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Introduction

In modern Number Theory, the theory of automorphic forms is deeply related to the
understanding of the structure of the absolute Galois group Gq = Gal(Q/Q), via its
representations.

The Theorem of Kronecker-Weber, which states that all abelian extensions of Q
are contained in cyclotomic fields, can be viewed as the simplest example of this
relationship. The modular function j and the Weierstrass p-function, via the theory of
complex multiplication, gives a similar result about class fields of imaginary quadratic
fields. This is one instance of the Hilbert 12th problem which aims to find class field
of more general number fields by means of analytic methods.

The construction of class fields of quadratic fields using automorphic forms has
been conjecturally extended to real quadratic fields and quadratic extensions of real
quadratic fields with exactly one complex place by Darmon [12], and Darmon and
Logan [13]. But ultimately what one would like to obtain is a non-abelian class field
theory, and automorphic forms on GLs is a first step in that direction.

Since the work of Wiles [47] on Fermat Last Theorem, there has been some tremen-
dous progress in that direction, for the base field Q, with the recent proof of the Serre
conjecture by Khare and Wintenberger [34] and Kisin [35], and work of Kisin [36] on
the Fontaine-Mazur conjecture.

Long before all the major contributions of the last decade that led to proving
that every Abelian variety of GLy-type defined over the field of rationals is modular,
there was a great deal of numerical results available on classical modular forms and
related conjectures, such as the Serre and Birch and Swinnerton-Dyer conjectures (cf.
Antwerp Tables [3] and Cremona [10]). Cremona’s database has been largely extended
by Stein [45].

In fact, the value of numerical experimentation in Number Theory has grown
increasingly important alongside our computational capabilities, especially in the last
50 years. Indeed, the Birch and Swinnerton-Dyer conjecture which has now become
central to Number Theory and Arithmetic Geometry was discovered in 1965 with the
help of one of the early computers EDSAC available at Cambridge. This shows that
experimentation can open new avenues for theoreticians to explore, the same way it
can help them refine some of their conjectures. So the symbiotic relationship between
computational and theoretical aspects of Number Theory is as stronger as ever.

Outside the classical setting however, one must deplore that there is very little
numerical results on automorphic forms in general. However, there is an increased
need as suggested by all the recent progress.

1 Past research

1.1 The Hilbert Modular Forms Package

In [I5] 16, 23], T developed a very efficient algorithm for computing Hilbert modular
forms over totally real number fields. I also wrote a major component of the Hilbert
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Modular Forms Package which is now incorporated in Magma. Given a totally real
number field F', an integral ideal n C Op, the ring of integers of F', and an arithmetic
weight k, the package computes the space of Hilbert cusp forms of level n and weight
k as a Hecke module. The computation relies on the Jacquet-Langlands correspon-
dence [33, Chap. XVI| which relates such spaces to automorphic forms on certain
totally definite quaternion algebras over F'.

Given a rational prime p, and an irreducible F-representation V' of GLa(Or/p),
the package can also compute the space of mod p Hilbert modular forms of weight
V. T have used this component to do computations related to the Serre conjecture for
totally real number fields as well as the mod p Langlands Correspondence.

1.2 Algorithm for modular elliptic curves over real quadratic
fields

Let f = >"77 , ang" be a normalized eigenform over the rationals. The Eichler-Shimura
construction provides a systematic way to obtain the associated abelian variety Ay
over Q. In the case when the form f has rational Fourier coefficients, Cremona [10]
made this construction explicit by using the theory of modular symbols. This gave an
algorithm which he then used to create a database of (modular) elliptic curves over Q
that has proved extremely useful to number theorists. This database has been largely
extended by Stein [45].

There is a conjectural extension of the Eichler-Shimura construction to Hilbert
modular forms that can be formulated in several ways. We recall the following motivic
generalization due to Oda [39] in the case of real quadratic fields.

Conjecture 1 (Oda). Let F be a real quadratic field, n an integral ideal of Op, the
ring of integers of F', and Xo(n)/Q the Hilbert-Blumenthal modular surface of level n.
Let f be a normalized eigenform of level n and parallel weight 2, and H*(Xo(n), Q)
the isotypic component of f in the cuspidal cohomology. Then, there exists an abelian
variety Ay defined over F, with good reduction outside n and real multiplication by the
number field K¢ generated by the Fourier coefficients of f, together with an isomor-
phism of Hodge structures

H?(Xo(n), Q) = H'(Af, Q) @ H'(AF, Q),
where A% 1s the Galois conjugate of Ay.

