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FIGURE 9. Superposition of the critical Floquet mode on the von Karman vortex street. The grey 
tubes are isocontours of spanwise vorticity magnitude, 15, +&I. The critical Floquet mode gives rise 
to a spanwise-periodic deformation of the primary von Karman vortices. Linking these vortices are 
thin regions of positive (red) and negative (blue) streamwise vorticity, l\-. The inset shows a view of 
the same structure from above. Data for this figure were taken from image ( a )  of figure 10. 
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each von Karman vortex, but that the downstream component is slightly stronger. To 
the extent that the flow after transition is well-approximated by our superposition, 
this means that vortex lines associated with each von Karman vortex will be displaced 
primarily in the downstream direction. 

Finally, we note that the critical Floquet mode has the spatio-temporal symmetry 

ii(x-,y,~, t )  = ii(x, - y , z ,  t + T/2 ) ,  
C(X, y ,  Z, t )  = -C(X, -y, Z ,  t + T/2), 
$(x, y ,  Z, t )  = S(X, -y, Z,  t + T/2). 

( 3 . 3 )  

This is the same symmetry present in the two-dimensional wake (with w = 0) at these 
values of the Reynolds number. This can be seen in figure 10 where image ( e )  is 
simply a y-reflection of image (a). Thus, the only symmetry broken at the bifurcation 
point Re? is translational symmetry along the axis of the cylinder. 

We now consider briefly the critical Floquet mode associated with the short- 
spanwise-wavelength instability originating at the critical point Re;. For reasons 
given in 54.2, this mode is unstable at onset and so we do not describe it in the 
same detail as the long-wavelength mode just considered. Instead we focus just on 
the differences between the two modes. Although the vorticity of the critical mode at 
Re; has the same general dipole form as the critical mode at Rez, there are important 
differences in the structure and spatio-temporal symmetries of the two modes. In the 
next section we also discuss how these differences relate to the physical instability 
mechanisms described by Williamson ( 19964, but here we limit ourselves to what 
may be observed directly from the linear stability calculations. 

Figure 11 shows a qualitative comparison of the two modes with the largest linear 
growth rate within each unstable wavelength band at Re = 259. The mode in 
figure 1 l(a) is the (unstable) long-wavelength mode corresponding to a maximum 
in the multiplier spectrum at A = 3.28d. This mode is a good representative of all 
modes within the long wavelength band. Figure l l (b )  shows the critical mode at 
Re;, which has a spanwise wavelength of A; = 0.82d. At this Reynolds number the 
high-wavenumber peak in the multiplier spectrum is almost an exact fourth harmonic 
of the low-wavenumber peak; this is not true at other values of the Reynolds number. 
Figure 11 allows us to compare, in broad terms, the character of the two instabilities. 

One important difference between the two modes is clearly seen in the figure. The 
magnitude of the long-wavelength mode is peaked around the core of the von Karman 
vortices, just as is the spanwise vorticity dipole shown in figure 10. In contrast, the 
short-wavelength mode is much more concentrated in the ‘braid regions connecting 
the von Khrman vortices. This general structure for the short-wavelength mode is 
consistent with what Williamson (1988) refers to as ‘Mode B’ vortex shedding. 

The second important difference between the two modes cannot be seen in figure 11. 
As previously stated, the long-wavelength Floquet mode at the critical point Re2 obeys 
the symmetry in (3 .3) .  This is true for all the modes on the long-wavelength (short- 
wavenumber) branch. The critical mode at Re; corresponds to a different type of 
symmetry breaking. It obeys the spatio-temporal symmetry 

(3.4) 

All modes on the short-wavelength 

i i i ( x , y , z , t )  = ii(x,-y,z + A;/2,t + T/2), 

G(x,y,z,  t )  = E ( X ,  - V , Z  + n;/2, t + T / 2 ) .  
a(x, y ,  Z ,  t )  = --t7(x, -y, z + 4 / 2 ,  t + T/2 ) ,  

