ON THE DIOPHANTINE EQUATION 22+ C = 2y"
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ABSTRACT. In this paper, we study the Diophantine equation z2 + C' = 2y™
in positive integers z,y with gced(z,y) = 1, where n > 3 and C is a positive
integer. If C =1 (mod 4) we give a very sharp bound for prime values of the
exponent n; our main tool here is the result on existence of primitive divisors
in Lehmer sequence due Bilu, Hanrot and Voutier. When C' # 1 (mod 4)
we explain how the equation can be solved using the multi-Frey variant of
the modular approach. We illustrate our approach by solving completely the
equations 22 4 1791 = 2y™, x2 4+ 5911392 = 2y and 22 + 3911192 = 2y".

1. INTRODUCTION

The Diophantine equation 22 + C' = 3, in integer unknowns z, y and n > 3,
has a long and distinguished history. The first case to have been solved appears to
be C' = 1: in 1850, Victor Lebesgue [24] showed, using an elementary factorization
argument, that the only solution is z = 0, y = 1. Over the next 140 years many
equations of the form 22 + C = y™ have been solved using Lebesgue’s elementary
trick. In 1993, John Cohn [17] published an exhaustive historical survey of this
equation which completes the solution for all but 23 values of C' in the range
1 < C < 100. In a second paper, [19], Cohn shows that the tedious elementary
argument can be eliminated by appealing to the remarkable recent theorem [8] on
the existence of primitive divisors of Lucas sequences, due to Bilu, Hanrot and
Voutier. The next major breakthrough came in 2006 when Bugeaud, Mignotte and
Siksek [13] applied a combination of Baker’s Theory and the modular approach to
the equation x2 + C = y™ and completed its solution for 1 < C' < 100.

It has been noted recently (e.g. [1], [3], [4]) that the result of Bilu, Hanrot and
Voutier can sometimes be applied to equations of the form 2% + C' = y" where
instead of C being a fixed integer, C is the product of powers of fixed primes
D1y Pk

By comparison, the Diophantine equation 2% 4+ C' = 2y", with the same restric-
tions, has received little attention. For C' = 1, John Cohn [18], showed that the
only solutions to this equation are x =y =1 and z = 239, y = 13 and n = 4. The
fourth-named author studied [29] the equation 22 + ¢*™ = 2y? where m, p,q, .,y
are integer unknowns with m > 0, and p, ¢ are odd primes and ged(z,y) = 1. He
proved that there are only finitely many solutions (m, p, q, z,y) for which y is not
a sum of two consecutive squares. He also studied the equation for fixed ¢ and
resolved it when ¢ = 3.
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The purpose of this paper is to perform a deeper study of the equation z? +C =
2y™, both in the case where C' is a fixed integer, as well as in the case where C' is
the product of powers of fixed primes. Principally, we show that in some cases this
equation can be solved by appealing to the theorem of Bilu, Hanrot and Voutier
on primitive divisors of Lehmer sequences. In particular, we prove the following
theorem.

Theorem 1. Let C be a positive integer satisfying C = 1 (mod 4), and write
C = cd?, where c is square-free. Suppose that (z,y) is a solution to the equation

(1) P+ C =2,  x,yelt, gad(z,y) =1,
where p > 5 is a prime. Then either
(i) z=y=C=1, or
(ii) p divides the class number of the quadratic field Q(v/—c), or
(iii) p=5 and (C,z,y) = (9,79,5), (125,19,3), (125,183,7), (2125,21417,47),
or
(iv) p| (¢ — (=clq)), where q is some odd prime such that q | d and qtc. Here
(c|q) denotes the Legendre symbol of the integer ¢ with respect to the prime
q.
Theorem 2. The only solutions to the equation x% + C = 2y™ with x, y coprime
integers, n > 3, and C =1 (mod 4), 1 < C < 100 are
1241=2-1", 7924+9=2.5°, 52429=2.3% 1172 4+29=2.193,
9932 +290=2-79%, 1124+41=2-3% 69°+41=2-7", 17124+41=2-11%,
12453=2-3% 252461=2-73, 5124+61=2-113, 372489 =2.95

Theorem 1 yields the following straightforward corollary.

