
Racks and Links in Codimension 2 IntroductionRACKS AND LINKS IN CODIMENSION TWOROGER FENNMathematics DepartmentSussex UniversityFalmer Brighton BN1 9QH UKCOLIN ROURKEMathematics InstituteUniversity of WarwickCoventry CV4 7AL UKReceived 11 October 1991ABSTRACTA rack, which is the algebraic distillation of two of the Reidemeister moves, is a set witha binary operation such that right multiplication is an automorphism. Any codimensiontwo link has a fundamental rack which contains more information than the fundamentalgroup. Racks provide an elegant and complete algebraic framework in which to studylinks and knots in 3{manifolds, and also for the 3{manifolds themselves. Racks have beenstudied by several previous authors and have been called a variety of names. In this �rstpaper of a series we consolidate the algebra of racks and show that the fundamentalrack is a complete invariant for irreducible framed links in a 3{manifold and for the3{manifold itself. We give some examples of computable link invariants derived from thefundamental rack and explain the connection of the theory of racks with that of braids.Keywords: Racks, knots, links, 3{manifolds, invariants, braids, quandle, crystal, codi-mension two embeddings, self-distributive axiom, automorphic set.This is the �rst of a series of papers by the authors. More papers, some in collabo-ration with Brian Sanderson, are in preparation. In these papers we shall study anatural algebraic theory, strongly connected with the theories of groups, group pre-sentations and crossed modules. This is the theory of racks. A rack is a set witha binary operation satisfying two simple laws which are the algebraic distillation oftwo of the Reidemeister moves (the 
2 and 
3 moves). Racks have been variouslystudied by previous authors under a variety of names (including rack) and usinga variety of di�erent notations and terminology. We shall give a summary of thisprevious work shortly. One of the aims of this paper is to attempt to establish auniform set of conventions for notation and terminology in this subject.Racks provide an elegant and complete algebraic framework in which to study linksand knots in 3{manifolds, and also for the 3{manifolds themselves. Included in thisR.Fenn and C.Rourke 343



Racks and Links in Codimension 2 Introductionframework are complete algebraic invariants for both framed links in 3{manifoldsand for 3{manifolds. The theory of racks opens the practical possibility of �ndinga complete sequence of computable invariants for framed links and for 3{manifolds.A codimension two submanifold has a fundamental rack, which is a completeinvariant for irreducible links in any 3{manifold. Moreover there is a notion ofa Grothendieck-style K{theory invariant which we call the Goeritz equivalenceclass of the rack, and this invariant, applied to the fundamental rack of the framedlink in S3 which is used to specify a 3{manifold by surgery, is a complete invariantfor the 3{manifold. We consider this in a later paper.In this �rst paper of the series we shall review and extend some of the basic algebraof racks and give the complete invariant for framed links and some examples ofcomputable link invariants derived from this invariant. In future papers we shallexamine invariants in greater detail and shall combine the results of this paper withthe Kirby calculus (Kirby [19], Fenn-Rourke [9]) to construct the complete invariantfor 3{manifoldsmentioned above. In another paper of the series [11] (joint work withBrian Sanderson) we shall construct the space of a rack which classi�es cobordismclasses of link representations on the rack, and which has strong connections withclassical cobordism theories. For an introduction to the rack space see [10].Previous workThe earliest work on racks (known to us) is due to Conway and Wraith [5], andwe are indebted to these authors for a copy of their (unpublished) correspondence.They used the name wrack for the concept and we have adopted this name, notmerely because it is the oldest name, but also because it is a simple English wordwhich (to our knowledge) has no other mathematical meaning. We have howeverchosen the more common spelling. Rack is used in the same sense as in the phrase\rack and ruin". The context of Conway and Wraith's work is the conjugacy opera-tion in a group and they regarded a rack as the wreckage of a group left behind afterthe group operation is discarded and only the notion of conjugacy remains. Theystudied the basic algebra of racks in a special case (the quandle case) but also wereaware of the general case and the main topological application (the fundamentalrack of a knot in a 3{manifold).The most comprehensive published study of racks in a toplogical context is due toJoyce [16]. He studied a particular special case and used the name quandle. Be-cause his work has been widely quoted and the word quandle is now well known, wehave with some reservations continued to use the name quandle for this special case.Joyce establishes the basic algebra of quandles, giving several examples, and de�nesaugmented quandles and the associated group (which he calls Adconj). He de�nesthe fundamental quandle of a knot in S3 giving both the topological de�nition interms of \nooses" and the de�nition in terms of the presentation which can be readfrom a diagram of the knot. He proves the equivalence of the two de�nitions. Hismain result is that the fundamental quandle classi�es the knot. Joyce's work wasR.Fenn and C.Rourke 344



Racks and Links in Codimension 2 Introductionlargely duplicated independently by Matveev [24] who used the name distributivegroupoid. But note that a rack is not a groupoid in the usually accepted sense.Kau�man [17] de�nes racks in full generality using the name crystal for the concept.We have not adopted this name because of the historical precedence of the namerack and because of the strong connection of the theory with groups in which contextcrystal might suggest crystallographic groups. Kau�man de�nes the fundamentalrack of a knot in S3 and applies Joyce's theorem to prove that it is a classifyinginvariant. He also extends Joyce's work on the Alexander quandle to racks andde�nes an associated R{matrix.The most extensive algebraic survey of racks is given by Brieskorn [3], who is par-ticularly interested in the context of braids and singularities. In his introductionBrieskorn writes:\Whilst preparing this survey, I found an extremely simple conceptunifying many investigations on this subject as well as classicalresults of E.Artin, A.Hurwitz and W.Magnus. This is the notionof an automorphic set."The de�nition of an automorphic set coincides with that of a rack or crystal. Al-though \automorphic set" is the mathematically correct terminology for the con-cept, we have not adopted it because it is too unwieldy in context. A short singleword makes phrases such as augmented rack, quandle rack, fundamental rack us-able. Brieskorn's paper contains a wealth of algebraic material about racks, mostof which is not relevant to the topological context of our work, except for the con-nection with braid groups, which we shall examine in section 7.Winker [31] extends Joyce's work and de�nes an analogue of the Cayley graph for aquandle and Kr�uger [20], independently and simultaneously with our work, de�nesfree products of racks and investigates the automorphism group of the free rack,cf. our section 7 and appendix. There is an interesting connection of racks withcomputer theory. Roscoe [27] studies an algebraic object which satis�es just one ofthe two rack laws (the rack identity) in the context of computer informationupdates.Finally there is also a connection with some problems in logic, see Dehorney, Jechand Laver [7,14,22].The content of this paperThis paper reviews and consolidates much of the previous work on the subject andalso contains many new results and new formulations of old results. An outlinedetailing these new results and the previous work now follows.Section 1 contains the basic de�nition and some of the examples of racks that weshall need. Most of these examples come from Joyce [16] and Brieskorn [3]. The newmaterial consists of a careful treatment of the operator group (which is in generaldistinct from the associated group) and new notation (exponential notation) for therack operation, which to our knowledge, has not been introduced in any previouswork. This notation makes the algebra very easy to handle, for example the \fullyR.Fenn and C.Rourke 345



Racks and Links in Codimension 2 Introductionleft associated" form of a repeated operation proved by Winker and Kau�man isalmost an observation using our notation.Section 2 contains a review of some of the basic algebra of racks. Most of thissection is a reworking for racks of algebra in Joyce's paper. However the sectionalso includes the new concept of the free product of two racks and the connectionwith crossed modules (the associated crossed module). Further basic algebra canbe found in Brieskorn [3] and in Ryder's Ph.D. thesis [28].In section 3 we consider the fundamental rack of a codimension 2 embedding andits properties. This material contains a reworking in the rack context of material ofMatveev and Joyce. It also contains several new results including the identi�cationof the associated crossed module as the relative second homotopy group and acalculation of the operator group for the fundamental rack of a classical link.Section 4 is about presentations; we prove a new \Tietze" theorem for rack pre-sentations and, in a reworking of material of Joyce and Kau�man, show how thefundamental rack of a classical link (in S3 ) has a �nite presentation which can beread in a natural way from the diagram. This section also contains new materialon presentations of augmented racks and the new result that the fundamental rackof a link in a homotopy 3{sphere also has a �nite presentation.Section 5 contains the main classi�cation theorem which is a generalisation to arbi-trary 3{manifolds of the results of Joyce and Kau�man. This section also containsan interesting new result on homotopy 3{spheres: the fundamental rack classi�esboth the link and the homotopy 3{sphere. This result opens the possibility of usinga rack invariant to detect a homotopy 3{sphere. The idea of using rack invariants (ofwhich there are myriad examples) as 3{manifold invariants will be explored furtherin a later paper.In section 6 we make a start on the invariants that can be read from the fundamentalrack; this latter subject will be explored more fully in subsequent papers, and seealso the theses of Devine [8], Azcan [1], Kelly [18], Lambropoulou [21] and Ryder[28]. New material in this section includes the invariants derived from the (t; s){rackand matrix racks (examples 6 and 7 of 6.1 and example 3 of 6.3).Finally in section 7 we explain the connection of the theory of racks with that ofbraids and in an appendix we give the analogue of Nielsen theory for automorphismsof the free rack. These results allow us to give a criterion for a rack to be aclassical rack (i.e. isomorphic to the fundamental rack of a framed link in S3 ). Thishas strong connections both with the Poincar�e conjecture and the homeomorphismproblem for S3 , see the remarks at the end of the paper. The material in thissection is largely new although there is a strong connection with Brieskorn's workin our material on invariants.R.Fenn and C.Rourke 346



Racks and Links in Codimension 2 De�nitions and Examples1. De�nitions and ExamplesWe consider sets X with a binary operation which we shall write exponentially(a; b) 7! ab:There are several reasons for writing the operation exponentially.(1) The operation is unbalanced and should be thought of as an action, i.e. thinkof ab as meaning the result of b acting or operating on a:(2) In group contexts exponentiation signi�es conjugation. A group with conjuga-tion is one of the principal examples of a rack | indeed this was the source forone strand of the earlier work on racks [5]. A rack is an algebraic object whichhas just some of the properties of a group with conjugacy as the operation.(3) Finally, and most conveniently, exponential notation allows brackets to bedispensed with, because there are standard conventions for association withexponents. In particularabc means (ab)c and abc means a(bc):1.1 De�nition RacksA rack is a non-empty set X with a binary operation satisfying the following twoaxioms:Axiom 1 Given a; b 2 X there is a unique c 2 X such that a = cb:Axiom 2 Given a; b; c 2 X the formulaabc = acbcholds. We call this formula the rack identity (�rst form).Several consequences ow from these axioms.The �rst axiom implies that, for each b 2 X the function fb(x) := xb is a bijectionof X to itself, and this �ts with the idea that the operation is a (right) action ofX on itself.We shall write ab = f�1b (a) for the element c given by axiom 1, but notice thatab is a single symbol for an element of X . It is not suggested that b is itselfan element of X ; however the notation is suggestive (and intended to be) be-cause now abb = abb = a for all a; b 2 X . Thus if we identify b with b�1then we can give a meaning to any expression of the form xw where w =w(a; b; : : :) is a word in F (X) the free group on X , namely the result of repeat-edly acting on x by fa; f�1a ; fb; f�1b etc. The word w is again not to be regardedas an element of X , but as an operator on X . Shortly, we shall formalise this byintroducing the operator group.The rack identity is a right self-distributive law as can be seen if we temporarilyuse the notation a � b for ab :(a � b) � c = (a � c) � (b � c):R.Fenn and C.Rourke 347



Racks and Links in Codimension 2 De�nitions and ExamplesBoth axioms together are equivalent to the statement that right multiplication is anautomorphism. The rack identity can be restated in more elegant and mnemonicform if we use the notation introduced above.Substituting d = ac in the rack identity and then changing d back to a gives thealternative form:Axiom 2 0 Given a; b; c 2 X the formulaabc = acbcholds. This is the rack identity (second form).In other words bc operates like cbc , which makes clear the connection between therack operation and conjugacy in a group.The Operator GroupIn expressions such as abc we refer to a as being at primary level and b; c as atoperator level. The second form of the rack identity makes clear that we do notneed any \higher" level operators. Expressions involving repeated operations canalways be resolved into one of the form aw where a 2 X is at the primary leveland w , lying in the free group F (X) on X , is at the operator level.In this way we have an action by the group F (X) on X: In general if G acts onX , written (a; g) 7! a � g and if � : X ! G is a map satisfying �(a � g) = g�1�(a)gthen X has the structure of a rack given by ab := a ��(b): In many situations this isthe most convenient method of describing the rack operation. The similarity withcrossed modules should be clear.We shall pursue the notion of a rack with a group G operating in section 2, whenwe introduce the formal notion of an augmented rack. We shall then be able toformalise the connection with crossed modules.To make operators precise we de�ne operator equivalence by:w � z () aw = az for all a 2 Xwhere w; z 2 F (X).The equivalence classes form the Operator Group Op(X) which could also bede�ned as F (X)=N where N is the normal subgroupN = fw 2 F (X) j w � 1g:1.2 Examples of operator equivalenceSince baa = baaa (by the rack identity) = ba for all a; b 2 X . We haveaa � a for all a 2 X:More generally if aan means aaa:::a (n repeats) then a � aan .R.Fenn and C.Rourke 348



Racks and Links in Codimension 2 De�nitions and ExamplesIn terms of operator equivalence, the rack identity can again be restated:Axiom 2 00 Given a; b 2 X we haveab � bab:This is the rack identity (third form).Orbits and stabilizersWe can now see that a rack is a set X with an action of F (X) (or its quotientOp(X)) on X satisfying the rack identity. In section 2 we shall see that there isanother group naturally associated to a rack, lying between F (X) and Op(X),called the associated group, which therefore also acts on X . The associatedgroup is particularly important because it has a universal property not shared byeither F (X) or Op(X).Since X is a set with a group action we can use all the language of group actions inthe context of racks. In particular X splits into disjoint orbits and each elementhas a stabilizer (in F (X) or Op(X)) associated with it.1.3 Examples of RacksExample 1 The Conjugation RackLet G be a group, then conjugation in G i.e. gh := h�1gh de�nes a rack operationon G . This makes G into the conjugation rack written conj(G) or alternativelyGconj .The operator group in this rack is the group of inner automorphisms of G and theorbits are the conjugacy classes. Given g; h 2 G then g � h if and only if gh�1 isin the centre of G .Example 2 The Dihedral RackAny union of conjugacy classes in a group forms a rack with conjugation as oper-ation. In particular let Rn be the set of reections in the dihedral group D2n oforder 2n (which we regard as the symmetry group of the regular n{gon). ThenRn forms a rack of order n , with operator group D2n , called the dihedral rack oforder n .Example 3 The Core RackThe rule gh := hg�1h also de�nes a rack operation in a group G called the corerack, core(G), cf. Joyce [16].Great care is needed working with this rack because composition in the operatorgroup does not correspond to composition in G (ghj has two meanings accordingas the product hj is taken in G or the operator group).This is an example of an involutive rack: where a2 � 1 for all a 2 X , since:gh2 = h(hg�1h)�1h = g; for all g 2 G;R.Fenn and C.Rourke 349



