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1. Introduction

The arrival of thenew technologybrings us tahethreshold of arexcitingnew phase

of development in thaistory of mankind, whiclwill affect every aspect odlife, not

least in mathematical educatiamere it heraldghe secondmajor revolution in thirty
years. Howeverthere is a massive difference in scale between the introduction of
“New Mathematics” in the 1960s and the current technological revolution. Whereas the
former was largely a product of interrfalces, caused by professionalathematicians
dissatisfied withthe mathematicsurriculum, the latter isproduced bytechnological
forces beyond the control of the mathematical education establishment.

The sheer speed of the new technological revolution produces a problem of a new order
of magnitude. Athe lastl.C.M.E. conference in Australipust four yearsago,only a

small minority of participants had even touched a computer. Yet technological change is
so fast that what is unknown today will be commonplace tomorrow. Mdke@lapers
(including my own) produced for the 1.C.M.I. study ‘@rhe Influence ofComputers”
(Howson &Kahane 1986) wergyped onelectrictypewriters. Two years later, in the
developedcountries, desk-top publishing usingcro-computer and laser printer will

soon render the electric typewriter virtually obsolete.

This bewildering pace proves exciting for those with the energy and finance to keep up
with the latestdevelopments, but it ithreatening to many teachers bemused by the
speed of change, and far beyond the current resources of those in third world countries.
In practice, thespread of newechnology to thewider public is farslowerthan the
experts mighhope. Howeverwhat is expensive to develop today is often cheap to
mass produce tomorrow and it is prudent for us tombedful of the far-reaching
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implications, not simply to see what is practical now, but also to develop a vision of the
possibilities in the near future.

2. The Influence of Computers and Informatics on Mathematics and its
Teaching

A number of international conferences have been held to try to divieathahead in
the new technological age. Th€.M.l. Conference aBtrasbourg in 1988evoted its
attention to mathematicand teaching at university angenior high schoolevel
(Howson &Kahane 1986)the I.F.I1.P. Conference in Sofia i1987 considered the
wider effects of informatics on the teachingréthematic§Johnson & Lovis, 1987).
In addition there have been natiod@écussions otthe the effects of computers on the
16-19 age range, in the United Kingdom, for example in Higgo (1985),
Schwarzenberger &ohnson, (1985)and Everton(1987),and in the United States a
task force ofthe MathematicaScience EducatioBoard is developing a curriculum
framework "appropriate to the needs of children and society in the2@éar (Ralston
1987). What characterizes the internationebnferences is the exuberance and
excitement ofindividuals puttingforward new ways ofipproaching theurriculum.
What must be born in mind, however, tise difference between the conception of an
idea and its possible implementation in the real world curriculum.

One other unusual factor makes curriculum development involving advanced

technology more difficult than usual. It is the mismatch of time scales between

technical change (one year) and curriculum change (ten years). The

curriculum designer cannot assume a specific level of technological provision

and sophistication in schools - it will vary widely both in time and from place to
place. [Burkhardt 1986, pagel148]

Added to the technicaonsiderations are the cultural and social factelated to real
teachers operating in realassroomsWinkelmann(1987) suggestshat we should
distinguish three different levels of computer use:

Its use in principle : theoretical considerations of how I[nformation]
T[echnology] might be used for teaching specific topics in a specific
discipline; software developed for research purposes, but not available for
the normal schoolteacher;

Its use in practice : examples of actual use in the classroom, using normal
equipment and generally available software, but maybe with the help of extra-
ordinary motivated teachers, headmasters or parents;

Its use in reality : observations on the percentage of the teachers of a
certain discipline who actually use the new technologies in their teaching, on
contents and themes which to a certain amount are really taught and/or
changed by computers; considerations on necessary equipment,
organisation, teacher training, curriculum development.



In the deliberations abur Action Group onmathematics in thé6-19 age group we

should very much distinguish between thtgee levels: what we miglike to seein

theory, what evidence we haver what has proved possibie practice and what we

may expecin reality. For examplethere are many examples of imaginatsaftware

that have been developéat use inthe teaching of mathematieghich are available in
practice.However, arecentsurvey (Green & Jones 1986) the United Kingdom
reported that secondary schools had approximately one computer per 50 or so pupils; in
reality 39% of the teachetsedthe computerery rarely in theimmathematicdessons

and 33% never used it at all.

3. The Challenge of the New Techndogy

Major problems that face us in the 15-19 age-group in mathematics education include:

1) Applications of mathematics are becoming more technologically diverse,
leading to pressures to modify the mathematics curriculum.

