Diagnosing Students’ Difficulties
in Learning Mathematics

David Tall
Department of Science Education,
University of Warwick,
Coventry CV4 7AL
United Kingdom.

Mohamad Rashidi Razali
Department of Mathematics,
Universiti Teknologi Malaysia,
Locked Bag No. 791,
80990 Johor Bahru
Malaysia

1. Introduction

The aim of mathematical educatiorsigrely success fall pupils, yet it seems to be a
fact of life thatwhilst a few prosper irathematics, a much greater number find
mathematicglifficult. Thus it is that, however successful a counsgy appear to be,
there are students who begin to struggle \ahd will need appropriate help to lable

to pursue mathematics further.

In this paper we wilbdiscussresearch into thdiagnosis othe difficulties experienced
by students and propose a theory which suggests a continual divergence in performance
between thosaho succeed and thoseho fail, exacerbated by qualitative differences
in their thinkingprocesses. Gragnd Tall (1991) give evidence ofyoungerchildren
performing arithmetic which shows that when taught arithmetiqoroceduresthe less
able seek security in carrying out the process whilst the atideessoondevelop a more
flexible kind of thinking inwhich notation isused tomean either grocess tagive a
result or a concept to be manipulated at a hitghagl. A proceptis defined to be the
amalgam ofprocess anatonceptwhich is represented byhe samesymbolism, thus
2+3 representthe process ofddition of 2 and 3, and the result of fhecess(5),
2+3x represents both the process of adding 2 to 3 tvaesl the resultingxpression,
sinx=opposite/hypotenuse represents kbthprocess otalculating thesine as aatio

of lengths and alsdhe value of thesine asthe result of the calculation. It is
hypothesisedhatless successful studeritave greater difficulties witthe processes
and concentrate on the lesser target of being able to carryothtesatisfactorily whilst
more successful students developnare flexible method of handlingotation, being
able tosee it either as process tccalculate a neederkesult or as an object to be
manipulated as part of a more complex pieceyshbolism. Inother words success
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comes from flexible proceptual thinking whilst short-term succes$ohgtterm failure
comes from procedural thinking.

Here weare concernewvith the performance adtudents transferring tihe Universiti
Teknologi Malaysia at 16+ who find difficulty with the mathematics that is pre-requisite
for courses in engineering and other sciences. The students attending this university are
in the 50th to 90th percentile of the ability rarige the whole population and therefore
represent a broadeability band thanthat normally attendinguniversity in many
countries. It therefore increases the perceived gapility between thenost andeast

able and, if there is a qualitative difference in thinking processes dbdaevedthen it

is likely to be seen here.

In sections 2 and 3 we give a brief backgroundh® study andthe design of a
diagnostic test to reveal studatifficulties. In section 4 we look at examples of the
errors which arise and in section 5 we consiu®wr theseerrorsmight arise from the
hypothesisedqualitative difference in thinkingprocesses.Section 6 considers the
implications of this theory and section 7 describesv a remedial course is being
designed to take account of these ideas.

1. Background to the research

A research group called Diagnostic and Remedial Mathematics Group was formed at the
Universiti Teknologi Malaysia in SeptembeR5, 1987 with the primarytask of
identifying the difficulties encountered Isyudents anthen touse thisinformation to
develop remedial procedures to overcome these difficulties.

At first the group considered various methods of diagnosing difficulties. For instance,
they considered interviewechniques, such agetting the students to thinkaloud
(Newell & Simon, 1972; Bartlett1954), with students being asked verbalize every
thoughtthat comes to their mind in tr@urse of solving anathematicgproblem. A
variant of thistechnique, developed originally by JeRiaget, isthe clinical interview

(Af Ekenstam & Greger, 1983; Greer, 1987). This differs from “thinking aloudhanh

the teacher may follow the thoughts of his students by asking qudstimmandhere
during the course of solving the particular problem.