Corollary 1.1. Let qi,...,q; be distinct primes satisfying ¢; = 1 (mod 4). Sup-

pose that (z,y,p,a1,...,a) is a solution to the equation
(2) 2?4 qit g = 2P,
satisfying
x, y e, ged(z,y) =1, a; > 0, p > 5 prime.

Then either

(i) z=y=1 and all the a; =0, or
(ii) p divides the class number of the quadratic field Q(v/—c) for some square-
free ¢ dividing q1q2 . . . qi, or
(i) p=>5 and ([[ ¢, z,y) = (125,19, 3), (125, 183,7), (2125,21417,47), or
(iv) p| (¢? — 1) for some i.

We illustrate by solving completely the equations x? + 17% = 2y™ and z? +
5211392 = 2y™, under the restrictions ged(z,y) = 1, and n > 3.

In cases when C' Z 1 (mod 4) one may try to use the modular approach [6]
to solve the equation. Experience suggests that this is unlikely to succeed for
equations of the form (2) which involve several variable exponents, and that one
should instead invoke the multi-Frey variant of the modular approach [14]. We
illustrate this by solving the equation 2% 4+ 3911122 = 2y".



Theorem 3. The only solutions to the equation
2 4+ 179 = 29", ap >0, ged(z,y)=1, n>3,
are 222 The only solutions to the equation
x? 4 5913%2 = 2", a; >0, ged(z,y)=1, n>3,
are 2% The only solutions to the equation
x? 4+ 3911192 = 2", a; >0, ged(z,y)=1, n>3,

are 227
2. ARITHMETIC OF SOME BIQUADRATIC FIELDS

In this section, we let ¢ be a square-free positive integer such that ¢ = 1 (mod 4).
We let K = Q(v/2,v/—¢).
Lemma 2.1. The field K has Galois group Z/27 x Z/2Z and precisely three qua-
dratic subfields: Ly = Q(v/2), Ly = Q(v/—¢) and Ly = Q(v/—2¢). The ring of

integers Ok has Z-basis
14+ /—c
1, V2, V=¢, ——¢.
{ 7l
The class number of h of K is h = 2 *hohs where ha, hs are respectively the class
numbers of Lo and Lz, and 0 <i < 2.

Proof. The ring of integers can be read off from the tables in Kenneth Williams’
seminal paper on integers of biquadratic fields [31].
For the relation between class numbers see [9)].
O

3. LEHMER SEQUENCES

We briefly define Lehmer sequences and state some relevant facts about them.
A Lehmer pair is a pair («, 3) of algebraic integers such that (a + 3)? and o are
non-zero coprime rational integers and «/f3 is not a root of unity. For a Lehmer
pair («, 3), the corresponding Lehmer sequence {uy} is given by

~Ja"=p")/(a=p) ifnisodd,
o (@™ — ") /(a® — B%) if n is even.

Two Lehmer pairs (a1, 81) and (ag, 82) are said to be equivalent if oy Jas = B1/02 €
{£1,4v/=1}. One sees that general terms of Lehmer sequences corresponding to
equivalent pairs are the same up to signs.

A prime q is called a primitive divisor of the term w,, if ¢ divides u, but ¢ does
not divide (a®—3?)2u; ... u,_1. We shall not state the full strength of the theorems
of Bilu, Hanrot and Voutier [8] as this would take too long, but merely the following
special cases:

(i) if n > 30, then u,, has a primitive divisor;
(ii) if n =11, 17, 19, 23 or 29, then u,, has a primitive divisor;
(iii) w7 and w13 have primitive divisors unless (a, ) is equivalent to