Racks and Links in Codimension 2 De�nitions and Exampleshere h2 means composition in the operator group and the other products are takenin G .Example 4 The Reection RackLet P;Q be points of the plane and de�ne PQ to be P reected in Q (i.e. 2Q�Pin vector notation).It is elementary to show that this is a rack operation. This example can be gen-eralised by replacing the plane by any geometry with point symmetries satisfyingcertain general conditions (see Joyce [16] for details). Examples include the naturalgeometries of Sn and RPn. Interesting subracks of these latter racks are given bythe action of Coxeter groups on root systems, cf. example 10 below.Example 5 The Alexander RackLet � be the ring of Laurent polynomialsZ[t; t�1] in the variable t . Any ��moduleM has the structure of a rack with the rule ab := ta+ (1� t)b:For example, letting M be the plane and the action of t multiplication by �1,yields the reection rack of example 4.The Quandle ConditionAll the above examples have satis�ed the identityaa = a for all a 2 X;which we call the quandle condition. We shall call a rack satisfying the quandlecondition a quandle rack or quandle. The term quandle is due to Joyce [16].Example 5 can be generalised to yield a non-quandle rack:Example 6 The (t; s)�RackLet �s be the ring Z[t; t�1; s] modulo the ideal generated by s(t + s � 1): Any�s�module M has the structure of a rack by the ruleab := ta+ sb:This operation satis�es the Abelian entropy condition:uvwx = uwvx :For explicit representations in terms of matrices see section 6 (6.1 example 6). Whens acts like 1� t this rack reverts to the Alexander rack, discussed above.Example 7 The Cyclic RackHere is a �nite rack which is also not a quandle:The cyclic rack of order n , is given by Cn = f0; 1; 2; : : :n � 1g , the residuesmodulo n , with operation ij := i + 1 mod n for all i; j 2 Cn:This example can be generalised: Let X be any G{set and choose a �xed elementg 2 G , then ab := a � g for all a; b 2 X de�nes a rack structure on X .R.Fenn and C.Rourke 350



Racks and Links in Codimension 2 De�nitions and ExamplesExample 8 There are six di�erent isomorphism classes of racks of order 3:1. The trivial rack fa; b; c j xy = x for all x; yg .2. The cyclic rack C3 .3. The dihedral rack R3 .4. fa; b; c j fa = fb = fc = (b; c)g where (b; c) means the symmetry whichinterchanges b and c and leaves a �xed.5. fa; b; c j fb = fc = (b; c); fa = id.g6. fa; b; c j fa = (b; c); fb = fc = id.gClasses 1,3,6 are quandles, whilst 2,4,5 are not.The last example gives some idea of the rich and varied structure of racks as com-pared with groups, cf. Ryder [28].Example 9 The Free RackThe free rack FR(S) on a given set S is de�ned, as a set, to be S � F (S). Wewrite the pair (a;w) as aw , i.e.FR(S) = faw j a 2 S;w 2 F (S)g:The rack operation is de�ned by (aw)(bz) = awzbz:Axiom 1 of de�nition 1.1 is easy to check whilst for the rack identity notice(aw)bz = awzbz � wzbz a wzbz = zbz waw zbz � bzawbzwhich is the third form of the identity (axiom 2 00 ).The operator group is F (S) whilst the set of orbits is in bijective correspondencewith the elements of S and all stabilizers are trivial.The free rack has the universal property that any function S ! X , where X is agiven rack, extends uniquely to a rack homomorphism FR(S) ! X .Example 10. Coxeter racks.Let ( ; ) be a symmetric bilinear form on Rn. Then, if S is the subset of Rnconsisting of vectors v satisfying v:v 6= 0, there is a rack structure de�ned on Sby the formula uv := u� 2(u;v)(v;v) v:Geometrically, this is the result of reecting u in the hyperplane fwj(w;v) = 0g .If we multiply the right-hand side of the above formula by �1, then the resultgeometrically is reection in the line containing v. In this case the formulauv := 2(u;v)(v;v) v � ude�nes a quandle structure on S .R.Fenn and C.Rourke 351



Racks and Links in Codimension 2 De�nitions and ExamplesNow a root system is precisely a �nite subrack of S which is closed under mul-tiplication by �1 (i.e. closed under both rack operations), and then the operatorgroup is the corresponding Coxeter group. For details see Humphreys [13], and formore information on the rack structures see Azcan [1], Brieskorn [3].We can generalise this example in the following way.Example 11 Racks de�ned by Hermitian Forms.Let R be a commutative ring with identity and an involutive automorphism r 7! rcalled conjugation. Let A be an R�module with a Hermitian form( ; ) : A� A! R:In other words ( ; ) is linear in the �rst variable and (b; a) = (a; b):Let A� denote those elements of A for which (a; a) is a unit of the ring R:Let �; � be elements of R , such that � is a unit and � satis�es �� = 1: De�ne therack operation on A� by the formulaab := �(a+ (�� 1)(a; b)(b; b) b):Specialisation yields the following examples:(a) Let R = R be the reals, let A = V be a vector space over R and let conju-gation be the identity. Let ( ; ) be a symmetric bilinear real form de�ned onV and let � = �1 and � = 1. Then this is the rack structure considered inthe last example.(b) The obvious specialisation of the above to the complex �eld yields a rack inwhich the action is complex reection, see Coxeter [6].The application of this rack to links in S3 has strong connections with theJones polynomial [15], and this will be investigated in a future paper.(c) Take R =Z[t; t�1] to be the ring of Laurent polynomials with integer coe�-cients and conjugation de�ned by t 7! t�1: Then � is of the form � = tn forsome integer n:We are indebted to Tony Carbery for pointing out the following in�nite generalisa-tion of the above example.(d) Let R denote the ring of complex valued continuous functions de�ned on theunit circle of the complex plane.The conjugation operation in R is given byf (z) := f(z)where z 7! z is just the usual conjugation of complex numbers. The set offunctions � satisfying �� = 1 can be identi�ed with the multiplicative subsetof functions from the unit circle to itself.The last two examples are somewhat mysterious and their applications to knottheory are unknown to us.R.Fenn and C.Rourke 352



Racks and Links in Codimension 2 Some Basic Algebra of Racks2. Some Basic Algebra of RacksIn this section we will present some of the algebraic properties of racks needed inthe rest of the paper. Further basic algebra will be given in section 4, when weconsider presentations of racks and the analogue of the Tietze theorem. See alsoBrieskorn [3], Ryder [28].Homomorphisms and congruencesThere are obvious notions of rack homomorphism, isomorphism and subrack.An equivalence relation � on X is called a congruence if it respects the rackoperation, i.e. a � b; c � d =) ac � bd:The equivalence classes form a rack X=� with operation de�ned by [a][b] := [ab] ,where [a] denotes the equivalence class of a .A homomorphism f : X ! Y of racks de�nes a congruence by a � b () f(a) =f(b): Then the quotient X=� is isomorphic to f(X). This is an analogue of the�rst isomorphism theorem for groups.The associated groupWe have already met the operator group in the previous section. This is an invariantof racks but is not functorial. If we interpret the operation of a rack as conjugation(i.e. read aw as w�1aw ) then we obtain a group As(X) called the associatedgroup. More precisely let As(X) = F (X)=K where K is the normal subgroupof F (X) generated by the words abb�1a�1b where a; b 2 X: So As(X) is thebiggest quotient of F (X) with the property that, when considered as a rack viaconjugation, the natural map from F (X) to As(X) is a rack homomorphism.Given a rack homomorphism f : X ! Y , then there is an induced group homo-morphism f] : As(X) ! As(Y ); thus we have an associated group functor Asfrom the category of racks to the category of groups.2.1 Proposition Universal Property of the Associated GroupLet X be a rack and let G be a group. Given any rack homomorphism f : X !Gconj there exists a unique group homomorphism f] : As(X) ! G which makesthe following diagram commute: ................................................................................................................................. ........................................................................................................................................... ................................................................................................................................. ................ ...........................................................................................................................GconjX As(X)G�idf f]where � is the natural map.Moreover any group with the same universal property is isomorphic to As(X):R.Fenn and C.Rourke 353



Racks and Links in Codimension 2 Some Basic Algebra of RacksProof Let � : F (X) ! G be the homomorphism de�ned on the free group onX by f . Then by hypothesis �(abb�1a�1b) = 1 for all a; b 2 X . It follows that� factors through a unique homomorphism f] : As(X) ! G of groups and thecommutativity of the diagram is clear. Uniqueness of As(X) follows by the usualuniversal property argument. �The following corollary is an easy consequence:2.2 Corollary The functor As is a left adjoint to the conjugation functor. Thismeans there is a natural identi�cationHom(As(X); G) �= Hom(X; conj(G))of group homomorphisms with rack homomorphisms. �Example The cyclic rack Cn has operator group Z=n and associated group Z.This example makes it clear that the operator group is in general a non-trivialquotient of the associated group. We will now use this fact to make the followingde�nition.De�nition The Excess of a Rack.Let X be a rack and let N be the subgroup of F (X) which acts trivially on X .Let K be the normal subgroup of F (X) generated by the elements abb�1a�1b forall a; b 2 X . De�ne the excess of the rack X to beEx(X) = N=K = kerfAs(X) ! Op(X)g:In the example above the excess is a copy of the integers.The associated quandleThere is a natural inclusion of the category of quandles in the category of racksand there is a functor from racks to quandles X 7! Xq . Here Xq is called theassociated quandle de�ned as follows: Let � be the smallest congruence on Xsatisfying aa � a for all a 2 X . Then Xq := X=� .This functor is a retraction because it is clearly the identity for a rack which isalready a quandle. For explicit examples, consider the Coxeter rack X (section 1example 10): uv := u� 2(u;v)(v;v) v;de�ned on the unit sphere S = (u;u) = 1. Then the associated quandle is theprojectivisation of X , de�ned by quotienting S by �1.For the (t; s){rack (section 1 example 6) the associated quandle is the Alexanderrack (example 5).R.Fenn and C.Rourke 354



Racks and Links in Codimension 2 Some Basic Algebra of RacksRacks with an explicit group (augmented racks)The concept of rack can be generalised to make the group action explicit.An augmented rack comprises a set X with an action by a group G , which wewrite (x; g) 7! x � g where x; x � g 2 X and g 2 G;and a function � : X ! G satisfying the augmentation identity:�(a � g) = g�1(�a)g for all a 2 X; g 2 G;which is precisely the same as saying that � is a G{map when the action of G onitself is taken to be conjugation.We can now de�ne an operation of X on itself by de�ning ab to be a � �b . Thenthe augmentation identity implies�(ab) = (�b)�1�a�bi.e. ab � babwhich is the third form of the usual rack identity (axiom 2 00 ).So an augmented rack is an ordinary rack with the extra structure of an explicitoperator group.Note that Joyce [16] used � for the augmentation map � . We have chosen to use� instead of � because of the analogy with crossed modules; see the de�nition ofassociated crossed module below.The fundamental rack (to be de�ned in the next section) has a natural structureas an augmented rack with the fundamental group of the link acting as a group ofoperators. Here are some further examples.2.3 Examples(1) The Lie rackWe are indebted to Hyman Bass for pointing out the following important class ofaugmented racks. Let G be a Lie group and G the associated Lie algebra. Let� : G ! G be the exponential map and let G act on G via the adjoint action.Then the augmentation identity follows readily from de�nitions. Therefore the Liealgebra G is an augmented rack, with group the corresponding Lie group.(2) Gauge transformationsLet E be a principal G{bundle and f a gauge transformation of E , that is anautomorphism of E as a G{bundle. Then associated to f is an augmented rackstructure on E with group G .R.Fenn and C.Rourke 355



Racks and Links in Codimension 2 Some Basic Algebra of RacksLet p 2 E then we can write f(p) = p � �(p) where �(p) 2 G . This de�nes thefunction � : E ! G . To check the augmentation identity note thatp � (g�(p � g)) = (p � g) � �(p � g)= f(p � g)= f(p) � g since f is equivariant= (p � �(p)) � g= p � (�(p)g)which implies g�(p � g) = �(p)g since G acts freely, i.e.�(p � g) = g�1�(p)g:An augmented rack is a plain rack if we ignore or forget about the explicit groupaction. Conversely, there is a natural way to regard a plain rack as an augmentedrack by taking as group G = As(X) (the associated group) with � the naturalmap. Thus we can regard the category of racks as a subcategory of the category ofaugmented racks and then the forgetful functor is a retraction of the larger categoryonto the smaller.Crossed modulesA crossed module is an augmented rack in which(1) X is a group(2) � is a homomorphism(3) and we have the crossed module identity:a � �b = b�1ab for all a; b 2 X;where the left-hand side is the G action and the right-hand side is multiplicationin X .Note that condition (3) implies that the rack operation in X is conjugation. Thuscrossed modules correspond precisely to conjugation racks.Crossed modules occur naturally in topology: the second homotopy group �2(X;A)of a pair of topological spaces is a crossed module with group G = �1(A) (seeWhitehead [30]). We shall use the notation b�2(X;A) for this crossed module.The associated crossed moduleThe associated group for a plain rack becomes the associated crossed module foran augmented rack. More precisely notice that if X is an augmented rack then itsgroup G acts on F (X) in the obvious way. Moreover(ab) � g = a � (�bg) = a � g(g�1�bg)= a � g �(b � g) by the augmentation identity= (a � g)b�gR.Fenn and C.Rourke 356



Racks and Links in Codimension 2 Some Basic Algebra of RacksTherefore in F (X)(abb�1a�1b) � g = (a � g)(b�g)(b � g)�1(a � g)�1(b � g)and therefore the action of G on F (X) induces an action on As(X).Thus As(X) is a G{set and we also have the induced homomorphism �] : As(X) !G . It can be readily checked that this gives As(X) the structure of a crossedmodule, the associated crossed module to the augmented rack X .Products of RacksThere are many kinds of products which can be de�ned in the category of racks.We shall only need to consider in detail the following:The free product Let X;Y be two racks. De�ne their free product X � Y tobe the free rack on the disjoint union X qY quotiented out by the original actionsof X and Y .More precisely X � Y consists of elements of the form xw or yw where x 2 X ,y 2 Y and w 2 As(X) �As(Y ) under the equivalence generated by the following:xwt � ut where x 2 X; w 2 As(X); t 2 As(X) �As(Y ) and xw = u in Xand a similar equivalence for Y .The rack operation on X � Y is de�ned by the same formula as for the free rack(section 1 example 9). That the operation is well de�ned follows from the de�nitionof the associated group. For example suppose that xw = t in X then(zu)xw := zuwxw = zut since wxw = t in As(X):Notice that there are natural inclusions of X and Y in X�Y and that the associatedgroup is the free product: As(X � Y ) = As(X) �As(Y ):The following lemma implies that the free product is the categorical `sum' in thecategory of racks:2.4 Lemma Let f : X ! Z; g : Y ! Z be rack homomorphisms. Then thereis a unique extension f � g : X � Y ! Z .Proof The free product X � Y is generated as a rack by the images of X and Yunder the natural inclusions, and the lemma follows. �Free product of augmented racksThe free product X � Y of augmented racks X ,Y with groups G ,H is de�ned ina similar way:We consider pairs (x; g) where x 2 X or Y and g 2 G � H with equivalencegenerated by(x; gt) � (u; t) where x 2 X; g 2 G; t 2 G �H and x � g = u in XR.Fenn and C.Rourke 357



Racks and Links in Codimension 2 The Fundamental Rack of a Link.and a similar equivalence for Y .The group for X �Y is G�H , �X�Y := �X ��Y and the action of G�H on X �Yis de�ned by right multiplication in the second coordinate.There is again a universal property which we leave the reader to formulate.Other productsThe categorical `product' for racks is the cartesian product with operation(a; x)(b;y) := (ab; xy):There are several other products, for example the disjoint union X q Y where therack operation is de�ned by letting Y act trivially on X and vice-versa (Breiskorn[3]). This last product can be generalised by allowing Y to act via any functionY ! centre(Op(X)) and vice versa. Further products are de�ned by Ryder [28].The Inverted RackGiven a rack X there is a (possibly) di�erent rack X� called the inverted rackin which the new binary operation is ab . Racks and their inverted cousins arisenaturally in the geometric context of the fundamental rack, see the remarks nearthe end of section 5.3. The Fundamental Rack of a Link.This is the most important rack of all and is the raison d'être of the whole theory. A(codimension two) link is de�ned to be a codimension two embedding L : M � Qof one manifold in another. We shall assume that the embedding is proper at theboundary if necessary, that M is non-empty, that Q is connected and that M istransversely oriented in Q . In other words we assume that each normal disc toM in Q has an orientation which is locally and globally coherent.The link is said to be framed if there is given a cross section (called a framing)� :M ! �N (M ) of the normal disk bundle. Denote by M+ the image of M under� . We call M+ the parallel manifold to M .We consider homotopy classes � of paths in Q0 = closure(Q�N (M )) from a pointin M+ to a base point. During the homotopy the �nal point of the path at thebase point is kept �xed and the initial point is allowed to wander at will on M+:yThe set � has an action of the fundamental group of Q0 de�ned as follows: let be a loop in Q0 representing an element g of the fundamental group. If a 2 � isrepresented by the path � de�ne a � g to be the class of the composite path � � :y This reverses the more usual dog wagging tail convention where the initial point of apath stays �xed. However the tail wagging dog convention �ts in more comfortably withoperations on the right.R.Fenn and C.Rourke 358