This is also a symmetry of the base flow. 
(high-wavenumber) branch have this symmetry. 
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FIGURE 11. Qualitative comparison of the structure of the most unstable long- and short-wavelength 
modes at  Re; 'v 259. Contours of lii are shown for the Floquet modes with spanwise wavelength 
( a )  1 = 3.28d and ( b )  1 = 1; = 0.82d. Although the base flow vorticity is not shown, (a) is largely 
concentrated in the spanwise vortex cores while ( b )  is stronger in the braid regions connecting the 
vortex cores. 
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4. Discussion 
While linear theory is limited in how far it may be applied beyond the onset 

of an instability, it nevertheless provides invaluable information for understanding 
and interpreting observations from physical experiments. Quantities such as critical 
parameter values (e.g. Reynolds number and wavelength) can be compared directly 
with experimental observations, and the most dangerous linear modes often capture 
the essential structure of the flow observed in the nonlinear physical system. In the 
present case, we find an excellent correspondence between the predictions of our 
linear stability calculations and recent experimental work over a fairly wide range 
of Reynolds number above Rez.  Although precise quantitative comparison with 
experiment is difficult for reasons we outline below, the calculations and experiments 
together present a consistent picture of secondary instability in the wake. 

4.1. Critical Reynolds number 
From our linear stability analysis we determined the critical Reynolds number for 
the secondary instability of the two-dimensional von Karman vortex street to be 
Re2 = 188.5 & 1.0. By definition, this is the minimum value of the Reynolds number 
such that the Floquet spectrum includes a neutrally stable mode (1pl = 1) with a 
non-zero wavenumber. If perturbed by an infinitesimal amount, this mode neither 
grows nor decays. A direct comparison with experimental estimates of the critical 
Reynolds number is complicated by important factors that require some elaboration. 

Most important is the degree to which a flow created in the laboratory approximates 
the ideal conditions of flow past an infinitely long cylinder. It has been found that 
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the experimental techniques used to control end effects have an important influence 
on the wake dynamics even for seemingly large-aspect-ratio systems. Miller & 
Williamson ( 1994) and Williamson ( 199621) suggest that contamination from end 
effects is responsible for the large scatter in values of the critical Reynolds number 
observed in previous experimental work (140 to 190). In comparing with experiment, 
it is appropriate to consider only studies where end effects are well-controlled and the 
wake remains relatively ‘clean’ up to the point of transition. 

The second complication is related to the nonlinear form of the bifurcation. In 
a separate publication (Henderson & Barkley 1996), we show that the secondary 
instability is weakly subcritical: there is a small range of bistability between the two- 
dimensional flow and the three-dimensional flow bifurcating from Rez. This bistability 
results in a hysteresis during the transition between the two states near. Rez, depending 
on whether the control parameter (Re) is increased or decreased. Hysteresis is shown 
clearly in the experimental data of Williamson (1988) and Leweke & Provansal(l995). 
Strictly speaking, the critical point is physically unreachable because it is absolutely 
unstable to finite-amplitude perturbations. Even low-amplitude disturbances, always 
present in experiments, can trigger three-dimensional transition at Re < Re2 and 
produce an apparent scatter in the critical Reynolds number that corresponds to the 
onset of the linear instability. Although this hysteresis effect is much more delicate 
than potentially large-scale effects due to end conditions, it is a consideration in 
interpreting experimental results for Reynolds numbers in the range 180 to 190. 

Another consideration in comparing experiments to our linear stability calculations 
is the technique commonly used to estimate the ‘critical’ Reynolds number in exper- 
iments. The appearance of three-dimensionality in the physical wake is associated 
with a significant drop in shedding frequency (see figure 1). The point where this 
drop occurs is generally reported as the critical or, more appropriately, the transition 
Reynolds number. However, at the secondary instability the leading Floquet multi- 
plier is real and positive and as a result no new temporal frequency is introduced. 
Based on our computations, we conclude that this is not a linear effect of the insta- 
bility, but is brought about by strongly nonlinear phenomena observed at Re 2: Re2 
and above. These include, most notably, the occurrence of ‘vortex dislocations’ in 
the near wake as discussed by Williamson (1992). Other complex changes in the 
Strouhal-Reynolds number relationship are discussed by Leweke & Provansal ( 1995), 
Zhang et al. (1995), and particularly in the context of the critical Reynolds number 
by Williamson ( 1996~) .  

