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1. The Calculus

It should be emphasised that the Calculus means a variety of different things in different
countries in a spectrum from:

1. informal calculus— informal ideas of rate of changed therules of
differentiation with integration ashe inverseprocess,with calculating
areas, volumes etc. as applications of integration

to
2. formal analysis- formal ideas otompleteness—0 definitions of limits,

continuity, differentiation,Riemann integration, and formal deductions of
theorems such as mean-value theordm fundamental theorem of calculus
etc.,

with a variety of more recent approaches including
3. infinitesimal ideas based on non-standard analysis,

4. computer approachessing one ormore of the graphical, numerical,
symbolic manipulation facilities with, or without, programming.

In some countriethe first of these is taught in secondary school #melsecond to
mathematicanajors in college. In others a subject somewhere atbagspectrum
between thdawo is taught as thdirst major college mathematiosourse. In a few
countries(e.g. Greece)the formal ideas are taugfrom the beginning insecondary
school.

The details of thesapproachesthe level ofrigour, the representations (geometric,
numeric, symbolic, using functions andependent and dependent variables), the
individual topics covered, vary greatly from course to course.

2. Difficulties in the Calculus

The calculugepresentshe first time in which the student is confrontealith the limit
concept, involvingcalculations that are nlenger performed by simplarithmetic and
algebra, andnfinite processeghat canonly be carried out by indire@rguments.
Teachers ofterattempt to circumvent thproblems by using afinformal” approach
playing down the technicalities.However, whatever method isused, ageneral
dissatisfaction withthe calculuscourse hasmerged invarious countries round the
world in the last decade.
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In France the birthplace of the logicatructures of Bourbakinathematics educators
realised that formahpproaches to learning had fundamefi@vs andthe IREMs
(Instituts de Recherchsur 'Enseignementdes Mathématiques) have relentlessly
pursuedthe need to make the development of the suljedter more meaningful to
studentqArtigue et al 1990). Inthe UK a recent report of tHeondon Mathematical
Society acknowledgethe difficulty of universitymathematicand the need to reduce
the content and reorganise tbeurse. (LondorMathematicalSociety, 1992). In the
USA it is acknowledgedthat of the 60@00 studentsaking college calculus i©987,
only 46% obtained a pass at grade D or above (Anderson & Loftsgaa@$f), This
atmosphere of general dissatisfaction led to the “Calculus Re¥towement” in the
USA, with a heavy investment in development and technology but hitigh initial
investment in cognitiveresearch.The latter omission is being remedied, with a
considerable increase in publications on cognitive difficulties in the calbubysvith a
few notable exceptions, the reform movement itself still awaits independent analysis.

2.1 Fundamental difficulties with limits and infinite processes

Whicheverway the calculus isapproachedthere seem to be inherently difficult
concepts which seem to cause problemsmatter how they aretaught. The limit
concept creates a number of cognitive difficulties, including:

» difficulties embodied in the language; terms like “limittends to”,
“approaches”, “asmall as we please” haymwowerful colloquial meanings
that conflict with the formal concepts,

» the limit process is not be performed by simple arithmetic or algelfirate
concepts arise and the whole thing becomes “surrounded in mystery”,

» the process of “ a variable getting arbitrarily small” is often interpreted as an
“arbitrarily small variable quantity”, implicitly suggestinginfinitesimal
concepts even when these are not explicitly taught,

» likewise, the idea of N getting arbitrarily large”, implicitly suggests
conceptions of infinite numbers,

» students ofterhave difficulties over whethethe limit can actually be
reached,

» there is confusion ovehe passage fronfinite to infinite, in understanding
“what happenst infinity”.

paraphrased from Cornu, 1981
Schwarzenberger & Tall, 1978
Orton, 1980ab, 1983ab

Robert, 1982

Sierpin ska 1985, 1987

etc., etc.
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How does the student handle such conflicts? Two methods are possible:

» reconcile the old and the new by re-constructimgwa coherent knowledge
structure,

» keep the conflicting elements in separate compartments and leeteem
be brought simultaneously to the conscious mind.