Interviews with students, whilgfiving subtle indications of the existence of cognitive
difficulties, need to beomplemented by broadstudies whichindicate the extent of
suchdifficulties in the populatiorunder consideration. Therefotiee Diagnostic and
Remedial Group planned to develop a test paper consistimgltple choicequestions
whose design was based on suspected conceptual difficulties with quéstionisted



to induce conceptuarrors. They were awar¢hat theerrorsencountered mightome

from a number ofsources,including sensory, mental, emotional, motivational,
cultural, social, reading or instructional deficiencies (Bell, 1978). They were also aware
of difficulties known at schoolevel which haveyet to beproperly diagnosed and
remediated, as reported by the Malaysian Ministry of Educatiorti{se@abinet report

on Education, 1979, pp.18-28hd the report by the Ministry of Educatift982, p.

18).

A preliminary mathematics diagnostic investigation was give3bt firstyear students

in August1988, using questiongquiring a writterresponse which were designed to
provoke possible misunderstandings amcbrs. The first multiple-choice diagnostic
testwasthen designedsing evidence fronthe preliminary investigation to construct
problemsthat may lead taobserved errorsThis Mathematics Diagnostic Test was
implemented to thérst year students i@ctober1989. It provechighly successful in
discriminating betweestudents of differentapabilities andchas since been partially
modified for a test inJuly 1990 by replacing, or modifying, those questions which
were less successful discriminators.

2 Overall Design of the Diagnostic Test

For the purposes of analysis, two groups of students idenéfied fromthosetaking
the diploma, wheredifficulties were mordikely to occur. These were those in the
highest 27% (group H) and thosetire lowest 27% (group L). Foeach of theforty
guestions on the diagnostic tetbie proportion of correctesponses wasalculated for
groups Hand L. Theaverageof these correatesponses givesraimber (called th®
index) which is a measure tife probability that a givestudent will obtain a correct
answer; thalifferencebetween the proportions ftie groups Hand L is an indication
of the extent that thguestion discriminates betwedhe high and low performers
(called theD index). Questions with @ index of about Wwould be tooeasy,because
nearly everyone would get them right, and questions withralex of around @vould
be too hard because almost no-one would be able to do them. “Good” questions would
have aP index of around0.5 and a suitably highD index (indicating a high
discrimination between those of high and low performance).

Overall the Octobefl989 Diagnostic Testproved to be arexcellent instrument for
diagnosis.Only seven questions out of 40 h&d<0.25. Ofthesetwo had a lowP
index and were too difficult; the other five had a Higimdex and were toeasy. Thirty
three questions out of forty were good discriminators. Somethaf effort of
redesigningthe testwas addressed tmodifying those which were not such good



discriminators, however, the results of the second test were very sintiefist and
so the remainder of this article considers the 1989 version.

2.1 Analysis of error types

An overall analysis of errors was performed by considering the wrong cmoackes on
the multi-choice questions. Two types of scenario were distinguished:

(1) The “hard” questions which had a high proportionesfors in both
the L and H groups,

(2) The “discriminating” questions where the H group il and the L
group obtained less than 50% correct responses.

Type (1) wasindicative either of a peculiarly difficutjuestion or of a problem which
applied to almostll students.Type (2) indicated areasvhere the more ablewere
generally successful buthe less able were making significanerrors. The former
requires overall remediation angerhaps reconsideration dhe earlier teaching
methodsthe latterrequires more specific remediatior individualswho fail to cope
with topics which have been better understood by the more able.

An initial scan of the errors reveals a wide array of difficulties with spdaifawledge.
However, the nature of therocess failures followed anuch smaller number of
different patterns. We hypothesigbat thesepatterns are indicative of qualitative
difference in thehinking betweemore and lessable students.It is essential in both
diagnosis and the design of remediation to be aware of these differences.

3. Examples of errors

Errors arising orthe diagnostic testuggested underlying differencestire thinking
processes of the students. Here we give a few selective examples from the 40 questions
on the test.