With these points in mind, we note the following recent experimental estimates of 
Rez. In an investigation of oblique and parallel vortex shedding with low turbulence 
levels and careful control of end effects, Williamson (1989) finds the onset of three- 
dimensionality in the wake at Re = 180. In more recent work, Miller & Williamson 
(1994) use ‘end suction’ to control spanwise contamination due to end effects and 
extend the ‘laminar’ shedding regime to Re m 194. Leweke & Provansal (1995) report 
measurements for the wake of a ring, which for large aspect ratios behaves much like 
a straight cylinder but without end effects. For such configurations they find a drop 
in shedding frequency at Re m 185, and report an upper stability limit for laminar 
periodic shedding that never exceeds Re = 190 for a variety of ring aspect ratios. In 
spite of the difficulties outlined above, we feel these results are in excellent agreement 
with the critical Reynolds number of Re2 2: 188.5 determined from our linear stability 
calculations. 

We wish to re-emphasize that, owing to the various effects elaborated above, one 
cannot precisely determine the critical point Re1 of the linear instability either by 
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observing the onset of three-dimensionality in flow visualization or by measuring 
changes in the shedding frequency. To estimate the critical point accurately, one 
should instead measure the decay rate of disturbances at parameter values prior to 
the onset of the instability and extrapolate to find the parameter value corresponding 
to zero decay rate (see e.g. Schatz et al. 1995). In effect, this is the procedure for 
measuring eigenvalues (decay rates) in the physical system and is analogous to the 
numerical method for analysing the leading behaviour in the eigenvalue problem. 

Finally we note that Noack & Eckelmann (1994a.b) find Rez 2: 170 from a numerical 
Floquet stability analysis. While this value is about 10% below the actual value, they 
are able to compute this result by examining the stability of a low-dimensional 
dynamical system obtained by Galerkin projection of an analytical basis composed 
of relatively few (order 10‘) spatial modes. In comparison, our calculations involve 
order lo4 spatial degrees of freedom. Zhang et al .  (1995), in both finite difference 
calculations and experiments in a water tunnel, are able to induce (using a small wire 
in the near wake) a three-dimensional flow at Re  = 170 with a wavelength similar 
to that found in the low-dimensional model. They suggest that somehow the low 
resolution of the model indicates the instability of this particular mode. Based on our 
findings, we can only say that such a mode would be stable in the natural wake. 

4.2. Spatial structure of the three-dimensional $ow 

Williamson ( 1988) identifies two modes of three-dimensional vortex shedding after 
transition, characterized by the streamwise vorticity inferred from laser-induced fluo- 
rescent dye visualization : a relatively long-wavelength, regular pattern (‘Mode A’) for 
Reynolds numbers in the range 180 < Re < 230, and a finer-scale, irregular pattern 
(‘Mode B’) that emerges for Re  between 230 and 260; above Re = 260 the finer-scale 
mode appears to dominate. The development of each mode is associated with a 
distinct change in measurable quantities such as the shedding frequency, discussed 
above, and the base pressure coefficient (see figure 4) .  Leweke & Provansal (1995) 
note additional changes in measured spanwise correlations at Re  = 180 and Re = 260. 
The value of Reynolds number where these changes occur is naturally associated with 
the two critical points, Rez and Re;, of the neutral stability curves shown in figure 8. 
The neutral stability curves also provide a framework for discussing the development 
of the three-dimensional flow above the onset of the secondary instability and are 
reproduced in figure 12, along with experimental wavelength measurements over the 
same range of Reynolds number. 