As thefirst of these is very difficult, mangtudents (and most teachers!) prefer the
latter, separating troublesome theory from the practical methods to solve problems:

[In] the official French programme .books generally devoted achapter to the
general limit concept including a formal definition, a statement of its uniqueness, and
theorems about arithmetic operaticasplied tolimits. The exercises, however, did

not concentrate orthe limit concept but on inequalities, the notion @bsolute
value, the idea of a sufficient condition and, aballe on operations the limit of a

sum, of a product, and so ohhese exerciseare farmorerelated toalgebraand the
routines of formalifferentiationandintegration than to analysis. ... Given such a
bias in emphasis it ithereforelittle wonderthat students pick ugmplicit beliefs
about the way in which they are expected to operate. (Cornu 1992, p. 153)

... [American] students often considerdtk easeand practicality of a model ofimit
more important than mathematical formality. This is particularly true instrese
that models ofimit that allow them todeal with the realities oflimits in the
classroom, the kind they see on tests, tend to be seen as sufficient for the purposes of
most students. It wasoted by severastudents that neither formal nalynamic
models of limit figure heavily in the procedures students use to work prolflems
their calculus class; theiprocedural knowledgde.g., substituting valueinto
continuous functions,factoring and cancelling, using conjugates, employing
L'Hopital’s rule) is largely separate from their conceptual knowledge.

(Williams, 1991, p. 233)

Various studies show that what the students believe is related to the dowuonlartihat
they do, and paying lip service to formalities may satisfy the teacher but it hagtieery
impact on the learner. Ervynck (1981) concluded that most stuld@vdsaprerigorous
understanding oflimit but few ever achieve fullunderstanding ofthe rigorous
definition.

How cansuchdifficulties be avoided? Davis & Vinn€f986) attempted to do so by
avoiding reference to the language of limits in thitial stages,but came to the
conclusionthat “avoiding appeals tsuch pre-mathematical mental representation
fragments mayery well be futile.” Theyshow that specific examples dominate the
learning, sothat if, for example, monotonic sequencdsminate thestudents’early
experiences of sequences then they will also domthatstudents’concept images of
sequences and thdimits. Thus itbecomes almost impossible to gstidentssimple
experiences without givinthemcorrespondingly simple long-term conceptions of the
concepts being introduced.

There is evidence thattudents apply arguments not globally, huge different
arguments suitabléor each case,allowing them to keepdisconcerting conflicts in
separate compartments. For instance, a studghtt usedifferent conceptions dfmit
selected according to the particular context bemgsidered, withoubeing concerned
about possible overall consistencies:
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And | thought about all the definitions that we deal with, and | thivgy’re all right

— they're all correct in a way and they’re all incorrect in a Wwagausahey canonly

apply to a certain number of functions, while others apply to other functions, but it's
like talking about infinity or God, you know. Our mind is only so limited that you
don’t know the real answer, but part of it. (Williams, 1991, p. 232)

Students learn the things that will get them through the exams:

Much of what our students have actually learned ... — more precisely, whdtathey
invented forthemselves — is a set of “coping skill§dr getting past thenext
assignment, the next quiz, the next ex&hen theircoping skills fail themthey

invent new ones. The new onden’t have to beconsistent with theld ones; the
challenge is to guess right among thailableoptionsandnot to getfakedout by

the teacher’s tricky questions. ... We see some of the “best” students in the country;
what makes them “best” is that their coping skitsveworked better tharmost for

getting them past the various testibgrriers bywhich we sort students. We can
assure you that that does not necessarily mean our students have any real advantage in
terms of understanding mathematics. (Smith & Moore, 1991)

