
Non-abelian theorems of Dirichlet type

Minhyong Kim

KIAS, July, 2016



Dirichlet’s theorem

Figure: Primes under 100



Dirichlet’s theorem

Figure: Primes under 1000

Theorem: The last digits of primes are equally distributed among
1,3,7, and 9.



Dirichlet’s theorem

Fix any natural number N. Then in every residue class of

(Z/N)×,

there are infinitely many primes.

In fact, the density of primes in any given residue class is

1/φ(N).

That is, the primes are equidistributed in each residue class.



Dirichlet’s theorem: Galois theory

Interpretation in terms of the field

Q(ζN)

where ζN = exp(2π
√
−1/N).

Key fact:

The field Q(ζN) is a Galois extension of Q, and there is an
isomorphism:

χN : Gal(Q(ζN)/Q) ' (Z/N)×.

σ ∈ Gal(Q(ζN)/Q)⇒ σ(ζN) = ζ
χN(σ)
N .



Dirichlet’s theorem: Galois theory

Allows us to define a map

p - N 7→ Frp := χ−1
N ([p]) ∈ Gal(Q(ζn)/Q),

sometimes called Frobenius substitution, from primes to elements
of the Galois group. The element Frp is called the Frobenius at p.

Note that p - N are exactly the primes not dividing the discriminant

∆Q(ζN)

of Q(ζN). In the terminology of algebraic number theory, these
primes are unramified in the field extension.



Dirichlet’s theorem: Galois theory

Density theorem:

The elements Frp are equidistributed in Gal(Q(ζN)/Q).

Splitting law:

Frp = 1 if and only if p ≡ 1 mod N.

Both have non-abelian generalizations of vast scope. In the study
of algebraic number fields, the first is relatively well-understood.
The second, much less so.



Non-abelian Dirichlet I

Let
K/Q

be a finite Galois extension with ring of algebraic integers OK .
For every prime p ∈ Z, we have a unique decomposition into
distinct maximal ideals with multiplicity

pOK = m
ep
1 m

ep
2 · · ·m

ep
s .

Get a collection of subgroups

D(mi ) := {g ∈ Gal(K/Q) | gmi = mi} ⊂ Gal(K/Q),

the decomposition groups of the mi . These are all conjugate inside
Gal(K/Q).



Non-abelian Dirichlet I

The prime p is unramified if p does not divide the discriminant ∆K

of K . This happens if and only if ep = 1.
In this case, the action of D(mi ) on k(mi ) = OK/mi induces an
isomorphism

D(mi ) ' Gal(k(mi )/Fp) = 〈σmi 〉.

where σmi is the p-power map x 7→ xp.

Thus, we get an element

FrKmi
∈ D(mi ) ⊂ Gal(K/Q),

characterised by the condition

FrKmi
(a) ≡ ap mod mi

for all a ∈ OK .



Non-abelian Dirichlet I

Can put this together for all mi to get a conjugacy class

FrKp = {FrKmi
} ⊂ Gal(K/Q).

Chebotarev Density Theorem:

Let C ⊂ Gal(K/Q) be a conjugacy class. Then there are infinitely
many primes p such that

FrKp = C .

In fact, the density of this set of primes is

|C |/|G |.



Non-abelian Dirichlet I

Example:

Consider the elliptic curve

E : y2 + xy + y = x3 − x2 − 19353x + 958713.

The fields
KN = Q(E [N])

generated by the N-torsion of E form an inductive system of
algebraic number fields.

Can consider the density theorem with these fields in place of
Q(ζN).



Non-abelian Dirichlet I

The Galois group
GN = Gal(KN/Q)

can be described as follows.
If 7 - N, then

GN = GL2(Z/N).

On the other hand, G7n consists of g ∈ GL2(Z/7n) such that

g ≡
(

1 ∗
0 ∗

)
∈ GL2(Z/7)

mod 7.



Non-abelian Dirichlet II

What about the splitting law? That is, can one explicitly
characterize p such that

FrKp = 1?

Note that these have density 1/|G |.

We will denote the set of such p by

Sp(K/Q).

This is the set of primes that split in K .
These are the primes p such that

pOK = m1m2 · · ·mn,

with n = [K : Q] and mi distinct.



Interlude: Classification of algebraic number fields

Let K and K ′ be two finite Galois extensions of Q. Then

K ' K ′

if and only if
Sp(K/Q) ≈ Sp(K ′/Q).

So, in some sense, the classification of K is the same as the
classification of the possible Sp(K/Q) (up to almost equality).



Interlude: Classification of algebraic number fields
For a given K , choose α ∈ OK such that

K = Q(α),

and let f be the minimal polynomial of α.

