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3 The characters of GL(V)

All our vector spaces and linear maps are over C. If V is a vector space, let
GL(V) denote the group of bijective linear maps V — V.

A linear representation of GL(V) is a vector space W together with a ho-
momorphism GL(V) — GL(W). The dimension of such a representation is
dimW. From now on we assume that all representations mentioned are
finite-dimensional.

A representation ¢: GL(V) — GL(W) is called polynomial, respectively,
rational if for one (hence any) choice of bases of V and W, the entries of the
matrix ¢(A) are polynomials, respectively, rational functions, in the entries
of A. We say that it is homogeneous of degree m if ¢p(tA) = " $p(A) for all
teC*=C~\{0}.

Sometimes we identify GL(V') with GL(n, C) where n = dim V.

Example 26. Define ¢: GL(2,C) — GL(3,C) by

i b a? 2ab b2
¢ (c d) = |ac ad—+bc bd
2 2cd d?

You can check directly that ¢ is a group homomorphism (but you don’t learn
much if you do). The entries of the matrix on the right hand side are ho-
mogeneous polynomials of degree 2 in 4, b, ¢, d, and so ¢ is a homogeneous
polynomial representation of dimension 3 and degree 2.

Examples 27. Here are some simple examples of representations illustrating
the terms defined above. In all these examples we take A € GL(n, C).

(@). ¢(A) = A: the defining representation. This is a homogeneous poly-
nomial representation of dimension n and degree 1.

(b). $(A) = (det A)™ where m € Z. This is a rational homogeneous
representation of dimension 1 and degree mn. It is polynomial if and only if
m > 0.

(©). ¢(A) = |det A|V2. Not a rational representation and not homoge-
neous.

(d). ¢(A) = A~L. Not a representation.

(e). p(A) = (det A)™ (A~1)! where t denotes transpose. A homogeneous
rational representation of dimension n and degree mn — 1. It is polynomial
if and only if m > 1.

0. p(A) = ((1) 103"‘%“‘4‘ ). A representation that isn’t homogeneous or
rational, but it is continuous.

(8). ¢(A) = (o(a;j) where to each entry a;; of A we apply a field auto-
morphism o of C which is not the identity or complex conjugation (so o is
necessarily discontinous). This representation is not rational and not contin-
uous.

Exercise 28. Let V* be the dual of a finite-dimensional vector space V and let
(-,-): V* x V — C be the pairing. We assume that GL(V) acts on V from the
left.
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(a) Prove that there exists a GL(V)-action on V* from the left, defined by
(gx,y) = (x,g71y) for all (x,y) € V* x V, g € GL(V). Prove that it is
rational but not polynomial.

(b) Prove that there exists a GL(V)-action on V* from the right, defined
by (xg,y) = (x,gy). The concept of polynomial representation consid-
ers actions from the left only, and therefore, the question whether it is
polynomial doesn’t make sense.

Proposition 29. Let V,W be finite-dimensional complex vector spaces and
write n = dimV, d = dimW. Let ¢: GL(V) — GL(W) be a rational rep-
resentation. Then there exists a d-tuple (f1, ..., f;) of Laurent monomials in n
variables xy, . .., x, such that for all A € GL(V), if A has eigenvalues 01, . .., 0y,
then the eigenvalues of ¢(A) are fi(01,...,6,) for 1 <i < d. The f; are unique
up to reordering.

Proof For A € End(W), A € C, define ker(A — A)? to be the eigenspace of
A at A. Then W is a direct sum of the eigenspaces of A.

Fix a basis for V and let T C GL(V) denote the subgroup of diagonal ele-
ments. Let W = W; @ - - - @ W, be such that W; is T-invariant and nonzero,
and p is maximal under these conditions. We claim:

For all t € T, all eigenvalues of the restriction ¢(t)|W; are equal.  (30)

Suppose not. We may suppose it is false for i = 1 and some t € T. Let
Wi = X1 @ - - - @ X, be the decomposition of Wy into nonzero eigenspaces of
¢(t). So g > 2. Since T is abelian, X; is T-invariant. Then

w=(@x)e (@)

is a direct decomposition in p +¢4 —1 > p nonzero T-invariant subspaces.
This is a contradiction and proves (30).
Next we prove:

For all t € T and all i, the restriction ¢(¢)|W; is scalar. 3D

If not, then there exists + € T and linear independent u,v € W; for some
i such that ¢(t) preserves the span of {u, v} and its matrix with respect to