(3) (Wa-vo/2.(Va+ Vo),
where (a,b) is one of (1,-7), (1,-19), (3,-5), (5,—7), (13,-3), (14, —22).
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(iv) us has a primitive divisor unless (a, 3) is equivalent to a Lehmer pair of
the form (3) where
o a = Fyyoe, b= Fyyo. — 4F) for some k > 3, e = £1, where F}, is the
Fibonacci sequence given by Fy = Fy = 1 and F, 1o = F,41 + F,, for
all n > 0;
e a=Ljyoc, b= Lyyo — 4Ly for some k > 0, k # 1, e = £1, where L,
is the Lucas sequence given by Lo =2, L1 =1 and Ly,y2 = Ly+1+ Ly
for all n > 0.

Lemma 3.1. Let ¢ be a positive square-free integer, ¢ = 1 (mod 4). Let U, V be
odd integers such that gcd(U,cV) = 1. Suppose moreover that (c,U?,V?) # (1,1,1).
Write
(@) a_U—&—V\/—c U—-Vy—c

v2 o V2o
Then (a, B) is a Lehmer pair. Denote the corresponding Lehmer sequence by {u,}.
Then up has a primitive divisor for all prime p > 7. Moreover, us has a primitive
divisor provided that

(5) (c,U%,V?) # (1,1,9), (5,1,1), (5,9,1), (85,9,1).

8=

Proof. Throughout, we shall write z = U/(V+/—c) and use the fact that

rz+1 . t+1
t= po— iff T = ot
We shall also repeated use of the easy fact that, for ¢ = +1 and £ > 0, both
ged(Fyy2e, Frqoe — 4Fy) and ged(Lit2e, L2 — 4Ly) are either 1, 2 or 4.
Note that «, 3 are algebraic integers by Lemma 2.1. Moreover (a + 3)% = 2U2,
aff = (U% + ¢V?)/2 are coprime rational integers. We next show that o/ is not a
root of unity. But

rz+1
rz—1

a/B =

is in Q(v/—c) and so if it is a oot of unity, it must be 41, +v/—1, (£1 £ /-3)/2.
From our assumptions on ¢, U and V', we find that this is impossible. In particular,
++/—1 leads to (¢,U?,V?) = (1,1,1), which we have excluded.

It remains to show that u, has a primitive divisor. Suppose otherwise. Then

x—l—l_i<\f—\/5> . x+1—iﬁ<\f—ﬁ>,

r—1  \Va+vb =1 Va+ b

where (a, b) is one of the pairs listed in (iii), (iv) above.
Let us first deal with the case (z +1)/(z — 1) = £v/—1(v/a — vb)/(\/a + Vb).
Solving for x and squaring we obtain

U? a—bF2vV—ab

—eV?  bh—ax2v/—ab
which implies that a = b or that —ab is a square. This is not possible for the pairs
listed in (iii), whilst for (iv) it leads to equations that can easily be solved with the
help of Lemma 3.2 below.
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Next we deal with the case (z+1)/(z—1) = +(/a— vb)/(/a+ v/b). This leads
to x = —(y/a/vb)*'. Squaring we obtain

+1
(- ()

where o' = a/ ged(a,b) and b’ = b/ ged(a,b). Since U and ¢V are coprime we have

+U? = d, +U? =V,
or
FcV?2 =V, FcV? =d.

One quickly eliminates all the possibilities in (iii) mostly using the fact that ¢ = 1
(mod 4). For the possibilities in (iv) we obtain equations of the form solved in
Lemma 3.2 and these lead to one of the possibilities excluded in (5). This completes
the proof of the lemma. O

In the proof of Lemma 3.1, we needed the following results about Fibonacci and
Lucas numbers.

Lemma 3.2. Let {F, },>0 and {Ly}n>0 be the Fibonacci and Lucas sequences. The
only solutions to the equation F,, = u? have n =0, 1, 2 or 12. The only solutions
to F,, = 2u? have n = 3 or 12. The only solutions to the equation L, = v> have
n =1 or 3. The only solutions to the equation L, = 2v? have n =0 or 6.

