAðqnÞjj !
X

j
aj
@tbi
@taj

ðpÞ ¼
@tbi
@tm

ðpÞ:

On the other hand, by our hypothesis Dybi ðqnÞ=jjyBðqnÞjj ! bi for each i. Choose i0
such that bi0 6¼ 0. Then

jjyBðqnÞjj
jjyAðqnÞjj

¼ jjyBðqnÞjj
Dybi0 ðqnÞ

Dybi0 ðqnÞ
jjyAðqnÞjj

! 1
bi0

@tbi0
@tm

ðpÞ ¼ &k

224 CAROLINE SERIES



say. Thus

@tbi
@tm

ðpÞ ¼ lim
Dybi ðqnÞ
jjyAðqnÞjj

¼ &kbi

for each i, as claimed. &

6. Su⁄cient Conditions for Bending Away

In this section we prove a partial converse to the result in the last section. Suppose as
usual thatA and B are pants decompositions which ¢ll up S, and that p 2 F is lies on
the line of minima Lm;n for some m 2 QðAÞ; n 2 QðBÞ. We give conditions under which
p is in the closure of Pm;n.

For q 2 QF , let M ¼ MðA;B; qÞ be the d * d matrix whose entry in the ith row
and jth column is @lbi=@taj ðqÞ. The following lemma, trivially checked by multiplying
out the equations in question, gives a relationship between critical points of length
functions and null vectors of the matrix M.

LEMMA 6.1. Let A;B be any two pants decompositions of S and let M ¼ MðqÞ as
above. Let q 2 QF and let ða1; . . . ; adÞ; ðb1; . . . ; bdÞ 2 Rd . Then:

(1) ðb1; . . . ; bdÞM ¼ 0 if and only if
P

i bi@lbi=@taj ðqÞ ¼ 0; j ¼ 1; . . . ; d.
(2) Mða1; . . . ; adÞT ¼ 0 if and only if

P

i ai@lbj=@tai ðqÞ ¼ 0; j ¼ 1; . . . ; d.

Remark. Notice that if ai; bi X 0 for all i ¼ 1; . . . ; d then setting m ¼
P

i aiai and
n ¼

P

i bibi the above two conditions may be written more concisely as

(1) ðb1; . . . ; bdÞM ¼ 0 if and only if @ln=@taj ¼ 0; j ¼ 1; . . . ; d,
(2) Mða1; . . . ; adÞT ¼ 0 if and only if @lbj=@tm ¼ 0; j ¼ 1; . . . ; d.

We shall also need the following result which describes the relationship between
right and left null vectors of M.

LEMMA 6.2. Suppose that ða1; . . . ; ad ÞT is a right null vector of MðA;B; qÞ. Then
there exist ðb1; . . . ; bdÞ such that

X

i

bi
@

@tbi
¼

X

i

ai
@

@tai
; j ¼ 1; . . . ; d

at q. Moreover, this condition implies that that ðb1; . . . ; bd Þ is a left null vector of M.
Proof. Write X for the tangent vector

P

i aið@=@tai Þ at q. By the change of variable
formula we have

X ¼
X

i

X ðlbi Þ
@

@lbi
þ
X

i

X ðtbi Þ
@

@tbi
:

On the other hand, by Lemma 6.1 we have X ðlbi ÞðqÞ ¼ 0 for i ¼ 1; . . . ; d. This proves
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the ¢rst assertion with bi ¼ X ðtbi Þ. Now let Y ¼
P

i bið@=@tbi ÞðqÞ. By Lemma 6.1, we
just have to check that Y ðlbi ÞðqÞ ¼ 0 for all i. By construction, Y ðqÞ ¼ X ðqÞ and
so Y ðlbi ÞðqÞ ¼ X ðlbi ÞðqÞ ¼ 0. &

COROLLARY 6.3. If p 2 F is a minimum of lm þ kln for some m 2 QðAÞ; n 2 QðBÞ;
k > 0, then rankMðA;B; pÞ < d.

Proof. At p, we have

@ðlm þ klnÞ
@taj

¼ 0; j ¼ 1; . . . ; d

and, hence,

@ln
@taj

¼ 0; j ¼ 1; . . . ; d: &

Now we state our second main theorem.