When students meet difficulties, a dominant strategy for coping is to concentrate on the
procedural aspects that are usually set in examinations. Bdabausacheknows that
conceptualquestionsare rarelyanswered correctlythe viciouscircle of procedural
guestions is set in motion. Indeed, for those students who take an initial calculus course
based orelementaryproceduresthere is evidence thdkhis may have amunforeseen
limiting effect on their attitudes when they take a nmgerous course at later stage.
Commenting on theesults of alarge study comparing theresults of studenttaking
advanced placement calculasurses in schoolfFerrini-Mundy & Gaudard (1992)
found that

it is possible that procedural, technique-oriergedondaryschool courses igalculus
may predispose students tattendmore to theproceduralaspects of thecollege
course. (Ferrini-Mundy & Gaudard 1992, p.68)

Perhaps thisan besolved by confrontinghe studentwith discrepancies between
personal imagery and new conflictidgta in an attempt tencourage a re-construction

of knowledge on a more sophisticated leV¥llliams (1991) selected 1Gtudents with
concept images of the limit (such as ‘gets close to, but does not reach’) at variance with
the formal definition andittemptedover a series of five interviews to confront the
student with new examples that conflicted with the old. There was little change:

The data of this study confirm students’ procedural, dynamic view of limitjshas

an idealization of evaluating the functionpatints successively closer to @oint of
interest. The data also suggest that there are numerous idiosyncratic variatitiss on
theme, some of them extremadifficult to dislodge. Giventhe complex nature of
cognitive change, it is not surprising that the students in this $aildg to adopt a
more formal view of limit after only five sessions. (Williams, 1991, p.235)

It becomes apparent that firmly held concept imagegpoave notoriously difficult to
dislodge, even when they conflict with the formal definition.

On the othehand, ifformal e methods are tauglitom the start(as inthe Greek
curriculum) it can reduce the incidence of infinitesimal methwekigst having its own
peculiar difficulties:

Students’ Difficulties in Calculus - 4 - ICME. 1992, Working Group 3



... the Englishhave no formalnstruction about limits on theeal line, contrary to

the Greek case. Wind the English use ‘infinitesimals” which ofteaonfounds the
completion of a limitprocesswhereaghe Greekssometimes displaglifficulties in

using formal symbolism and reasoning, suggesting that little insight is given by the
strict definition. (Mamona-Downs, 1990, p. 69)

The Greeks, although they did not use for example ¢h& ‘definition and preferred

to usestandardoroceduresdid seem to be able taccept dimit as a mathematical
objectratherthan a“dynamic” process.... However a few Greekdid show some
conflicts between the dynamic and static approaches, suggesting that therfiseis
natural to their original intuition. (ibid., p.75)

Difficulties are revealed whichever approachaken. It seems$ike a case of'Heads
you lose, tails you don’t win”.

Perhapghe solution might be tdead onnot to formal standardnalysis,but to non-
standard analysisSullivan (1976)gave evidence of the apparenuccess of such an
approach. But although it continues to have its adherents, faileb to takeroot on a
wide scale. There are cognitive reasons why such an approach may sensariace
to have success (just ashe informal procedural approach oftéras procedural
success). Even though the informal use of infinitesimals may seem to be closar to
standard analysis, students’ spontanebebefs are often inconsistentith non-
standard theory too, fanstance it is often believed thatought point nine recurring”
is the “last number less than 1” whereas<it then3 (x+1) is also less than 1, $leere
can be no “last number less than 1” in either standard or non-standard theory.

An informal approach is therefore likely to involve facterkich potentially conflict
with any formal theory whilst a formal approaotay prove too difficult a starting
point, lacking insight.