The only solutions to the equation

(6) Flyoc — 4F), = £27u2, e==+1, kr>0 ucZ,

have (k,e) = (0,£1), (1,1), (2,£1), (4,1), (5,—1), (7,1). The only solutions to
the equation

(7) Lijoc — 4Ly, = £27u2, e==+1, k,r>0 wucZ,

have (k,e) = (1,1), (4,-1), (6,1).

Proof. The results about Fibonacci and Lucas numbers of the form 27u? are clas-
sical. See, for example, [15], [16].

It remains to deal with (6) and (7). Here, we may take » = 0, 1. We explain
how to deal with (6) with r = 0:

Fipoc — AF), = +u?, e==+1, k>0, ucZ;
the other cases are similar. We make use of Binet’s formula for Fibonacci numbers:
p— N Ea uzl—ﬁ.

NG 2 2

Our equation can thus be rewritten as

AN sk =uVE, = -4, S =p% -4
Let v = yA\F + 6u*. Tt is clear that v € Z. Moreover,

v? = (YAF + 6pF)? = (Y% — %) + 495 (Ap)* = bu £ 20.

Let X = 5u?, and Y = 5uv. Then Y? = X(X? £ 100). Thus, we have reduced
the problem to computing integral points on a pair of elliptic curves. Using the
computer package MAGMA [10], we find that

(X,Y) = (0,0), (5,£25), (20,100), (100, 0).

F, =
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The remaining equations similarly lead to integral points on elliptic curves which
we found using MAGMA. Working backwards, we obtain the solutions given in the
lemma. (]

4. PROOF OF THEOREM 1

We follow the notation from the statement of the theorem. We shall suppose
that (C,x,y) # (1,1,1) and p does not divide the class number of the Q(v/—c). We
will show that either statement (iii) or (iv) of the theorem must hold.

Considering equation (1) modulo 4 reveals that 2 and y are odd. We work first
in Q(v/—¢). Since ¢ =1 (mod 4), this has ring of integers O = Z[/—c|. Moreover,
(2) = q2 where q is a prime ideal of O. It is clear that the principal ideals (z+d/—c)
and (z — dv/—c) have q as their greatest common factor. From (1) we deduce that

(x+dv—c)O=q-d?,
where a is some ideal of ©. Now multiply both sides by 2(P~1)/2, We obtain
2P=V/2(z 4 dy/=¢)O = (qa)P.

Since the class number of Q(v/—c) is not divisible by p, we see that qa is a principal
ideal. Moreover, as c is positive, the units of Q(y/—c) are +1. Hence

2= V/2 (g 1 dy/=¢) = (U + V/—c)P

for some integers U, V. Since z, d, ¢ are odd, we deduce that U and V are both
odd. Moreover, y = (U? + ¢V?)/2. From the coprimality of 2 and y we see that U,
cV are coprime.

In conclusion,

z+dy/—c (U+Vy=c\’
(7w )
where U, V', ¢ satisty the conditions of Lemma 3.1.

Let , 8 be as in (4). Let {u,} be the corresponding Lehmer sequence. We note

that
af — BP = dv —2c, a—pB=Vv-2c

Thus, V' | d and u, | d/V. By Lemma 3.1, u, has a primitive divisor unless ¢ = 5
and (c,U2,V?) is one of the possibilities listed in (5). These possibilities lead to
cases given in item (iii) of the theorem. Thus, we may exclude these and so assume
that u, has a primitive divisor ¢. Our objective now is to show that (iv) holds.
Clearly, q | d, but by definition of primitive divisor, ¢ t (a? — 3%)? and so, in
particular, ¢ f ¢. To complete the proof, let

vy=U+Vv-c, 0=U—-Vv—c
Write v, = (" —6")/(y —J). We note that g | v, but, from the accumulated facts,
g1 (y—0)y6. We claim that ¢ | vy_(_c|q). Given our claim, it follows from [12,
Lemma 5|, that p divides ¢ — (—c|q). Now let us prove our claim. If (—c|q) = 1,
then
FTl =611 = (mod q),

and hence ¢ | v4—1. Suppose (—c|g) = —1. Then by the properties of the Frobenius
automorphism we have

v1=46 (mod q), =5 (mod q).