Order of precedence of arithmetic operations (question 4)
(P=0.5, D=0.4)

When faced with the choice:

A. 22
[lg. 24

2x6—4+40-2= Dg- 28



a majority (61%) of group L responded by assertithgit 26—-4+4G-2=24, which
indicates reading left to right with no regard to the precedence of multiplicatienis

the way that the calculation is carried out on some calculators. It indicates a treatment of
the arithmeticsymbols as a sequence of operations tadrded out in theorder that

they areread. Meanwhile a majority ofgroup H scannedhe symbols andgave the
answer 28 whichndicates that they havenderstoodthe order of precedence of
operators. Thus one may hypothesise that thealdesee thesymbols as @rocessto

be carried out in the written order, whilst the more able can cthedymbolstogether

as sub-expressions to be carried out according to given conventions.

The meaning of 2loge5 + log 8 — log g2 (question 5)
(P=0.62, D=0.51)

The problem
A. log10l6
EB |Og;|_o31
2lo +lo lo =
GQuoo + logo8 — logip2 = D 100
E. other

presentsthe studentsagain withthe problem ofprocessing a group o$ymbols.
Students whasee thesymbols as representing a processcaory out will have to
conceive this as multiplyinthe logarithm (tobase 10) of 5 by 2then adding the
logarithm of 8 and subtracting the logarithm of 2. This is a long sequence of operations
which is complicated to coordinate, yet if the studentadamk it intosub-expressions

and knows the properties of logarithms, then 2log;05 may be seen as
log10(52)=l0g;1025, and then the three sub-expressions combined as

091025 + log g8 — logio2 = logho(25%8/2) = log o(100)=2.

TheD index of 0.51 shows that group L are far less adept than group H at the chunking
necessary to give the correct answer.

Manipulating algebraic equations (Question 15) P=0.66, D=0.51)

Group L had some difficulty with the question:



+Kp

%A. K
kp

r . : B k-1

If k= =k thenr in terms ofp andk is Dc_ kr—kp

kp
%D-ﬁ

E. other

Algebra is seen as a difficult subjdot which the traditional curevhen a studerfails

is lots of practice exercises. However, we would contbatsuch exercisemay only

serve to prolong the misinterpretatitivat algebra is a menagerie of disconneobbes

to dealwith different contextg“collect together liketerms”, “turn upsidedown and
multiply”, “do the same thing to both sides”, “change side, change sign”, etcTalc).

& Thomas (1991) suggest that there are several cognitive obstacles in the early learning
of algebra, for instance the fact that an expression is seen as a procesart@deut

(2x+3 is “multiply x by 2 and add 3”) and not as an objatich can be manipulated.
Since thdessable are oftemot willing to acceptsuch an expression aseaningful
(because they cannot work it out until tHayow the value ofx and, ifthey know the

value ofx they needn’t dalgebra,they could do arithmetic), they atmeasy about
handling it and sink into the use of (ill-)remembepedcedures. Here groupdreless

secure than group H in carrying out the sequence of manipulations necessary to give the

correct result.
Solve &—-2)(x+3)=6x (question 10) =0.7, D=0.48)

An interesting, and not unexpected, difficulty occurs with the following:
A.—-6,1
LB 6,-1

If (x=2)(x+3)=6x, then the values o<fareD[C) .—22,53

E. other

A likely difficulty with the L group isthat they may evoke (incorrectly) part of the
process of solving equations ihat the lefthand side is factorised. Thacts as a
distractor and malead to the selection afne of the incorrecsolutions.Once more
Group Lseem to have problems withe meaningof the symbolism, evokingpart of

the procedure tgolve equations by factorisati@nd, being unable to coordinate the
procedure correctly, fall interror. If studentsre unable to give appropriatgeaning,
then procedures are likely to be carried out by rote and higbhye to failureTall &
Thomas (1991) have shown hovbland of BASIC programming;omputer software

to give meaning to algebragxpressions angames to carry out analogous procedures



to those of a computemanipulating variablestores, can lead to more versatile
understanding and flexible use of algebraic notation.

x—1 1
The singular case of simplifyings— —x—% (question 12)

(P=0.62, D=0.43)

Processes that follow a general pattern yet which have certain singular cases that behave
differently cause great problems to weakardents.They try to operate the general
procedure and cannot cope witte singular difficulty. A case in point occurs in the
following question:

.o x=1 1
Simplify 5 —5=5 :

>
o b
x

O w
X

> X
nl 7 x

X2—4x
D. 2x-2)

E. other.

Herethe two denominatorsire essential theame,exceptfor a minussign. Yet less
successful studentsay not see¢his and try to uséhe product of 2x andx—2 as the

common denominator during simplificatio@nly 6% of group L gave the correct
X2—4x
answer (B). The 45% of group L givirige distracto 23 (x=2) showsthe desire to

follow the “general method” to find the lowest common denominator.

