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“I see dead people”

Cimetière du Montparnasse, Paris
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Henri Poincaré

Jules Henri Poincaré (1854–1912)

Mathematician, theoretical physicist, mining engineer and
philosopher of science: “The Last Universalist”1.

Work on electromagnetism, non-Euclidean geometry, number
theory, dynamics (the three-body problem), relativity, . . .

Pioneered algebraic topology (analysis situs) – use of algebraic
(group theoretic) methods to solve topological problems.

Cousin of Raymond Poincaré, President of France 1913–1920.
1E T Bell, Men of Mathematics, Simon and Schuster (1937)
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Mathematician, theoretical physicist, mining engineer and
philosopher of science: “The Last Universalist”1.

Work on electromagnetism, non-Euclidean geometry, number
theory, dynamics (the three-body problem), relativity, . . .

Pioneered algebraic topology (analysis situs) – use of algebraic
(group theoretic) methods to solve topological problems.
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The Conjecture

Conjecture (Henri Poincaré, 1904)

Let V be a simply-connected, compact 3–dimensional manifold.
Then V is homeomorphic to the 3–sphere S3.

Est-il possible que le groupe fondamental de V se réduise
à la substitution identique, et que pourtant V ne soit pas
simplement connexé? . . . simplement connexé au sens
propre du mot, c’est-à-dire homéomorphe à l’hypersphere

If it looks like a sphere, it is.
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The Conjecture

Conjecture (Henri Poincaré, 1904)
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Manifolds

Definition (n–manifold)

An n–dimensional manifold (or n–manifold) is an object which
locally looks like ordinary, flat, Euclidean n–dimensional space (Rn)
or half-space (Rn−1×R+).

Definition (compactness)

An n–manifold is compact if it is in some sense finite or bounded.
Disallow infinity, and pathological (eg fractal) behaviour.

n n–manifold

1 curves (eg: circle, helix)
2 surfaces (eg: 2–sphere, torus, Klein bottle, Möbius strip)
3 3–dimensional spaces (eg: 3–sphere, dodecahedral space)
4 4–dimensional spaces (eg: spacetime in GR)
...

...
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Manifolds

Definition (n–manifold)

An n–dimensional manifold (or n–manifold) is an object which
locally looks like ordinary, flat, Euclidean n–dimensional space (Rn)
or half-space (Rn−1×R+).

Definition (compactness)

An n–manifold is compact if it is in some sense finite or bounded.
Disallow infinity, and pathological (eg fractal) behaviour.

n n–manifold

1 curves (eg: circle, helix)
2 surfaces (eg: 2–sphere, torus, Klein bottle, Möbius strip)
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3 3–dimensional spaces (eg: 3–sphere, dodecahedral space)

4 4–dimensional spaces (eg: spacetime in GR)
...

...

Nicholas Jackson The Poincaré Conjecture
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Equivalence

We consider two n–manifolds to be equivalent (homeomorphic) if
one can be continuously deformed into the other:

Stretching, twisting, rotating and reflecting is OK.

Cutting and gluing isn’t allowed (but see discussion on surgery
later).

A topologist is a person who does not know the difference between
a doughnut and a coffee cup. – John L Kelley
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Equivalence

We consider two n–manifolds to be equivalent (homeomorphic) if
one can be continuously deformed into the other:

Stretching, twisting, rotating and reflecting is OK.

Cutting and gluing isn’t allowed (but see discussion on surgery
later).

A topologist is a person who does not know the difference between
a doughnut and a coffee cup. – John L Kelley

Nicholas Jackson The Poincaré Conjecture
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Example

The following closed curve is locally 1–dimensional everywhere:
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Non-example

The following shape is not locally 1–dimensional everywhere:

Nicholas Jackson The Poincaré Conjecture
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Intrinsic vs extrinsic geometry

Our notion of dimension is a property of the manifold itself, rather
than of the space (if any) it might be embedded in.

It’s tempting to think of the 2–sphere as a three-dimensional object
because we’re used to it living in three-dimensional space.

Theorem (Whitney’s Embedding Theorem)

An n–manifold can be embedded in R2n.

An ant walking around on the surface of a football has two
degrees of freedom.

Fish and birds have three degrees of freedom.

Flying cars are a very bad idea.
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Classification of 1–manifolds

There are two different sorts of 1–manifolds:

S1 D1

All 1–manifolds are composed of disjoint copies of these.

Corollary

All 1–manifolds have a non-negative, even number of boundary
components (ends).
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Classification of 2–manifolds (surfaces)

Start with the closed (boundaryless) ones.

The 2–sphere,

S2
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Classification of 2–manifolds (surfaces)

Start with the closed (boundaryless) ones.

The 2–sphere, the torus, the double torus, · · ·

· · ·

S2 T 2 = S1 × S1 T 2#T 2 · · ·

S0 S1 S2

Nicholas Jackson The Poincaré Conjecture
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Classification of 2–manifolds (surfaces)

Start with the closed (boundaryless) ones.