Hence,
A 6T =45 — 4§ =0 (mod q),
proving ¢ | vg+1 as required. This completes the proof of the theorem.

Remark. In the proof of Theorem 1, it would have been possible to factorize the
left-hand side of (1) in K = Q(v/2,v/—c). Doing this, the hypothesis that would
be needed is that p does not divide the class number of K. By Lemma 2.1, the
class number of Q(v/—c) divides the class number of K, up to powers of 2. Thus
we obtained a stronger result by working in Q(y/—c) instead of K.

5. DEALING WITH SMALL EXPONENTS

Let ¢1,...,qx be distinct primes. In this section, we explain how to solve the
equation
(8) 2+t =297,
for small values of n. The method can be applied more easily to the equation
22 + C = 2y™. This section is meant to complement Theorem 1 and Corollary 1.1.

For the cases n = 3 and n = 4, we show that (8) can be reduced to computing
S-integral points on a handful of elliptic curves. The problem can now be solved
by applying standard algorithms for computing S-integral points on elliptic curves
(see, for example, [26]). Fortunately these algorithms are available as an inbuild
functions in the computer package MAGMA [10].

Suppose n = 4. We are then dealing with an equation of the form z2? +C = 2y*.
Now write C' = cz*, where c is fourth power free and made up only of the primes
q1s---,qs. There are clearly only 4% possibilities for c¢. Write

2z 292

Y = Z—By X = le

We immediately see that (X,Y) is an S-integral point on the elliptic curve Y2 =
X(X? —2¢), where S = {q1, .-, qx}-

Similarly, if n = 3, we are dealing with an equation of the form x? + C' = 2y3.
We then write C' = cz® for some sixth power free integer ¢ made up with the primes

Q1. .,qr. There are only 6% possibilities for ¢. For each such ¢, let
2y 2x

Observe that (X,Y) is an S-integral point on the elliptic curve Y2 = X3 — 4c.

If n > 5, then we require S-integral points on finitely many curves of genus > 2.
Here it is often—but not always—possible to compute all the rational points on the
curves using some variant of the method of Chabauty [11], [21], [25], [30].

6. APPLYING THE MODULAR APPROACH

In this section, we apply the modular approach to equation (2). Ivorra and Kraus
[23] give an exhaustive recipe for Frey curves and level-lowering for equations of
the form Uu™ 4+ Vo™ = Ww? under the assumption that the three terms in the
equation are coprime.

Let E be an elliptic curve over the rationals of conductor N. For a prime of good
reduction [ we write #E(F;) for the number of points on F over the finite field Fy,
and let a;(E) = 1+ 1 — #E(F;). Suppose that f = ¢+ > .., ¢iq" is a newform
of weight 2 and level N with coefficients ¢; generating the number field K/Q. We



8 F. S. ABU MURIEFAH, F. LUCA, S. SIKSEK, SZ. TENGELY

shall say that the curve E arises modulo p from the newform f (and write E ~,, f)
if there is some prime ideal B | p of K such that for all but finitely many primes [
we have a;(EF) = ¢; (mod ).

We consider equation (1) with C' = 17%t and C' = 3*111%2. Rewrite equation (1)
as follows

(9) 2y + tfltgzzp =22

where (t1,t2) € {(17,1),(3,11)} and 8; < p for i = 1,2. Suppose that we have
a solution (z,y,z) of equation (9). Associate to this solution the following Frey
curves

Ei: Y?=X3422X?%+%PX,
BEr: Y?2=X3420X? + 7152 yP X.