THEOREM 6.4. Suppose that A and B are pants decompositions which ¢ll up S and
that p 2 F is a global minimum of lm þ kln for some m 2 IntQðAÞ; n 2 IntQðBÞ
and k > 0. Suppose also that rankMðA;B; pÞ ¼ d & 1. Then p is in the closure of Pm;n.

Proof. Let m ¼
P

i aiai; n ¼
P

i bibi. By reordering the curves in A and B if
necessary, we may assume that the d & 1 * d & 1 matrix

J ¼
@lbi
@taj

ðpÞ
# $d&1

i;j¼1

is nonsingular. It follows that bd 6¼ 0, since otherwise ðb1; . . . ; bd&1Þ is a left null
vector of J. We claim the map F :QF ! QF ,

F ðla1 ; . . . ; lad ; ta1 ; . . . ; tad Þ 7! ðla1 ; . . . ; lad ; lb1 ; . . . ; lbd&1 ; tad Þ

is nonsingular at p. Indeed its Jacobian matrix is of the form

I 0 0
+ J +
0 0 1

0

@

1

A

which is clearly nonsingular. Thus

ðla1 ; . . . ; lad ; lb1 ; . . . ; lbd&1
; tad Þ

are local coordinates forQF near p. In particular, we can certainly move away from
p keeping all of la1 ; . . . ; lad ; lb1 ; . . . ; lbd&1

constant. Now ln ¼
P

i bilbi and so, since
bd 6¼ 0, we have in addition lbd 2 R if and only if ln 2 R.
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Write z ¼ tad & tad ðpÞ in the new coordinate system, so that zðpÞ ¼ 0. LetH denote
the z-axis

la1 ¼ la1 ðpÞ; . . . ; lad ¼ lad ðpÞ; lb1 ¼ lb1ðpÞ; . . . ; lbd&1 ¼ lbd&1 ðpÞ:

Thus onH, we can write ln ¼ lnðzÞ and the restriction of lnðzÞ toH has a minimum at
p.

Since z is real valued on F , by Proposition 4.5 we have @=@zjp ¼ @=@txjp for some
x 2 ML. Since p is a global minimum for lm þ kln on F and lm is constant on
H, we have @ln=@zðpÞ ¼ 0, so that p is the minimum point for ln along the earthquake
path along x through p. ByWolpert’s theorem, the second derivative does not vanish,
hence onH we have ln ¼ lnðzÞ ¼ hðzÞz2 for some analytic function h with hð0Þ > 0. It
is now an easy exercise in one variable complex analysis to ¢nd a path
t: ½0; eÞ 7! sðtÞ 2 QF such that sð0Þ ¼ p, sðtÞ =2F for t > 0, and along which
lnðsðtÞÞ 2 R. Using Theorem 3.5, it remains only to show that all the angles
yai ¼ =tai have the same sign along s, and likewise for the angles ybi . Now

lim
t!0

ya1
jjyAjj

; . . . ;
yad
jjyAjj

% &

¼ dya1
dz

ðpÞ; . . . ; dyad
dz

ðpÞ
% &

:

Since clearly

0 ¼
X

j

@lbi
@taj

ðpÞ dlai
dz

ðpÞ;

we conclude that ðdyai=dzðpÞÞ
T is a right null vector of MðpÞ. Since rankMðpÞ ¼

d & 1, we see that ðdyai=dzðpÞÞ
T must be a multiple of ða1; . . . ; adÞT . Since

m 2 IntQðAÞ, all the ai are strictly positive and the result follows. &

Based on Theorems 5.1 and 6.4, we make the following conjecture:

CONJECTURE 6.5. Let m; n 2 ML be laminations which ¢ll up S. Then the closure of
Pm;n meets F precisely in the Kerckhoff critical line Lm;n.

Remarks. (1) It is not hard to show that rankMðpÞ ¼ d & 1 provided that p lies on
a line Lm;n for a unique pair m; n in the interior of QðAÞ * QðBÞ. On the other hand,
in [4] we show by computation that the degenerate case rankMðpÞ < d & 1 de¢nitely
occurs; in fact we have an example with d ¼ 2 and a point p at which all coef¢cients in
MðpÞ vanish.

