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DAVID TALL AND EDDIE GRAY — HEART AND SOUL OF
MATHEMATICS EDUCATION

Go on, take the course — I'm told it’s great fun and it’s run by this complete bearded
loony.

My first introduction to David Tall was a problem solving course I took as an
undergraduate at Warwick University in the late ‘80s. I had become rather
disillusioned with the standard definition-theorem-proof courses which (once I had
had a drunken epiphany which led me to understand this ‘proof’ thing that the
lecturers kept referring to) 1 was passing with consummate ease and very little
understanding. A friend recommended this course to me and, to a great extent it was
the bearded loony (along with Thinking Mathematically, the book of another of the
bearded loonies of mathematics education who I was to meet later) who reignited my
enthusiasm for mathematics.

Eddie, on the other hand, appeared more slowly as an influence and an immense
force of kindness and support when I returned to Warwick some 10 years later as a
lecturer in the Mathematics Education Research Centre. Given my own research
interests, I had initially little connection with his work but became increasingly
intrigued with first his papers with Demetra Pitta and later his work with David on
the notion of procept. The former drew me in to some the psychological literature
they had based their work on, encouraging me to read beyond the mathematics
education literature into the often more developed and robust world of cognitive
psychology. The latter influenced my thinking both as a theory and as a model of
theory development.

The intellectual work of both Eddie and David, which has had such a profound
influence on my thinking and on that of so many others, pales beside the roles they
have played as mentors. More than any others in mathematics education, they have
grown a family around them — their students are their academic sons and daughters
and they dote on their academic grandchildren with almost as much glowing,
grandfatherly pride as they dote on the astonishing number of their biological
grandchildren.

In this book, you will find but a small sample of the influence they have had, and of
the love and respect in which they are held. The quality of the papers and the range of
topics they cover testify to their prolific generation of ideas which, in varying from
counting to topology, can be said to be cover mathematics from cradle to grave.

On a personal note, there is little doubt that I would never have achieved the position
that [ am in without them. David’s support for my thinking and positively critical
challenging of my ideas are at least matched by Eddie’s support for my intellectual
and personal development and unstinting friendship. Warwick, which had been the
home to such intellectual giants, should have been a hard place to leave, However,
with the knowledge that Eddie and David were retiring and with the irreparable
damage done to mathematics education at Warwick by a management ill-informed of



the achievements David and Eddie spearheaded and the regard in which they were
held internationally, made my recent move easier. What will be difficult is being so
far from them.

The lazy editor’s quotation machine, Samuel Johnson, once said

Don't think of retiring from the world until the world will be sorry that you retire. I hate a
fellow whom pride or cowardice or laziness drives into a corner, and who does nothing
when he is there but sit and growl. Let him come out as I do, and bark.

While there may be occasional hints of (justifiable) pride, no-one would dare accuse
David or Eddie of cowardice or laziness, and — intellectually — both have as loud a
bark as one would wish. While we wish both of you and your families well, the world
will be sorry that you retire.

Adrian Simpson
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THE CONCEPT OF FUNCTION:
WHAT HAVE STUDENTS MET BEFORE?'

Hatice Akkog
Marmara University, Tiirkiye

Prior knowledge has important effects on the long-term cognitive development. Tall
(2004) termed a current structure resulting from earlier experiences a met-before. A
met-before might have positive or negative effects. In a well-designed curriculum it
provides a positive foundation for successful development otherwise it might act as
an epistemological obstacle. This paper investigates the effects of met-befores for the
development of function concept. The data of the study was obtained from interviews
with ten pre-service mathematics teachers. The analysis of data indicated that met-
befores was not helpful to overcome the difficulties and had negative effects in a
sophisticated context where functions are defined on a different domain other than
real numbers.

