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FIG. 6. (Color online) Square modulus of Fourier component corresponding
to pattern wavelength as a function of Reynolds number.

However, a quartic polynomial does not provide a good fit
for the patterned flows, as exemplified by the curve for Re
=350. Weighting the points by their probability changes the
fit, but does not improve it. Figure 8 shows the coefficients
of the fit (6) as a function of Re. The coefficients change
very little for Re=500 and within the range 350=Re
=370. The coefficients change dramatically within 410
=Re=430: ¢, decreases to near zero and ¢ and ¢, exchange
signs. The most probable value a,,,, is difficult to determine
at intermediate values because p(a) is flat and contains noise.
Therefore, we take a,,, to be the maximum value of the
quartic function (6), or 0 if |c,|<0.1, i.e.,

FIG. 7. (Color online) Logarithm In p(a) for the modulus a of the first
Fourier component, for a uniformly turbulent flow at Re=500, an intermit-
tent flow at Re=410, and a turbulent-laminar patterned flow at Re=350. The
most probable value is a=0 for uniform turbulence but has a finite value for
a patterned flow. Points are obtained by Fourier transforming and binning
the data in Fig. 5. Curves are fits to quartic functions.
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FIG. 8. (Color online) Top: fitting coefficients for quartic functional form
(6). Quartic coefficient ¢, becomes negligible for Re =430, coefficients c,
¢, change sign near this value as well. Bottom: most probable value of a is
zero for Re=430.

0 if |cy| <0.1
amax = . (7)
—cy/2¢, otherwise.

Any of these—the amplitude of a,,,, or c, or the sign of ¢,
c,—can be used as an order parameter for the existence of a
turbulent-laminar banded pattern.

V. OTHER DOMAINS

Although we have primarily studied the case 6=24°, we
have also studied other angles. A summary of our survey in
Re and @ is given in Fig. 9. Figure 10 shows stationary
patterned states, some periodic and some localized, with ex-
tremal angles and wavelengths at Re=350. By fixing #=24°

400
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350

300

FIG. 9. (Color online) Survey of turbulent-laminar patterned regimes in our
computations of plane Couette flow as a function of imposed angle 6 and
Reynolds number Re. Uniform turbulence (solid squares, red), intermittent
(green, crosses in squares), turbulent-laminar patterns with wavelength of 40
(blue, crosses) or 60 (light blue, dots), localized states (stars, purple), lami-
nar Couette flow (hollow squares, yellow). Numbers show wavelengths
found in experiments (Ref. 3) at appropriate values of 6 and Re.
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FIG. 10. (Color online) Extremal turbulent-laminar banded patterns at Re
=350. Top row: §=24° with N=35 (left) and N=65 (right). Bottom row: 6
=15° and 6=66°.

and L,, and varying L,, we produced turbulent-banded pat-
terns with wavelengths between 35 and 65. By fixing L,
=120 and varying 6 and L, according to L,=4/sin 6, we
were able to produce patterns at angles between 15° and 66°.
(The pattern at 66° is a localized state.) We expect most of
these states to be unstable in a less restricted domain.
Figures 11 and 12 show simulations at the extremal
angles of 0° and 90°, i.e., in more classic rectangular do-
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FIG. 11. (Color online) Evolution in a domain with streamwise extent L,
=10 and spanwise extent L,=120. Timeseries taken at points along long
spanwise direction indicated by red line. Turbulent regions subsist far below
Re=300.
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FIG. 12. (Color online) Evolution in a domain with streamwise extent of
120 and spanwise extent of 4. Timeseries taken at points along long stream-
wise direction indicated by red line. Turbulence disappears throughout the
domain for Re=385.