Such singular casesill usually causeproblems.(Another is to solveax=a for X,

which has a singular cagséhena=0.) They require specific teaching stiow how the
singular cases fit in the general pattern. In this case it requires revision of the process of
handling rationalexpressions andwithin this process, todeal with singular cases
which may not appear at first sight to fit the pattern.

The modulus sign (question 2) R=0.69, D=0.46)

The modulus sign is known to pogdfficulties to students (Chiaruget al 1990).
Many studentshave difficulty in thinking of | as x whenx is negative, probably
because of the difficulty of conceiving of something starting with a minus siggirg
positive. Thisleads to difficulty in manipulatingxpressions involvinghe modulus
sign as in the question:



A. -3
[] 1
B. 7
If x=1 andy=4, then}~y| = DC. 3

[ ]D. v17

E. other
A significant minority in group L say
Ix—y|=-3.

The meaning of the symbolism is plainly unclear to tlegdentsand it may benade
worse bythe difficulty coordinatingwo processedjere the action of subtraction and
the taking of the modulus.

The inverse function (question 7) P=0.49, D=0.58)

Functionsgive studentsgreat difficulty (Markovitset al 1988, Vinner 1983, Tall &
Bakar, to appear)lhe inverse functiomauses even momoblems, as witnessed by
responses to the following:

x—=1
A function f is defined by fx - x—5 , x#2.
The expressiont in a similar form is
1
Aflx.s

B.fLlx X2
X—1

1 2x-1

D.fLx - 21
x-1

E. other.

A high D indexshowsthe wide difference in performance betwegroups Hand L.
Professionamathematicians oftemisunderstandhe notion ofinverse, so we should

not be surprised by the difficulties of students. The procedural thinker is faced with the
difficulty of undoinga process. Aunctiony=f(x) is a process: input, carry out a
procedure, outpwg. Thereverse process: whatmust be put in tgety out is much
harder. Ifthe function is not be one-one then there may be seysrathich give the
samex, so the ‘inverse function’ may not be a properly defined functioainless one
artificially restricts its domain or allowthe inverse to give aet of pre-images. For
instance, if fk)=|x|, what is f1(x)? In the case of %j=x5>-17x3+4x2—1, finding f-1(0)

is hard, let alone¥(x) for generak!



When such things are not fully understood, it is only to be expected that security will be
sought in carrying outhe processmechanically. In this case it might be performed by

x—1 ..
algebraic manipulationPut y=3—5 and solve fory in terms ofx. This gives

2
yx=2y=x-1 sox(y—1)=2y-1, soxz% . This is f1(y). Hence (changing variable!),

2x-1
F)=%T -

However, wehave seerarlier that the algebraic manipulation is alrekdyd for the
less able, andoordinating and reversintpe procedures in thisomplicatedway is

compoundinghe difficulty. It is therefore novonderthatgroup Lare so much more
likely to fail ...

Given the circumference: to find the radius (question 11)
(P=0.55, D=0.46)

Students finddifficulties when asked tdink visual andarithmeticprocesses in a way
which is not in the same order as normally encount&edinstance, irthe following
diagram, where information is given about tireumferencerather than theadius

A

2rmcm
10rtcm

B

The two pointsA andB are on the circle cent®, the arcAB is 2t cm, and thelarge
arc fromAto B is 10tcm. Students are asked to say whether the radius of the circle is:

A. 410 cm
B.4112 cm

C.5cm
D.6cm
E. other.