(u,v) is
o)

for some A € C. For all r € Z then, the matrix with respect to (u,v) of ¢(t")

is
1 r
r
A (0 1) |
This contradicts our assumption that ¢ is rational and thus proves (31).
We conclude that there exists a basis of W with respect to which all

elements of ¢(T) are diagonal. That is, there are functions f;: T — C*
(1 <i<d) such that

¢(diag(6y,...,0,)) = diag(fi, ..., fa)
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for all diag(64,...,6,) € T. We also know that f; is given by a rational func-
tion. It follows that it is a Laurent monomial in » indeterminates x1, ..., x;.
Let B be the set of elements A € End(V) such that the eigenvalues of
¢(A) are f;(61,...,6,) (1 <i < d). Then B contains all diagonal invertible
elements. Also, B is closed in End(V), and hence is all of End(V). O

Definition 32. In the notation of proposition 29, the character of the repre-
sentation ¢ is defined to be char¢ = f; + -+ f;. This is a symmetric
Laurent polynomial in n variables.

Example 33 (Symmetric powers). Let V be a finite-dimensional vector space.
The symmetric group Sy acts on V®k by permuting the factors. The k-th
symmetric power Sym* V is defined to be the subspace of V®* of S;-invariant
vectors.

For vq,...,v, € V we write

[Ul,...,Uk] :_ Z (2 ®vw(k) € VoK,

'wek

Then [vy,...,0,] € Sym* V.
Suppose henceforth that eq, ..., e, is a basis of V. Then

B::{[eil,---,eik]:1§i1§---§ik§n}

is a basis for Sym* V.
We define

[01,...,vk][w1,...,w£] = [01,...,vk,w1,...,wg]. (34)

It is easy to check that this is well-defined. This makes the symmetric alge-
bra SymV := @©y>9 Sym* V into a graded associative commutative algebra.
It is naturally isomorphic to the algebra of polynomials C|[ty, ..., t,] where
t1,...,t, is a basis of the dual of V.

In line with (34), we usually write vy - - - vy instead of [v1, ..., vg].

Let A € End( ) be such that Ae; = 0;¢; for some 6; € C. Then every
basis vector ¢;, - e B is an eigenvector of A with eigenvalue 0; ---0;,.
The trace of A in Syrn Vi 1s therefore the complete symmetric functlon hi(6),
and the character of Sym* V (as GL(V)-module) is hi(x1, ..., xp).

More common is to define Sym* V as a quotient of V®k rather than a
subspace. We have chosen the present construction because it fits better into
theorem 38 below.

Example 35 (Alternating powers). This is rather analogous to symmetric
powers. Let V be a finite-dimensional vector space. Then S acts on V®F,
The k-th alternating power of V is the subspace AV C V& of vectors v such
that s(v) = ¢; v for all s € S. Instead of alternating some say anti-symmetric
or skew-symmetric.

For vq,...,v, € V we write

<Z)1,..., >::E Zsew ®'--®0w(k)€V®k.
weE Sk
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Then (vy,...,v,) € AFV.
Suppose from now on that e, ..., e, is a basis of V. Then

B := {(eil,...,eik>:1§i1 <"'<ik§n}

is a basis for AFV.
We define

(01, ..., 0y AW, ..., wp) == (V1,..., 0, W1, ..., Wp).

It is easy to check that this is well-defined. This makes the alternating algebra
AV = @>0 A¥V into a graded associative algebra. It is super-commutative
in the sense that

wrv=(—1)*orw  forallo e ANV, w e AV,
We usually write v1 A - -+ Ay instead of (vy,...,vg).

Let A € End(V) be such that Ae; = 0;e; with 6; € C. Then every basis
vector e;) A -+ - Ae;, € Bis an eigenvector of A whose eigenvalue is 6;, - - - 0;,.
The trace of A in AFV is therefore the elementary symmetric function ey (0),
and the character of AKV (as GL(V)-module) is ex(x1, ..., x,).

Definition 36. Let V be a finite-dimensional vector space. Let V* be the dual
of Vand (:,-): V x V* — C the pairing. Let ¢: G — GL(V) be a linear
representation. We define C(¢) = C(V) to be the vector space of functions
G — C spanned by those of the form ¢ — (¢(g)v,v*) for some v € V,
vt e V.

If $: G — GL(n,C) is a representation then C(¢) is just the space of
functions G — C spanned by the matrix coefficients.

Theorem 37. Let G be a group. Let V1,..., V) be pairwise non-isomorphic
irreducible representations of G over an algebraically closed field. Then the
C(V;) are linearly independent.