mains aligned with the streamwise and spanwise directions.
At 6=0°, the spanwise extent is L, =120 and we have fixed
the streamwise extent to L,=10. We see that turbulent
patches subsist down to Re=220, far lower than in the 6
=24° case. This is not a well-defined threshold; when simu-
lations are continued at fixed intermediate Reynolds numbers
from the intermediate fields in Fig. 11, turbulence persists in
some cases and not in others. The Reynolds-number-
behavior of the threshold for turbulence is statistical and
strongly dependent on the initial condition and the
procedure.30’31 It is also extremely dependent on the dimen-
sions of the domain. In computations of plane Couette flow
in a domain similar to that in Fig. 11, Duguet17 also finds
growth of turbulent patches at Reynolds numbers below 300,
and suggests that this behavior is a manifestation of the un-
stable states located on homoclinic snaking branches com-
puted by Schneider et al*? In contrast, for #=90°, i.e., in a
domain with a long streamwise extent of 120 and short span-
wise length of 4, the flow becomes laminar throughout when
Re =385 without passing through any intermediate pattern.

VI. MEAN FLOW OF A PERIODIC TURBULENT-
LAMINAR PATTERN

We now analyze in detail the mean flow corresponding
to a well-established turbulent-laminar pattern at parameter
values Re=350, #=24°, and L,=40 using the data from the
timeseries shown in Fig. 5 between r=6000 and t=8000. In
this section, we calculate the time-average of the velocity
field over the entire domain, rather than just the spanwise
velocity at sampled points across a line at the midplane. This
time-averaged velocity varies little in x, the direction parallel
to the turbulent bands; it is therefore meaningful to average
over x as well, defining

to+T

(w)(y,2) = —

LX
L dth:O dxu(x,y,z,1). (8)

1=ty
The distinctive features of {(u)=((u),(v),(w)) are best
viewed by subtracting from it the basic Couette profile (1)
and by expressing the flow in the (y,z) plane via a stream-
function, since d,(v)+d (w)=0,
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FIG. 13. (Color online) U(y,z): transverse component of mean flow. W(y,z): streamfunction of in-plane mean flow. A long cell extends from one laminar-
turbulent boundary to the other. Gradients of W are much larger in y than in z, i.e., [W|>|V|. In the laminar region at the center, W,V=0. E,(y,z): mean
turbulent kinetic energy (@-@)/2. There is a phase difference of \./4=10 between extrema of E,,, and U. P(y,z): mean pressure field. Pressure gradients are
primarily in the y direction and within the turbulent region. Color ranges for each field from blue to red: U [—0.4, 0.4], ¥ [0, 0.09], E,, [0, 0.4], P [0, 0.007].

(W) =Ugy, + Ue, +V X e,. 9)

Figure 13 shows U and ¢ in the (y,z) plane as well as the
turbulent kinetic energy (@i-1i/2) and the mean pressure (p).
The fields in Fig. 13 all display centro-symmetry,

U(-y,—2)=U(y,2), (10)

where z=0 is defined to be at the center of the turbulent
region. As was demonstrated in Secs. III and IV, the z depen-
dence is extremely well approximated by a single Fourier
mode. This leads to representations of the form

U(y,z) = Uy(y) + U (y)cos(2mz/\) + U (y)sin(2mz/\),
(11)

involving only three scalar functions U, U,, and U,, where
Uy, U, are odd in y and Uj is even.

A view of (u) in two streamwise-spanwise planes at y
==*0.725 is shown in Fig. 14. Computations of the mean
flow and turbulent kinetic energy for turbulent-laminar
banded patterns are presented by Tsukahara et al.*! for plane
Poiseuille flow and by Dongzz’23 for Taylor—Couette flow.

The field (u) obeys the (x,r)-averaged Navier-Stokes
equations whose x component is

0= () V)~ (@ D) + ==V,
—_— (&}

nonlinear term turbulent forcing

—
viscous term (12)

where @=u—(u). Figure 15 shows the x components of
these forces as a function of z at y=0.725. In the laminar
regions, the turbulent forcing term is absent. The nonlinear
and viscous terms necessarily counterbalance one another;
neither one is zero, as would be the case for Uc,,. Thus, it is
clear that, even in the laminar region, (u) # Uc,,.