It is highly likely that the students know the format2rr. They may fail in a number

of possible ways, and the equal likelihood of three of the solutions indicates a variety of
possible causes. Firdhey may fail to properly relate different representations
(graphical and algebraic). They may be unableverse the procegso find r in terms

of ¢). Then they may nagroperly coordinatéhe processes successfullyhe lack of
flexible thinking here, being unable to link thevarious concepts intananageable
chunks, can only lead once more to greater failure for group L.



Determining the angle at the circle given the length of arcs (question 12)
(P=0.62, D=0.43)

Using the same figure aguestionll, studentsare asked tostate whether thacute
angleAOBis

A. 30°
B. 36°
C. 60°
D.72°
E. other.

Again problems occur in relating representations and reversing/comipnotgsses.
The question proves to be ldatle easier P=0.62) but still leads to a fairly wide
difference between the performances of those in groups L and H.

Scale (Question 14) R=0.44, D=0.47)

Ratio is aknown difficulty, because it relates not to axplicit number, but to
relationships between pairs ofimbers. Thughere is an extra level of complexity
involved. On the diagnostic test the following question was given:

A map is preparedsing ascale 1 : 00000. Usingthis scale,a rivewhose
actual length is 100 km will be represented by a length

A.0.2cm
B.0.5cm
C.2cm
D.5cm
E. other.

Group L respond by choosingach of the five alternatives iroughly the same
proportion, suggesting serious misunderstandings. Hhere are so many different
things to coordinatethe use ofappropriatemathematicalsymbolism, relating actual
measurements to a practical graphiogpresentation, coordinatinthe relationship
between thdengths. lItclearly requires considerable chunking of information. For
instance, one way to reduce the complexity is to see that a scale 1 : 5 000 668les a
factor ofsgsoe andthatthis must equed>c§—o . Thesolution follows by dittle flexible
manipulation that may be denied to the more procedural thimkercannot cope with
this degree of complexity.

- 10 -



5. Possible qualitative differences between the thinkingprocesses of the
more able and the less able.

Having looked at specific examples frothe diagnostictest, we might take the
superficial viewthat thequestionsare hard andthe less able studentsare notgood
enough to do them. But this is a shallow and unhelpful attitude. We datgstnine

more succinctly what the problems are. At least we should provide a hypothesis for the
differences in performance of the more able and less able.

It hasbeen hypothesiseithat the objects of mathematics learning are faotskills.

The childmust learnthe facts and will beshown procedures (additiomultiplication,
manipulation of fractions, of algebra, methods of solving equations, proofs of
geometrictheoremsformal calculation oferivatives, formal integratiorgomputation

of probabilities etc). So often the learner is shown how to do a procedure (preferably in
a meaningfulway) andthen practices this until it is routinized andn be carried out
(almost) automaticallyOften this routine becomes crystallized intocancept. For
instance, the process of counting on to calculate a sum such as 2+3 gives the concept of
the sum of two numbersthe process offormal differentiation giveshe concept of
derivative, and so on. It usually happens that the symbolism may indittee or both

of these, for instance 2x3epresents both the process “add twtht product othree
timesx” and alsothe result of the calculation, tlexpression2+3x”. In this way, a
dynamic process is crystallized into a static concept.

It is now more than this. Thigexible thinker carswitch easily fronthe process to the
concept and back again such afluent way as toconceive hardly any distinction
between the twdProfessional mathematicians become so fluent inatbiigty that they
often fail to distinguish explicitly betweethe two ways of thinkingFreudenthal,
1983, Thurston, 1990).

One finally masters an activity so perfectly that the question of how and why
(students don’t understand them) is not asked anymore, cannot be asked
anymore and is not even understood any more as a meaningful and relevant
guestion. (Freudenthal, 1983, p.469)

The flexible, crystallized concept can be mentally manipulatedised for highetevel
thinking. Forinstance 2+8 can be part of a more complexpression such as
(2+3x)2—15x(2+3x). The more able faced withe problem of factorisation mahunk
this sub-expression as a single entity and see the factorisation

(2+3X=15¢)(2+3X) = (2-13)(2+3).