(2) The dif¢culty in extending 6.4 to the general case is exempli¢ed by the above
example. We have length functions l1; l2:C2 ! C which are real valued on R2, such
that @li=@zjðpÞ ¼ 0 for all i; j. One needs to show that for any ai X 0, there is a path
starting from p into C2 along which both l1 and l2 stay real valued and such that
the imaginary parts of z1; z2 are in the ratio ½a1; a2% as ðz1; z2Þ ! 0. This statement
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is false for arbitrary holomorphic functions lj : consider for example

p ¼ 0; l1ðz1; z2Þ ¼ z21 þ z22; l2ðz1; z2Þ ¼ z21 þ z22 þ ðz1 þ z2Þ3:

We believe it to be true in the present case and hope to give a proof elsewhere.
(3) Bonahon and Otal [2] have shown that Pm;n is non-empty for any pair m; nwhich

¢ll up S. Given this result, one might well be able to prove Conjecture 6.5. However
their methods are based on the Hodgson Kerckhoff deformation theory of cone
manifolds. It would be nice to have a direct proof based on the more elementary
techniques developed here.

7. Bending Away From Curves of Fixed Length

In this section we discuss the implications of Kerckhoff’s picture of lines of minima
for the arrangement of pleating varieties which meet F along a locus at which
one or several curves have prescribed ¢xed lengths. Our discussion is motivated
by the following result, proved in [11]:

THEOREM 7.1. Suppose S is a once punctured torus and that laminations m; n 2 ML
¢ll up S. Then for any c > 0, the closure of the pleating varietyPm;nmeetsF at a unique
point on the locus lmðpÞ ¼ c.

For a general surface S, as usual we let A ¼ faig be a pants decomposition and let
g 2 SðSÞ. For c > 0, de¢ne the horocycle plane Hg;c ¼ fp 2 F : lgðpÞ ¼ cg and for
c ¼ ðc1; . . . ; cd Þ; ci > 0, de¢ne the shearing plane E ¼ EA;c ¼ fp 2 F : lai ðpÞ ¼ ci;
i ¼ 1; . . . ; dg. As usual, we let MLg ¼ fn 2 ML: g; n fill up Sg. We shall prove
the following:

THEOREM 7.2. For each n 2 MLg, the function ln has a unique minimum on Hg;c.
This point pn is also the unique point in which the Kerckhoff line of minima for
the pair dg; n meets Hg;c. The map PMLg ! Hg;c which sends to ½n% to pjð½n%Þ is a
homeomorphism.

Assuming Conjecture 6.5, this means that the closure of the pleating variety Pg;n

meets Hg;c in a unique point, generalising Theorem 7.1 to the special case in which
the support of m is a single curve g. By contrast, the following result shows that
if we prescribe the lengths of all the curves in a pants decomposition, then we cannot
hope to obtain all possible pleating varieties Pm;n for which m 2 QðAÞ and m; n ¢ll up
S. Choose m and let MLA denote the set of laminations n such that m; n ¢ll up
S. Clearly, MLA is independent of the choice of m.

THEOREM 7.3. Let A be a pants decomposition of S and let c ¼ ðc1; . . . ; cdÞ, ci > 0.
Then there is an open set U ) MLA such that for n 2 U, there are no laminations
m 2 QðAÞ for which Lm;n meets EA;c.
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COROLLARY 7.4. There exist laminations m 2 QðAÞ and n 2 MLA for which the
closure of Pm;n does not meet E.

Proof. This follows immediately from the above result in combination with
Theorem 5.1. &

In [4] we give an example of a pants decompositionA and a curve g 2 MLA for which
the closure of PA;g meets EA;c for any choice of c.

We begin with the proof of Theorem 7.2.