The balance in the laminar region provides a basis for a
quantitative relation between 6, Re, and N. Because the
wavenumber A=40 is long relative to L,=2, the Laplacian is
dominated by variation in y, as in boundary layer theory, and
the viscous term is very well approximated by

1 s
—V2=O<—>. (13)
Re

The nonlinear term is dominated by advection in the z direc-
tion by Uc,,. Evaluating it at a typical value y=1/2, we
obtain as an estimate for the nonlinear term

2
((u)- V) =e, - Ugy,d. = sin 0yT7Tzsin 0%. (14)

A more complete justiﬁcation13 of Egs. (13) and (14) relies
on the full computed fields and the functional form (11). The
balance between Egs. (13) and (14) leads to
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FIG. 14. Mean velocity components seen in three planes with standard
orientation for Couette flow. The turbulent regions are shaded. Top: velocity
components in the streamwise-spanwise plane at y=0.725 (upper part of the
channel). Middle: same except y=—0.725 (lower part of the channel). Bot-
tom: flow in a constant spanwise cut. The mean velocity is shown in the
enlarged region.
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viscous term |

Forces

FIG. 15. (Color online) Mean forces in x direction as a function of z at
y=0.725 for turbulent-laminar pattern at Re=350. Advective —(U-V)U
(blue, solid), viscous V>U/Re (red, dashed), and turbulent —((@i- V)i (black,
short-dashed) forces. In the laminar region (z=0), the Reynolds-stress force
vanishes and the viscous and advective forces are equal and opposite to one
another.

Re sin 6

——=0(). (15)

Equation (15) gives an order-of-magnitude relationship
between Re, 6, and A, as seen in Fig. 16, which includes
experimental and numerical observations of plane Couette,
Taylor—Couette, plane Poiseuille, and rotor-stator flow. A
uniform definition of Reynolds numbers, angles, and wave-
lengths for these various flows is based on the average
shear.>"® For the numerical observations, the angles and
wavelengths are highly constrained except in the case of Du-
guet et al. 16

O ‘ I ‘ L1 1 | ‘ L1 1 | ‘ L1 1 | ‘ 1

300 350 400
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FIG. 16. (Color online) Re sin 6/(w\) for turbulent-laminar patterns in
experiment and computations in various wall-bounded shear flows. Experi-
mental measurements by Prigent er al. (Ref. 3) of plane Couette flow (full
black circles) and Taylor-Couette flow (red crosses). Experimental measure-
ments of rotor-stator flow by Cros and Le Gal (Ref. 10) (full blue triangles).
Simulations of plane Poiseuille flow by Tsukahara er al. (Refs. 20 and 21)
(full blue square). Simulations of Taylor—Couette flow by Meseguer et al.
(Ref. 24) (hollow magenta pentagons) and by Dong (Refs. 22 and 23) (hol-
low magenta squares). Simulations of plane Couette flow by Duguet (Ref.
16) (hollow green circles), by Philips and Manneville (Ref. 19) (hollow
magenta squares), and by Barkley and Tuckerman (Ref. 13) (black crosses).
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Vil. CONCLUSION

Turbulent-laminar patterns are a fascinating feature of
many wall-bounded shear flows near transition. We have car-
ried out detailed studies of turbulent-laminar patterns in-
plane Couette flow. Our main findings are as follows. First,
turbulent-laminar banded patterns can be further divided into
different regimes—intermittent, periodic, or localized. Sec-
ond, the Fourier component corresponding to the pattern
wavevector (the direction we have called z) leads to the ap-
propriate order parameter for describing such patterns. The
transition from uniform turbulence to a turbulent-laminar
pattern is described by a bifurcation in its probability distri-
bution function. Third, the mean flow associated with a pe-
riodic turbulent-laminar pattern consists primarily of flow
along the turbulent-laminar boundaries (the direction we
have called x), maintained by a weaker circulation around
the turbulent regions. The mean balance of forces determines
the relation between the angle, wavelength, and Reynolds
number of the patterns.

It seems plausible that studies of such patterns will lead
to insights concerning the cause or nature of the fundamental
problem of transition to turbulence. But even in the absence
of such results, turbulent-laminar patterns are a perplexing
and exotic object of study in their own right.
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