- 11 -



The lessable mayonly follow rules... multiply out brackets,collect togetherike
terms, look forcommon factoretc etc. In this waythe more able is manipulating
mental objects whilst the less able is having to coordinate the processes of algebra.

A major hypothesis that we propose is:

The Failure in Conceptualization:
The more able are better at crystallizing a process into a concept and so
may manipulate the conceptith greaterfluency than theless able
who maystill be operating at theprocesslevel Processes occum
time and therefore are more difficult to conceive simultaneously in the
mind than concepts.

For instance, the expression

2logr¢5 + logio8 — logie2,

which appears in the above examples from the Diagnostic Test, can be thoeiferof

as a process or as a concept. As a process it is an instructiarftipdy the logarithm

of 5 by 2, to add the logarithm of 8 and to subtthetlogarithm of 2. As @rocess to

be carried out in time it is an arduous task whereby one may easily forget the beginning
of the task as one approaches the end of it. Thus someone worltiegratcesdevel

will find it difficult to comprehend and hold ithe mindfor simplification purposes.
However,seen as an objecit can be'chunked’ together asub-objects, sdhat one

may concentrate on the p&tbg;¢5, which equals log25, and thewhole expression
reduces to logy(25x8+2) = logo(100) = 2.

We therefore hypothesidhat the difficulties facing théessable (coordinatingmental
processes) argreater than those facirtge more able (manipulating mentancepts).
A corollary of the hypothesis of failure in conceptualization is:
The burden of the less able:
the more able are faced with conceptually easier mathematics
(manipulating conceptsand so are progressively morelikely to

improve, whilstthe less able are faced with a more difficult task
(coordinating processes) and so are progressively more likely to fail.

The difference is made even greater if the more able are manip@atiipls whose
relationships are in some semseaningful tothem. Meanwhile thdessable are likely
to be constricted within a context wherein thgmbols have a more inappropriate
process meaning. For instan¢g;+3)x and X+3x are totally differentas processes
Thefirst adds two andhree and then multiplies the result xythe secondmultiplies
two by x, then multiplies three by and theraddsthe two results together. Thus the
student with only a process interpretation will find it difficult to concehat these two
symbols represernhe samehing. Meanwhile the studemho seesheseexpressions

- 12 -



as also representing the product of the two calculations wabletofocus ofthe fact
that theresultsare the same artius sedhe expressions aleing equivalentvays of
expressing the same end-result.

The more able are likely to benefiom seeing linkages and making connections
between the crystallizedoncepts, because thisnew information reinforces and
simplifies what they alreadyknow by placing it within a more secure knowledge
structure The more able need to remember less because they can recomstracThe

less able see more information as a burden, as even more disjoint pieces of information
to remember — an increased burden on a weakek, leading to the greater probability

of inevitable collapse.

The lessable have a fundamentally differemtewpoint. In addition to havingless
facility with mathematics, their difficultieare likely to manifest themselvesvarious
ways, including:

() Being less likely to crystallize processesinto manipulable

concepts, thus imposingthe greater burden of process
coordination rather than concept manipulation,

(i) Having fewer manipulable concepts, preferring to rely more on the
security of carrying out familiar routinized processes,

(i)  Through relying on routinized processes, being less liketgléte
ideas in a meaningful way.

6. Implications of non-diagnosis of mathematical difficulties

It is clearfrom this discussiorthat theless able studentsare likely to need special
treatment. If this is notlone, the studentsare likely to becomeprogressivelymore
confused and irthe long runthey may notsurvive in post-secondargnathematics
programmes.

The literature makesome suggestions as to whaay behappening. For instance,

Gagné (1970) postulates that there are four phases of leah@ngpprehendinghase,

the acquisition phase, the storage phase and the retrieval phase. Thisuggtsthat

the more able can reach these four phases but, for the less able, the last phase may be of
a problem. Perhapthe mind of theless able is like aflawed computerdiskette.
Sometimes, iwill respondwell to somemathematicsproblems (usuallythe easier

ones) and it will ‘blank out’ to more difficult ones.