Many cases of Conjecture|l|have been proved by using the arithmetic theory of shimura
curves. Unfortunately, when the abelian variety A; has everywhere good reduction,
the Shimura curves approach does not work.

In [17], I recently developed an algorithm that computes modular elliptic curves
over real quadratic fields based on Conjecture[I] I hope to combine the Hilbert modular
forms algorithm and the elliptic curves algorithm in order to create a database such as
the ones by Cremona [I0] and Stein [45] in the case of real quadratic fields. This will
provide additional numerical evidence for Conjecture[l} One important application of
my algorithm is to give a way to systematically compute modular elliptic curves with
everywhere good reduction over real quadratic fields.
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1.3 Computing higher rank algebraic modular forms

The algorithm described in Subsection [I.I] for the computation of Hilbert modular
forms relies on the Jacquet-Langlands correspondence. There is a conjectural gene-
ralization of this correspondence to the genus 2. We note that, when the base field is
Q, this generalization is due to Ihara [32] and Ibukyiama [3I]. Recently, Sorensen [44]
established that this conjecture is indeed true when the degree of the base field is even.

C. Cunningham and I extended my algorithm to the genus 2 setting under a class
number one assumption on the compact inner form of GSp,. In [20], I removed the
assumptions on the class numbers of the base field and on this compact form. This
provides an algorithm for the computation of systems of Hecke eigenvalues for Hilbert-
Siegel modular forms of genus 2. We have tabulated examples of systems of eigenvalues
of weight 3 and genus 2 of such forms for small primes levels over the quadratic fields
Q(v/5) and Q(v/2) in [I1] and [20], and I hope to expand this data in the near future.

In fact, the algorithm presented in [I1, [20] gives a more systematic approach to
the computation of algebraic modular forms over general compact reductive groups.
I have adapted it to the setting of unitary groups U(3). I will use to provide some
experimental evidence for the Thara Lemma formulated in Bellaiche-Graftieaux [I],
and to settle the case p = 7 of Gross’ Conjecture [2]

2 Current projects

2.1 Nonsolvable Galois extensions ramified only at one small
prime

The following conjecture is proposed in Gross [29].

Conjecture 2. For every prime number p, there is a finite non-solvable Galois ex-
tension K of Q ramified at p only.

For primes p > 11, one knows how to construct extensions satisfying Conjecture [2}
Indeed, Serre [41] shows that for such a prime p, there is k = 12, 16, 18, 20, 22 or 26 such
that the residual Galois representation py ), mod p associated to the unique cuspidal
form of level 1 and weight k, with integral coefficients, is absolutely irreducible. Hence
the fixed field of ker p, ,, is a non solvable extension of Q unramified away from p.

As for primes < 7, the first case of the Serre conjecture [40] was proved and later
published by Tate [43], for p = 2, by simply ruling out the existence of mod 2 irre-
ducible representations of the absolute Galois group Gal(Q/Q), unramified away from
2. His results were later extended to the primes 3 and 5 by [42] and [7] respectively,
assuming GRH in the latter case. By Khare and Wintenberger [34], this is now true
unconditionally for p =5,7.

Recently, following a suggestion of Dick Gross, I showed [I8] that Conjecture [2|is
true for p = 2 by using Galois representations attached to mod p Hilbert modular
forms over the maximal totally real subfield of the cyclotomic Q((s2). The extension
K 1 constructed is totally complex, has degree 2251731094732800 = 219(3-5-17-257)2
and has root discriminant dx < 2% = 58.68..., which is rather small. We also settled
the case p = 3 and 5 using the same strategy in a joint paper with M. Greenberg and
J. Voight [25].
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For the prime p = 7, it is currently impossible to use Galois representations at-
tached to Hilbert modular forms as the dimensions of the spaces involved are rather
large. However, we hope to use our algorithm for U(3) to settle this case.

2.2 The Serre conjecture for totally real number fields

The following conjecture due to Serre [40], which has been proved recently by Khare
and Wintenberger [34] and Kisin [35], has been very influential in Number Theory.
(For definitions, we refer to [40]).

Conjecture 3 (Serre). Let F be a finite field, and p : Gq — GL2(F) an irreducible
continuous representation such that det p(c) = —1 for the complex conjugation c. Then
p is modular.

