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Notation:
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GF = Gal(F̄/F ): the absolute Galois groups of F .
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OF ,S : ring of S-integers for a finite set S of primes.
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Diophantine geometry

Diophantine geometry is the study of maps

Y - X

between varieties over Z (integral points) or Q (rational points).

As such, it takes as its subject the most basic spaces and
transformations in mathematics, that is, those amenable to definite
description in terms of finite algebraic expressions.
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Diophantine geometry: Faltings’s theorem

The theorem of Faltings, for example, says the following.

Suppose X is a one-dimensional smooth variety over Q. Assume
X (C) is a union of Riemann surfaces of genus at least 2. Then the
set of maps

Y - X

is finite for any fixed Y over Q.

Main open problems arising from Faltings’s theorem:

– Given X and Y , can one compute the set of maps X (Y )? This
problem is open even for Y = Spec(Q). [Effective Mordell
conjecture]

– Given X , can one classify the Y for which X (Y ) is non-empty?
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Diophantine geometry: Faltings’s theorem

– Given X , can one describe how X (Y ) varies as a function of Y ?

For example, start with an equation

f (x , y) = 0

and study how the solutions grow in the fields

Q ⊂ Q(e2πi/5) ⊂ Q(e2πi/25) ⊂ Q(e2πi/125) ⊂ · · ·
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Diophantine geometry: Theory?

Is a general theory possible?

The theory should unify

(1) Galois theory (rational equations of dimension 0):

Spec(L)

Spec(K ) -

-

Spec(F )

-

(2) Class field theory (integral equations of relative dimension 0):

Spec(OK ) - Spec(OF ).
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Diophantine geometry: Theory?

(3) Hasse-Minkowski theory (simple Diophantine equations of
arbitrary dimension):

0 - H2(K ,Gm) - ⊕v H2(Kv ,Gm) - Q/Z - 0.

(4) The conjecture of Birch and Swinnerton Dyer (almost simple
equation of dimension 1):

E (K )⊗Qp ' H1
f (GF ,H1(Ē ,Qp))

|E (K )| =∞⇐⇒ L(E , 1) = 0.
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Diophantine geometry: Theory?

(5) Conjectures and theorems of Shafarevich type:
–There are no abelian schemes

f : A - Spec(Z).

(Fontaine-Abrashkin)

–There are at most finitely many smooth proper curves

f : X - Spec(OF ,S)

of genus g ≥ 2. (Faltings)

The theory should also lead to progress on the effective
Mordell conjecture.
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Diophantine geometry: Linearization
People believe there is a good unified framework for linearized
Diophantine geometry:

The theory of motives and the conjectures of Beilinson, Bloch, and
Kato.

The key step is to replace maps

Y - X

by correspondences:

Z

Y
�

X

-



Diophantine geometry: Linearization
People believe there is a good unified framework for linearized
Diophantine geometry:

The theory of motives and the conjectures of Beilinson, Bloch, and
Kato.

The key step is to replace maps

Y - X

by correspondences:

Z

Y
�

X

-



Diophantine geometry: Linearization
People believe there is a good unified framework for linearized
Diophantine geometry:

The theory of motives and the conjectures of Beilinson, Bloch, and
Kato.

The key step is to replace maps

Y - X

by correspondences:

Z

Y
�

X

-



Diophantine geometry: Linearization
People believe there is a good unified framework for linearized
Diophantine geometry:

The theory of motives and the conjectures of Beilinson, Bloch, and
Kato.

The key step is to replace maps

Y - X

by correspondences:

Z

Y
�

X

-



Diophantine geometry: Linearization

and formal linear combinations, which then leads to the notion of a
linearized map from Y to X as an algebraic cycle

Z =
∑

i

niZi ⊂ Y × X .

That is, one constructs a new categoryM∗, such that

HomM(Y ,X ) = CH∗(Y × X )Q,

the Q-vector space of algebraic cycles modulo an appropriate
equivalence relation ∗ on Y × X .

This idea, refined suitably, leads to a very harmonious theory with
good conjectural properties.



Diophantine geometry: Linearization

and formal linear combinations, which then leads to the notion of a
linearized map from Y to X as an algebraic cycle

Z =
∑

i

niZi ⊂ Y × X .

That is, one constructs a new categoryM∗, such that

HomM(Y ,X ) = CH∗(Y × X )Q,

the Q-vector space of algebraic cycles modulo an appropriate
equivalence relation ∗ on Y × X .

This idea, refined suitably, leads to a very harmonious theory with
good conjectural properties.