Racks and Links in Codimension 2 The Fundamental Rack of a Link.We can use this action to de�ne a rack structure on �: Let p 2 M+ be a pointon the framing image. Then p lies on a unique meridian circle of the normal circlebundle. Let mp be the loop based at p which follows round the meridian in apositive direction. Let a; b 2 � be represented by the paths �; � respectively. Let�(b) be the element of the fundamental group determined by the loop � �m� � �:(Here � represents the reverse path to � and m� is an abbreviation for m�(0) themeridian at the initial point of � .) The fundamental rack of the framed linkL is de�ned to be the set � = �(L) of homotopy classes of paths as above withoperation ab := a � �(b) = [� � � �m� � �]:If L is an unframed link then we can de�ne its fundamental quandle. The de�-nition is very similar. Let �q = �q(L) be the set of homotopy classes of paths fromthe boundary of the regular neighbourhood to the base point where the initial pointis allowed to wander during the course of the homotopy over the whole boundary.The rack structure on �q is similar to that de�ned on �:There is a convenient halfway-house between framed and unframed links: a link Lis semi-framed if some of the components of M are framed. A semi-framed linkhas a fundamental rack de�ned by allowing the initial point to wander on the wholeboundary of the neighbourhoods of unframed components and on M+ otherwise.This gives a common generalisation for the rack of a framed link and the quandleof an unframed link, and allows us to make economical statements of results whichapply to all cases.3.1 Proposition The fundamental rack of a semi-framed link satis�es the axiomsof a rack.The fundamental quandle of an unframed link satis�es the axioms of a rack togetherwith the quandle condition.In the semi-framed case the fundamental quandle of the corresponding unframedlink (i.e. ignore framings), is the associated quandle of the fundamental rack.Proof The axioms are easy to verify. The inverse action is determined by theclass of � �m� ��:To check the rack identity we again use the action of the fundamental group. Usingthe notation above, �(ab) is represented by the loop� �m� � � � � �m� � � � � �m� � �which is the class of �(b)�1�(a)�(b):In the unframed case note that the element aa is represented by the path� � � �m� � � ' m� � �:R.Fenn and C.Rourke 359



Racks and Links in Codimension 2 The Fundamental Rack of a Link.However in a homotopy in the de�nition of �q the initial point is allowed to movealong the loop m� and so the path is homotopic to � which represents a:The last part of the proposition is obvious. �Note that if G denotes the fundamental group �1(Q0) then the set � is in fact anaugmented rack with group G . We shall use the notation b� for this augmentedrack in order to distinguish it from the plain fundamental rack �. Note that � isthe underlying plain rack to b�.We will now identify the associated group of the fundamental rack of an arbitarycodimension two link and the operator group of the fundamental rack of a link ofcircles in an oriented 3{manifold.Consider the following fragment of the exact homotopy sequence of the pair (Q;Q0):�2(Q)! �2(Q;Q0)! �1(Q0)! �1(Q):We shall call �1(Q0) the fundamental group of the link and kerf�1(Q0) !�1(Q)g = imf�2(Q;Q0) ! �1(Q0)g the kernel of the link. Further we shall callthe relative group �2(Q;Q0) the associated group of the link. Note that if�2(Q) = 0 then the associated group and the kernel of the link coincide, and ifin addition �1(Q) = 0 as in the classical case of links in S3 then all three groupscoincide.3.2 Proposition The associated group of the fundamental rack �(L) of a semi-framed link L can be naturally identi�ed with the associated group of L .Moreover the associated crossed module of the fundamental augmented rack b�(L)can be identi�ed with the crossed module b�2(Q;Q0) corresponding to the secondrelative homotopy group �2(Q;Q0) .Proof Let a 2 �, then �a is represented by the path ��m� �� which bounds anobvious 2{disc, namely the meridinal disc at the initial point of � . Thus there is amap �! �2(Q;Q0). Under this map the rack operation corresponds to conjugacy.Therefore it induces a homomorphism As(�) ! �2(Q;Q0). We shall show that thisis an isomorphism by constructing an inverse map.Suppose g 2 �2(Q;Q0) is represented by the disc D . After a homotopy we mayassume that D meets the neighbourhood N of the link transversely in a �nitenumber of little discs D1; : : : ; Dn . Assign to Di the sign �i where �i = +1 if theorientation of D agrees with the orientation of Di and �1 if not.Pick a base point in each �Di . In the case of a framed link let the base point bethe intersection of �Di with M+ . Join each of these n base points to the basepoint � of Q by n paths �1; �2; : : : ; �n in D �[ifDig which only meet at � andarrive at � in the order 1; 2; : : : ; n .R.Fenn and C.Rourke 360



Racks and Links in Codimension 2 The Fundamental Rack of a Link......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .......................................................................................................D1D3 D2 D� .........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................Note that this implies that the paths are uniquely determined up to isotopy andpossible initial twists about the little disks. Each path �i determines an element aiof � and this de�nes a word a�11 a�22 � � �a�nn in F (�) and so an element of its quotientAs(�).In order to check that this element is well de�ned it is only necessary to see whathappens if we change the number of initial twists or the order of the subdiscs or ifwe change the choice of the disc D by a homotopy.Now an initial twist changes ai to aaii (see the end of the proof of proposition 3.1)and an interchange of two elements ai and aj replaces aiaj by ajaaji , or a similarreplacement with di�erent signs. None of these a�ects the value of the product inAs(�).Now suppose D0 is a homotopic choice of disc. By making the homotopy transverseto the link we see that the word in F (�) changes in two ways: either an interchangeof order as above or an introduction or deletion of cancelling pairs aa�1 or a�1a .Both leave the value in the associated group unchanged. The resulting map is therequired inverse.The last part of the proposition is readily checked. �Remark The proposition shows that the fundamental augmented rack of a linkis a sharpened form of the crossed module, b�2(Q;Q0).To see that the rack really does contain more information than the crossed moduleconsider the example of a knot k in S2 which is the sum of two knots. The elementsof �2(Q;Q0) represented by meridinal discs across the two connecting arcs coincide,however in general the corresponding elements of the rack are di�erent. Indeed itcan be shown that the two elements of the rack are never the same if the two knotsare both non-trivial.3.3 Corollary The associated group of the fundamental rack of a link in a2{connected space can be identi�ed with the fundamental group of the link. Inparticular the associated group and the fundamental group coincide for classicallinks in the 3{sphere and for links in a homotopy 3{sphere. �Remark The corollary implies that for links in a homotopy 3{sphere the plainfundamental rack � and the fundamental augmented rack b� essentially coincideR.Fenn and C.Rourke 361



Racks and Links in Codimension 2 The Fundamental Rack of a Link.(i.e. coincide under the embedding of racks in augmented racks described in the lastsection).Orbits and stabilizersThe orbits in the fundamental augmented rack of a link are in bijective correspon-dence with the components of the link and the next lemma identi�es the corre-sponding stabilizers.An element of the fundamental group represented by a loop of the form � �  � �where  lies in �N (M ) and � represents the element a 2 � is called a{peripheral.The set of a{peripheral elements forms the a{peripheral subgroup. If  lies inthe subset M+ then the class of � �  � � is called a{longitudinal and the setof a{longitudinal elements forms the a{longitudinal subgroup. If  lies in theboundary of a normal disc to M then � �  � � is called a{meridinal. The set ofa{meridinal elements forms the a{meridinal subgroup. (The kernel of the linkis generated by meridinal elements.)3.4 Lemma If the element a of the fundamental rack is represented by a path� from �N to the base point and if h is an element of the fundamental groupwhich �xes a then h is a{peripheral. If � starts on the neighbourhood of a framedcomponent of M , then h is a{longitudinal.Proof Let h be represented by a loop : During the course of the homotopyof � �  to � the initial point describes a loop � in �N: This implies that  ishomotopic to the loop � � � � � and the result follows. �3.5 Corollary With the notation above, the stabilizer of a in the fundamentalgroup is the a{longitudinal subgroup or the a{peripheral subgroup, according asthe component where � starts is framed or unframed. �Seifert links and the operator groupWe shall �nish this section by identifying the operator group for knots and links in3{manifolds.Let G be the group of b� (the fundamental group of the link) and let K (the kernelof the link) be the image of As(�) in G . De�ne the action kernel J � G tocomprise all elements of G which act trivially on �. Recall that the operator groupOp(�) is the quotient of As(�) by the subgroup of elements which act trivially on�. Since the action of As(�) factors via the action of G , Op(�) is the quotient ofK by the subgroup of K of elements which act trivially on �. In other wordsOp(�) = KJ \K : (3.6)We shall now compute J .We will need the following de�nition:R.Fenn and C.Rourke 362



Racks and Links in Codimension 2 The Fundamental Rack of a Link.De�nition Seifert LinksConsider a link in a 3{manifold whose complement has a Seifert circle �bration.An example is a torus link in S3 . We say that a component C of such a linkis framable if the �bration extends to C and its neighbourhood so that C is aregular �bre. A component is said to be naturally framed if it is framable and hasthe framing given by neighbouring �bres. A Seifert link is a link in a 3{manifoldwhose complement has a Seifert circle �bration such that all framed componentsare naturally framed. Note that a Seifert link might be unframed and that someframable components might be unframed.3.7 Proposition Consider a semi-framed link in a 3{manifoldwhose complementis P 2 irreducible. The action kernel J of the link is non-trivial if and only if thelink is a Seifert link. Moreover J can be described explicitly. There are four cases:(1) The link is a Seifert link with at least one framed component, in which case Jis the in�nite cyclic subgroup of the fundamental group de�ned by the regular�bres.(2) The link is unframed and Q0 is T � I where T is a torus, in which caseJ �=Z2 is the fundamental group.(3) The link is unframed and Q0 is K e�I (the twisted I bundle over a Kleinbottle), in which case J �= Z2 is a subgroup of index 2 in the fundamentalgroup.(4) The link is an unframed Seifert link and Q0 is neither T � I nor K e�I , inwhich case J is the same as in case (1).Proof: It is convenient to make the following observation about groups and normalsubgroups. Let G be a group which has a subgroup H containing a non trivialelement h such that any conjugate g�1hg is in H , where g lies in G . Then thegroup generated by g�1hg for all g 2 G is a non trivial normal subgroup of H andG .Assume that J 6= f1g and choose h 2 J , h 6= 1. By lemma 3.4 h is a{peripheraland, for framed components, a{longitudinal for all a 2 �.For convenience take the base point � in �N (C) where C is a component of thelink, and assume that C is framed. Consider elements a 2 � de�ned by loops �based at � . Such an element can be regarded (non-uniquely) as an element g 2 G ,the fundamental group. Now h is a{longitudinal for all such a hence h = g�1lgin G where l is some power of the longitude at � . It follows that our observationapplies where H is the in�nite cyclic subgroup of powers of the longitude. Thecomplementary manifold M therefore has fundamental group containing a normalin�nite cyclic subgroup. A result of Waldhausen [29] shows that M is a Seifertmanifold and that l the longitude is a �bre.A similar argument works if C is unframed. In this case the group H is Z2. Ifthe resulting normal subgroup is in�nite cyclic we can apply the previous argumentR.Fenn and C.Rourke 363



Racks and Links in Codimension 2 Presentationsand deduce that the complementary space is Seifert �bred. If the normal subgroupis Z2 then we know that it is peripheral and the complementary space is thereforeeither T � I where T is a torus or the twisted I bundle over a Klein bottle. Therelevant details may be found in Hempel's book [12] as was kindly pointed out tous by A. Swarup. In either case both are Seifert �bred spaces.Conversely if the link is Seifert then it is easy to see that the in�nite cyclic subgroupde�ned by the regular �bres acts trivially. If a larger subgroup acts trivially then,by the argument in the previous paragraph, we are in the unframed case and Q0 isT � I or K e�I . In the �rst case all elements act trivially while, in the second case,a subgroup of index 2 acts trivially. �3.8 Corollary The operator group of the (plain) fundamental rack of a semi-framed link in a connected orientable 3{manifold is one of: (a) the kernel of thelink, (b) the kernel modulo the integers, (c) Z=2 , or (d) the trivial group.In the last three cases, the link is a Seifert link with possibly some homotopy discsor spheres added by connected sum.Proof Decompose the complement into irreducible pieces. If two or more piecesare non-simply connected then the fundamental group has no normal subgroupisomorphic to Zor Z2, and hence the action kernel is trivial by the proof of theproposition.Thus if the action kernel is non-trivial then the complement is irreducible, withpossibly some homotopy discs or spheres added by connected sum. Remove theseconnected summands, then by the proposition the complement is a Siefert link andthe action kernel is Z or Z2. Hence by equation 3.6 the operator group is thelink kernel modulo Zor Z2. In the Z2 case we must be in case (2) or (3) of theproposition and the quotient is either Z=2 or trivial. �4. PresentationsThe main purpose of this section is to explain the natural presentation that can begiven to the fundamental rack of a link in a 3{manifold. This will involve explainingseveral layers of rack presentations. We start with the simplest.Throughout the section, we shall concentrate on framed links (rather than semi-framed links). There are analogues for semi-framed links of most of the results inthe section, which are proved in analogous ways. By and large we leave the readerto formulate these parallel results, contenting ourselves with brief comments.Primary Rack PresentationsA primary presentation for a rack consists of two sets S (the generating set)and R (the set of relators). A typical element of R is an ordered pair (x; y), wherex; y 2 FR(S), which we shall usually write as an equation: x = y or (x = y).R.Fenn and C.Rourke 364



Racks and Links in Codimension 2 PresentationsThe presentation de�nes a rack [S : R ] as follows: De�ne the congruence � onFR(S) to be the smallest congruence containing R (i.e. such that x � y whenever(x = y) 2 R). Then [S : R ] = FR(S)� :We can describe � more constructively as follows.Consider the following process for generating relators. Start with the given set Rof relators and enlarge R by repeating any or all of the following moves:(a) Add a trivial relator x = x for some x 2 FR(S).(b) If (x = y) 2 R then add y = x .(c) If (x = y); (y = z) 2 R then add x = z .(d) If (x = y) 2 R then add xw = yw for some w 2 FR(S).(e) If (x = y) 2 R then add tx = ty for some t 2 FR(S).De�ne a consequence of R to be any statement which can be generated by a �nitenumber of these moves, and de�ne hRi to be the set of consequences of R .Now a congruence is a relation which is: (1) an equivalence relation and (2) respectsthe rack operation. If we use = instead of � for the congruence, then (1) says thatthe congruence is closed under moves (a), (b) and (c) whilst (2) says it is closedunder moves (d) and (e). It follows that the smallest congruence containing R isprecisely the set of consequences, hRi .Remark The asociated quandle [S : R ]q has a presentation, obtained by addingto R the relators aa = a for all a 2 S . If [S : R ] is a �nite presentation then sois [S : R ]q .Proof Clearly the new relators hold in the associated quandle, but the new rackis a quandle because(aw)aw = awwaw = aaw = aw since aa = a:The \Tietze" TheoremWe shall now prove an analogue for racks of the Tietze move theorem for grouppresentations.The two basic moves on presentations are the following:Tietze move 1 Add to R a consequence (or delete from R a consequence) of theother relators.Tietze move 2 Introduce a new generator x and a new relator x = aw (wherex does not occur in w ), or delete such a pair if x occurs nowhere else in thepresentation.There is an equivalent set of moves which are rather more constructive:R.Fenn and C.Rourke 365