The 2–sphere, the torus, the double torus, · · ·

· · ·

S2 T 2 = S1 × S1 T 2#T 2 · · ·

S0 S1 S2 · · ·

Sg is the surface of genus g (number of toroidal holes).
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Classification of 2–manifolds (surfaces)

Now the ones with one boundary component:

D2
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Classification of 2–manifolds (surfaces)

Now the ones with two boundary components:
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Now the ones with two boundary components:

A2 = D2#D2

S0,2
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Classification of 2–manifolds (surfaces)

Now the ones with two boundary components:

A2 = D2#D2 T 2#D2#D2

S0,2 S1,2

Nicholas Jackson The Poincaré Conjecture
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Classification of 2–manifolds (surfaces)

Now the ones with two boundary components:

· · ·

A2 = D2#D2 T 2#D2#D2 T 2#T 2#D2#D2 · · ·

S0,2 S1,2 S2,2 · · ·
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Classification of 2–manifolds (surfaces)

Now the ones with two boundary components:

· · ·

A2 = D2#D2 T 2#D2#D2 T 2#T 2#D2#D2 · · ·

S0,2 S1,2 S2,2 · · ·

Sg ,b is the surface of genus g with b boundary components.

Nicholas Jackson The Poincaré Conjecture



Orientability

This isn’t the full story. . .
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This isn’t the full story. . .

Möbius strip
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Orientability

This isn’t the full story. . .

Möbius strip Klein bottle
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Orientability

This isn’t the full story. . .

Möbius strip Klein bottle
The classification theorem can be extended to cover nonorientable
surfaces like this.
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Identification spaces

We can make a torus by identifying (gluing together) the edges of a
square in a particular way:

−→ −→

An ant walking around on this square will think it’s living on a torus.
This may be familiar to those of you who remember the 1980s. . .
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Identification spaces

This is just like Asteroids:

We can make any (orientable or nonorientable) surface like this.
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The 3–sphere

Where do we start with 3–manifolds?

The simplest closed 1–manifold is the circle S1.

The simplest closed 2–manifold is the 2–sphere S2.

Therefore the simplest closed 3–manifold should be the
3–sphere S3.

So what is it?
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The 3–sphere

Extrinsically: S1 =
{

(x , y) :
√

x2 + y2 = 1
}
⊂ R2

This is the set of points at unit distance from the origin in the plane.

x

y

1

Similarly

S2 =
{

(x , y , z) :
√

x2 + y2 + z2 = 1
}
⊂ R3

(the set of all points at unit distance from the origin in 3–space).
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The 3–sphere

So, we could define

S3 =
{

(x , y , z ,w) :
√

x2 + y2 + z2 + w2 = 1
}
⊂ R4

Alternatively, we can make the circle S1 by gluing together two line
segments by their endpoints:

−→

And we can make S2 by gluing together two discs along their edges:

−→
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The 3–sphere

So, by analogy, we should be able to construct S3 by gluing
together two solid 3–balls along their bounding surfaces.

Not very easy to visualise extrinsically, but imagine a 3–dimensional
game of Asteroids.
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The 3–sphere

Another way is to glue two solid tori together along their boundaries,
so that the meridional circle of one is lined up with the longitudinal
circle of the other, and vice versa.
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S2×S1

If, on the other hand, we glue the meridional circles to each other,
and the longitudinal circles to each other, we get a different
3–manifold (S2×S1) instead:

One way to tell that this isn’t S3 is by looking at closed loops in the
manifold. S3 is simply-connected (all closed loops can be shrunk
down to a point) but this manifold isn’t.

Nicholas Jackson The Poincaré Conjecture
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Lens spaces

More generally, glue the meridian on one torus to a (p, q)–curve on
the other.

This gives the lens space Lp,q.

In particular, L0,1 = S3 and L1,0 = S1×S2.
In general, Lp,q isn’t simply-connected: there exist closed loops that
can only be shrunk down to a point modulo p.
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Surgery

Another way of looking at this is to say that we can get any lens
space Lp,q by taking S3, cutting out a solid torus, and gluing it back
in with a twist.

This procedure is called surgery. If we use a (p, q)–curve it’s
rational surgery, if we just use a (p, 1)–curve it’s integer surgery.
More generally, we can do this with a knotted solid torus (or tori):

Theorem (Lickorish–Wallace Theorem)

Any compact, orientable, closed 3–manifold can be constructed
from S3 by integer surgery on a knot or link.
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Dodecahedral space

Integer surgery on a right-handed trefoil with framing +1 gives a
3–manifold called the Poincaré homology sphere or Poincaré
dodecahedral space.

+1

Alternatively, take a solid dodecahedron and identify opposite faces
with a 36◦ twist.
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The Poincaré Conjecture

The Poincaré Conjecture says that S3 is the only compact
simply-connected 3–manifold.

This turned out to be very difficult,
and many eminent mathematicians tried unsuccessfully to solve it.

In 1982, William Thurston formulated the Geometrisation
Conjecture, which says that all compact 3–manifolds can be
decomposed into submanifolds with one of eight geometric
structures. The Poincaré Conjecture is a corollary of the
Geometrisation Conjecture.
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The Poincaré Conjecture
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The Poincaré Conjecture

In 2002–2003, the Russian mathematician Grigori Perelman posted
three papers on the arXiv containing a proof of the Poincaré
Conjecture and the Geometrisation Conjecture, using a technique
called Ricci flow devised some years earlier by Richard Hamilton.
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The End
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