In [40], Serre gives a precise recipe to find the minimal weight k(p) and level N(p)
of the corresponding modular form. Buzzard, Diamond and Jarvis [§] have formulated
a generalization of this conjecture to the context of totally real number fields, where
predicting the weights of the modular forms is more subtle. Gee [27] proved that
their weight recipe is correct in lots of cases. I am working on a joint project with
F. Diamond and D. Roberts [22] which aims to provide numerical evidence for the
conjecture and further insight into the remaining cases of the weight recipe. My
algorithm for computing mod p Hilbert modular forms is an important component
of this project.

2.3 The mod p Langlands correspondence

The work in [8] puts the Serre conjecture into the more general framework of the mod
p Langlands correspondence, which we now describe briefly.
Let F' be a totally real number field, O its ring of integers and p a rational prime.
Let
p: Gal(F/F) — GLa(F))

be an irreducible continuous representation such that det p(c,) = —1 for all complex
conjugations. Let D be a totally definite quaternion algebra over F', and X the set of
finite places at which D is ramified. We assume that {v : v | p} NX = 0. Let Op
be a maximal order in D. For each finite place v ¢ X, we fix a splitting isomorphism
Op, = Op®@0Op, ~My(OF,). Let U C (Op ®Z)* be a compact open subgroup such
that Hu|p Uy ~ GL2(OF ®z Z,,). We define the space

SP(U) = {f : D*\(D® AL /U %Fp},

and let SP := limg SP(U). The module SP(U) comes equipped with a Hecke action

defined in the usual way. We let T*(U) be the Hecke algebra acting on SP(U), i.e.,
the Fp-subalgebra of Endfp(S P(U)) generated by

T, = {U (75 ?) U} and S, = [U (7; 7?) U] ,

where , is a uniformizer at v ¢ . Let m? = mE(U ) be the ideal of T*(U) generated
by
T, — tr(p(Frob,)) and S,Nv — det(p(Frob,)).
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We let

SP(U)mY] = {f € SP(U): Tf=0forallT € m)}.
By Buzzard-Diamond-Jarvis [§, Lemma 4.6], S (U)[m?] is independent of ¥ and the
limit SP[m,] := lim, SP(U)[m?] is well-defined and is equipped with an action of
(D® A?)X. The following conjecture is proposed in Buzzard-Diamond-Jarvis [8]
Conjecture 4.7].

Conjecture 4. Let p: Gal(F/F) — GLy(F,) be an irreducible continuous represen-
tation such that det p(c;) = —1 for all complex conjugations, and D a totally definite
quaternion algebra over F. Then, the F,-representation SP[m,] of (D ® A?)X is 1s0-
morphic to a restricted tensor product ®; 72 (p), where 72 (p) is a smooth admissible
representation of D).

For v { p, the local component is constructed using results of Vignéras [46] and
Emerton [26]. For v | p, however, very little is known when F' # Q. A refinement of
Conjecture 4| predicts that, when v | p is unramified, the GLo(OF, )-socle of 72 (p) is
given by

socle(mP(p) = 3 o,
€Wy (pv)

where W, (p,) is the set of Serre weights (of the dual) of p, := plgu /). But it is

D
v

unclear whether p|, /) completely determines m,”(p) as Breuil and Paskunas [6]

were able to associated infinitely many GLo(F,)-representations to p|Gal<Fi /F,) With

this desired socle. They conjectured that 72 (p) always contains one of those GLq(F,)-
representations associated to p|Gal(E /F,)" Recently, Breuil [5] proved cases of this
conjectured under a multiplicity one condition on characters of the Iwahori I,, C U, =
GL3(OF,) acting on SP(U,F,). This multiplicity one condition seems at present
very hard to prove. However, with a variant of my algorithm, I was able to verify it
experimentally (see [21]). And we hope to perform further testing of this condition
in [22].

2.4 Motives attached to Hilbert-Siegel modular forms

Thanks to the works of Wiles [47] and of Breuil, Conrad, Diamond and Taylor [4] on the
Shimura—Tanyiama conjecture and of Khare and Wintenberger [34] and Kisin [35] on
the Serre conjecture, there has been some tremendous progress toward the Langlands
correspondence for GL2/Q. Indeed, we now know that every abelian variety A/Q of
GL,-type is modular.

The symplectic group GSp, is the natural next step in trying to understand the
Langlands correspondence for groups of higher ranks. In the spirit of Fontaine-Mazur,
one expects the following conjecture.