Racks and Links in Codimension 2 Presentations4.1 Lemma Tietze moves 1 and 2 are equivalent to the following moves:(1) Repeat a relator (or delete a repeated relator).(2) Conjugate a relator, i.e. replace for example at = bw by atz = bwz .(3) Substitute at primary level, i.e. if a = bw 2 R then we can replace cz = atby cz = bwt and we can replace az = ct by bwz = ct .(4) Substitute at operator level, i.e. if a = bw 2 R then we can replace ctaq = dzby ctwbwq = dz or cz = dtaq by cz = dtwbwq:(5) Introduce a new generator x and a new relator x = aw (where x does notoccur in w ), or delete such a pair if x occurs nowhere else in the presentation.ProofMoves (1) to (5) are all equivalent to, or special cases of, the two Tietze moves,so it su�ces to show that the two Tietze moves can be achieved by moves (1) to(5). Since Tietze move 2 is move (5) we have to show that any consequence can beintroduced (Tietze move 1). But by de�nition any consequence can be constructedby the relator moves (a) to (e) (in the de�nition of rack presentation). So we shallstart by proving that any of these can be achieved by moves (1) to (5).To achieve move (a) (to introduce a trivial relator) use the following trick:Introduce a new generator t and relation t = a . Repeat the relation t = a andsubstitute to obtain a = a . Now delete t and the redundant copy of t = a .To achieve move (b) (to add y = x where (x = y) 2 R) use another trick:Repeat x = y and substitute to get y = y and then again to get y = x .Finally moves (c), (d) and (e) are precisely moves (2), (3) and (4) in a di�erentform.It follows that we can use moves (1) to (5) to replace [S : R ] by [S : R[T ] whereT contains the required consequence x = y . Repeat x = y and then reverse themoves used to generate T to delete it. �4.2 Theorem : Tietze move analogue Suppose that we have two �nitepresentations [S : R ] and [S0 : R0 ] of isomorphic racks then the two presentationsare related by a �nite sequence of Tietze moves.ProofIdentify [S : R ] with [S0 : R0 ] by the isomorphism. We shall start with thepresentation [S : R ] and move it into the other presentation.To avoid confusion we shall use the letters a1; a2; : : : for elements of S and b1; b2; : : :for elements of S0 . We shall also use w1; w2; : : : for words in the ai and z1; z2; : : :for words in the bi .Step 1 Since the elements of S0 are in the rack, each can be expressed in terms ofthe generators S , i.e. b1 = aw(1)(1) ; b2 = aw(2)(2) ; : : : (�)R.Fenn and C.Rourke 366



Racks and Links in Codimension 2 Presentationswhere a(i) = aj some j . Let Q be the set of statements (�). Use Tietze move 2 tointroduce the \new" generators b1; b2; : : : together with the set Q of new relators.Step 2 Since each statement in R0 is true in the rack it is a consequence of R andhence can be introduced by Tietze move 1. Thus we can enlarge the set of relatorsto R [Q [R0:Step 3 Since S0 generates the rack, we can express each element of S in terms ofS0 : a1 = bz(1)(1) ; a2 = bz(2)(2) ; : : :(forming a set of statements Q0 dual to Q). Since each of the statements in Q0 istrue in the rack, it can be introduced as a new relator using move 1 again.At this point we have reached a symmetrical situation. We have S[S0 as generatingset and R [R0 [Q [Q0 as relators. We now reverse steps 1 to 3 to delete �rst Qthen R and �nally S together with Q0 . �Presentations and the Associated GroupUsing the proof of the Tietze theorem we can prove that the associated group of a�nitely presented rack [S : R ] has a �nite presentation as a group | in fact it hasthe obvious presentation:Given a rack presentation [S : R ] then we obtain a group presentation by inter-preting the elements of R as group equations (i.e. read aw as w�1aw ) yielding thegroup < S : R> . It follows from the Tietze theorem that < S : R> is indepen-dent of the presentation of the rack, since each of moves (1) to (5) leaves the group<S : R> unchanged. This also follows from the following result:4.3 Lemma <S : R> is the associated group As[S : R ] .Proof We shall prove that <S : R> has the universal property of the associatedgroup. First of all there is a rack homomorphism� : [S : R ]! <S : R>conjbecause the congruence which de�nes [S : R ] comprises all (rack) consequences ofR . But examining moves (1) to (5) we see that each rack consequence is a groupconsequence of R (as group relators) and therefore the identity on S extends to arack homomorphism � .Now suppose we are given a rack homomorphism  : [S : R ] ! Gconj where Gis any group. Consider a typical relator aw = bz in in R then  (aw) =  (bz) inGconj , but since  is a rack homomorphism this implies (w) (a) (w) (z) (b) (z) = 1 in G:But this says that  (R) as a group relation is true in G , and therefore  factorsvia � . Uniqueness of this factoring is clear since both [S : R ] and <S : R> havethe same generating set. �R.Fenn and C.Rourke 367



Racks and Links in Codimension 2 Presentations4.4 Remark Racks and group presentationsThe Tietze theorem gives a way of regarding racks as group theoretic objects, namelyequivalence classes of group presentations of conjugacy type (presentationswith relators all of the form xw = yz ) under our moves (1) to (5) of lemma 4.1,moves which all preserve this class.Links in S3We consider links L :M � S3 . Since M is a codimension two submanifold of S3 ,it is the image of a �nite disjoint collection of smooth embeddings of S1 in S3 . Inthis case, a framing on a component of M can be `measured' because the isotopyclass of the framing can be regarded, either as (the isotopy class of) a parallel curve(as in x1) or as an integer (the linking number of the component with its parallelcurve), cf. [9].If we project the link in general position onto a plane R3 = S3 � pt we obtain adiagram: a �nite collection of arcs and circles, the arcs terminating at crossings,as exempli�ed in the following �gure. :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::The chosen orientation on each component of the link is indicated by the arrows inthe diagram.Now a link diagram has a natural framing: each component in the diagram hasa canonical parallel curve obtained by drawing a curve in the diagram adjacent tothe component (indicated as the broken curves in the following �gure)................................................................................................................................................ ............. ............. ............. ............. .............................................................................. ................................................................. ........................................................................................................ ............. ............. ............. ............. ..................................................................................................................... ............. ............. ............. .....................................:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::The following lemma implies that we may suppose that the natural framing andthe given framing of L coincide.4.5 Lemma Given a framed link L in S3 there is a diagram for L whose naturalframing coincides with the given one.R.Fenn and C.Rourke 368



Racks and Links in Codimension 2 PresentationsProof The 
1 moves , ,............................................................................................................................................................................................................. .............................................................................................................................................................................................................change the natural framing by �1. Hence the diagram can be altered by 
1 movesto make the two coincide. �The rack presentation given by a diagramA link diagram determines a primary rack presentation by:(1) Label all arcs (or circles) in the diagram by generators a; b; c; : : : forming thegenerating set S .(2) At each crossing write down a relator by the following rule.a bc.............................................................. .......................................................................................................................................................................................................................................... ..................Write c = ab or a = cb .Note that b crosses a from the right as a passes under to become ab . Notealso that the orientation of the under-arc is not used in the rule.The set of relators gives the relator set R .Extended remark We shall prove shortly that [S : R ] is �(L) (the fundamentalrack of L in S3 ) which implies that [S : R ] is independent of the choice of diagramused to represent L . However, it is worth remarking that this can easily be proveddirectly, and indeed the de�nition of a rack is tailor made to prove this.The two rack laws (1.1 axioms 1 and 2) correspond to invariance of [S : R ] underthe Reidemeister 
2 and 
3 moves respectively, see the following �gures.a babab ab , ab................................................................................................................................................................................... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ..................................................................................................................................................................... ..................................................................................... .......................................................................................................................................................................................................................... ............................................................................................................................................................................................ ..................................................................................... .......................................,abcbc cc ba ab acbcbc cc baacR.Fenn and C.Rourke 369



Racks and Links in Codimension 2 PresentationsNow for unframed links, the fundamental quandle is invariant under the �nal Rei-demeister move (the 
1 move) by the quandle condition; see the �gure.,aaa ,aa aaa............................................................................................................................................................................................................. .............................................................................................................................................................................................................For framed links, we need a modi�ed version of the Reidemeister move theorem:isotopy classes of framed links correspond to equivalence classes of diagrams underthe 
2 and 
3 moves and the following \double" 
1 move:, ,...................................................................................................................................................................................................................................................................................................................................... ......................................................................................................................................................................................................................................................................................................................................This follows from the Reidemeister theorem: replace all 
1 insertions by doubleinsertions and leave all 
1 deletions to the end. Collect all the extra twists on onearc of each component (using 
2 and 
3 moves). Then the fact that the framingsare the same, means that there are (algebraically) the same number of extra twists.But excess pairs of opposite twists can be cancelled using the double 
1 move orthe following sequence of 
2 and 
3 moves:) ) ) ................................................................................................................................................................................................................................................................................................................................................................................................................................... ...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ...................................... .........................................................................................................................................................................................The �gure below shows how the rack laws imply that [S : R ] is independent ofthe double 
1 move. The critical observation on the right is that c = aac impliesc � a and also aac = a : a ab = abc = bb = abb = a, , ab = aac = aac = a...................................................................................................................................................................................................................................................................................................................................... ......................................................................................................................................................................................................................................................................................................................................This completes the extended remark.R.Fenn and C.Rourke 370



Racks and Links in Codimension 2 Presentations4.6 ExamplesExample 1 The unknotted circle with framing n . Shown here with n = 4 .aa4 = a aaaa2aa3 .............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................. .............................................................................................................................................................................................................................................. ....................................................................................... .............................In the diagram, we have simpli�ed the labels, by making obvious substitutions. Thepresentation gives the rack [ a : aan = a ]i.e. the cyclic rack Cn . Notice that the circle with framing �n has isomorphicfundamental rack. Thus extra structure will be needed to cope with orientations(see end of section 5).Example 2 The Hopf link.With both framings 0 a b.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................. ............................the rack is [ a; b : ab = a; ba = b ]:With framings n and m the rack becomes[ a; b : a = aanb; b = babm ]:Imposing the two quandle relations: aa = a; bb = b , makes these two racks identical(the fundamental quandle of the unframed Hopf link).Example 3 The left hand trefoil knot (framing -3).::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: ::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: ::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::: ::::::::::::::::::::::::::::ab cThe fundamental rack is [ a; b; c : ab = c; ca = b; bc = a ]R.Fenn and C.Rourke 371



Racks and Links in Codimension 2 Presentationsor [ a; b : aba = b; bbab = a ]:Remark Note that the presentation of the fundamental rack has de�ciency zeroin contrast to the de�ciency of the fundamental group which is one.Example 4 The Borromean rings.a bcbc ca ab....................... .............................................................................................................................................................. .................................................................................................................................................. ........................................................................................................................................................................................... ...................................................................... .......................................................................................................................................................................................................................................................................................................................................................................... .........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................The fundamental rack is[ a; b; c : cabab = c; abcbc = a; bcaca = b ]:4.7 Theorem Let D be a diagram for a framed link L in S3 and X = [S :R ] the rack presented by D , then X = �(L) , in particular �(L) has a �nitepresentation.Proof We shall de�ne rack homomorphisms� : �(L)! X � : X ! �(L)such that � � � = � � � = id.De�nition of � An element of �(L) is represented by a path  from a pointp 2M+ to � . Project  in general position onto the plane of the diagram D andthen read from  an element of FR(S) as follows. Suppose that the initial pointof  lies on the arc labelled by the generator a and suppose that  subsequentlypasses under arcs labelled b; c; d : : : then associate to  the element ab�c�d� : : : where� = +1 if the arc labelled b crosses  in the right-hand sense and � = �1 otherwise.For an illustration see the following �gure.?  d b p a..................................... ....................................Read �() = abd .To prove that � is well de�ned we have to check that if we change  by a homotopythen we get the same element of X .R.Fenn and C.Rourke 372



Racks and Links in Codimension 2 PresentationsThere are three types of critical stages during the homotopy where the expressionfor �() changes. These are illustrated in the following three typical pictures:?  w p ca b ) ?  w p0 ca b.................... .............. .................... .............................. .....................................................Critical stage type 1In this picture c = ab in X . Moving p to p0 the value of � changes to cbw =abbw = aw i.e. we get the same element of X.?  w2 w1 p ae ) ?  w2 w1 p a........................................... ...................................... ........................................... ..................................................................................................Critical stage type 2In the left-hand picture we read aw1eew2 whilst in the right-hand picture we readaw1w2 , which is the same element of X .?  z w p aecd ) ?  z w p aecd............................................................................................................................................................................................................. ................................................................... ............................................................................................................................................................. ............................................................................................................................................................................................................. ................................................................... ............................................................................................................................................................. ................................ ....................................................Critical stage type 3In the left-hand picture we read awecz whilst in the right- hand picture we readawcdz . But e = dc which implies e � cdc i.e. cd � ec . These are the same elementof X.Thus � : �! X is well de�ned.De�nition of � . We start by de�ning � on the free rack FR(S). In whatfollows we shall misuse notation and write �(a) for both the class and the pathwhich represents it. First de�ne �(a) where a 2 S to be any path from the parallelcurve to the arc labelled a to the base-point over all other arcs of the diagram.Next suppose that �(x) is de�ned; we will de�ne �(xc) and �(xc) where c 2 S .This is done by post-composing the path for x with a loop that starts at the base-point, goes over the other arcs to near the arc labelled c , once around this arc inR.Fenn and C.Rourke 373



Racks and Links in Codimension 2 Presentationsthe positive sense for xc and negative for xc and back to the base-point over theother arcs: ? �c . . ......................... .....................................................................................................................................................................................................................................................................This de�nes � on FR(S). To prove that � is well-de�ned we have to check that ifaw � bz in the congruence generated by R then �(aw) is homotopic to �(bz).But examining moves (1) to (5) of lemma 4.1 we see that the only non-trivial partto be checked is that if aw is altered by either a primary or a secondary substitutionusing relators of X then �(aw) is altered by a homotopy.Primary substitution. Replace cw by abw where c = ab is a relator.? � bcaw )...................... ................................................................................................................................ ? � bcaw ...................... ...................................................................................................................................................................................................................The picture shows a typical situation, and the required homotopy can be seen.Secondary substitution. Replace twcz by twbabz where c = ab .? z c ab w t )............................................................................................................. ? z c ab w t.................................... .............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................The picture again shows a typical situation, and the required homotopy can be seen.We have de�ned � : �(L)! X � : X ! �(L):It is clear from the de�nitions that � � � = idX whilst to see that � � � = id� wetake an arbitrary path  and deform it into � � �() by pulling \feelers" back tothe base-point, as illustrated in the following �gure.R.Fenn and C.Rourke 374



Racks and Links in Codimension 2 Presentations? ) ? ........................................................ ............................................................... ........................................................ ........................................................ ........................................................ ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... �Remarks(1) If we regard the relators R in the diagram presentation as group relators, thenwe obtain the Wirtinger presentation of the fundamental group. This veri�esthe fact we already know: the associated group is the fundamental group ofthe link, (Corollary 3.3).(2) A similar analysis can be carried out for an embedding of Mn in Sn+2 : weobtain a \diagram" by projecting onto Rn+1 in general position and regard-ing top dimensional strata (n{dimensional sheets) as \arcs" to be labelledby generators and (n � 1){dimensional strata (simple double manifolds) as\crossings" to be labelled by relators. In general position a homotopy betweenpaths only crosses the (n� 1) strata and a proof along the lines of the theo-rem can be given that this determines a �nite presentation of the fundamentalrack.(3) There is a general process for obtaining a (not necessarily �nite) presentationfor any codimension 2 embedding by using an analogue of the edge-path pre-sentation for the fundamental group. We leave the details to the interestedreader.We now turn to presentations of the fundamental augmented rack for links in general3{manifolds. We shall need to enlarge the concept of presentation and this is thecontent of the remainder of the section.We shall consider two stages of generalisation. The �rst (allowing operator relations)does not essentially change the class of racks being considered.Operator relationsThe concept of rack presentation can be generalised by allowing relations whichapply only at operator level. For example here is an alternative presentation for thecyclic rack Cn using an operator relation:[a : an � 1]:A presentation for a rack with operator relations comprises three sets: a set S ofgenerators, a set RP of primary relators (as in the �rst de�nition of presentation,R.Fenn and C.Rourke 375