Proof. Not on the syllabus. See theorem 27.8 in Curtis and Reiner, Repre-
sentation theory of finite groups and associative algebras. O

Theorem 38. The irreducible polynomial representations ¢* of GL(V) up to
isomorphism can be indexed by partitions A of length at most n := dim V such
that

char ¢* = sa(x1, ..., xn).

Proof Letk > 0and put U = V®*. The symmetric group Sy acts on U (from
the left) by permuting the factors.

Consider the isotypical decomposition of the Si-module U: U = @,U*,
where A ranges over some index set.

We can write U* = S* ® F* where the S* are pairwise non-isomorphic
irreducible S,-modules and F} = FA(V) is a trivial S,,-module of as yet un-
specified dimension. We can thus assume that the indexing set is precisely
the set of partitions of k and that the S* are as before (with character x*).
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Let
B={¢:U— U] (gv)¢ =g(vp) forallg € S,, v € U}.

Then U is a right B-module. The Si-action on U commutes with the B-action
on U. We have B = @, End(F") (use Schur’s lemma). Here End(F") is the
algebra of C-linear maps from F? to itself.

Clearly, B contains the image of the map GL(V) — End(V). Conversely,
we shall prove:

o The algebra B is the span of the image of the map (39)
f: End(V) — End(U).

o It is also the span of the image of the map f: GL(V) — End(U). (40)

For any finite-dimensional vector space W, the symmetric power Sym* W is
spanned by the w* := w ® - - - ® w where w runs through W. Applying this to
W = End(V) proves (39), because End(V®K) = (V*)®F @ V& = W& with
compatible Sj-actions.

As GL(V) is dense in End(V'), (40) is a consequence of (39).

Now F? is an irreducible B-module (or zero) and hence, by (40), an irre-
ducible GL(V)-module (or zero).

We have polynomial representations ¢*: GL(V) — GL(F?).

Next we compute the character of ¢p*. Let (w, A) € Sy x GL(V), and let
tr(w, A) be the trace of the action on U. As U = ©,5* ® F we find

tr(w, A) = %X)\(w) tr(¢*(A)).

Let 6 = (64,...,0y) be the eigenvalues of A. In an exercise, you will show
that tr(w, A) = p () (0). It follows that

Po(w) = %X)‘(w) char ¢
But by corollary 7.17.4 we know that
Po(w) = %XA(W) S)-
Since the x? are linearly independent, we have char ¢* = s A(x1, ., xn).
In particular, the dimension of F? is 5,(1"). So
F} =0 <= 5,(1") = 0 <= £(A) < n.

Using theorem 37, one easily proves that there are no more irreducible poly-
nomial representations up to isomorphism. (l

Exercise 41. Recall that a module is called completely reducible if it is a direct
sum of irreducible ones.

(a) Prove that a completely reducible polynomial representation of GL(V)
is determined by its character.

(b) Prove that the following are equivalent:
(1) All polynomial representations of GL(V') are completely reducible.
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(2) Every polynomial representation of GL(V) is determined by its
character.
(It can be shown that both are true; this is beyond the scope of these
notes.)
(c) (Not on the syllabus). Prove that if X,Y are completely irreducible
polynomial representations of GL(V), thensois X ® Y.

Example 42. Let V,W be vector spaces and write m = dimV, n = dim W,
G = GL(V) x GL(W). The character of a rational representation of G is
defined in a similar way to those of GL(V); it is a Laurent polynomial in
X1,...,%Xn and yq,...,y, and invariant under permutating the x; among
themselves and the y; among themselves.

We shall show that the G-modules

Sym(V @ W), @F" V) @ FA(W) (43)

have equal characters.

Let ¢ € G. Let {u;}; be the eigenvalues of g in V and {v]} those in W. In
V @ W they are {u;v,};;. The trace of g in Sym*(V ® W) is then Iy ({u; ;}ij)
by example 33. The trace of g in the symmetric algebra

Sym(V ®@ W) := P Sym"(V @ W)
k>0
is
Z he({uivjtif) = ]—[0(1 — u0;) "L
Ljz
On the other hand, the trace of ¢ in the module on the right hand side of
(43) is
%s;\(ul,...,um)s;\(vl,...,vn).

From Cauchy’s identity (7.44)
T (1= )" = Zsa(x)sa(y)

i,j>0

we conclude that the two modules of (43) have the same character.
One may show that they are even isomorphic by an argument similar to
exercise 41(c). U

Exercise 44. State and prove a result about A(V ® W), the alternating alge-
bra, analogous to the result in example 42 on Sym(V ® W).