Then for all p - ∆f , we have

p ∈ Sp(K/Q)⇔ ∃a ∈ Fp, f (a) = 0

⇔ ∃n ∈ Z, p|f (n).

That is, Sp(K/Q) can be computed by looking for the primes pi
occurring in the decomposition of the various values

f (n) = pe11 pe22 · · · p
ek
k

as n runs over the natural numbers.



Splitting Laws: Examples

Q(
√
2)

The split primes can be read off from the prime decomposition of

f (1), f (2), f (3), f (4), . . .

for the polynomial f (x) = x2 − 2.

n = 1 2 3 4 5 6 7 8
f (n) = −1 2 7 14 23 34 47 62

The primes that occur are

Sp(f ) = {2, 7, 23, 17, 31, 47, . . .}.

That is, p = 2 or p ≡ ±1 mod 8.



Splitting Laws: Examples

g(x) = x3 + x2 − 2x − 1.

We compute

n = 1 2 3 4 5
g(n) = −1 7 29 71 139

n = 6 7 8 9
g(n) = 239 13 · 43 13 · 43 7 · 113

So we see that

Sp(g) = {7, 13, 29, 43, 71, 113, 139, 239, . . .}



Interlude II: classification of algebraic number fields

We note that It is easy to generate the elements of

Sp(f )

given a (primitive) polynomial f .

But we are looking for a classification of the Sp(f ).

This problem takes us to the heart of

the Langlands programme .



Pre-Langlands: Example A

Theorem
For

g(x) = x3 + x2 − 2x − 1,

Sp(g) consists exactly of the prime 7 together with all primes p for
which

p ≡ ±1 mod 7.

That is,
Sp(g) = {7, 13, 29, 41, 43, 71, . . .}.



Pre-Langlands: Example A1

Theorem

g1(x) = x8 − x7 + x5 − x4 + x3 − x + 1.

Then the prime factors that appear in the g1(n) are 3, 5 and primes
p such that

p ≡ 1 mod 15.



Interlude III: Classification of algebraic number fields

The previous examples all correspond to abelian K/Q. That is,

Sp(K/Q)

are exactly the sets of primes defined by such congruence
conditions.



The Langlands Programme: Example B

f (x) = 13249 + 140x + 1588x2 − 2x3 + 67x4 + x6.

Values f (n), where n = 1, 2, 3, . . . , 10:

15043 = 72 · 307, 21001, 34063 = 23× 1481,

60337, 110899, 204313 = 173 · 1181,

369871 = 59 · 6269, 651553 = 72 · 13297, 1112707,

1841449 = 232 · 592, . . .

Primes dividing the discriminant: 2,3,7,23, 191.

What is Sp(f )?



The Langlands Programme: Example B

Fact: No theorem ’of the previous sort’ is possible for this
polynomial!

That is, it is impossible to describe this Sp(f ) using congruence
conditions.

Indicative of a deep structure that takes us into the Langlands
programme proper.

The previous examples were covered by abelian class field theory,
developed by Gauss, Kummer, Hilbert, Frobenius, Takagi, Artin,
Weil, ... from around the beginning of the 19C to the middle of
20C.
But not Example B!



The Langlands Programme: Example B

Theorem
The primes that divide the set of f (n) are exactly 2,3,7, 23, 191,
and the primes p such that the coefficient of qp is 2 in the series

F (q) = (1/2)
∑

n,m∈Z
[qm

2+mn+6n2 − q2m2+mn+3n2
].

F (q) is an example of an automorphic form and the splitting field
of f (x) was constructed out it.



The Langlands Programme: Example B

That is, there is a sophisticated recipe

Certain automorphic forms - Algebraic Number Fields

for constructing algebraic number fields out of certain automorphic
forms due to Deligne and Serre in the 1960’s, following earlier work
of Shimura and Deligne.
This recipe applied to F (q) yields the splitting field of f (x).
Furthermore,

the structure of Sp(K/Q) is built into this recipe.



The Langlands Programme: Galois representations

Modular form F =
∑

n anq
n

- Representation ρF : Gal(Q̄/Q) - GL2(C)

- Algebraic Number Field K

Here, K is simply the fixed field of the kernel of ρF and

Gal(K/Q) = Im(ρF ).



The Langlands Programme: Galois representations

In this correspondence,

Tr(ρF (Frp)) = ap

Note that for a matrix A ∈ GL2(C) of finite order,

Tr(A) = 2⇔ A = I .

Thus,
ρF (Frp) = FrKp = 1⇔ ap = 2.