2.2 Other difficulties in the calculus

Having considered the limit concept in some detail, we list some of the other difficulties
students encounter in the calculus, each worthy of extended investigation, including:

» restricted mental images of functions,

» the Leibniz notation — a ‘useful fiction’ or a genuine meaning,
 difficulties in translating real-world problems into calculus formulation,
 difficulties in selecting and using appropriate representations,

» algebraic manipulation — or lack of it,

 difficulties in absorbing complex new ideas in a limited time,
 difficulties in handling quantifiers in multiply-quantified definitions,

e consequent student preferender procedural methods rather than
conceptual understanding.
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Restricted mental images offunctions are notalways seen as provoking a
difficulty in elementary calculus particularly when the subject is seen as focusing on the
differentiation and integration of standard functions givefoesulae. Nevertheless it
causes difficulties asoon asthe student is faced by examples sligtigyondtheir

experience, such as calculatif_sg|x + 2| dx (Mundy 1984) or finding, b such that

; _ [ax, x<1
(X)_%Jx2+x+l, x>1

is differentiable at 1 (Selden, Mason & Seld#889), then thestudents far@xtremely
badly. Unless studentmeet theconcept of function in a broaderontext, such
difficulties should be expected.

Difficulties in translating real-world problems into calculus formulation

are part of the folk-lore of the subjefthough there seems to bdittle cognitive
research).Many examinationsfor calculus examinationdocus on the symbolic
manipulation rather than problem-solvingee, for example, the selection of
examinationpapers quoted ilCalculusfor a New Century (Steen1988, p. 179 et

seq.).)

The Leibniz notation % proves to balmost indispensable in tlwlculus.Yet it
X

causes seriousonceptualproblems. Is it a fraction, or single indivisible symbol?
What is the relationship between tihein % and thedx in If(x) dx? Can thedu be

X
cancelled in the equatio%% =%$? Giving a modernmeaning to these terntkat

allows a consistent meaningful interpretation all contexts in the calculus ossible
but not universally recognised. On the other hand, failing to give a satisfactory coherent
meaning leads to cognitive conflisthich is usually resolved by keepirige various

meanings of the differential in separate compartme%;(iimo% in differentiation
X Bx-0AX

anddx means “with respect t® in integration). Thiscan only exacerbate conceptual
chasm between the notation and any possible coherent meaning.

Difficulties in selecting and using appropriate representations are known
to be widespread. Robert & Boschet (198dportedthat thestudents who were the
most successful were invariably thosko could flexibly use avariety of approaches:
symbolic, numeric, visual. Dreyfus &isenberg (1986, 1991)report students’
reluctance to visual concepts icalculus. They give examples where visual
representations would solve certain problems almost triviallystyelents refrain from
using them because the preference developedr the years is for a numerical,
symbolic mode obpproach.Yet researctshowsthat visual imagescan provide vital
insights. However, imay sometimegprove difficult for students tdink the global
gestalt to a sequential deductive form of thinking.
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Algebraic manipulation is the preferred mode of operatibor many students.
Wider access to calculusursesmay have the effect of allowingtudents with less
manipulative facility to take theourse. Inthe UK, for instance,the latestschool
curricula requirdess algebraic manipulationStudentsare beginning tdake calculus
with less facility in manipulating polynomials and with little knowledge of
trigonometricformulae. As a resultoutine manipulation in algebra can no longer be
taken for granted.

Difficulties in absorbing complex new ideas in a limited time occur
throughoutcollege mathematicstet the difficulties in calculus are ofteacute. The
concepts change their nature tame passes. Aimit might be initially an intuitive
process of‘getting close”, then an “epsilon-delta” definition, but theafter a few
theorems have begmoved,the definition issuppresseand the theorems are quoted
instead. Thus students different stages of coping with this transitiare faced with
different meaning$or the concept.Azcarate(1991) studiedhe changing concept of
instantaneousspeed, from a primitive ratio concept (distance/time), via an
approximationidea, calculating thespeed over ainterval of decreasingize, to the
notion of “instantaneous speed” represented as the gradient of the tangdimhde a
distancegraph. Interviewing studentbefore, during,and after the teachinghowed
students at various stages of development during the teaching.