Diophantine geometry: Linearization

and formal linear combinations, which then leads to the notion of a
linearized map from Y to X as an algebraic cycle

Z =
∑

i

niZi ⊂ Y × X .

That is, one constructs a new categoryM∗, such that

HomM(Y ,X ) = CH∗(Y × X )Q,

the Q-vector space of algebraic cycles modulo an appropriate
equivalence relation ∗ on Y × X .

This idea, refined suitably, leads to a very harmonious theory with
good conjectural properties.



Diophantine geometry: Linearization

For example, when X and Y are smooth projective varieties over F
(possibly Spec(F ) itself), Tate has conjectured that

HomMhom(Y ,X )⊗Qp ' HomGF [H(Ȳ ,Qp),H(X̄ ,Qp)].

Furthermore,

Ext1Mhom
(Y ,X )⊗Qp ' Ext1GF ,f (H(Ȳ ,Qp),H(X̄ ,Qp)),
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Diophantine geometry: Linearization

There is also supposed to be a numerical criterion for the existence
of a map in terms of L-functions:

HomM(X ,Y ) 6= 0

if and only if L(H(X )∗ ⊗ H(Y ), s) has a pole

and

Ext1M(Y ,X ) 6= 0

if and only if L(H(X )∗ ⊗ H(Y ), s) has a zero.
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Diophantine geometry: Linearization

Two special cases (generalizations of the conjecture of Birch and
Swinnerton-Dyer):

CHn
hom(X )⊗Qp ' H2n(X̄ .Qp(n))GF .

CHn.hom(X )⊗Qp ' Ext1GF .f (Qp,H2n−1(X̄ ,Qp(n))).

dimCHn
hom(X ) = −ords=n+1ζS(X , s)

dimCHn,hom(X ) = ords=nζS(X , s)
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Diophantine geometry: Problems of linearization

In linearized Diophantine geometry, X will pick up many more
‘virtual’ Y -points, making it difficult to recover the original maps of
interest.

When Y = F itself, then given a K point x ∈ X (K ) for a finite
field extension K of F , the formal linear combination∑

σ(x),

where σ(x) runs over the Galois conjugates of x , will define a map
inM from Spec(F ) to X .
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Homotopical Diophantine geometry

Programme to recover non-linear information by studying π(X )
instead of H(X ).

Precise nature of π(X ), a homotopy type, is still undetermined.

Grothendieck proposed the profinite étale π1 for a certain class of
schemes including algebraic number fields and curves of genus ≥ 2.

Deligne and Ihara emphazised the importance of rational homotopy
types which have a motivic nature.

Toen and Vezzosi propose schematic homotopy types.

Hope is to construct non-linear refinements of all aspects of the
theory of motives.



Homotopical Diophantine geometry

Programme to recover non-linear information by studying π(X )
instead of H(X ).

Precise nature of π(X ), a homotopy type, is still undetermined.

Grothendieck proposed the profinite étale π1 for a certain class of
schemes including algebraic number fields and curves of genus ≥ 2.

Deligne and Ihara emphazised the importance of rational homotopy
types which have a motivic nature.

Toen and Vezzosi propose schematic homotopy types.

Hope is to construct non-linear refinements of all aspects of the
theory of motives.



Homotopical Diophantine geometry

Programme to recover non-linear information by studying π(X )
instead of H(X ).

Precise nature of π(X ), a homotopy type, is still undetermined.

Grothendieck proposed the profinite étale π1 for a certain class of
schemes including algebraic number fields and curves of genus ≥ 2.

Deligne and Ihara emphazised the importance of rational homotopy
types which have a motivic nature.

Toen and Vezzosi propose schematic homotopy types.

Hope is to construct non-linear refinements of all aspects of the
theory of motives.



Homotopical Diophantine geometry

Programme to recover non-linear information by studying π(X )
instead of H(X ).

Precise nature of π(X ), a homotopy type, is still undetermined.

Grothendieck proposed the profinite étale π1 for a certain class of
schemes including algebraic number fields and curves of genus ≥ 2.

Deligne and Ihara emphazised the importance of rational homotopy
types which have a motivic nature.

Toen and Vezzosi propose schematic homotopy types.

Hope is to construct non-linear refinements of all aspects of the
theory of motives.



Homotopical Diophantine geometry

Programme to recover non-linear information by studying π(X )
instead of H(X ).

Precise nature of π(X ), a homotopy type, is still undetermined.

Grothendieck proposed the profinite étale π1 for a certain class of
schemes including algebraic number fields and curves of genus ≥ 2.