INTRODUCTION

Tall (2002) claims that a smooth long-term cognitive development in which each idea
builds easily on previous ones is not possible even with a well-designed curriculum.
There are always discontinuities in the learning process. New contexts will always
demand new ways of looking at things and often require significant cognitive
reconstructions. In that sense, prior knowledge and earlier experiences have great
importance for the long-term cognitive development. In a new context, earlier
experiences might have negative as well as positive effects. Old experiences can
cause serious conflicts. Tall (2004) calls such old experiences ‘met-befores’. An
example can be given in the transition from arithmetic to algebra. In arithmetic every
sum has an answer, for instance, 2+3 is 5. This is a typical met-before. But in algebra,
an expression such as 2+3x has no ‘answer’ unless x is known.

Nogueira & Tall (2006) gives another example of a met-before in the context of
equations. Students’ earlier experiences of equations are ‘based on arithmetic met-
befores, where the equal sign is conceived as “something to do” to get the solution’
(p. 7). In their study, they found that the students did not use embodied meanings
such as balancing both sides of an equation.

MET-BEFORE FOR THE FUNCTION CONCEPT

With the “new mathematics” movement, function concept has been seen as the
underlying concept for the whole curriculum. This might only be possible for an
expert who is able to see the role of function concept throughout the whole of
mathematics (Tall, to appear). On the other hand, the story is different for a student.

! Inspired from the title of one of David Tall’s joint papers called ‘The concept of equation: What have students met
before?’ (Nogueira & Tall, 2006).



A student needs to construct new ideas on previously constructed met-befores. For
instance, students first meet functions in the form of a linear assignment e.g. y=2x+1
where the value of y is found from x by doubling x and adding 1. By having such
experiences, students develop met-befores that identify functions as formulas in
which values of x are entered to calculate the value of y (Tall, to appear).

BACKGROUND OF THE STUDY

In the Turkish curriculum, the function concept is introduced in grade 1 (15 year-old
students) in high school. After the introduction of relations, equivalence and ordered
relations, the function concept is given by the following colloquial definition:

Let A and B be two non-empty sets. A relation from ffrom 4 to B is called a function
if it assigns every element in 4 to a unique element in B.

or
A function f'defined from A4 to B assigns:
1. All elements in 4 to elements in B,

2. Every element in 4 to a unique element in B.

Table 1: Colloquial definition of function

This colloquial definition is followed by a visual representation as seen in figure 1,
together with the introduction of notation as follows:

Domain ,ﬁiﬂ-\ﬁ‘“”ge If xeA4 and y € B and if a function f from 4 to B
assigns x to y then it is denoted by f:4— B,
x—>y=f(x).

f(A)
Thelmage < _ #(x)’ is read as ‘y is equal to fof x’.

Figure 1: Set correspondence diagram and the definition of function

In the newly announced curriculum, the function concept is introduced with a
function box after giving the concept of relation (Orta Ogretim Matematik Simiflar
Dersi Ogretim Programi, 2005). However, participants of this study have not met
function box in high school.

At the undergraduate level, defining properties of the function concept are given
symbolically as shown in Table 2.

The colloquial definition is also given besides the formal symbolic definition at this
level. Therefore, the colloquial definition and the set correspondence diagrams are
two met-befores explicitly given in the Turkish context. Studies such as Akkog
(2002; 2005) which were conducted in that context indicated that students preferred
and successfully used the colloquial definition and set correspondence diagrams
when they needed to focus on the defining properties of functions. These met-befores




Let X and Y be two non-empty sets. A relation defined from X to Y is called a function if it satisfies the
following conditions:

Vx e X, dy €Y such that f(x):y
If X; = X, then f(x;)= f(x,)

Table 2: Formal symbolic definition of function

are purposefully introduced to students by the curriculum designers and by the
teacher who implements this curriculum in the classroom.

METHODOLOGY
This is a qualitative study which aims to answer the following research questions:

e RQI: What kinds of met-befores do participants use in a more sophisticated
context for the function concept?
e RQ2: What kinds of effects do these met-befores have in the new context?

The participants of the study are ten pre-service mathematics teachers who completed
all the required mathematics courses from a mathematics department in a university
in Istanbul, Turkey. Among forty-five pre-service teachers, ten of them were selected
considering a spectrum of performance on a question in a written exam. Five of them
were successful and five of them were less successful in answering the question. The
question required them to identify and work with a function in a more sophisticated
context (Breidenbach et al., 1992) as shown in table 3.