A qualitative comparison is possible between the three-dimensional structure of 
the flow that bifurcates from Re1 and ‘Mode A’ observed in experiments. As stated 
above, the secondary instability is only weakly subcritical. Therefore, the linear 
approximation obtained by superimposing the base flow and critical Floquet mode is 
reasonably faithful to the saturated nonlinear state. Of course, this approximation will 
be best for Re  = Rez and at short times during the transition process. Experimental 
results presented by Williamson (1992, figure 2 )  represent the ideal case for comparison 
- images taken from water towing-tank runs near the critical point Re2 just as three- 
dimensionality first appears. Indeed, the flow obtained in this way exhibits the same 
spatial structure as the critical Floquet mode presented in figure 9. 

A more quantitative comparison between the shedding modes and our stability 
computations can be made in terms of the spanwise wavelengths observed in ex- 
periments. Since most experimental observations are made under steady operating 
conditions, these wavelengths reflect the final three-dimensional state after transition 
and not the instability itself. Again, the best comparison between our calculations 
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FIGURE 12. Comparison of the regions containing linearly unstable modes with the dominant 
spanwise wavelength observed in experiments: 0, Wu et al. (1994); A, Mansy et al.  (1994); 0, 
Williamson (1996~) ;  0, critical points from our linear stability calculations. The solid line gives an 
indication of the wavelength with the largest linear growth rate up to Re = 280. With the exception 
of Williamson (1996a), these measurements are taken in the near wake under steady operating 
conditions and do not correspond to the onset of the instability. 

and experiments near the critical point Re2 can be made in cases where three- 
dimensionality first starts to appear. Wavelengths measured this way by Williamson 
(1996~) fall close to the most unstable modes shown in figure 12, quoted as A = 4.01 
diameters at Re = 192, in excellent agreement with our computations. It would 
seem that linear stability theory gives a rather complete description of the bifurcation 
corresponding to ‘Mode A’ in the wake. 

Comparison in the case of ‘Mode B’ is more problematic. The critical Floquet 
mode at Re’, is localized to the near wake, decaying quickly to zero beyond x 2: 6 
diameters. Near the cylinder, a linear superposition of this mode and the two-. 
dimensional wake does resemble ‘Mode B’, both in terms of qualitative structure 
and the symmetry of streamwise vorticity reported by Williamson (1996b). Still, a 
detailed comparison between experiments and linear stability calculations in this case 
is questionable for the following reason. The three-dimensional flow that bifurcates 
from the two-dimensional wake at Re’, is necessarily unstable whether the bifurcation 
is subcritical or supercritical. This is because the two-dimensional wake is already 
unstable to ‘Mode A’ at this Reynolds number and the three-dimensional branch 
that bifurcates inherits this instability. Any bifurcation from Re‘, will not reach 
an equilibrium consisting purely of ‘Mode 3 because it is also unstable to longer- 
wavelength perturbations. Even if ‘Mode B’ is dominant, the physical wake could 
consist of some mix of modes from both unstable regions over the range of Reynolds 
numbers contained in figure 12. 

Clearly the flow arising from the bifurcation to ‘Mode B’ involves nonlinear 
interactions beyond the scope of our linear approximation. In particular, it is 
not possible to explain why ‘Mode B’ is observed experimentally below Re;. We 
stress, however, that the transition from ‘Mode A’ to ‘Mode €3’ is tied to the linear 
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stability of ‘Mode A’ and not directly to the linear stability of the two-dimensional 
wake. It is not inconsistent that ‘Mode A’ undergoes transition to ‘Mode B’ prior 
to Re;. Furthermore, the existence of a three-dimensional flow with non-zero A 
implies the existence of smaller scales generated by nonlinearity: once ‘Mode A’ is 
established, the three-dimensional flow necessarily includes wavelengths in the ‘Mode 
B’ range. 