Conjecture 5. Let X/Q be a threefold over the rationals, with the Hodge numbers
h3 =4, h30 = h2l = 12 = 93 = 1. Let £ > 3 be a prime number, and let

px,e: Gq — GL(H?*(X,, Q)

be the (-adic Galois representation in the degree 3 étale cohomology of X. Then px ¢
is automorphic in the sense that it is isomorphic to the Galois representation attached
to some Siegel modular form of genus 2 and weight 3.
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In the literature, there are several examples that provide both theoretical and numeri-
cal evidences towards Conjecture[5] For example, Consani and Scholten [9] investigate
a quintic threefold that satisfies the assumptions in Conjecture [f] and give strong evi-
dence that it is indeed automorphic.

Unfortunately, in most of the known examples related to Conjecture [5] the corre-
sponding automorphic forms are lifted from GL5. In part, this is due to the difficulty
of computing automorphic forms in higher rank. We would like to produce examples
that support Conjecture [5| and that do not come from lifts by using our algorithm
on Hilbert-Siegel modular forms. More specifically, by exploiting the ideas in [9], we
hope to determine some of the motives associated to the eigensystems of Hilbert-Siegel
modular forms we computed in [I1} 20]. This will provide some numerical evidence
for both the Jaquet-Langlands correspondence and the Langlands correspondence in
the genus 2 case.

2.5 Modular abelian surfaces over real quadratic fields

As explained earlier, by making the Eichler-Shimura construction for modular elliptic
curves over the rationals explicit, Cremona [10] was able to generated tables of such
curves that proved extremely useful to number theorists. Recently, Guardia [30] de-
veloped the theory of Jacobian nullwerte which is analogue to Cremona’s approach for
modular abelian surfaces over the rationals. Gonzalez and Gonzélez-Jiménez [28] then
used this construction to produce tables of modular abelian surfaces over Q. We hope
to extend their results to real quadratic fields, and combine this with Oda’s conjecture
in order to find explicit examples of modular abelian surfaces with real multiplication
over real quadratic fields. On important application of this project would be to find
(simple) modular abelian surfaces with everywhere good reduction.

3 Research plans

In addition to continuing my work on the above projects, I plan to work on the
following over the next two years.

3.1 The generalized Fermat equation

By making use of the techniques of Wiles [47], Bennett and Skinner [2] studied cases
of the generalized Fermat equation axP 4+ byP = cz?. The Frey representation attached
to a non-trivial solution to such an equation is realized in the p-division points of
some elliptic curve defined over Q and some prime p. They then use the database
of Stein [45] to draw conclusions on the non-existence of such solutions. I want to
combine their methods with the strategy outlined in [I4] to study equations of the
form axP 4 byP? = cz®. The Frey representations attached to non-trivial solutions to
this equation are realized in the p-division points of hypergeometric abelian surfaces
defined over Q(v/5) (cf. Darmon [14]). So with my database, I will be able to solve
some cases of this equation.
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3.2 Parallel weight one Hilbert modular forms

I would like to develop efficient algorithms to compute Hilbert modular forms of par-
allel weight one, for which quaternion algebra methods are not directly applicable.
There is little numerical data on such forms, which correspond via Artin’s conjecture
to complex 2-dimensional Galois representations. I plan to consider the case of partial
weight one as well, for which there may be no known explicit examples.

3.3 Revisiting the method of graphs for large genus

One of the fastest algorithms that can be used to compute classical modular forms
is the so-called method of graphs developed by Mestre [38]. To briefly describe the
method, let p > 2 be a prime and M > 1 an integer prime to p. One wishes to compute
modular forms of level N = pM and weight 2. The method of graphs consider the
modular curve Xo(M)/F,. For a prime ¢ # p, one uses explicit equations for the
Hecke correspondence on this curve in order to compute the action of the operator
Ty. This method is extremely efficient when the genus of Xo(M) is at most 1, but is
impractical otherwise. As an alternative, one can use the classical Brandt matrices
approach due to Pizer or the Quaternionic Hecke module approach due to Kohel [37].
However, both these methods can be extremely slow. In a joint project with D. Kohel
and W. Stein [24], we want to show that the algorithm develop in [I5] [16] is a much
better alternative. We already have some partial results in that direction with the
prime p = 389 for which the method of graphs would be totally unapplicable since
the genus of the curve X((389) is 33. Our algorithm has proved to be faster than the
above mentioned ones.
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