1 15 34 35
Limit 39 44 62 64
81 87 105
1 15 35 21
Approximation 44
83 93
Mixed 21 34
Approximation/| 39 39 64
Primitive ratio 87 81 93
1 1521 30 34 35 30 30
Primitive ratio | 38 44 53 62 64| 38 53 62 38 53
79 81 83 93 10679 83 10%79
First internview Second inteniew | Third inteniew

Evidently, if studentsre attending lectureourses in topics whichuickly change in
sophistication of treatment, those left behind will soon experience great difficulties.

Multiply quantified definitions (For all positive epsilon therexists adelta such
that...) are not part ahformal calculus, buthey become important once the theory is
formalized. They put an intolerable strain students.(On taking a sample of 12
students attending an analysis course in wthietepsilonN definition of convergence
of a sequenceasgiven and had beensed inlecturesfor two weeks,none of the
students could reproduce the definition from memory, althdigg coulduse various
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tests of convergence effectivebych aghe comparisortest, orthe ratiotest. When
asked to complete the definition:

lima, =a means “Giverg>0, ...”

n-— oo

responses included such things as “Giged, asn- o soa,-a’ and “Givene>0, ap
gets withing of a’. None could quote the required definition “becausesiitt used in
the examples we have to do ...".)

Yet somestudents win and succeed in calculus. But how?eMaence(e.g. Robert &

Boschet (1984)) suggests that those who tend to succeed in an analysis course are those
who are more versatile insing different representations using visual, numeric, or

verbal cues,whichever proveshe more appropriate at a givetage. To do thishey

need flexibleknowledge.They have, orthey develop, anability to copewith the
complexity of the subject byurning, almost intuitively, to the representatitimat will

prove to be useful in the particular cause. It mayhlaé calculusvorks for thosemore

able students whoan think flexibly and fail§or those who look fomore procedural
guidance to get them through their problems.

3. How can students’ learning be improved?

Various hypothesefiave been puforward suggesting ways in which students’
understanding might be improved, including:

e active learning

* build up intuitions suitable for later formalizations
e computer graphics

e computer programming

* symbol manipulators

Active learning by the students, instead of passieeeption of lecture material, was
advocated by Cummingl960) over 30 yearsgo, in an“experience-discovery
approach’using “materials... to develop understanding ithe use of some of the
fundamental ideas before these concepts were subjeatetical discussion”, with “a
series of study-guide sheets ... by which students, either independently or viiglipthe
of class discussiongould arrive... at some methods and facts ttie calculus.”
Experimental students scored at exactly the same level as ctattehts irtraditional
skills, but significantly higher on a questions requirtcanceptuaunderstanding. For
example, 25 out of 38xperimentaktudents were successful at giving eplanation
for the quotient, product or chain rule for differentiation compared with only one out of
24 control students. Eighteen out of @§erimentaktudents coul@xplain the logical
connection between differentiation and integration, compared to noneHeooontrol

group.
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More recently, Alibert (1988), Case (1991), Farmer (1991), Dubinsky (1992) and
othersadvocate studerdiscovery over reception learning fraectures. Dubinsky’s
approach is a particularly sophisticataae, in which studentsooperate ingroups to

reflect on programmingonstructions in a computer language (ISETL) designed to
support the growth of mathematical thinkigor example, functionmay be specified

as procedures and then conceived as objbetls can beused as inputs tmther
functions. This“encapsulation” of the functioprocess as awbject hesees as a
fundamental step irthe learningprocess.While procedural approachecus on
processeshat can be carriecbut in specific circumstances to solygoblems,
encapsulation allows a process to be conceived both as a process that can be carried out
and as an object that can be mentally manipulated on a higher level. This is designed to
enable the individual to think in a flexible and powerful manner. His approach is one of
the few in the Calculus Reform Movement that is cognisant of cognitive difficulties and
attempts to resolvthem. Giventhe nature of student difficulties and student attitudes
mentioned with respect to thienit concept, it isclear that the deep cognitiadstacles

will not be solved bythe studentsalone without the action of an external mentor
providing them with activities appropriate for reflective (re-)construction of concepts.