PROPOSITION 7.5. Let g 2 SðSÞ and let c > 0. Then any vector X in the tangent
space TpðHÞ to H ¼ Hg;c at p can be written in the form

a
@

@tg
þ b

@

@tZ

where a; b 2 R and Z 2 MLðSgÞ.
Proof. Choose a pants decomposition A ¼ faigdi¼1 for S in which a1 ¼ g. For con-

venience write

x2i&1 ¼ lai ; x2i ¼ tai ; i ¼ 2; . . . ; d

so that @=@tg; @=@xj; j ¼ 3; . . . ; 2d are a basis for TpðHÞ.
Let MLðSgÞ be the set of measured laminations on S whose support does not

intersect g. Using Dehn Thurston coordinates for ML (see, for example, [21] or
the discussion preceding Lemma 7.11 below), one sees easily that MLðSgÞ is home-
omorphic to R2ðd&1Þ. If Z 2 MLðSgÞ, then the time t earthquake EZðtÞ clearly leaves
lg invariant and thus @=@tZ 2 TpðHÞ. (Notice however that a priori EZðtÞ may change
the twist coordinate tg. This is the reason for the complication of this proof.) Thus
at p we have

@

@tZ
¼ aðZÞ @

@tg
þ
X

2d

i¼3

aiðZÞ
@

@xi
:

We claim that the map

f:MLðSgÞ ! R2d&2; fðZÞ ¼ ða3ðZÞ; . . . ; a2dðZÞÞ

is injective. Recall that by Proposition 4.5, the map

c:MLðSÞ ! TpðF Þ; cðzÞ ¼ @

@tz

is a homeomorphism.
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Suppose that fðZÞ ¼ fðZ0Þ; Z; Z0 2 MLðSgÞ. If aðZÞ ¼ aðZ0Þ there is nothing to prove,
so suppose that aðZÞ > aðZ0Þ. Then we can write

@

@tZ
¼ ðaðZÞ & aðZ0ÞÞ @

@tg
þ @

@tZ0
:

Since by hypothesis the supports of Z and g are disjoint, the right-hand side is of the
form @=@tz for some z 2 ML. Since c is injective we conclude that Z ¼ z. This forces
aðZÞ ¼ aðZ0Þ, since by hypothesis the support of Z is disjoint from g. Now f is clearly
continuous, and so by invariance of domain it must be open. Finally fðsZÞ ¼
sfðZÞ for s > 0, from which we conclude that f is a homeomorphism onto R2d&2.

Now if X 2 TpðHÞ, write

X ¼ xg
@

@tg
þ
X

2d

i¼3
xi

@

@xi
; xg; xi 2 R:

Use the surjectivity of f to ¢nd Z 2 MLg with

@

@tZ
¼ aðZÞ @

@tg
þ
X

2d

i¼3

xi
@

@xi
:

Combining these two equations gives the result. &

PROPOSITION 7.6. Let g 2 S and let c > 0. For each n 2 MLg, the function ln has a
unique minimum on H ¼ Hg;c. This point is also the unique intersection of the
Kerckhoff line of minima for n; g with H.

Proof. To show a minimum exists, it is enough to show that the restriction of ln to
H is proper. The proof of Kerckhoff [15], theorem 1.2, shows that ln þ lg is proper on
F , but lg is constant on H. The result follows. Now we show that every minimum
point of ln lies on Lg;n. Denote such a minimum point by pn. Choose disjoint curves
a2; . . . ; ad 2 S such that g ¼ a1; a2; . . . ; ad are a pants decomposition for S. We have

@

@tn
¼

X

i

@lai
@tn

@

@lai
þ
X

i

@tai
@tn

@

@tai
:

Now the tangent vectors @=@tai ; i ¼ 1; . . . ; d all lie in the tangent space to H and so
since the restriction of ln to H is minimum at pn we have

@lai
@tn

ðpnÞ ¼ & @ln
@tai

ðpnÞ ¼ 0; i ¼ 1; . . . ; d:

Therefore at pn,

@

@tn
¼

X

i

@tai
@tn

@

@tai
:

Since @=@tai is in the tangent space TpðHÞ for all i > 1, so is @=@tn. Thus by
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Proposition 7.5, there exist a; b 2 R such that at pn,

@

@tn
¼ a

@

@tg
þ b

@

@tZ
ð2Þ

for some Z 2 MLðSgÞ. We claim that b ¼ 0. Choose any x 2 MLðSgÞ. Since
@=@tx 2 TpðHgÞ and since pn is the minimum of ln, we have @lx=@tn ¼
&ð@ln=@txÞ ¼ 0. On the other hand, from Equation (2) we ¢nd

@lx
@tn

¼ a
@lx
@tg

þ b
@lx
@tZ

at pn. Since @lx=@tg ¼ 0 we conclude that bð@lx=@tZÞ ¼ 0 for all x 2 MLðSgÞ. Without
loss of generality, we may suppose that b ¼ 1.