Let H be the set of all functions whose domain and range are the set of all real numbers. Let M be the
operation that acts on a function, say f, in H and transforms it to the function g where

8()=(=2x).
a) Is M a function? Explain.

b) If f is the function in H defined by f(x) = x’ , what is M(f)(3)?

¢) Describe the inverse of M.

Table 3: Interview question

This question was chosen to reveal the effects of previously constructed met-befores
for the function concept. Therefore, a function was chosen in a more sophisticated
context where the elements of the domain and range are not numbers and where the
function is not given by a formula. Participants were interviewed on this question
using semi-structured interviews. Interviews were recorded and transcribed.

DATA ANALYSIS

The data from the interviews were analysed using the principles of open coding
(Strauss & Corbin, 1990). The data obtained from the interviews was open coded
using line-by-line and paragraph-by-paragraph analysis. The line-by-line analysis




was used to examine the effects of met-befores inherent in the language participants
used during the interview. For the paragraph-by-paragraph analysis, responses to
each part of the question were treated as a paragraph. Labels emerged from this

analysis were used to create categories as presented below:

Is M a function? Why? M()3)=? Describe the inverse of M
Al OP-C

CD-C B Inv-C, M = = f(-2

PE (SD) M@ =g@=r2y | MTEmERI

SD used to explain the CD = f(-6)=-216 M7 (g))=f(x)> M (f(-2x)=f(x)
A2 | CD-P, PE (SD) OP-C, g(n)=-8r*.2(3) =216 | Inv-W, g(x) = /(-2), M (g(x)) = (-2¥)
» CD-W op-c, 80 =8’ Inv-C, Mif>g, yligos

M(f)(3)=-83>=-216 S ()= f(=2x) f(=2x) > f(x)

Ad OP-W, a(£)(3)=M(27) .

CD-W, PE (f, g, h functions 3 3 Inv-C, M(f)=g, M ‘(g)=f

in the set containers) M(x7)=-8x" M(x)=-8x -1

M(27)=-827 M (f(=2x)) =/ (x)

A3 | ¢D-P and PE (. g functions | OP-C, Mf(3)=g@3) | Inv-C, M(f(x))=g(x), M (g(x))= f(x)

in the set containers f(-6)=-216 wl (f(=2x) = £(x)
BI .1 . 3

3 Inv-W: M~ (g(x)) = f(-2x) = —8x
CD-W and PE (SD) OP-C: M(f)(3)=g(->)
N =85 M(g(f(x, )= f(x;)
B2 CD.C OP-W, M(/)3)=M(27) = 1 -1 1
' g (27) = (=227 v-W, M =joh, M =g o

B3| cpest OP-C, Cmp, Mf(x) = -8x> | Iv-W, PE(SD)

PE (Function machine) Mf(3)=-216, foh=g M= foh=g M_1 = g_l
B4 | CD-St, Cmp, foM =g Cmp, OP-W, (Mof)(3) = Inv-W

(because f f(—2x)=g(x)) | M(Q27)=-54 M =-2x Y %
B5 | ¢D-St, PE (SD) OP-W  f(3)=g(-%)=27 | Inv-W, f'(x)=x g (x)= f'(<2x)=¥=2x

Table 4: Categories of responses’.

A more detailed account of how participants responded to the question, not just
categories but also parts of the participants’ responses, is given in table 4 above.
Successful participants are indicated by the letter A and less successful participants
are indicated by the letter B.

2 CD: Colloquial Definition; CD-St: Colloquial definition stated but not used to explain why M is a function; CD-C:
Colloquial definition correctly used to explain why M is a function; CD-P: Colloquial definition partially used to
explain why M is a function; CD-W: Colloquial definition wrongly used to explain why M is a function; OP-C: Order
of paranthesis correctly used; OP-W: Order of paranthesis wrongly used; Cmp: Establishing a composition between M,
fand g e.g. foM=g or M=fog; Inv-C: Finding the inverse of M correctly; Inv-W: Finding the inverse of M incorrectly;
PE: Use of physical embodiment such as drawing set containers, set correspondence diagrams or function machines;
SD: Drawing a set diagram.