Many computer experiences adesigned tobuild up intuitions for later
formalizations. For instancenteractive computer graphicsmay be used tbelp
studentssee concepts/ike local straightness through zooming in ordifferentiable
curve toseeit locally as a straightne with a visible gradient. Mypwn approach — in
the knowledge that the limit conceguses mangognitive difficulties —was designed
to study the idea of limimplicitly through zooming tday foundations foldater formal
ideas (Tall &Sheath, 1983; TalBlokland & Kok, 1990). | sawersatile thinking as
an importanfocus of learninglinking the visual ideas olocal straightness, looking
along a curve tseethe changinggradient, and drawinghe graph ofthe gradient
function linked with numerical and symbolic computations of the gradient.

| soonrealised thagraphics alone were unsatisfact@ifall 1986), and saw the need
for versatile movement betweempresentations. Graphicgive qualitative global
insight where numerics givequantitative results and symbolics givepowerful
manipulative ability

The use ofthe three representatiof@raphic, numeric, symbolic) throughocalculus
is a focus of the Harvard approach (Gleason et al 1990, Hughes Hallett, 1991).

One of the guiding principles is the ‘Rule dhree,” which says thatwherever
possible topics should be taught graphically and numerically, as well as analytically.
The aim is to produce a course where the three points of view are balamtechere
students see each major idea from several angles. (Hughes Hallett 1991, p. 121)

This approach is based as muchnaathematicabeliefs as on cognitivgrowth. My
own sense is that mathematicians selectively focus anakeusefutepresentation, so
that versatile movement betweemepresentationds more important, and@ognitively
more natural, than focusing on all three representations at once.
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Computer programming is seen by some as introducing extra problehad
increase the difficulty of the mathematics, andollyers as a constructiaetivity that
allows the student to learn btelling the computethow to carry out the required
algorithms. Sometimes this is additional activity, as in thelarvard programming in
True BASIC, where students weggven programming activities to complemeheir
symbolic paper and pencil manipulations. Sometimes this is an integciitety aimed
at enabling the students to program nheghematicstself, as inthe work of Dubinsky
and Schwingendorf (1992) in the language ISETL.

Initial evaluations of thesand other projects are beginning to peblished. For
instance, Cowell & Prosser (1991) report a mixture of “good and bad new imse
of True BASIC.

The students largely agre#itht the computer assignmemtsre well integratedwith
the rest of the coursendthat learning thenecessanprogramming was easy, but
they disagreedhat the computeenhancedheir interest in theoursematerial, they
disagreed thathe computer should bdropped andhey were divided onwhether the
computer assignments were a valuable part of the course:

Disagree Agree

SD D N A SA
The computer assignmentsere well integrated 3.0 17.8 13.3 504 15.6
with the rest of the course
Learning how to program ifrue BASIC for this 3.0 23.7 259 36.3 111
class was relatively simple
The computer assignmergshanced mynterest in 19.1 36.0 235 16.9 4.4
the course material
| would have preferred Math 3 the computemvere 12.6 28.1 23.7 17.0 18.5
not used at all
Overall the computer assignmentisre a valuable 51 228 287 331 103

part of this course.
(Cowell & Prosser, 1991, pp. 152, 153)

Comparing thescores onexaminations withscores onthe previous non-computer
course showedirtually identical mediarand quartilescores. Howevermnote that the
computertasks wereadded to the curriculum basicalfgr mathematicalrather than
cognitive reasons.