As in the proof of Proposition 7.5, write

@

@tx
¼ aðxÞ @

@tg
þ
X

2d

i¼3

aiðxÞ
@

@xi
:

Since Z 2 MLg, we have @lZ=@tg ¼ 0 and so

X

2d

i¼3

aiðxÞ
@lZ
@xi

¼ 0:

From the proof of Proposition 7.5, this forces @lZ=@xi ¼ 0; i ¼ 3; . . . ; 2d which gives

dlZ ¼ @lZ
@lg

dlg þ @lZ
@tg

dtg þ
X

i

@lZ
@xi

dxi ¼
@lZ
@lg

dlg

at p, in other words, dlZ ¼ kdlg for some k 2 R. Now by Proposition 4.5 again, the
map ML ! T+

p ðF Þ; z 7! dlz is a homeomorphism which clearly commutes with
multiplication by positive scalars. Thus if k > 0 we have Z ¼ kg which is certainly
not the case. If k < 0 then Z & kg 2 ML and dðZ & kgÞ ¼ 0, which forces
Z ¼ kg ¼ 0. Thus Z ¼ 0 as claimed.

It follows immediately from Corollary 4.8 that a < 0 and that ln & alg has its global
minimum at pn. To conclude the proof, note that it is obvious that any intersection of
the Kerckhoff line of minima Lg;n with H is also a global minimum for ln on H.
Suppose that ln had minima at points p; p0 2 H. By the above argument, there exist
k; k0 > 0 so that ln þ klg; ln þ k0lg have their unique global minimum at p; p0

respectively. Since lgðpÞ ¼ lgðp0Þ we deduce immediately that lnðpÞ < lnðp0Þ and vice
versa, which is impossible. &

Proof of Theorem 7.2. To complete the proof, we have only to show that the map
PMLg ! H; ½n% ! pjð½n%Þ is continuous and surjective. Surjectivity is clear from
Theorem 4.4. De¢ne the map ½n% ! kð½n%Þ by the condition that lg þ kð½n%Þljð½n%Þ has
its unique minimum at pn 2 H. This map is continuous because its graph is the closed
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set F&1
g ðHÞ, where Fg: PMLg * ð0;1Þ ! QF is Kerckhoff’s map as in Theorem 4.4.

Continuity of ½n% ! Fgð½n%; kð½n%ÞÞ ¼ pn follows. &

At the other extreme, one is interested in which pleating planes can meet the
shearing plane E ¼ EA;c. Now E is a d-dimensional submanifold of F , but there
is in addition a d & 1-dimensional choice of weighting for the bending angles along
ai. As we shall see, this allows us to map injectively onto a domain in PML. As
usual, let A be a ¢xed pants decomposition of S and as in Section 5, let Q denote
the positive cone fðs1; . . . ; sdÞ: si X 0; i ¼ 1; . . . ; d;

P

i si ¼ 1g in Rd . For s 2 Q,
denote by ms the lamination

P

i siai and let QðAÞ ¼ fms: s 2 Qg. As above, let
MLA denote the set of laminations n 2 ML such that n and m ¢ll up S for some,
and hence any, choice of m in the interior of QðAÞ. Let p 2 E and let s 2 Q. By
Kerckhoff’s Theorem 4.4, there exist a unique k 2 ð0;1Þ and ½n% 2 PML such that
ms; n ¢ll up S and such that lms þ kljðnÞ has its global minimum at p. De¢ne a
map C: E * Q ! PML by ðp; sÞ 7! ½n%.

The point of studying the map C is the following. By Theorem 5.1, the closure of
the pleating variety Pn;A meets E at p only if p is on the line of minima Ln;ms for
some s 2 Q. In other words, the possible pleating laminations which can occur
as we bend along geodesics ai with ¢xed lengths ci but varying ratios of the bending
angles must be contained in the range of the map C. Assuming our Conjecture 6.5,
the range of the map C exactly describes the projective classes of pleating
laminations which can occur.

THEOREM 7.7. The map C: E * Q ! PML is a homeomorphism onto its image.
We begin the proof with:

PROPOSITION 7.8. The map C: E * Q ! PML is a continuous injection.
Proof. We ¢rst show that C is injective. So suppose that Cðp; sÞ ¼ Cðp0; s0Þ ¼ ½n%.