Applying Proposition 3.3 from [23] we obtain that

N(Ey), = N(Ep), =27 J] L.

l|t1t2

Ribet’s Theorem tells us that there are newforms f1, fo of levels N(E1),, N(E2),
such that Ey ~, f1 and Ey ~, fo. We apply the so-called multi-Frey approach [14]
to bound the exponent p. We follow [14, Section 4]. For ¢ € F; let

Normg g(ai(Eg) — ¢1),  if Ey is non-singular,

Di(Ey, f) =
1(Eg, ) {NormK/@((l +1)2 —¢?), if Ey4 is nodal,

and

Di(E =
1((Eg, f) {ZD;(Eqﬁvf)’ otherwise.

If [ is a prime of moderate reduction for F; and FEs, we then let

Byy = ged{Di(E1 ¢, f1), Di(Ea,4, f2)},
and
B, = lCm{Bl’qg : d) € Fl}

As in [14] Proposition 4.1, we have that p | B;. Note that this argument allows us
to bound p provided we find [ such that B; # 0. If the newforms are irrational, then
¢ ¢ Q for infinitely many of the coefficients; hence, B; # 0.

e The equation z2 + 17 = 2yP.

In this case, we have that N(FEy), = N(Ey), = 27 -17. We can compute
the newforms at this level using MAGMA. There are 16 such newforms,
all of them are defined over some number field of degree at least two. The
previously described method is therefore successful here and we obtain that
pis 3 or 5.

e The equation 22 + 3211192 = 2yP.

We have that N(E1), = N(FEs), = 27 -3 11. There are 40 newforms
at this level half of them being rational. By means of the argument we
mentioned above we get that p € {3,5,7,13} except in case of the following



20 pairs of newforms

(f1, f10), (f2, f11), (f3; f16), (fa, f19), (f5, f20),
(f65 f7), (fz, f6), (fs, fo), (fo, f3), (f10, f1),
(f11, f2), (f12, f13), (f13, f12), (f14, f15), (f1s, f14),
(flﬁ) f3)7 (fl?a f18)7 (f187 f17)a (flga f4)a (f207 f5)7

where these newforms are such that

f1— 422441 f, s 4224B1
fs > 4224F1  fg s 4224F1
fo > 422411 f1o — 422471

fiz — 4224M1  f14 — 4224N1
fi7 +— 4224Q1  fi1g — 4224R1

f3 — 4224C1
fr — 4224G1
fi1 > 4224K1
f15 — 422401
fi9 — 422451

f1 — 4224D1
fs — 4224 H1
Ji2 — 422411
fr6 — 4224P1
foo > 4224T1

and the notation f; — 4224A1 means that f; corresponds to the elliptic
curve 4224 A1 in Cremona’s tables [20].

To eliminate the remaining 20 pairs, we do the same computations as
before using [ = 5,7 and 19. This time we also collect information related
to the exponents o and «s. Consider the pair (f1, fi0). In F5, the order of
3 is 4 and we obtain that in those cases when we do not get a bound for p
we have

ag=1or3 (mod 4).
Similarly, using [ = 7, we get that
a1 =0,20r4 (mod 6),

a contradiction. In the following table, we summarize the computations
which eliminate the remaining pairs.

pair a1 mod 4 | oy mod 6 a1 mod 18

(f2, f11) {1,3} {0,2,4,6,8,10,12,14,16}
(f3, f16) {3} {0,2,4,6,8,10,12,14,16}
(fas fr0) | {1,3} {0,2,4}

(f55 f20) {1,3} {0,2,4,6,8,10,12,14,16}
(fe, fr) {3} {0,2,4,6,8,10,12,14, 16}
(f87f9) {173} {Oa274}

(le,f13) {1,3} {Oa2’4}

(fias f15) | {1,3} {0,2,4,6,8,10,12, 14,16}
(fir, f1s) | {1,3} {0,2,4,6,8,10,12, 14, 16}

Note that among the 20 pairs there are 10 symmetric ones and it turns out
that (f;, f;) can be eliminated using the same primes as in case of (f;, f;).
Therefore, we indicated only the pairs (f;, f;) with ¢ < j.
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