But in his surveylecture at thel988 SixthInternationalCongress orMathematical
Education in Budapest, Steen (1989) suggests:

- 13-



“... Teachers normally act as if each student’s mind is a blank slate - or an
empty computer disk - on which effective teachers can record whatever
information they like. Research in cognitive science sugggests otherwise:
each student’'s mind is more like a computer program than a computer disk.
Each student brings to the mathematics classroom a rich set of prior
mathematical experiences that provide a unique mental framework in which
the student creates new patterns derived from new experiences. Learning
occurs not in the act of remembering, but in the gradual development of
mental frameworks unique to each individual. In other words, students learn
by modifying their mind’s program, not by storing new data in their mind's
memory.”

We believe that these analogies hedpful, but incompleteThey do not fullyaddress

the problem as tavhy the divergence between the more &xbsableoccurs, or how

the less able may be assisted to brittgagap. Webelieve that the difference between

the thoughtprocesses ofthe more ableand lessable leads inexorably to growing
divergence in performance in which the more able can only get comparatively better and
the less able worse asthe subjectprogressesThe more able flexibly manipulate
symbolseither asprocess or concept, whil8te lessable tend to be more concerned
with process andet locked into the strategy of accumulatprgcedures tdgive the
answer”.

Gray & Tall (1991) refer to the use ofcammon symbol to dually represenpecess

or a concept as procept Thus aprocept is theamalgam ofprocess andconcept
represented by the same symbol. We hypothesise that it is the ability of thabieote

switch from seeing a symbol such as Q@Bnlm Sh as either a process thre product

of that process which plays a major role in the flexibility of thowghith makeghem
effective mathematiciansThis proceptual means ofthought, we claim, plays a
fundamental role in causing the difference in thought between the motesandble.

Whilst the more able develop a flexible proceptual method of operation, the less able are
locked into an inadequate procedural method of thought which relies on coordinating an
ever increasing array of disparate procedures.

7. Proposals for remediation

In the writing ofthis paper we havasedthe physician’'s metaphor ofliagnosis (of
weakness) and of prescription (otare). It isnot alwaysthe mostapt of metaphors.
We do notbelieve that it issimply a case of giving theveak studentshe medicine
which will cure them and let themre-enter therace. Instead we would sélge way
aheadthrough using our analysis difficulty on the onehand, and the method of
success ofhe more able on thether, tohelp thelessable develop suitablexplicit
strategies that will help them be more successful.

- 14 -



First the less able wiltlearly lackconfidence. They will only gain confidence through
success, sthey must be helped tatainsuccessSimply giving them practice at the
procedures whiclare faultywill, according toour theory,not be a solution teheir
problems. Fotheir difficulty is precisely that they daot crystallize thes@rocedures
into manipulable mentadbjects thatallows them to coordinate them tsolve more
complex problems.

Given the hypothesis déilure of conceptualizationessable studentsare more likely
to operate by coordinatingrocesseghan by manipulatingconcepts.They already
suffer from having toanany separate pieces of knowledge whislerburdengheir
memory and leads to failure. Remediation through correction of spenifics islikely
to given them evemnore isolated pieces of information to remember, causugn
greater cognitive strain andhcreasingthe probability offailure. Furthermore, if the
remedialstudents do not develdhe more versatildorm of thinking available to the
more able students, then they will be ill-equipped to cope witmtitbematicatourses
which follow and continue to suffer cognitive strain.

This suggests that such students need to focus not juilse anany and varieslpecific
errors whichthey havemade, but orthe overallpowerful strategiesised bythe more
able students to succeed. Givbat suchremedialstudentshave alreadyufferedloss
of esteenfrom their failure compared witthe success otheir more ablepeers,they
need apositive approach which emphasizes seall number ofpowerful general
strategies to give more versatile thinking and greater success.

This causes us to focus on the problem of such students and whether it is ploasible
they can copevith the changeshat the more versatilkind of thinking requires. It
raises a serious and fundamental problem which requires empirical research:

(Q)  Are remediaktudentscapable of benefittinfrom teaching which

focuses on highdevel learningstrategies in addition to specific
mathematical content?