Dubinsky’s approach othe otherhand is designed specifically to encouragedents
to make thenecessarymathematicalconstructions and taeflect on them to gain
meaningful understanding. In a comparison with students following a stacmiarse,
he was able tgshow that students could perform agell or better on traditionabhsks,
but considers such comparisonslitfe value because they are coloured itmplicit
beliefs as to what constitutesiccess, irthe case ofthis comparison,traditional
manipulation.
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Symbolic Manipulation Software is now being used morextensively in teaching
calculus, from courses based on software notebthaitancludesymbol manipulation
and graph-drawing iMathematica(Brown, Porta &Uhl, 1990, 1991a), ttaboratory
workshopsadded to standardourses inMaple (e.g. Muller, 1991), and research
projects (e.g. Palmiter, 1991). Brown, Porta & Uhl (1990, 1994jrt sophisticated
student usage dhe symbol manipulators to solya@oblems,although they alsadmit
an alarming 30% dropout in the first course which fortundialy notbeen repeated to
the same exterglsewhereMuller (1991) is one othe projectghat hasincluded and
published evaluations dfie course as it has proceedédter afirst course (1988) of
enthusiastio/olunteers, two successive compulsory courses (1989, Eif3how
some gains, though at a more realistic level:

1988 1989 1990

Would you recommendlaboratories to a yes 86 25 41
friend taking the course next year? no 2 46 32
Student ranking of laboratories versoiher high 29 ! 11
modes of learning low 41 73 68
Student assessment of laboratories as a high ar 12 15
learning aid low 27 67 56
Confidence ofbeing able tosucceed in the high 52 57 61
course low 15 12 12
Enjoyment in doing mathematics high 41 44 45

low 27 15 15

An important factor in continuing with the Maple experiment is the significant reduction
in student withdrawal rates and failure rates.

Palmiter (1991) usedthe symbolic software MACSYMA to teach one cohort of
students a first course integrationfor five weeks whilst gparallel cohort studied a
traditionalcourse for dull ten weeks.The MACSYMA students usethe software to
carry out routine computations whilghe traditional students weretaught the
techniques. Both groups took eonceptual examination and a computational
examination at thend. The conceptual examinatiamas taken by bothgroups under
identical conditions, the experimentlidents were allowed tise MACSYMA in the
computational examination but had only dmeur whilst the controlstudents were
giventwo hours.Theresults showed significant improvement in thetudents using
the computer over those without:

Class
Examination MACSYMA Traditional T2 p<?
Conceptual 89.8 (15.9) 72.0 (20.4) 1.20 p<0.001
Computational 90.0 (13.3) 69.6 (24.2) 0.92 p<0.001
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This givesclear indications that &dstudent plusmanipulation tool” can be more
successful in conceptual and computational téskisastudent working in d@raditional
manner.

The Calculus Reform Movement is in the first stage of enthusiasm, vigattaok and
mutual competitionWhat is remarkable is the small extentvtbich the work of the
movement interrelates to the research on student difficutiésh hasbeendiscussed
earlier. At this stage mvould behelpful to have a period ampartial reflection and
evaluation. A significant difficulty in this process is the wide variety of goals set by the
different participants — by what criteria is the success of the operation to be considered?

4. Future Developments

Where do we go from here? In the shierm we have thepportunity to discuse/hat
evidence we have for student difficulties. However,itlea oflooking for difficulties,

then teaching to reduce or avoid them, is a somewhat negative medtapaducation.

It is a physician metaphor — look for the illness and try to cure it. Far better is a positive
attitude developing theory of cognitive developmerdaimed at anmproved form of
learning.

The Calculus RefornMovement begarfrom a general atmosphere of dissatisfaction
rather than anglear empiricabase. Giverthat it isbased on a number of velgrge
projects, it isnatural that the initial activities at®sed on enthusiasm ftre positive

gains that are envisaged. Serious money is at stake in terms of sellingroatasals
widely. It is therefore not surprising that independent critical evaluation has not featured
widely in the initial stages. Nowthe euphoria of thbeginnings othe movement have

had its day, a more sober moodewnfpirical investigatiorand objective evaluation will
become more appropriate.

Progress in the next four years will profit from:

» More empirical evidence
* more reflection on the evidence
» Dbetter theories of learning appropriate for practical teaching

It is the purpose of this working group t@flect on the difficulties encountered by
students of differingbilities andexperience, to obtain unbiasethpirical evidence to
build and test theories of learning to enable more fruitful learning experiences for
students in the calculus.
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