Langlands’ reciprocity conjecture

Abelian class field theory proceeded through a progression of
theorems known as reciprocity laws:

I Gauss’ quadratic reciprocity (c. 1801)
I Hilbert Reciprocity (c. 1880)
I Artin reciprocity (c. 1920’s)
I Weil reciprocity (c. 1940)



Langlands’ reciprocity conjecture

In the 1960’s, Langlands formulated the Langlands reciprocity
conjecture:

?? All algebraic number fields can be built out of
automorphic forms.??

General philosophy:

Build up Q̄ out of layers that we already understand
through a carefully controlled family of Galois
representations.



Langlands’ reciprocity conjecture

In fact, the conjecture is more precise.
Algebraic number fields are themselves built out of more primitive
objects called

Artin motives

which should be thought of as slightly abstract versions of
irreducible representations of

Gal(Q̄/Q).

The Langlands’ conjecture actually says

??All Artin motives can be built from automorphic forms.??



Langlands’ reciprocity conjecture II

??? Most objects of arithmetic interest can be built out of
automorphic forms.???

More precisely, there is a collection of mathematical structures
called

Grothendieck motives ,

which can be viewed as the building blocks of algebraic varieties.
These include Artin motives, and the general Langlands reciprocity
conjecture actually says

??? Grothendieck motives can be built out of automorphic
forms.???



Langlands’ reciprocity conjecture II

Special automorphic forms ⊂ - Automorphic forms

Artin motives

?
??

⊂ - Grothendieck motives

??
??

Algebraic number fields
?

⊂ - Algebraic varieties
?



Langlands’ reciprocity conjecture II

Hk(τ) = (1/4)
∑

m,n∈Z
ic(k,n,m)(n + mi)q(n

2+m2)/2

(q = e2πiτ ) controls the arithmetic of the elliptic curve

y2 = x3 − k2x ,

(k a square-free integer) in the sense that if∫ ∞
1/2
√

2k
Hk(t)dt 6= 0,

then the only solutions are

(0, 0), (±k, 0).



Intertude IV: The classification of automorphic forms

Other typical examples include Eisenstein series:

For qi = e2πiτi and ζi = e2πiz ,

E4 = 1 + 240(q1 + q2) + 2160(q2
1 + q2

2)

+(240ζ−2 + 13440ζ−1 + 30240 + 13440ζ + 240ζ2)q1q2 + . . .

E6 = 1− 504(q1 + q2)− 16632(q2
1 + q2

2)

+(−504ζ−2 + 44352ζ−1 + 166320 + 44352ζ − 504ζ2)q1q2 + . . .



Intertude IV: The classification of automorphic forms

Automorphic forms are special functions with a large quantity of
symmetry, that is, very special behaviour under a transformation of
variables.

Example: If M = 8k2, then

Hk(
1

Mτ
) = Mτ2Hk(τ).

Automorphic forms are then classified by their transformational
properties.



Figure: Classification of automorphic forms



Intertude IV: Classification of automorphic forms

Among the previous examples:
Type A1

F (q), F1(q), Hk

Type C1
E4, E6.



Langlands functoriality conjecture

???All automorphic forms can be built out of type An

forms.???

Remark: Type An forms are the simplest automorphic forms.



Langlands functoriality conjecture

Special automorphic forms ⊂- Automorphic forms

Artin motives

?
??

⊂ - Motives

??
??

Algebraic number fields
?

⊂ - Algebraic varieties
?



Langlands functoriality conjecture

Sp. automorphic forms ⊂- Automorphic forms ��
??

Type An forms

Artin motives

?
??

⊂ - Motives

??
??

Algebraic number fields
?

⊂- Algebraic varieties
?



Reciprocity and functoriality

Automorphic forms ��
??Functoriality??

Type An forms

Motives

??Reciprocity??
??



Langlands functoriality conjecture and the work of Ngo (and
Arthur)

Theorem
All automorphic forms of type Bn, Cn, and Dn can be built
out of type An forms.



Langlands functoriality conjecture and the work of Ngo (and
Arthur)

Type An automorphic forms

Type An, Bn, Cn, Dn forms ⊂ -
��

Ngo

All automorphic forms

??
??

Motives

??
??



Langlands Programme: L-functions

A main motivation the programme has to do with

L-functions

roughly analogous to spectral invariants of Riemannian manifolds.
That is, we are saying, for any irreducible Grothendieck motive M
there is an automorphic form F of type An such that

L(M) = L(F ).

In fact, Langlands conjectures proceed from the observation that all
arithmetic L-functions look like automorphic L-functions, and their
predicted properties would follow from such an identification.