Deligne and Ihara emphazised the importance of rational homotopy
types which have a motivic nature.

Toen and Vezzosi propose schematic homotopy types.

Hope is to construct non-linear refinements of all aspects of the
theory of motives.



Homotopical Diophantine geometry

Programme to recover non-linear information by studying π(X )
instead of H(X ).

Precise nature of π(X ), a homotopy type, is still undetermined.

Grothendieck proposed the profinite étale π1 for a certain class of
schemes including algebraic number fields and curves of genus ≥ 2.

Deligne and Ihara emphazised the importance of rational homotopy
types which have a motivic nature.

Toen and Vezzosi propose schematic homotopy types.

Hope is to construct non-linear refinements of all aspects of the
theory of motives.



Homotopical Diophantine geometry

Programme to recover non-linear information by studying π(X )
instead of H(X ).

Precise nature of π(X ), a homotopy type, is still undetermined.

Grothendieck proposed the profinite étale π1 for a certain class of
schemes including algebraic number fields and curves of genus ≥ 2.

Deligne and Ihara emphazised the importance of rational homotopy
types which have a motivic nature.

Toen and Vezzosi propose schematic homotopy types.

Hope is to construct non-linear refinements of all aspects of the
theory of motives.



Homotopical Diophantine geometry: Some theorems

[Neukrich-Uchida]
When F and K are algebraic number fields, every continous open
homomorphism

π1(Spec(F )) - π1(Spec(K ))

is induced by a map

Spec(F ) - Spec(K ).
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Homotopical Diophantine geometry: Some theorems

[Mochizuki]
When X is a compact smooth curve of genus ≥ 2 over a number
field and Y is any scheme of finite type, every continous open
homomorphism

π1(Y ) - π1(X )

is induced by a map
Y - X .



Homotopical Diophantine geometry: Some theorems

[James Haydon]
Let X - Spec(F ) be a Brauer-Severi variety over an algebraic
number field F , and

f : π(X ) - π(Spec(F ))

the corresponding map of étale homotopy types (Artin-Mazur).

Then any continuous splitting

s : π(Spec(F )) - π(X )

is induced by a rational point Spec(F ) - X .
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Homotopical Diophantine geometry: Difficulties

These theorems are non-linear analogues of the Tate conjecture,
giving homotopy criteria for the existence of maps.

Generalization to higher dimensions appears to be difficult, but this
is also true for the linearized approach.

A more serious deficiency is that the computability of the criteria
are unclear. (Non-abelian L-functions?)

Beyond existence, one would like to classify all maps.
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Homotopical Diophantine geometry: Some refinements

X/Q a compact smooth curve of genus ≥ 2 having good reduction
at p.

b ∈ X (Q) a rational point.

π
Qp
1 (X̄ , b): Qp-pro-unipotent étale fundamental group of X̄ ,

considered as a sheaf on Spec(Q).

For any other point x ∈ X (Q), we have

π
Qp
1 (X̄ ; b, x),

the homotopy classes of Qp-pro-unipotent étale paths from b to x .
This is a principal bundle for the sheaf of groups πQp

1 (X̄ , b).
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Homotopical Diophantine geometry: Some refinements

Get a unipotent Albanese map:

X (Q)
j- H1

f ,Z(GQ, π
Qp
1 (X̄ , b)),

to a moduli scheme

H1
f ,Z(GQ, π

Qp
1 (X̄ , b))

of principal bundles for πQp
1 (X̄ , b), satisfying natural local

conditions when restricted to Spec(Ql ) for various places l .

Similarly,

X (Qv )
jv- H1

f (GQv , π
Qp
1 (X̄ , b)).
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X (Q) ⊂ - X (Qp)

H1
f ,Z(GQ, π

Qp
1 (X̄ , b))

j

?
locp- H1

f (Gp, π
Qp
1 (X̄ , b))

jp
?

Conjecture (non-abelian BSD):

This diagram is Cartesian.

Inspired by Grothendieck’s section conjecture proposing a similar
statement for profinite fundamental groups.
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Proved in many cases now, for example, when the Jacobian of X
has complex multiplication (with John Coates). (New proof of
finiteness for Fermat curves.)
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Towards a theory

Ingredients:

1. Non-linear extension of the principle of Birch and
Swinnerton-Dyer.

2. Clarification of the connection to automorphic forms and the
Langlands programme, in particular, the key role played by moduli
spaces of principal bundles.

3. Some effective and universal procedures for analyzing solutions,
including a proof of an effective Mordell conjecture.
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