The differences between ‘Mode A’ and ‘Mode B’ considered at the end of $3 are 
consistent with the deductions of Williamson (1996~) in which he finds that the two 
modes observed experimentally have different symmetries and speculates that they 
arise from different physical mechanisms. In particular he suggests that ‘Mode A’ is 
an instability of the vortex cores, while the observed wavelength of ‘Mode B’ indicates 
an instability of the ‘braid‘ regions. This is clearly consistent with the structure of the 
two Floquet modes shown in figure 11. Vorticity modes with these same symmetries 
were also found in earlier studies of three-dimensionality in plane wakes by Meiburg 
& Lasheras (1988) and Lasheras & Meiberg (1990). 

Direct numerical simulations of transition performed by Thompson, Hourigan & 
Sheridan (1994, 1996) support the possibility of co-existing modes with different 
length scales and provide additional qualitative agreement with the linear growth 
rates predicted by our calculations. At Re = 250, they report that the first organized 
three-dimensional structure to appear from a low-amplitude, broad-band disturbance 
has a wavelength of A = rc diameters (the longest wavelength included in their 
calculation); only after this state has developed does a new structure emerge with a 
shorter wavelength of A x: 1 diameter. Even in this final state, visualization of the 
three-dimensional flow shows that the streamwise vortex spacing is A/d  x: 1 in the 
near wake while A / d  x: 71 appears further downstream. DNS calculations by Zhang et 
al. (1995) show similar length scales at this Reynolds number. However, neither of 
these studies reports growth rates during the transition between two-dimensional and 
three-dimensional states that we might compare to directly. 

Limited experimental data is available for comparison over a wider range of 
Reynolds number. Mansy, Yang & Williams (1994) have made accurate measurements 
of spanwise wavelengths using a scanning laser anemometer to extract velocity maps 
of the near wake. They find that A x: 3 to 4 diameters for 180 < Re < 240, with a 
shorter wavelength, A x: 1 diameter, appearing above Reynolds number 240. Most 
of their long-wavelength data above Re  = 188 fall within the upper unstable region 
in our stability diagram (labelled ‘A’ in figure 12), and all of their short-wavelength 
data between Re  = 260 and Re = 300 fall within the lower unstable region (labelled 
‘ B  in figure 12). Measurements by Wu et al. (1994) using hydrogen bubble flow 
visualization all fall in the lower unstable region for Re > 260. 

While the issue of wavenumber selection after transition is beyond the scope of a 
linear analysis, we note the following. The general trend reported by Mansy et al. 
(1994) is that wavelength decreases with Reynolds number as A / d  - Re-‘’2. In the 
range of Reynolds number reported here there is a more subtle variation. For ‘Mode 
A’, experimental values of A are very near the short-wavelength side of the ‘A’ band. 
In contrast, measurements for ‘Mode B’ tend to lie near the long-wavelength side of 
the ‘ B  band. The point of maximum growth rate of ‘linear modes shifts to shorter 
wavelengths (larger wavenumbers) with increasing Reynolds number for the unstable 
modes corresponding to ‘Mode A’ in figure 5, whereas the point of maximum growth 
rate shifts to longer wavelengths (smaller wavenumbers) with increasing Reynolds 
number for the ‘Mode B’ unstable modes in figure 7. In both cases, the point of 
maximum growth rate is asymmetrically located within the unstable bands in a way 
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consistent with the experimental trends. It is not clear at what precise value of Re 
the trend reported by Mansy et al. begins. 

The development of streamwise vorticity in the wake is a striking feature of the 
three-dimensional flow discussed at some length by a number of researchers (e.g. 
Williamson 1988, 1996a.b; Wu et al. 1994, 1996; Mittal & Balachandar 1995). 
During transition, the presence of streamwise vorticity is simply a consequence 
of the three-dimensional structure of the Floquet mode driving the instability; it 
may be more appropriate to discuss simply the three-dimensional vorticity field of 
the perturbation. Experimental flow visualization clearly shows the presence of a 
strong three-dimensional vorticity field downstream of the cylinder. This is linked to 
the growth in amplitude of the global mode (Floquet mode) controlling the three- 
dimensional structure of the flow. Our computations show that all three vorticity 
components are generated very close to the cylinder, and in fact originate inside 
the recirculation zone. This underscores the fact that the development of three- 
dimensionality in the wake is driven by a near-wake absolute instability. 