Racks and Links in Codimension 2 Presentationsabove) and a set RO of operator relators which are words w 2 F (S), to beunderstood as relations at the operator level w � 1.This concept appears to be more general than the earlier one but in fact it is not:4.8 Lemma An operator relator is equivalent to n primary relators wheren = jSj .Proof We shall show that the operator relator w � 1 is equivalent to the nprimary relatorsaw1 = a1; aw2 = a2; : : : ; awn = an where S = fa1; a2; : : : ; ang: (�)Since w � 1 implies each of the primary relators awi = ai it su�ces to prove theconverse, i.e. that xw = x is a consequence of (�) for each x 2 FR(S). Writex = atj ; t 2 F (S) say and use induction on the length of t .Suppose that t = t1a"k; " = �1 and for de�niteness suppose that " = +1. Byinduction at1j = at1wjis a consequence of (�). Then using the relator moves we have the following conse-quences: x = atj = at1akj= at1wakj (move (d))= at1wawkj (move (e) using awk = ak)= at1wwakwj (de�nition)= at1akwj = atwj = xw:The case " = �1 is similar. �General presentationsThe �nal generalisation of presentations is to allow operator generators as well:De�nitions Given sets S; T the extended free rack FR(S; T ) is de�ned byFR(S; T ) := S � F (S [ T ) = faw j a 2 S;w 2 F (S [ T )gwith rack operation given by (aw)(bz) = awz�1bz:The proof that this is a rack is formally identical to the case of the usual free rack(1.3 example 9).A general presentation of a rack comprises four sets: SP ; SO the primary andoperator generators and RP ; RO the primary and operator relators, where ele-ments of RP are statements of the form aw = bz where aw; bz 2 FR(SP ; SO), andelements of RO are words w 2 FR(SP ; SO)R.Fenn and C.Rourke 376



Racks and Links in Codimension 2 PresentationsNow given a general presentation de�ne the congruence � on FR(S; T ) to be thesmallest congruence containing:(1) x � y if (x = y) 2 RP(2) zx � zy if (x = y) 2 RP(3) zw � z if w 2 RO .Then the rack generated by the presentation is de�ned to be:[SP ; SO : RP ; RO ] := FR(S; T )� :It is worth examining a simple example in some detail because the operator gener-ators in general introduce a non-�niteness in any possible primary generating set.Example SP = fag SO = fug RP = RO = ; .Here X = [SP ; SO : RP ; RO ] = FR(fag; fa; ug) = faw j w 2 F (a; u)gthe rack structure is given by (aw)(az) = awzaz :So as a set X can be identi�ed with the free group F (a; u) but the rack structureis not conjugacy.Notice that aw is in the same orbit as az if and only if w and z have the sametotal degree in u and the set of orbits is in bijective corespondence with the set ofcosets of Ker(F (a; u)! F (u)) in F (a; u). Therefore X has in�nitely many orbitsand hence cannot have a �nite primary presentation.Presentations of augmented racksThe example makes it clear that a general presentation has operator structure notimplied by the rack structure, thus a general presentation �ts naturally with theidea of augmented racks.Let X = [SP ; SO : RP ; RO ] be a general presentation and let G be the grouppresented by <SP [ SO ; RP [RO> . Then there is a natural map � : X ! G andG acts on X by the formula for the rack operation. Therefore X is an augmentedrack, which we denote bX = [SP ; SO : RP ; RO ]Gthe augmented rack presented by [SP ; SO : RP ; RO ] .Note: Do not confuse G with the associated group As(X) . In the simplercase without operator generators, we can see from lemma 4.8 that G and As(X)are in general di�erent (in this simpler case G is a quotient of As(X): the operatorrelations do not become trivial in As(X), but central, see the �rst line of the proofof the lemma).R.Fenn and C.Rourke 377



Racks and Links in Codimension 2 PresentationsIn the general case, even if the presentation of X is �nite, As(X) does not neces-sarily have a �nite presentation: it is generated by SP and all conjugates w�1awwhere a 2 SP and w 2 F (SO) with relators RP and commutators of generatorsby elements of RO . However there is an important special case in which the rack(and hence the associated group) does have a �nite primary presenation, given inthe lemma below.Note that since � : X ! G is a rack homomorphism from X to Gconj , lemma 2.1gives a homomorphism �] : As(X) ! G .4.9 Lemma Suppose that the presentation of X is �nite and that �] is onto,then X has a �nite primary presentation.Proof We shall show how to replace one operator generator by a �nite number ofprimary generators; the result then follows from lemma 4.8.Let t 2 SO . Since �] is onto, we can write t as an element of As(X) as a productof elements of X , i.e. t = aw11 aw22 : : :awnn in As(X):Since the operator group is a quotient of the associated group, this implies thatt � aw11 aw22 : : : awnn :Introduce n new primary generators, b1; b2; : : : ; bn together with n primary relatorsbi = awii for i = 1; 2; : : : ; n . Then we can substitute b1b2 : : : bn for t at operatorlevel and the operator generator t is now redundant and can be deleted. �Augmented presentations There is also the useful concept of an augmentedpresentation of an augmented rack. This comprises an explicit group G , a set Sof generators, a function � : S ! G and a set R of relators which are statementsof the form x = y where x; y 2 F (S), which respect � , i.e. such that �x = �y inG .The presentation de�nes an augmented rack [S : R ]G by de�ning � on FR(S;G)to be the smallest congruence containing:(1) x � y if (x = y) 2 R(2) zx � zy if (x = y) 2 R(3) zgh � zk if gh = k in Gand setting [S : R ]G = FR(S;G)� :If G is �nitely presented, then we can convert this to a general presentation, byadding the presentation of G as operator generators and relators.Remark There are Tietze type theorems for all the more general classes of pre-sentations, which we shall leave the reader to formulate and prove.R.Fenn and C.Rourke 378



Racks and Links in Codimension 2 PresentationsThe fundamental augmented rack of a link in a 3{manifoldWe �nish the section by explaining how to read a presentation of the fundamentalaugmented rack of a link L in a closed orientable 3{manifold from a diagram. Recallthat such a manifold can be obtained by surgery on a framed link in S3 . Thus wecan represent L by a diagram in which some of the curves (which we think of as`red' curves) are the surgery curves, and others (`black' curves) are the actual linkcomponents.We label the black arcs by primary generators and the red arcs by operator genera-tors, then at each crossing where the underarc is black we read a primary relator bythe usual rule and at each crossing where the underarc is red we read an operatorrelator. Finally, for each red curve we read a further operator relator by readinground the curve and noting undercrossings. The whole process is illustrated by theexample in the following diagram, where the `red' surgery curve has been drawnwith broken lines. abc d x............................................................................................................. ............. ............. .................................................... ............. ....................................... ............. .................................................... ............. .............................................................................. ........................... :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::: :::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::The presentation is[fxg; fa; b; c; dg : fx = xxdg; fb � dcd; c � bdb; a � cbc; a � xdx; cdbx � 1g]where the �rst four operator relations come from the crossings with `red' underarcsand the �nal operator relation is obtained by reading undercrossings round the redcurve.We leave the details of the proof of the following theorem to the reader.4.10 Theorem The fundamental augmented rack b�(L) is the augmented rackpresented by any diagram for L .Sketch of proof The group G corresponding to the presentation is the group�1(Q0) of the link. That the rack is the fundamental rack is then proved in a similarway to theorem 4.7. �4.11 Corollary The fundamental rack of a link in a homotopy 3{sphere has a�nite primary presentation.Proof This follows from lemma 4.9, and the remark below corollary 3.3.R.Fenn and C.Rourke 379



Racks and Links in Codimension 2 The Main Classi�cation Theorem.5. The Main Classi�cation Theorem.The main result of this section is the classi�cation theorem (theorem 5.1 below)which states that the fundamental augmented rack of an irreducible link in a closedconnected 3{manifold is a complete invariant for both the link and the ambient3{manifold.Since for simply connected 3{manifolds the augmented rack and the plain rackcoincide, we deduce that the plain fundamental rack is a complete invariant in thiscase.There is also a classi�cation theorem for more general links in 3{manifolds, includingany link in S3 , which involves the concept of an oriented rack. This will beconsidered at the end of the section.De�nition A link L : M � Q3 is irreducible if Q is a closed connected 3{manifold and Q0 = closure(Q �N (M )) is P 2 irreducible.Remarks(1) For a link in S3 irreducibility is the same as being non-split, i.e. L is notthe disjoint separated union of two non-trivial sublinks.(2) For a general 3{manifold irreducibility is equivalent to Q0 being su�cientlylarge (because a 3{manifold with boundary tori is su�ciently large if and onlyif it is P 2 irreducible). Thus other reasonable names for an irreducible linkwould be non-split or su�ciently large.(3) Note however that Q3 need not be irreducible: it is well known that any closedconnected 3{manifold contains an irreducible link, in fact an irreducible knot.For example, as Dale Rolfson remarked to us, the spine of any open bookdecomposition of a 3{manifold is an irreducible link.(4) Irreducibility can be detected algebraically from the fundamental rack. Thisfollows from the following lemma.5.1 Lemma A semi-framed link L : M � Q3 in a closed connected 3{manifoldwhich contains no homotopy 3{sphere summands is reducible if and only if thefundamental augmented rack b�(L) is a non-trivial free product.If Q3 is a homotopy sphere, then the result is also true with b�(L) replaced by theplain rack �(L) .Proof If the link is reducible, then b�(L) is X �Y where X and Y are non-trivialand are the augmented racks of the connected summands; this can easily be checkedfrom de�nitions.Conversely, if b�(L) is a non-trivial free product, then G = �1(Q0) is a non-trivialfree product. It then follows from a standard result in 3{manifolds [12; theorem7.1] that Q0 is a connected sum, i.e. L is reducible.R.Fenn and C.Rourke 380



Racks and Links in Codimension 2 The Main Classi�cation Theorem.If Q is a homotopy sphere then �1(Q0) is the associated group of the plain rack�(L) (corollary 3.3), and the proof is similar to the proof for the augmented rack.�We now give the main result of this section:5.2 Classi�cation theoremThe fundamental augmented rack is a complete invariant for irreducible semi-framedlinks in closed, connected 3{manifolds.More precisely suppose that L :M � Q and L0 :M 0 � Q0 are two irreducible semi-framed links in closed, connected 3{manifolds and suppose that the fundamentalaugmented racks are isomorphic: b�(L) �= b�(L0):Then there is a homeomorphism Q ! Q0 carrying M to M 0 as semi-framed sub-manifolds.Proof We shall use Waldhausen's classi�cation theorem for P 2 irreducible, suf-�ciently large 3{manifolds, see Hempel [12; theorem 13.6].We need a couple of observations.Observation 1 The orbits of b�(L) are in one{one correspondence with the com-ponents of M .Observation 2 A choice of base path system | that is a base point for Q0and one on each component of �Q0 , in the parallel manifold if appropriate, togetherwith base paths from the base points on �Q0 to the one for Q0 | is the same asa choice of representatives �1; �2; : : : ; �t of elements of b�(L) one from each orbit.Thus a choice x1; x2; : : : ; xt of elements of b�(L), one from each orbit, is equivalentto a choice of base path system, up to equivalence generated by homotopy throughbase path systems.Now assume that L is framed and choose a base path system for Q0 and letx1; x2; : : : ; xt be the corresponding choice of elements of b�(L). Then we can reado� the following items of the corresponding �1 system:�1(Q0) (the group for b�(L)).The xi{meridinal subgroup (generated by �xi ) for i = 1; 2; : : :; t .The xi{longitudinal subgroup, namely its stabiliser in �1(Q0), see 3.5.Now the isomorphism of b�(L) with b�(L0) carries these items to correspondingitems in the �1 system for Q00 given by the base path system determined by theimages of x1; x2; : : : ; xt . It follows from Waldhausen's theorem that there is ahomeomorphism Q0 ! Q00 realising this isomorphism of �1 systems and the cor-respondence of listed items. Since meridinal subgroups go to meridinal subgroups,this homeomorphism extends to a homeomorphism Q ! Q0 carrying M to M 0 ,R.Fenn and C.Rourke 381



Racks and Links in Codimension 2 The Main Classi�cation Theorem.and since longitudinal subgroups go to longitudinal subgroups, this carries M toM 0 as framed submanifolds.The proof in the general (semi-framed) case is the same with the longitudinal sub-groups replaced by peripheral subgroups on the unframed components. �Remark The proof of theorem 5.2makes it clear that the fundamental augmentedrack of a link is an algebraic gadget which encapsulates all the information in thefundamental group and peripheral group structure of the complement, without theneed for any unnatural choice of base path system. Thus it is the precise algebraicinput for Waldhausen's theorem when applied to link complements in closed 3{manifolds.5.3 Corollary For a homotopy sphere the plain fundamental rack is a completelink invariant. More precisely suppose that L : M � Q and L0 : M 0 � Q0 are twoirreducible semi-framed links where Q;Q0 are homotopy 3{spheres and supposethat the plain fundamental racks are isomorphic:�(L) �= �(L0):Then there is a homeomorphism Q ! Q0 carrying M to M 0 as semi-framed sub-manifolds, in particular Q and Q0 are homeomorphic.Proof This follows at once from the theorem and the remark below corollary 3.3.�Remarks(1) The corollary is deceptively strong: the plain fundamental rack is a completeinvariant for the homotopy spheres themselves as well as for the linksin them. Thus if there is a non-trivial homotopy sphere H3 , then any irre-ducible link or knot in H3 will have a fundamental rack di�erent from thefundamental rack of any link in S3 . It follows that any rack invariantwhich vanishes for classical links (links in S3 ) could theoretically be used todetect a counterexample to the Poincar�e conjecture. We shall return to theseideas in section 7.(2) There is no chance whatsoever that the corollary could be extended to gen-eral 3{manifolds. Indeed we have the following observation about the plainfundamental rack:5.4 LemmaSuppose L : M � Q is a semi-framed link and that p : Q0 ! Q is a covering. LetM 0 = p�1(M ) and L0 :M 0 � Q0 . Then �(L) �= �(L0) .Proof This follows at once from the path lifting property of covering spaces. �Orientations for racksThe proof of theorem 5.2 fails for reducible links because the fundamental rack doesnot determine the orientation of the components of M . Although the longitudinalR.Fenn and C.Rourke 382