Thus there exists k 2 ð0;1Þ such that lms þ kljðnÞ has its unique global minimum
on F at p 2 E and so lms þ kljðnÞðpÞ < lms þ kljðnÞðp0Þ. Observing that lms is constant
on E, we deduce immediately that ljðnÞðpÞ < ljðnÞðp0Þ. Interchanging p0 with p gives
an impossibility unless p0 ¼ p. Now suppose that both lms þ kljðnÞ and lms0 þ k0ljðnÞ have
their global minima at p. From Proposition 4.6, we have

@

@tn
¼ & 1

k
@

@tms
¼ & 1

k0
@

@tms0
:

Since the vectors @=@tai ; i ¼ 1; . . . ; d are independent, this forces k ¼ k0 and s ¼ s0.
To show continuity we use a variant of the argument in Kerckhoff [15], theorem

2.1, part II. Assume that ðpn; snÞ ! ðp0; s0Þ in E * Q and let ½nn% ¼ Cðpn; snÞ. By
de¢nition, there exist un ¼ kn=1 þ kn 2 ð0; 1Þ such that ð1 & unÞlmsn þ unljð½nn%Þ has its
global minimum at pn. At the minimum, ð1 & unÞdlmsn þ undljð½nn%Þ ¼ 0.

Passing to a subsequence, we may assume un ! u0 in ½0; 1% and ½nn% ! ½n0% in PML.
As proved by Kerckhoff, [14], corollary 2.2, the function which takes n 2 ML to ln is
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continuous with respect to the C1 topology on compact subsets of F . Hence,
ð1 & u0Þdlms0 þ u0dljð½n0%Þ ¼ 0 at p0. Following Kerckhoff, since dljð½n0%Þ 6¼ 0 and
dlms0 6¼ 0, we must have that u0 6¼ 0; 1. We conclude that ð1 & u0Þlms0 þ u0ljð½n0%Þ has
a critical point at p0. By Theorem 4.1, p0 must be a global minimum, which shows
that Cðp0; s0Þ ¼ ½n0% as required. &

We deduce from the above proposition that the restriction of C to the interior
E * IntQ is a continuous injection between spaces of the same dimension, and hence
a homeomorphism by invariance of domain. However to prove that C extends to a
homeomorphism on the boundary E * @Q requires some more work. The proof uses
the action on E of the group G generated by Dehn twists about the curves ai, which
clearly map E to itself. Let twi be the left Dehn twist about ai. Clearly, G is the free
abelian group on generators ftwigdi¼1. The shearing plane E is parametrised by
the twist coordinates tai ; i ¼ 1; . . . ; d. Clearly tjðtwiðpÞÞ ¼ tjðpÞ if i 6¼ j and
tiðtwiðpÞÞ ¼ tiðpÞ & ci, where ci ¼ lai which by de¢nition is constant on E. From this
it is clear that D ¼ fp 2 E: 0W tiðpÞW ci; i ¼ 1; . . . ; dg is a fundamental domain
for the action of G on E.

Since G is contained in the mapping class group of S, it induces an action both on
p1ðSÞ and onF . More generally, any quasiconformal homeomorphism f of S induces
a homeomorphism f + of F and an automorphism f+ of p1ðSÞ, (see for example [18]).
By linearity and continuity, the action of f+ extends to all laminations n 2 ML.
In particular, it is clear that G ¢xes every point ms 2 MLðAÞ.

Recall from Section 2.1 that a point p 2 F is a pair ðr;fÞ where r is a represen-
tation r: p1ðSÞ ! PSLð2;RÞ of p1ðSÞ as a Fuchsian group and f is a quasi-conformal
homeomorphism f of ĈC which conjugates the representations rðpÞ and rðp0Þ for
some ¢xed base point p0. The maps f + and f+ are connected, see [18], page 15,
by the relation that f +ðr;fÞ is conjugate in PSLð2;RÞ to the representation
g 7! r , ðf+Þ&1ðgÞ.