The numerical studies discussed above (Thompson et al. 1994, 1996; Zhang et al. 
1995) have managed to reproduce the long- and short-wavelength instabilities pre- 
dicted by our calculations and observed in experiments. Direct numerical simulations 
will no doubt serve to improve our understanding of the physical mechanisms behind 
these instabilities. However, simulations are problematic in that they restrict the flow 
dynamics by imposing spanwise periodicity. Periodic boundary conditions reduce the 
flow to a discrete set of spanwise wavenumbers, in a sense mimicking a closed system 
with a new fundamental length scale : the periodic length. Computational results 
depend strongly on the imposed periodic length. In particular, the original study by 
Karniadakis & Triantafyllou (1992) was for a spanwise length of L = n/2 diameters. 
The effect such restrictions has on the wake dynamics is not clear, and it is difficult 
to draw quantitative conclusions from the three-dimensional simulations. 

4.3. Bevond the secondarv instability 
We conclude with some remarks on subsequent bifurcations and in particular on 
possible scenarios leading to chaos in the cylinder wake. Because no new temporal 
frequency is introduced by the secondary instability, and because the only symmetry 
broken is translational symmetry along the cylinder axis, the bifurcation to a three- 
dimensional flow would appear to be simple from a dynamical systems viewpoint. 
Thus a natural question is: “What is the scenario leading to complex dynamics in the 
cylinder wake?” 

Numerical studies by Karniadakis & Triantafyllou ( 1992) and Tomboulides et 
al. (1992) suggest that further increases in Re result in a gradual sequence of 
period-doubling bifurcations leading to chaos. These bifurcations are marked by 
the appearance of subharmonic fluctuations in the wake. In the context of period- 
doubling, the term subharmonic refers to fluctuations in time over the set of frequencies 
f /2“ for integers n > 0, where f is the dominant vortex shedding frequency. If this 
is the case, it should be possible to measure experimentally a clean progression of 
subharmonics as each period-doubling occurs. Recent measurements by Williams, 
Mansy & Abouel-Fotouh (1996) have identified a subharmonic fluctuation at Re = 

300, but have not established that this forms the beginning of a period-doubling 
cascade. Other experimentally measured frequency spectra (e.g. Williamson 1988, 
1989; Leweke & Provansal 1994, 1995) are, in fact, broad-band at Reynolds numbers 
just above Re?. This would suggest to the contrary that the flow becomes complex at 
the onset of three-dimensionality. 



Stability analysis of the cylinder wake 239 

Leweke & Provansal (1994, 1995) have proposed a transition scenario, based on the 
complex Ginzburg-Landau equation, that captures the experimental spectra quite well 
and supports intrinsically complex dynamics just beyond the secondary instability. 
However, in this scenario the secondary instability is of the Benjamin-Feir type (a zero- 
wavenumber instability) while both our computations and experimental observations 
show that the instability occurs at a finite spanwise wavenumber. While it is intriguing 
that a simple nonlinear model equation may capture the essential dynamical features 
of this complex flow, the scenario proposed by Leweke & Provansal lacks a finite- 
wavenumber instability and some modification of their model is necessary. 

The question remains open as to whether the appearance of complex dynamics 
in the cylinder wake is gradual or abrupt, i.e. are the broad-band spectra seen in 
experiments the result of intrinsically complex (chaotic) dynamics in the wake at 
Reynolds numbers just beyond the secondary instability, or are they due to small, 
random fluctuations? Accurate knowledge of the linear stability properties of the 
wake should allow future studies, either computational or experimental, to address 
this question with greater precision than has been possible in the past. This and 
other interesting questions about the wake dynamics beyond the secondary instability 
remain to be answered. 
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