Racks and Links in Codimension 2 Invariants of Linkssubgroups are invariant under isomorphism , speci�c longitudes are not. For exampleconsider the disjoint union of two trefoil knots K and K0 in S3 . If K say is reected(changing right-hand to left-hand trefoil or vice versa) then the link changes butthe fundamental rack remains the free product of two trefoil racks.Moreover the conclusion of theorem 5.2 only gives a homeomorphism between thelinks which may not respect orientations of the components of the link or the am-bient space. Consider an oriented link L . Then L has an inverse L� where theorientations of each component are reversed. In section 2 we considered invertedracks where the new binary operation is ab . The fundamental rack of the inverselink L� is the inverted rack �(L)� of the fundamental rack �(L). If the orientationof space is reversed the mirror link L is obtained. The fundamental rack of thelink L� is isomorphic to the fundamental rack of the link L under an isomorphisminduced by the space reversing homeomorphism. It follows that the fundamentalrack is not a complete invariant for oriented links L which are not equivalent totheir inverted mirror image.We can avoid these di�culties and extend the theorem to general framed links inS3 by introducing orientations for racks:5.5 De�nition An orientation for the fundamental rack � of a framed linkin S3 , is a choice, for each component (orbit of �), of generator of the (cyclic)stabiliser.An oriented rack carries the extra information which enables the orientation ofthe components to be recreated from the algebra. Using oriented racks, the maintheorem extends to arbitrary framed links in 3{manifolds.5.6 Theorem The oriented fundamental augmented rack is a complete invariantfor oriented and semi-framed links in closed connected 3{manifolds which containno homotopy 3{sphere summands.Proof Decompose the fundamental rack �(L) into a free product of indecompos-able racks. By lemma 5.1 this corresponds to the decomposition of Q0 into itsconnected summands. A similar decomposition applies to �(L0). Now apply the-orem 5.2 to each piece, and then the resulting homeomorphism carries each pieceof L to the corresponding piece of L0 , with determinate orientations. Thus thehomeomorphism can be pieced together along the separating spheres to yield therequired homeomorphism. �Remark The result can be extended to 3{manifolds which are not closed underthe extra condition that each connected summand of Q0 meets �N (M ).6. Invariants of LinksWe have shown that the fundamental rack is a complete invariant for irreduciblelinks in S3 . It follows that, theoretically at least, all invariants of such links canR.Fenn and C.Rourke 383



Racks and Links in Codimension 2 Invariants of Linksbe derived from the fundamental rack. In this section we shall briey indicate howsome old and new invariants are de�ned in terms of the fundamental rack.The subject of rack invariants is enormous. Because a rack is such a simple alge-braic object (as simple as a group), there are an enormous number of \naturallyoccurring" racks, some of which we have mentioned in previous sections. Each suchrack gives rise to link invariants, and it follows that it is absurdly easy to de�nenew (or apparently new) invariants in this way. In the brief time that we have beenstudying racks, we have found far more examples of \new" invariants than we havehad time to investigate, or even to decide whether they are really new. So thissection is just a bare introduction to the subject and we intend to return to studyit in the depth that it deserves in future papers.We shall here consider two ways to de�ne invariants:(1) Representation invariants(2) Functorial invariantsRepresentation invariants are de�ned by considering rack homomorphisms (repre-sentations) to `known' racks, and functorial invariants are de�ned by transformingthe fundamental rack (by a functor) into a one of a class of racks with more easilycomputable invariants.A third method of de�ning invariants is given by the rack space of the fundamentalrack. Any topological invariant of this space is a fortiori a link invariant. Theseinvariants are strongly connected with the concepts of cobordism of links andthe rack space, see [10,11], investigated in our future paper on the rack space.Throughout the section, L will denote a semi-framed link and � its fundamentalrack.Representation invariantsLet X be any �xed rack. Then the set 
 = Hom(�; X) of representations (i.e. rackhomomorphisms) of � in X is a link invariant. If X has any extra structure thenthis set inherits similar extra structure. For example if X is a topological rack(i.e. X is a topological space, the rack operation is continuous in both variables,and a 7! ab is a homeomorphism for each b 2 X ) then 
 is also a topological spacethe representation space of � in X .Now suppose that L is a classical link (i.e. a link in S3 ) and suppose that D is adiagram for L . Then a representation � 2 
 of � in X can interpreted in termsof the diagram D as a labelling of D . In other words each arc of D is labelled byan element of X so that at each crossing the labels satisfy the rule c = ab wherea; b; c are indicated in the following diagram:a bc.............................................................. .......................................................................................................................................................................................................................................... .................. (6:1)R.Fenn and C.Rourke 384



Racks and Links in Codimension 2 Invariants of LinksAny extra structure on 
 has the obvious interpretation in terms of labels.If X is a �nite rack, then the set 
 of representations can be enumerated in asystematic manner by enumerating all labellings satisfying the above rule. Weconjecture that there exists a countable sequence fXig of �nite racks such that thesequence fHom(�; Xi)g distinguishes all irreducible classical links.Now if X is a quandle then there is always the trivial representation which isobtained by labelling each arc by the same element. Therefore the crudest invariantwith a quandle X is the existence or otherwise of a non-trivial representation. IfX is not a quandle there may be no representation at all and the crudest invariantis the existence or otherwise of any representation.6.2 ExamplesExample 1 Conjugation racksLet X be a conjugation rack (i.e. a union of conjugacy classes in a group G) then,by corollary 2.2, representations of � in X are in bijective correspondence withrepresentations (homomorphisms) of the associated group in G . In the case whenL is a classical link, the associated group is the fundamental group and this casehas been extensively studied in the literature, see for example the book of Burdeand Zieschang [4]. The next example gives a speci�c case.Example 2 The Dihedral Rack.Let L be a classical link and let X be the dihedral rack Rn . Representations inRn may be described as follows: let the arcs of any diagram of L be coloured withthe n colours 0; 1; : : : ; n � 1 such that at each crossing if xa; xb; xc are the threecolours assigned to the arcs labelled a; b; c in �gure 6.1 then the following equationholds; xc � 2xb � xa mod nIf n is prime it is well known that these equations have a non-constant solution ifand only if n divides �(�1), the determinant of L .If n = 3 this is the well known property of being 3{colourable. For instance thedeterminant of the trefoil is 3 and of course the trefoil is 3{colourable.In general a representation into any �nite rack could be interpreted as a suitable\colouring scheme" for the diagram.Example 3 The Alexander RackLet � be the ring of Laurent polynomials Z[t; t�1] in the variable t with integercoe�cients. Any ��module has the structure of a quandle with the rule ab :=ta+ (1� t)b: The equations needed for a representation to this quandle arexc = txa + (1� t)xbwhere the unknowns x correspond as before to �gure 6.1. Let f(t) be an irreduciblepolynomial over the integers. Then the equations above have a non-trivial solutionR.Fenn and C.Rourke 385



Racks and Links in Codimension 2 Invariants of Linkswith t a root of f if and only if f divides the Alexander polynomial �(t). Weshall consider a more substantial Alexander invariant later in the section.Example 4 The Dodecahedral RackIf X is the reection rack whose elements are the edges of a dodecahedron, then theexistence of a representation can used to distinguish knots which have determinant�1 and so have no non trivial representation to Rn . An example is 10124 , see Joyce[16] for details and Azcan [1] for generalisations using Coxeter groups.All the above examples have used quandles. The remaining three examples ofrepresentation invariants use non-quandle racks.Example 5 The Cyclic RackConsider the cyclic rack Cn of order n . De�ne the total writhe of a component of alink to be the framing number of the component plus the sum of its linking numberswith the other components. It is easy to see that the link has a representation toCn if and only if the total writhe of each component is divisible by n .Example 6 The (t; s){RackThe (t; s){rack is a generalisation of the Alexander rack de�ned in 1.3 example 6.The two dimensional real plane has the structure of a �s module if t; s act linearlyas the matrices �u 00 u� ��u �u1 1 �where u 6= 0.Let X denote this rack. If we seek a non-trivial representation of � in X , then we�nd a number of linear equations in u have to be satis�ed. For instance if we takethe standard diagram representing the trefoil and with writhe 3 then the existenceof a representation depends on the solution of the equationsux1 � y1 � uz1 � uz2 = 0ux2 � y2 + z1 + z2 = 0uy1 � z1 � ux1 � ux2 = 0uy2 � z2 + x1 + x2 = 0uz1 � x1 � uz1 � uz2 = 0uz2 � x2 + y1 + y2 = 0:The polynomial which is the determinant of the matrix of these equations is aninvariant of the framed knot.A more general �s{module structure on a 2{dimensional vector space is given bythe matrices �u 00 u� � �u� x �y(u + x)y�1(1 + x) 1 + x �where u and y are non-zero. This leads to a 3{variable polynomial invariant.We have not yet decided whether these \new" polynomials contain any really newinformation.R.Fenn and C.Rourke 386



Racks and Links in Codimension 2 Invariants of LinksThese polynomials are invariants of the framed knot or link. However there arecorresponding invariants of the unframed knot or link, see remark 6.3 belowExample 7 Matrix racksThere is a way of associating a rack to any matrix or a�ne group and this leads towhole families of new and computable polynomial invariants for knots and links.The general construction is this: Given a set X with an action by the group G , wecan de�ne a rack structure on G�X by the formula(g; x)(h;y) := (h�1gh; x � h): (�)If we apply this in the case when G is a matrix or a�ne group and X the corre-sponding vector space, then the formula gives a rack structure on (some subset of)a linear space.A simple example is given by the group of dilations acting on the plane:�xy� 7! � a 00 a��xy �+� bc� a; b; c 2 R a 6= 0then the rack structure is given by(a; b; c; x; y)(d;e;f;z;t) = (a; db� ae+ e; dc� af + f; dx+ f; dy + e)where a; b; c represent the element of the group as in the equation above, and x; yare the coordinates of the point of the plane.The formula can be used to de�ne several polynomial invariants including the multi-variable Alexander polynomial (in fact this polynomial comes from an even simplerexample: the group of a�ne transformations of a 1{dimensional space, see example3 below 7.6 and Devine [8] for details).6.3 Remarks(1) When using a non-quandle rack, the invariants found for a classical link willdepend in general on the framing of the link (i.e. the writhe of the diagram).However there is a way to de�ne an in�nite family of corresponding invari-ants of the unframed link: we choose arbitrarily integers corresponding to thecomponents of the link and then we choose to frame the link with the uniqueframing given by setting the writhes equal to these integers. For each choiceof integers, we have in this way an invariant of the unframed link.(2) The general construction for a rack given in (�) above can be further gener-alised. Let X be a set on which a rack Y acts (i.e, for each y 2 Y we havea bijection x 7! x � y of X such that yz acts like zyz , where x � z means thepre-image of x under the action of z ), then almost the same formula gives arack structure on Y �X(y; x)(t;u) := (yt; x � t):R.Fenn and C.Rourke 387



Racks and Links in Codimension 2 Invariants of LinksFunctorial InvariantsInvariants of links can be obtained by applying a functor to the fundamental rack.One advantage of this method of de�ning invariants is that they automatically applyto arbitrary racks and not just to classical racks.6.4 ExamplesExample 1 The Associated GroupThe associated group functor is an example. However, as we have seen in proposition3.2, this leads to an existing topological invariant �2(Q;Q0), the associated groupof the link.Example 2 The Alexander moduleThe following is, we believe, a new invariant which generalises the de�nition of theAlexander polynomial of a knot or link.Let � be the ring of Laurent polynomials Z[t; t�1] in the variable t with integercoe�cients. As we have seen above any �{module has the structure of a quandlewith the rule ab := ta+(1�t)b: This means that MOD , the category of �{modulesis a subcategory of RAC KS, the category of racks. There is a functorA : RAC KS�! MODthe Alexander functor, which is a left adjoint to the inclusion de�ned as follows;If X is a rack let A(X) be the �{module with generators fuaja 2 Xg and relationsuab = tua + (1� t)ub a; b 2 X:In the case of classical links the Alexander functor takes the fundamental rack intothe usual Alexander module. However our invariant is de�ned for an arbitrarycodimension 2 link.For the generalisation to Alexander modules with many variables see Devine [8].Example 3 The (t; s){moduleThe Alexander module can be generalised to give a non-quandle module by replacing� by �s in the last example and modifying the relations touab = tua + sub a; b 2 X:Example 4 Verbal GroupsThe associated group functor can be generalised.Let X be a rack. We consider the group with generators fgxjx 2 Xg and relationsgab = w(ga; gb)where w(x; y) is a �xed word in two variables. In order for the group to be wellde�ned, w has to satisfy two conditions which are the analogues of the rack laws.Examples are w = y�1xy which yields the associated group and w = yx�1y whichR.Fenn and C.Rourke 388



Racks and Links in Codimension 2 Racks and Braidsyields the associated core group. Kelly [18] has proved that these are the onlysuch examples. However, as Kelly shows, there is a further generalisation: replacegx by a �xed set of say n generators and w by n words in 2n variables; thereare then many new examples. For instance in the case n = 2, Kelly found, in acomputer search, more than 500 new examples including several in�nite families.There is much work to be done to categorise and to calculate these new invariants.7. Racks and BraidsIn this section we shall explore the relationship between racks and braids. We shallshow that there is a faithful representation of the braid group Bn on n strings in theautomorphism group Aut(FRn) of the free rack on n elements. This representationcan be used to de�ne and to calculate link invariants. Moreover a classical resultof Artin can be adapted to characterise the image of the represention, and we shallapply this result to give a characterisation of the fundamental rack of a link in a3{manifold.We call a rack classical if it is the fundamental rack of a link in S3 . We shall giveseparate characterisations for classical racks and for the fundamental augmentedracks of links in general oriented 3{manifolds. These results complement the mainclassi�cation theorem of section 5.Unfortunately the characterisations are far from practical. Practical versions wouldbe very important. In particular an algorithmic version would partially solve thehomeomorphism problem for S3 . We shall discuss this and the connection with thePoincar�e conjecture at the end of the section.The braid groupsLet Ln : fP1; : : : ; Png � D2 be a �xed link comprising n points in the interior of the2{disc. Let L+n be the framed version of Ln , which we can think of as comprisingn standard little discs which are reduced copies of D2 .A braid on n strings is an equivalence class of links � : A � D2 � I , where Acomprises n arcs each of which meets every level D2 � ftg in a single point, andsuch that � \ (D2 � fig) = Ln for i = 0; 1. The equivalence is isotopy throughsimilar links. Similarly a framed braid is an equivalence class of framed links ofthe same type, such that � \ (D2 � fig) = L+n for i = 0; 1.It is well known that braids on n strings form a group the braid group Bn , withcomposition de�ned by stacking two braids one above the other. Similarly, framedbraids form the framed braid group FBn . A braid or framed braid determinesa permutation � 2 Sn of fP1; : : : ; Png by following the strings from top to bottom,and this de�nes surjective homomorphisms Bn ! Sn and FBn ! Sn .Now an unframed braid has a standard framing de�ned by transporting the littlediscs down the strings, keeping them parallel throughout. In general a framed braidR.Fenn and C.Rourke 389



Racks and Links in Codimension 2 Racks and Braidscan be regarded as a braid with an integer attached to each string, which countsthe total rotation of the little disc as the string is traversed from top to bottom.The standard framing corresponding to zeros. In composition the integers on thetwo pieces of the string are added.Thus FBn is the wreath product ZqxBn that is the semi-direct product of Znwith Bn where the action of Bn on Zn is given by permuting the factors using thehomomorphism of Bn to Sn .The representations of Bn and FBnLet � be a framed braid. We shall consider the fundamental racks �(L+n ) and �(�).Now a braid can be `unbraided' and any framing can be `untwisted' hence, as a link,� �= L+n � I . Therefore the fundamental racks are isomorphic. Moreover the funda-mental rack �(L+n ) can be identi�ed with the free rack FRn = FRfa1; a2; : : : ; angon n generators as pictured: . . ......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ........................................................................................... ................................................................................................................................................................................................................................................................ ............................................................................................................................................ ........................................................................................................................................................................................................ ........................................ ...................................a1 a2 an?Thus we have isomorphismsFRn = �(L+n ) i0�! �(�) i1 � �(L+n ) = FRnwhere i0; i1 are induced by inclusions of L+n in � at D2 � 0, D2 � 1 respectively.The composition i�11 i0 is an isomorphism�� : FRn ! FRnof the free rack.It is easy to check that � 7! �� is a homomorphism� : FBn ! Aut(FRn):In theorem 7.3 below we shall show that � is a faithful representation of the braidgroups in the automorphism group of the free rack.ExampleLet �i be the braid which is the simple interchange of the ith and (i+1)st stringsand which keeps the other strings �xed. Let �i have the standard framing.R.Fenn and C.Rourke 390