We would suggest that the answer to this question may be in the affirmative, but only if
it is done in such a way that the cognitive strain is not increased by trytagctisuch
concepts and highdevel strategies simultaneousl@ne possible solution is téeach
problem-solving strategies in a separate course from tlomseses teaching
mathematical content and procedures.

We hypothesisehat severalingredients arenecessary to helpemedial students
consciouslycome to termswith the nature of highetevel mathematicaltheory,
including:
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(1) Revision of procedures tgive success and a&ound basis for
crystallization of these procedures as manipulable mental concepts.

(2) Reflection on thesprocedures to givéhem a foundational meaning
that givesthe studentgyreater confidence in handlirigemand begin
to encapsulate them as concepts.

(3) Explicit extensions ofthe procedures to sebow they should be
coordinated, reversedand mentally manipulated aschunks” of
mathematical code in a more proceptual manner.

(4) Explicit experienceand teaching ofmathematicathinking processes
which givesthem confidence irtlarifying, formulating and solving
mathematical problems.

It should be clear that such remediation cannot be dathe aamdime asstarting the
main course, burdening aalready overburdened mind wityet more todo. One
possibility is to adoptemedial strategies in a constructive confidence-building manner
in a foundational course prior to taking further study. Such a coursecontsin some
revision (item (1)) but it must uséhe experience and encourage maturation of the
thinking processes througiktems (2), (3) and (4). In particular, the mathematical
thinking (4) can be acourse which concentrates onathematicalprocesses taive
experience, success aaedjoyment of mathematics, teach thestudents taeflect on
howthey do mathematiagithout the expectation of teaching any new content.

It is envisaged that items (1), (2) and (3) may be treated in sequence within a number of
different courses, beginning with revision of elementary procedures, wherever possible
giving the student the experience which may hope to mgwemeaning to the concepts
being manipulated-or examplealgebraic notation and theonventions ofarithmetic

may be given a more appropriate notationuking alittle simple programmingising

letters as variables (Tall & Thomas, 1991). In this wayndial meaning can be given

to the symbolism which enables it to be manipulated in a coherent way.

Initial experiences might therefore concentrate on:

@ interpreting information and translating it into an appropriate
symbolism,

(b) understandinghe conventions ofmathematicsand the choice of
symbolism in different contexts,

() being ableboth to giveinitial meaning tosymbols and also
eventually to manipulate them in a routinized and efficient manner.

Once procedures have becoroetinized,attention can be turned to the more complex
actions that cause remedstudentsdifficulties (and which surfacedlearly in the
Diagnostic Test):
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(d) coordinating two or more processes,
(e) reversing or undoing a process,

() coping with singular case@&xceptionalones whichseem not to
follow the general pattern and so require special treatment).

Attention needs to be focused dime important idea that so magymbols, e.g.2+3,
3x+4y, -3, sine:opposite/hypotenusex)f(nling° Sn, etc, represent both a process of
calculation and the result of that calculation:

(9) focusing onthe fact that sameymbolism represents both the
process to get a result and the result itself,

(h) crystallizing processesnto concepts(by the simpleprocess of
meaningfully using the same notation for both).

Knowing that the lesable are more likely tavant to operat@rocedurally the task of
focussing orcoordinating procedures amdanipulating them asoncepts needs to be
done in contexts wherthe morepowerful methods of operatiaiearly lead to easier
ways of doing the mathematics.

Students need to also be aware of:

0) using different representations of the same concept (e.g. graphical,
numerical, symbolic),

() transferring between different representations, to use whichever is
easier for a given task.

It cannot be expected that tlessablewill, by somemagicalprocess, be brought to a
position where they operate indistinguishably from the more dbgable though this

may be. But,cognisant of the different qualities of thinkipgocessedetween those

who succeed and those who fail, we hypothesise that a plausible way in which students
may become morsuccessful is tdoecomeconsciously aware of morsuccessful
thinking strategies anthat this must be done in a context designed to impesse
cognitive strainThe implementation ofuch aremediation strategy isow the subject

of ongoing research.
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