LEMMA 7.9. The map C is equivariant with respect to the action of G on E; more
precisely,

Cðg+ðpÞ; sÞ ¼ g+ðCðp; sÞÞ

for all g 2 G; p 2 E; s 2 Q.
Proof. Let f be a quasiconformal homeomorphism of S. Using the above

relation between f + and f+ we see that TrðgÞðf +ðr;fÞÞ ¼ Trðr , ðf+Þ&1ðgÞÞ ¼
Trððf+Þ&1ðgÞÞðr;fÞ and, hence, that lgðpÞ ¼ lðf+Þ&1ðgÞððf +Þ&1ðpÞÞ for all g 2 S. By linearity
and continuity, the same relation extends to all laminations n 2 ML.

Now let g 2 G; p 2 E; s 2 Q and set Cðg+ðpÞ; sÞ ¼ n. By de¢nition, there exists a
unique k ¼ kðp; sÞ 2 ð0;1Þ such that lms þ kln has its global minimum at p. By
the above, lnðg+ðpÞÞ ¼ lg+ðnÞðpÞ while lms ðg+pÞ ¼ lg+ðmsÞðpÞ ¼ lmsðpÞ. Thus lms þ klg+ðnÞ
has its global minimum at g+ðpÞ. It follows that Cðg+ðpÞ; sÞ ¼ g+ðnÞ as claimed. &
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There is also a simple expression for the action of G on ML, in terms of the Dehn
Thurston twist coordinates for ML. These coordinates are the analogue for curves
of the Fenchel Nielsen coordinates for F and are described for example in [21] sec-
tion 1.2. As usual, they are de¢ned relative to a ¢xed pants decomposition A of
S. Suppose that g 2 S. The coordinates ðpiðgÞ; qiðgÞÞ take values in R * ðRþ [ 0Þ
for i ¼ 1; . . . ; d. For each i, qiðgÞ is just the intersection number iðg; aiÞ. We shall
not need the precise details of the de¢nition of the twist coordinate piðgÞ. Roughly,
let Ai be a closed annulus with core curve ai and mark Ai with a ¢xed simple
arc Zi between the two boundaries. The surface S & [Ai is a disjoint union of pants
Pj. Homotop g in such a way that g cuts the closure of each pair of pants Pj in
the standard way as shown in [21], ¢gure 1.2.2 or [6], expose¤ 6, Section III.
(Essentially this means so that there is no twisting around the boundaries @Pj.) Then
jpiðgÞj is the minimum intersection number of the arcs g \ Ai with Zi up to homotopy
rel @Ai; and the sign of piðgÞ is taken positive if the twist is in the direction of a
positive Dehn twist around Ai and negative otherwise.

The Dehn Thurston theorem, see [21], theorems 1.2.1 and 3.1.1, is that
g 7! ðp1ðgÞ; q1ðgÞ; . . . ; pdðgÞ; qdðgÞÞ extends by linearity and continuity to a hom-
eomorphism PML ! ðR * Rþ [ f0gÞd .

The action of G has a nice form in these coordinates. It is easy to see that

qiðtwiðgÞÞ ¼ qiðgÞ and piðtwiðgÞÞ ¼ piðgÞ þ qiðgÞ; ð3Þ

see [21] addendum. As usual, this formula extends by linearity and continuity to
PML.

We also note:

LEMMA 7.10. LetA ¼ fa1; . . . ; adg be a pants decomposition of S. Then n 2 MLA if
and only if qiðnÞ ¼ iðn; aiÞ > 0; i ¼ 1; . . . ; d. If qiðnÞ ¼ 0 for all i then n is equivalent to a
lamination in QðAÞ.

Proof. If n 2 MLA then by de¢nition n; ms ¢ll up S for some s 2 IntQ. Thus
iðn; aiÞ þ iðms; aiÞ > 0 for all i, and iðms; aiÞ ¼ 0. Conversely, the condition
iðn; aiÞ > 0 implies that n assigns nonzero weight to each boundary curve of each
pair of pants in the decomposition obtained by cutting S along each of the curves
ai. Using the analysis of [6], expose¤ 6, we see that in all cases the curves ai together
with arcs in the support of n decompose S into connected pieces of the required
kind. The second assertion follows because there are no laminations all of whose
leaves are disjoint from A. (Notice that from our de¢nition of ML, if
iðn; aiÞ ¼ 0 then jnj \ ai ¼ ; or ai ) jnj.) &

Now we can prove the following lemma which is needed to complete the proof of
Theorem 7.7.