Racks and Links in Codimension 2 Racks and Braids. . . . . .1 � � � � � �i � 1 i i + 1 i + 2 n......................................................................... ......................................................................... ......................................................................... ......................................................................................................................................................................................................................... .........................................Then �i induces the automorphism �i�8<: ai 7! aaii+1ai+1 7! aiaj 7! aj j 6= i; i+ 1:The automorphism �� for any braid � with standard framing can now be calculatedsince � can be written as a word in the �i .The general form of an automorphism of FRn is ai 7! awi�(i) where � is a per-mutation of the set f1; 2; : : : ; ng and wi for i = 1; 2; : : : ; n are words in the freegroup F (a1; : : : ; an), which satisfy certain conditions obtained by considering theanalogue of Nielsen theory for racks. This theory is given in an appendix to thepaper. We shall not need to consider these conditions in detail in this section. Ingeneral the above formula de�nes a monomorphism of FRn to itself, (indeed thesame formula de�nes a monomorphism of the free group) and this is also proved inthe appendix, see corollary 8.6.7.1 Example Let � be the following illustrated braid, again with standardframing: � ................................................................................................................................................................................................................................................................................................................... ...........................................................................................................................................................then �� is given by� = (13) w1 = a�12 a�11 a2 w2 = a�12 a1a2a3a�12 a�11 a2 w3 = a2:For a braid with non-standard framing, we decompose the braid into interchangesand twists (the identity braid but with one string, say the i{th, framed �1). Theautomorphism for a twist on the i{th string is� ai 7! a�aiiaj 7! aj j 6= i:Later in the section we shall show how to read the automorphism �� from thediagram, without decomposing � into elementary interchanges and twists.Similar considerations apply to unframed braids, and we have the representation� : Bn ! Aut(FQn) where FQn is the free quandle on n generators. An elementof Aut(FQn) is again de�ned by a permutation � and n words wi but now thewords wi are only determined up to premultiplication by powers of a�(i) (becauseR.Fenn and C.Rourke 391



Racks and Links in Codimension 2 Racks and Braidsaa�(i)�(i) = a�(i) in a quandle). Note that FQn is the associated quandle to FRnand that the natural homomorphism Aut(FRn)! Aut(FQn) is given by using thesame permuation � and words wi . Further we can regard Aut(FQn) as a subgroupof Aut(FRn) by choosing to premultiply wi by the unique power of a�(i) whichmakes the total power of a�(i) in wi zero. A general element of Aut(FRn) is thenan element of Aut(FQn) together with an integer for each wi giving the total degreeof a�(i) . Thus we have another wreath productAut(FRn) =ZqxAut(FQn)and the homomorphism � : FBn ! Aut(FRn) carries one wreath product structureinto the other.Finally we have connections with the free group Fn on n generators. The as-sociated groups of both �(Ln) and �(L+n ) can be identi�ed with the fundamen-tal group �1(D20) of the disc minus the n little discs, which is the free groupFn = F (�a1; �a2; : : : ; �an) on the n loops illustrated:
........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ........................................................................................... ................................................................................................................................................................................................................................................................ ............................................................................................................................................ ........................................................................................................................................................................................................ ........................................ .............................................................................................................. ....................................................... .................... ....................@a1 @a2 @an?. . .We shall usually use the symbols a1; a2; : : : ; an for the generators of Fn , rather thanthe more accurate �a1; �a2; : : : ; �an , whenever no confusion is likely to arise. Givena possibly framed braid � , then �� induces an automorphism ��] of the free groupFn which can be described in the same way as �� using the fundamental groups of� and Ln in place of the fundamental racks. Thus we have further representationsof Bn and FBn in the automorphism group Aut(Fn) of the free group.In summary we have the following commuting diagram.Bn ��! Aut(FQn) �! Aut(Fn)??y ??yZqxBn ��! ZqxAut(FQn)k kFBn Aut(FRn)A classical result of Artin shows that Bn ! Aut(Fn) is injective. In fact all themaps in the diagram are injective.R.Fenn and C.Rourke 392



Racks and Links in Codimension 2 Racks and BraidsRemark It can be readily seen that the homomorphism Aut(FQn)! Aut(Fn) isinjective. This is because the image of the automorphism ai 7! awi�(i) in Aut(Fn) isgiven by ai 7! w�1i a�(i)wi and then a�(i) and wi are determined by this word inthe free group up to premultiplication of wi by a power of a�(i) .The Artin conditionDe�nition The permutation � 2 Sn and words wi 2 Fn , i = 1; 2; : : :n are saidto satisfy the Artin condition if the identitynYi=1 ai = nYi=1w�1i a�(i)wiholds in the free group. In this case, we say that the homomorphism g : FRn ! FRnde�ned by ai 7! awi�(i) is Artin. In theorem 7.3 below, we shall show that Artinhomomorphisms are in fact automorphisms.For example in 7.1 abovenYi=1w�1i a�(i)wi= (a�12 a1a2 a3 a�12 a�11 a2)(a�12 a1a2a�13 a�12 a�11 a2 a2 a�12 a1a2a3a�12 a�11 a2)(a�12 a1 a2)= a1a2a3:A similar de�nition works for FQn since the words w�1i a�(i)wi are well de�ned bythe automorphism.7.2 Lemma An automorphism g 2 Aut(FRn) or Aut(FQn) determined by abraid or framed braid is Artin.Proof The element �a1�a2 � � ��an of the free group regarded as an element of�1(D20) is represented by the boundary �D2 of the disc. But, from the de�nitionof the induced automorphism of the free group, this element maps to itself, since�D2 can be homotoped down �D2 � I outside the braid, from top to bottom.But the right hand side of the Artin condition is precisely the image of this elementunder the induced automorphism. �7.3 Theorem An Artin homomorphism is an automorphism. Moreover thehomomorphism � : FBn ! Aut(FRn) de�ned above is injective and the image of� consists precisely of Artin automorphisms.Remark By the commuting diagram given earlier, the theorem is equivalent tothe classical result of Artin, see Birman [2; theorem 1.9], where a combinatorialproof can be found. However, the rephrasing of the result in terms of racks has anadvantage because it leads to a simple geometric proof along the lines of the mainresult of section 5.Proof To prove the theorem we need to show that if g is an Artin homomorphismof FRn to itself then there is a unique braid � such that �� = g . We shall start byR.Fenn and C.Rourke 393



Racks and Links in Codimension 2 Racks and Braidsproving the there is a homeomorphism h of D20 (i.e. D2 with n little discs aroundP1; P2; : : : ; Pn removed) such that hj�D2 = id and h� = g . Moreover h is uniqueup to isotopy.To prove this we shall use the 2{dimensional version of Waldhausen's theorem [12;theorem 13.1]. A homeomorphism h of D20 is determined up to isotopy by its e�ecton �1(D20) = Fn and the peripheral structure. But the elements a1; a2; : : : ; an 2 �de�ne a base path system for D20 (see the proof of theorem 5.2) and their im-ages g(a1); g(a2); : : : ; g(an) another base path system. Moreover by corollary 8.6 ginduces a monomorphism g] of �1(D20) to itself and we have the peripheral struc-ture given by the inner loops �a1; �a2; : : : ; �an and the outside loop �a1�a2 � � ��anwhich is the image in As(�) of a1a2 � � �an . Thus the n inner loops are mapped byg] to corresponding inner loops in the other system and the Artin condition saysprecisely that the outer loop maps to itself. Thus by the `Waldhausen' theoremquoted there is a homeomorphism h , unique up to isotopy, such that hj�D2 = idand h� = g .The connection with braids is well known. We extend h to a homeomorphismD2 ! D2 by inserting the little discs (which are permuted by parallel translations).Then there is an isotopy relative to the boundary of the identity to h and thisisotopy restricted to the little discs gives a braid � such that �� = g . This setsup an isomorphism between the braid group and the group of isotopy classes ofhomeomorphisms of D2 which satisfy the same conditions as h , therefore � isunique. �Reading the automorphism from the braidWe now give the promised recipe for reading the automorphism �� from the braid� . Assume that we have a diagram for the braid and assume �rst that the framingis standard. Orient the strings of the braid downward and label the �xed points atthe top of the braid P+1 ; P+2 ; : : : ; P+n . In a similar fashion label the �xed points atthe bottom of the braid P�1 ; P�2 ; : : : ; P�n .Starting at the bottom of the braid label the arc starting at P�j by aj; j =1; 2; : : : ; n . Now continue up the braid and label arcs which start at a crossingpoints using the rules for labelling arcs given in section 4. The labels are all ele-ments of the free rack FR(a1; a2; : : : ; an).Suppose now that the top arc of the string which started at P�j �nishes at P+iwith label awj . Then put wi = w and �(i) = j . In other words the label on P+i isawi�(i) , and the automorphism can be read from the top labels, as we see from thefollowing example.Example We shall check the rule for the braid of example 7.1:R.Fenn and C.Rourke 394



Racks and Links in Codimension 2 Racks and Braids���n a1 a2 a3# # #a b c a = aaa213 = aa2a1a23b = aa2 = aa2a1a2a3a2a1a22c = aa21................................................................................................................................................................................................................................................................................................................... ...........................................................................................................................................................For general framings, we correct the framing of the diagram by inserting littletwists (see lemma 4.5), and use the same method. By the results of section 4 (see inparticular �gures 3 to 6) it makes no di�erence where the little twists are inserted,or how the braid is respresented as a diagram.To prove that the method gives the correct result, we make the following observa-tions:(1) It gives the correct result for a braid which is a simple interchange (�i ) or asingle twist. This is readily checked by hand.(2) The method gives a homomorphism � : Bn ! Aut(FRn).To see this consider the e�ect of stacking the braid �0 on top of the braid � .If the i{th point at the bottom of � is labelled ai and at the top is labelledawi�(i) , then the labels at the top of the combined braid are obtained from thosefor �0 by substituting awi�(i) for ai . But this is precisely how the composition�0� � �� of the two automorphism of FRn is formed.Since any framed braid can be decomposed into simple interchanges and twists, itnow follows that � = � , i.e. the method gives the correct result.We can now give our characterisation of classical racks.7.4 Theorem: Characterisation of classical racksA rack is the fundamental rack of a framed link in S3 if and only if it has a primarypresentation of the form[ a1; a2; : : : ; an : a1 = aw1�(1); a2 = aw2�(2); : : : ; an = awn�(n) ]where �;w1; w2; : : : ; wn satisfy the Artin condition.Proof Let � be a framed braid. The closure C(�) of � is the link in S3 obtainedby joining the top of the braid to the bottom by n arcs `round the back' withstandard framing.R.Fenn and C.Rourke 395



Racks and Links in Codimension 2 Racks and Braids� C(�)............................................................................... .................................................................................................................................................................................................................................... ...........................................................................................................................................................By a theorem of Alexander (see e.g. [2]) any framed link L : M � S3 can berepresented as the closure C(�) of a braid (in fact this can be done so that theframing of L is given by the standard framing of � though we shall not need touse this fact).Now we can read a presentation for the fundamental rack �(L) from the diagram forC(�) by the methods of section 4. Moreover, by using the same lebels as in the abovediscussion, we see that �(L) has the presentation [: : : ; ai; : : : j : : : ; ai = awi�(i); : : :]where ai 7! awi�(i) is the atomorphism of FRn induced by � . Thus �(L) has apresentation of the required form by theorem 7.3.Conversely suppose we are given a rack � with a presentation of this form then,again by theorem 7.3, there is a braid � which induces the automorphism ai 7!awi�(i) . Then the closure of � has fundamental rack isomorphic to �. �Remarks(1) The theorem has content. For example any rack whose associated group hastorsion is not classical.(2) There is a similar characterisation of the fundamental racks of semi-framedor unframed links in S3 . Here the presentation has the same form but withextra relations aajj = aj corresponding to the unframed components. Theproof is essentially the same.(3) Markov's theorem (see e.g. [2]) can be combined with the theorem to give analgebraic classi�cation of classical links. By Markov's theorem, any two braidswhich have isotopic closures are related by a series of moves. The resultingpresentations of the fundamental rack are therefore also related by a seriesof moves through presentations of the same form. We leave the details to aninterested reader.Links in general 3{mani�oldsWe now adapt the last result to give an algebraic characterisation for the funda-mental augmented rack of a link in any closed orientable 3{manifold. As at the endR.Fenn and C.Rourke 396



Racks and Links in Codimension 2 Racks and Braidsof section 4, we shall regard the 3{manifold as given by surgery on a link in S3 andby Alexander's theorem we can represent a diagram for the surgery curves togetherwith the actual link as the closure of a braid � , with t `red' strings and n `black'strings, where the closures of the `red' strings represent the surgery curves and the`black' the link curves. By a suitable conjugacy of the braid, we may suppose thatthe t `red' strings start (and �nish) at the t right-most positions.Let � 2 Sn be the permutation given by the black strings and � 2 St the permu-tation given by the red strings. Denote by �j� the permutation in Sn+t of all n+ tstrings.We need to decompose � into its cycle decomposition. By a further conjugacy ofthe braid we can suppose that this decomposition is in fact of the form� = (1; 2; : : : ; l1)(l1 + 1; l1 + 2; : : : ; l2) � � � (lp�1 + 1; : : : ; lp):Suppose that � induces the automorphismai 7! awi�(i) i = 1; 2; : : : ; nbi 7! bzi�(i) i = 1; 2; : : : ; tof the free rack FRn+t , where we have used b1; b2; : : : ; bn for the last t generatorsin order to distinguish the surgery strings from the genuine link strings. Note thatwi and zi are words in Fn+t = F (a1; : : : ; an; b1; : : : ; bt).We can now read o� an augmented presentation of the fundamental augmented rackof L using the recipe given at the end of section 4.SP The primary generators fa1; a2; : : : ; ang .SO The operator generators fb1; b2; : : : ; btg .RP The primary relators fai = a�(i); i = 1; 2; : : : ; ng .RO The operator relators fbi � b�(i); i = 1; 2; : : : ; tg , together with the p furtheroperator relatorsfzl1zl1�1 � � �z1; zl2zl2+1 � � �zl1+1; : : : ; zlp zlp+1 � � �zlp�1+1g:The last set of operator relators are the ones which come from reading around thesurgery curves noting undercrossings.The following theorem is proved in a similar way to the last theorem:7.5 Theorem: Characterisation of fundamental augmented racks in 3{manifoldsAn augmented rack is the fundamental rack of a framed link in a closed oriented3{manifold if and only is it has a presentation of the form listed above such thatthe permutation �j� and the words w1; w2; : : : ; wn; z1; z2; : : : ; zt satisfy the Artincondition.R.Fenn and C.Rourke 397



Racks and Links in Codimension 2 Racks and BraidsRemarks(1) Again there is a semi-framed version of the theorem, which we leave the readerto formulate.(2) Again the theorem can be combined with a `Markov' theorem to give analgebraic classi�cation of links in terms of moves through presentations ofthe same type. The appropriate theorem here is the extension of Markov'stheorem to general 3{manifolds contained in Lambropoulou's thesis [21].InvariantsThe connections between braids and racks can be used to de�ne and calculateinvariants of classical links. As with all discussions of invariants in this paper, weshall content ourselves here with a brief outline of the methods and return to discussthe subject in greater depth in future papers.The key idea is an extension of an idea of Brieskorn [3; proposition 3.1]. Given anyrack X , there is an action of the automorphism group Aut(FRn) on Xn as follows.Let f 2 Aut(FRn) and let x = (x1; x2; : : : ; xn) 2 Xn . De�ne jx to be the uniquerack homomorphism FRn ! X such that ai 7! xi for each i . Then the action f�of f on Xn is given byf�(x) := (jx(f(a1)); jx(f(a2)); : : : ; jx(f(an))):For an automorphism f 2 Aut(FRn) which comes from a braid, f� has a simpleinterpretation: label the strings at the bottom by the elements x1; x2; : : : ; xn 2 X ,use the usual rules to carry the labels up the braid. Then the labels at the top arejx(f(a1)); jx(f(a2)); : : : ; jx(f(an)). That the two descriptions of the action coincidefollows from the method of reading the automorphism from the braid given earlierin the section.This action can be used to de�ne R{matrices, see remark 7.7 near the end of thepaper.Now let � be a �xed framed braid and let �� be the corresponding automorphismof FRn . Consider the closure C(�) and let � be the fundamental rack of C(�).Then a representation of � in X is a labelling of C(�) by elements of X i.e. ann{tuple (x1; x2; : : : ; xn) 2 Xn such that xi = jx(f(ai)) for each i , in other wordsa �xed point of f� . The following result now follows quickly.7.6 Proposition The set of representations 
 = Hom(�; X) is in natural bijec-tion with the �xed point set of f� .Remark This result can be extended to a larger class of racks. Let f 2 Aut(FRn)and let � be the smallest congruence on FRn such that x � f(x) for all x 2FRn . De�ne the almost classical rack FRn=f to be FRn quotiented out by thecongruence � .The proposition applies to almost classical racks, because a representation � ofFRn=f in X determines the n{tuple x = (�a1; �a2; : : : ; �an) such that f�(x) = x ,and conversely.R.Fenn and C.Rourke 398