RESULTS
Results from the responses to why M is a function

None of the participants explained why M is a function using the formal symbolic
definition. Line-by-line analysis indicated that participants used the words such as
“assigned to”, “goes to” or ‘“corresponds to” which are used in the colloquial
definition although the word “transform™ is used in the question. As seen in table 4,
all of the ten participants used the colloquial definition. Two of them (Al and B2)
correctly and two of them (A2 and AS5) partially used it. For instance, A2 correctly
explained that for every function f in H, a function g can be found in H such
that /(=2x) = g(x) . However, he could not correctly explain why f is assigned to a
unique g:

A2: g(x)=f{-2x). g is unique. If it was f(x*) then there would be two roots.

It is —2x so we can find a unique g

Similarly, A5 could not explain why g is unique. Three participants (A3, A4 and B1)
incorrectly used the colloquial definition. Instead of M, they applied it to fand/or g
which are defined on R. One participant (B4) gave other reasons to explain why M is
a function. She defined M as M(x)=-2x by expressing it as foM=g. Two

participants (B3 and BY) just stated the colloquial definition without applying it to M.

Seven participants used physical embodiment as indicated by PE in table 4. Most of
these physical embodiments were set correspondences between two set containers
(A1, A2, Bl and B5). However, these drawings became too complex and they could
not handle them. For instance, Bl interpreted the equation g(x)= f(—2x) as ‘the

images of f are transformed under the function g’. She used set correspondence
diagram to illustrate the transformation of the elements as seen in figure 2 below:

H"Qfﬁﬁ Jr\ 22—32\
H Sfu'(“\\ S 5

ﬂ e 36;(—’

3(}( )tﬂMka)

Figure 2: Set correspondence diagram drawn by Bl

She then tried to represent M using the set correspondences as shown in figure 3.
However, it was not helpful for her. She transformed real numbers to real numbers
instead of transforming functions to functions.



— 7 M(i)f 7. ,ﬂ[-’\\’-—’l“_\
' o

5

o v M
= Oy
2 o
R
=
Gor?

Figure 3: Set correspondence diagram drawn by Bl

One participant (Al) used the set correspondence diagram just to explain the
colloquial definition but did not use it to explain why M is a function. One participant
B3 expressed M as a function box where the inputs f’s are dirty cloths and the outputs
g’s are clean cloths as shown in Figure 4.

However, she could not use it to explain why M is a function.
Results from the responses to M(f)(3)=?

Participants were more successful with this part H () ( )
of the question. The main difficulty encountered (x) o 9%/
by the participants when they were evaluating — @\3& 7

M (f)(3) is related to the order of parenthesis. " Lol 2¢

Four out of ten participants (A4, B2, B4 and BY) klfh “ .

first calculated £{3)=27 and found M(27) which is  F'igure 4: Function box drawn by
not defined since M transforms functions to B3

functions. Six participants (A1, A2, A3, A5, Bl

and B3) correctly calculated M (f)(3) which is M(f)(3)=g@3) = ~8.33 =-216. One

participant (B3) considered g as a composition of f'and 4 (foh=g where h(x)=—-2x)
and found M (f)(3) =-216.

Results from the responses to the inverse of M

Four participants (A1, A3, A4 and A5) correctly defined M ! which assigns g to f as

seen in table 4. Six participants (A2, B1, B2, B3, B4 and B5) could not find M -
correctly. One participant (A2) assigned g(x) to f(—2x) which is g(x) itself. One

participant (B5) found the inverse of f(x) for a special case of f(x)=x’. One
participant (B4) defined M as M (x)=—-2x since she interpreted f(—2x)=g(x) as

foM=g. Therefore, she found the inverse as M ™' = —% :

DISCUSSION AND CONCLUSION

As indicated by the data in this study, a few students were successful with functions
in a sophisticated context. In response to research question 1, it can be concluded that
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