LEMMA 7.11. Suppose that ðpn; snÞ 2 E * Q and that ½nn% ¼ Cðpn; snÞ ! ½n0% in PML.
Then either the sequence pn stays in a compact subset of E, or n0 2 QðAÞ.
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Proof. If g ¼ Ptwmi

i 2 G, write jgj ¼
P

i jmij. Suppose that pn exits every compact
set in E. Then there exist gn 2 G such that jgnj ! 1 and such that gnðpnÞ 2 D, where
D is the fundamental domain for the action of G de¢ned above. Passing to a
subsequence, we may assume that gnðpnÞ ! p+ and sn ! s+. Thus CðgnðpnÞ; snÞ !
Cðp+; s+Þ ¼ ½n+% say. For n 2 ML, let

ðp1ðnÞ; q1ðnÞ; . . . ; pdðnÞ; qdðnÞÞ

denote the Dehn Thurston coordinates of n, and let jnj ¼
P

i jpiðnÞj þ qiðnÞ. Let
½nn% ¼ Cðpn; snÞ. Choose on 2 gnð½nn%Þ and n+ 2 ½n+% with jonj ¼ jn+j ¼ 1. By
equivariance, we have CðgnðpnÞ; snÞ ¼ gnðCðpn; snÞÞ ¼ gnð½nn%Þ ¼ ½on% and so
on ! n+. Since ½n+% is in the range of C, we know that n+ 2 MLA and so by
Lemma 7.10, qiðn+Þ > 0. Thus qiðonÞ is bounded away from 0 for all suf¢ciently large
n.

Now let nn ¼ g&1
n on and let gn ¼ Ptw

mi
n

i . Using the formula (3) for the action of G
on the Dehn Thurston coordinates, piðnnÞ ¼ piðonÞ þ mi

nqiðonÞ while qiðnnÞ ¼
qiðonÞ. Since jgnj ¼

P

i jmi
nj ! 1, we have jnnj ! 1 and qiðnnÞ=jnnj ! 0.

Choose n0 2 ½n0% with jn0j ¼ 1. By our hypothesis nn=jnnj ! n0=jn0j so that
qiðn0=jn0jÞ ¼ 0. The result follows from Lemma 7.10. &

Finally we can complete the proof of Theorem 7.7. It remains only to check that if
½nn% ¼ Cðpn; snÞ; ½n0% ¼ Cðp0; s0Þ and if ½nn% ! ½n0% as n ! 1, then pn ! p0 and
sn ! s0. Since ½n0% ¼ Cðp0; s0Þ, we know that n0 2 MLA. It follows from
Lemma 7.11 that the sequence pn is contained in a compact subset of E. Passing
to a subsequence, we may suppose that pn ! p+ say, and also that sn ! s+. Thus
Cðp0; s0Þ ¼ ½n0% ¼ limn Cðpn; snÞ ¼ Cðp+; s+Þ so that p+ ¼ p0 and s+ ¼ s0 by injectivity
of C. The result follows. &

THEOREM 7.12. The mapC is not surjective, more precisely,CðE * QÞ is not dense
in MLA.

Proof. Consider the continuous map h: E * Q ! PRd given by hðp; sÞ ¼
½q1ðCðp; sÞÞ; . . . ; qdðCðp; sÞÞ%. Clearly, hðgðpÞ; sÞ ¼ hðp; sÞ for all g 2 G. In brief, h
induces a map from the compact space E * K=G to the noncompact space
PMLA=G and, hence, cannot be surjective.

In more detail, because of the G-invariance of h, the image of h equals the image of
its restriction to D * Q which is compact. By Lemma 7.10, we know that
qiðCðp; sÞÞ > 0 for all i and we deduce that there exists b > 0 so that qiðCðp; sÞÞ=
jCðp; sÞj > b for all i and for all ðp; sÞ 2 E * Q.

On the other hand, again by Lemma 7.10, any n 2 ML with qiðnÞ > 0 for all i is in
MLA. We can certainly ¢nd n with qiðnÞ > 0 for all i but with qiðnÞ=jnjW b for some
i, which proves the result. &

Theorem 7.3 is an immediate corollary of Theorem 7.12.
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