Racks and Links in Codimension 2 Racks and BraidsThe usefulness of the result is best demonstrated by examples:Example 1 The extended Burau representationLet � be the ring of Laurent polynomials Z[t; t�1] in the variable t with integercoe�cients and with rack operation ab = ta+(1�t)b . Then the action of Aut(FRn)on Xn = �n is an extension of the Burau representation and gives a representationB : Aut(FRn)! GLn(�).Now let f = �(�) as before, then the �xed point set of f� is de�ned by the equationB(f)x = x (where B(f) is an n � n matrix with entries in �). It follows thatthe eigenspace of B(f) with eigenvalue 1 is an invariant of the link. The conditionfor this eigenspace to be non-empty, namely jB(f) � Ij = 0, is the Alexanderpolynomial of the link.In fact substantially more invariants of B(f) than just this eigenspace are invariantsof the link, since the matrix determines the Alexander module, see example 4 below.Example 2 The (t; s){rackWe shall describe the extension of the above Burau representation to the ring �sexplicitly. The automorphism group of the free rack Aut(FRn) is generated bypermutation of the generators and elementary isomorphisms:� ai 7! aajiak 7! ak k 6= i:The corresponding matrices are permutation matrices and \elementary" matricesobtained from the unit matrix by replacing the i{th diagonal entry by t and the(i; j){th entry by s . If i = j then replace the i{th diagonal entry by s + t . Inexplicit examples, for instance the (2 � 2) matrix examples of 6.2 example 6, theentries are regarded as blocks and the blocks s and t replaced by the appropriatesmaller matrices.Again the eigenspace contains polynomial information and again we can deducefurther invariants, see example 5 below.Example 3 A sample matrix rackLet X be the matrix rack (6.2 example 7) obtained by considering the action ofthe 1{dimensional a�ne group x 7! ax+ b on R1. Then the rack structure on Xis given by (a; b; x)(c;d;y) = (a; cb� ad+ d; cx+ d):The corresponding representation Aut(FRn) ! Xn = R3n can be quickly writtendown explicitly as in the last example, and is multilinear.Several multivariable polynomials can be read from this representation includingthe multivariable Alexander polynomial (Devine [8]).Remark In all these examples there is link information contained in the eigen-spaces other than that with eigenvalue 1, because they correspond to representationsin the appropriate projectivised linear rack.R.Fenn and C.Rourke 399



Racks and Links in Codimension 2 Racks and BraidsFunctorial invariantsSo far we have used the connection with braids to indicate how to read o� repre-sentation invariants of almost classical racks. But functorial invariants can also beread. The observation that we need is the following: Suppose we are given a functorF : RAC KS�! RAC KSand an automorphism f 2 Aut(FRn). Let F(n) denote F(FRn), then by functor-iality we have the induced automorphism f[ : F(n) ! F(n) . Therefore if � =FRn=f then F(�) = F(n)=f[ .Example 4 The Alexander moduleThe relevant functor here was de�ned in 6.3 example 2. Here F(n) is the freen{dimensional � module and f[ is the Burau matrix B(f). It follows that all theinvariants of B(f) which are invariants of the module F(n)=B(f) are invariants ofthe link. For example we could take all the polynomials in the Smith normal form.Example 5 The (t; s){moduleOnce again we can generalise to the (t; s){rack. Here B(f) is replaced by the (t; s)matrix described explicitly in example 2 above (or in particular matrix representa-tions, by the block matrix obtained by substitution) and again many polynomialsinvariants of the link can be read. For example we can take one of the variables tobe the \variable" and the rest to be \�xed" and then consider the Smith normalform, which gives us in general n multivariable polynomials.7.7 Remark Racks and R{matricesThe representation of Aut(FRn) as permutations of Xn de�ned earlier restricts toa representation of Bn . In detail this is de�ned as follows. There is a bijectionT : X2 ! X2 de�ned by T (a; b) := (b; ab) and further bijections Ti : Xn ! Xn forall n � 2 and 1 � i < n de�ned by Ti := Ii�1�T �In�i�1 where Ii is the identitymap on Xi . The representation Bn ! Perm(Xn) of the braid group is then givenby �i ! Ti .Now suppose that X is in fact a based module over a ring � then this representationis given by an \R{matrix" with entries in � (cf. Kau�man [17] for details in thecase of the Alexander rack).The other examples of racks which are also modules given earlier in the paper alsode�ne R{matrices in this way. This suggests the possibility of using the theory ofracks to de�ne 3{manifold invariants in the spirit of Reshetikhin and Turaev [26].Final remarks(1) AlgorithmsWe �nish this paper by making some remarks on the homeomorphism problem forS3 and the Poincar�e conjecture. The classi�cation of classical racks given in theoremR.Fenn and C.Rourke 400



Racks and Links in Codimension 2 Appendix : Nielsen theory for racks7.3 is far from algorithmic. Now an algorithmic version would be very important.Suppose we are given a possible counterexample H3 to the Poincar�e conjecture.Then we can always �nd an irreducible link L : M � H3 (see remark (3) at thebeginning of section 5). We can then read o� an explicit primary presentation forthe (plain) fundamental rack �(L) by the results of section 4 (especially lemmas4.8 and 4.9). Now apply the algorithm. By deciding whether �(L) is a classicalrack we are a fortiori deciding whether H3 is S3 by corollary 5.3. Thus we wouldhave solved the problem of deciding whether a homotopy sphere is S3 .The following considerations suggest that an algorithmic version may not be toohard to �nd. Consider a primary presentation [S : R ] of a rack �. Let R consistof the n equations wi = zi where i = 1; 2; : : : ; n . Call a word u in conjugates ofthe wi and the zi and their inverses a generalised Artin condition (GAC) if(1) each appearance of a wxi is balanced by an appearance of z�xi or vice versa,(2) u = 1 in F (S).Note that a particular relator can appear (as balanced pairs) many times.Now the set of GAC's is `invariant' under the Tietze moves (moves (1) to (5) oflemma4.1) in the sense that any particular GAC is tranformed in an obvious way byone of these moves. The problems is that there are now many \trivial" Artin condi-tions. However, it can be shown that a GAC corresponds to an element of �2(B�)(where is B� is the rack space) and for an irreducible classical rack this groupis in�nite cyclic generated by the diagram for the link, see [10,11]. Hence for anirreducible classical rack there is essentially only one non-trivial GAC. In particularexamples it is easy to decide whether a GAC is non-trivial and it seems reason-able that an algorithm to do this can be constructed. Thus the problem reducesto �nding a computable bound on the length (and the lengths of the conjugatingelements) of the possible non-trivial GAC in terms of the original presentation.(2) ObstructionsThe other side of the coin is the construction of obstructions to a rack being classical.What we seek is a class of rack invariants which vanish for classical racks. Suchinvariants could then be applied to detect a possible counterexample H3 to thePoincar�e conjecture, by applying them to the fundamental rack � of an irreduciblelink in H3 .There are several suitable theoretical invariants, for example �2(B�) where is B�is the rack space (which must be Zfor an irreducible classical rack). We do not atthe time of writing know of an e�ectively computable invariant. However there are,as we have seen, many in�nite classes of computable rack invariants. Therefore itseems extremely hopeful that a suitable class can be found.Note that there is an e�ective algorithm to list all homotopy spheres provided byRêgo and Rourke [25]. If there were an e�ective algorithm to decide whether ahomotopy sphere is S3 , or else some invariants which might detect a non-trivialR.Fenn and C.Rourke 401



Racks and Links in Codimension 2 Appendix : Nielsen theory for rackshomotopy sphere, then these could be used in a computer search for a possiblecounterexample to the Poincar�e conjecture.8. Appendix : Nielsen theory for racksIn this appendix we characterise automorphisms of the free rack FRn as productsof elementary automorphisms. This result is an analogue for racks of Nielsen theoryfor groups. We shall in fact use Nielsen theory for groups, following the treatmentgiven in Lyndon and Schupp [23] pages 4 to 17.Let Fn denote the free group on the basis fa1; : : : ; ang . Denote the reduced lengthof the word w 2 Fn by jwj . If u = fu1; : : : ; ukg is a set of elements of Fn we letu�1 = fu�11 ; : : : ; u�1k g be the set of inverses and let u�1 = u [ u�1 .A set u is called Nielsen reduced if the following conditions hold.N0 If u 2 u then u 6= 1.N1 If u;v 2 u�1 and uv 6= 1 then juvj � maxfjuj;jvjg .N2 If u;v;w 2 u�1 and uv 6= 1 and vw 6= 1, then juvwj > juj � jvj+ jwj .8.1 Lemma Let u = fu1; : : : ; ukg be Nielsen reduced. If w = v1 � � �vr wherevi 2 u�1 and all vivi+1 6= 1 , then jwj � r .Proof For each v 2 u�1 let v0 be the longest initial segment of v that cancels inany product uv where u 2 u�1 and let v1 be the longest �nal segment of v thatcancels in any product vw where w 2 u�1 . Note that v1 = (v�1)�10 .Then we can write v = v0mv1 where by N2 jmj � 1.So in the product w = v1 � � �vr there is always at least an irreducible subwordm1 � � �mr and the result follows. �8.2 Corollary Let u = fu1; : : : ; ukg be Nielsen reduced and suppose in additionthat u generates Fn . Then u�1 = a�1 where a is the basis fa1; : : : ; ang of Fn .(Note in particular that k = n .)Proof Let the basis element ai be written as a product ai = v1 � � �vr wherevi 2 u�1 and all vivi+1 6= 1. Then 1 = jaij � r . So r is forced to be unity andai = vj for some j . �8.3 De�nition PC-typeConsider a permutation � 2 Sn of f1; 2; : : : ; ng and n words wi for i = 1; 2; : : : ; nin the free group Fn . Corresponding to this data is the set of n words awi�(i) inFn where i = 1; 2; : : :; n , obtained by permuting and conjugating the generators,which we shall call a set of words of permutation{conjugacy type, or PC{typefor short. We shall also use this name for the set obtained by inverting some of theelements of this set.R.Fenn and C.Rourke 402



Racks and Links in Codimension 2 Appendix : Nielsen theory for racksLet u = fu1; u2; : : : ; ung be a set of words of PC{type; we shall consider thefollowing two double Nielsen transfomations which preserve PC{type:T1 replace ui by u�1j uiuj where j 6= i ;T2 replace ui by ujuiu�1j where j 6= i .8.4 Lemma Let u = fu1; u2; : : : ; ung be a set of words of PC{type. Supposethat juiujj < juij then either ju�1j uiujj < juij or juiuju�1i j < jujj .Proof We �rst observe that we cannot have juij = jujj because then juiujj < juijimplies that at least half of ui; uj cancel in the product and the middle letter of uicancels with that of uj . But this is impossible since the words are of PC{type andtheir middle letters are di�erent generators.Now assume that jujj < juij . We shall show ju�1j uiujj < juij .Write ui = w�1aw where a is one of the generators a1; a2; : : :an , or an inverse.Then since w has length greater than half of uj , more than half of uj cancels withw , i.e. w = bx uj = x�1c where jcj < jxjThereforeju�1j uiujj = jc�1xx�1b�1abxx�1cj = jc�1b�1abcj < jx�1b�1abxj = juij:In the case when jujj > juij then juiujj < jujj and we can show in a similar waythat juiuju�1i j < jujj . �8.5 Lemma Let u = fu1; u2; : : : ; ung be a set of words of PC{type. Then ucan be carried by a sequence of moves T1 and T2 above to a set v of words ofPC{type which is Nielsen reduced.Proof The condition N0 is automatically satis�ed so assume that u does notsatisfy N1. Then there is a pair u;v 2 u�1 such that juvj < juj and uv 6= 1.Then by the last lemma there is a transformation T1 or T2 which reduces P juij .Therefore if we apply T1 and T2 until P juij is minimum the condition N1 willhold.Now consider a triple u;v;w 2 u�1 such that uv 6= 1;vw 6= 1. Then by N1 wehave juvj � jvj and jvwj � jvj . It follows that that part of v which cancels inthe product uv is no more than half of v . Likewise that part of v which cancelsin the product vw is also no more than half of v . So we can write in reducedform u = ap�1;v = pbq;w = q�1 . Notice that b 6= 1 because v is one of a setof PC{words and hence has odd reduced length. So uvw = abc is reduced andjuvwj = juj � jvj+ jwj+ jbj > juj � jvj+ jwj . �8.6 Corollary A set of words u = fu1; u2; : : : ; ung of PC{type forms the basisof a free subgroup of Fn of rank n and hence the endomorphism of Fn de�ned byai 7! ui is injective.R.Fenn and C.Rourke 403



Racks and Links in Codimension 2 ReferencesProof By the last lemma we can assume without loss that our set of words isNielsen reduced and the result now follows from lemma 8.1. �Elementary automorphisms of the free rackLet FRn denote the free rack FR(a1; a2; : : : ; an).We shall consider the following elementary automorphisms:pi;k : � ai 7! aakiaj 7! aj j 6= is� : ai 7! a�(i) � 2 Sn:8.7 Theorem : characterisation of automorphisms of the free rack Anyautomorphism of FRn is a product of elementary automorphisms.Proof Let f be an automorphism of FRn and let f(ai) = awi�(i) . We need toconsider awi�(i) as a word in Fn as well as an element of FRn and we shall use uifor this word in order to avoid confusion.If i 6= k , the e�ect of an elementary automorphism of the �rst type is to realise adouble Nielsen transformation on set of words fuig . (If i = k the automorphismhas no e�ect on the words.)Therefore by lemma 8.5 we may assume that this set is Nielsen reduced. But bycorollary 8.2 this implies that these words are a permutation of the words ai , i =1; : : : ; n and therefore by an elementary automorphism of the second type, we canassume that ui = ai for each i . But then the automorphism is given by ai 7! aaniiifor some integers ni and is therefore a product of elementary automorphisms of�rst type for i = k . �Acknowledgements We would like to acknowledge helpful conversations withMartin Roller, Bruce Westbury and Gavin Wraith. We would also like to thank thereferee for suggesting that an extended historical introduction would be useful andfor other helpful comments.References[1] H.Azcan, Spherical representations of link quandles, Ph.D. thesis, Sussex Uni-versity 1991[2] J.Birman, Braid links and mapping class groups, Annals of Math. Studies #82,Princeton 1975[3] E.Brieskorn, Automorphic sets and singularities, Contemporary maths., 78(1988) 45-115[4] G.Burde and H.Zieschang, Knots, Walter de Gruyter Studies in Maths. #5,1985[5] J.C.Conway and G.C.Wraith, correspondence, 1959[6] H.S.M.Coxeter, Regular complex polytopes, C.U.P. 1974R.Fenn and C.Rourke 404
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