2) A greater proportion of the population needs to be technologically aware
because of the increasing use of technology and the decreasing birthrate in
the developed countries.

3) Changes in technology are occurring so rapidly that individuals are
required to be more flexible and capable of solving new problems as they
arise.

4) The desire for new kinds of skill requires new methods of teaching and
learning.

5) This in turn requires appropriate methods of assessment.

These needs for new skills and concepts may be counter-balanced by the the fact that:

6) Recent educational research is developing a growing understanding of
students' conceptual difficulties and strategies for improving learning.

7) The computer changes our perception of the nature of mathematics,
facilitating imaginative ways of approaching concepts that promise to make
them more understandable to a new generation of students.

The breadth of technological change andrtéer needfor flexibility suggests anove

away from purely content oriented courses towards courses bdileice content with
experience in mathematical processes, including collecting, organising and interpreting
data,mathematicainvestigations, modelling, problem-solving, and @@ with more
accent on the active participation of the learner rather tharpahksivereception of
information from the teacher. Moves have been made in this direction in tloedasde

to develop theory angracticebut thereis, as yetllittle change in the reality of the
classroom at the 15-19 level.



4.1 Curriculum Change

The pressures tonodify themathematics curriculummust be seen in their appropriate
context. The mathematical education of students in the 15 to 19 age group varies widely
in differentcountries. For instance, in Russl 17 yearolds studythe calculus, in
Hungarythe figure is50%, whilst in the U.K. only 10% (Howson 1987).Some
countries offer only onemathematicscourse toall students, others offedifferent
packages of subjects witlmathematics appropriate to the choidérance has
Baccalaureates in Natural Sciences, Mathematics/Physics, Engineering, Social Sciences
and soon, eachwith its own appropriatemathematicatontent. Inmany countries the
age-rangel5-19 does not correspond tonatural administrativesubdivision. In the
United Kingdom, for examplethe General Certificate oSecondary Education is
studied in theyears 14-16after which compulsory schoolingnds, with Advanced

Level studies covering the age range 16-18.

Thus toattempt tospeak of'mathematicsl5-19" under a singléeading is tempting
fate. However, this is our brief at I.C.M.E. and it would be wise for us to foctisabn
period of education in school beyond the basathematics taken by thmpulation, in
the transitionphaseeither to universitylife, or to more sophisticated applications of
mathematics in society.

The original "New Mathematics" movement in Euraepes inspired byhe Royaumont
Seminar of 1959, producing new curricula in many countries aimed:
Firstly, to provide a better preparation for university study,

secondly, to give all pupils an instrument for use in daily life.
(Fehr 1961 p.105)

In the "New Mathematics", it was usuathye professionamathematiciansvho led the

way, with a structural approach the subject.The curriculumwas designedalong
mathematicallines, based orthe major disciplines of mathematioshich in pure
mathematics athis stage were taken to ladgebra,geometry and thealculus, with
leavenings of other topics including applications in mechanics, statistics and
probability.

At the I.C.M.I. conference (Howson & Kahane 1988yebrawas seen ttremain of
central importance in the secondary school curriculum™ :

The important thing, however, is not to have students achieve greater
manipulative skill in algebra (e.g. in polynomial algebra), but rather to teach
them to consider algebra as a natural tool for solving problems in many
situations. (ibid page 13)



There was a note of regret at the loss of Euclideametry though no consensus as to
how this might best beemedied. It was considerdtat theloss of experience in
understanding and constructing rigorous proof might hadetramental effect omvork

in the new technology, as

. large numbers of people , particularly in scientific and technical
professions, will need to handle statements of a logical or mathematical
nature in a very precise fashion. (ibid page 21)

The major change in curriculum content suggestadeatonferencavas tomodify the
ascendancy of the calculus by introducing computer science concepiscodte
mathematics

... there is now a strong argument to provide a balance in the core curriculum

between the traditional continuous mathematics topics and topics for discrete
mathematics. (ibid page 15)

Other content changes suggested included those Wwhamepossible because of the
power of the computer, for exampkxploratorydataanalysis in whichthe computer

may be used to manipulate and display data in imaginative ways allowing the student to
gain initial insight into statistical ideas.

There were divergingiews expressed as tbe value ofprogramming on the one
hand, it wasoted that thesheertechnicalconsiderations in implementing a program
could sometimes overwhelm the mathematics, on the bted, there is substantial
research evidence that the cognitive act of engaging in programmingacbad an aid
to conceptualization. The nature of the language is an impdaetar. Programming
can clearly help in practicébubinsky 1987, Tall & Thomas1988), more empirical
research is needed into its effect in reality.

4.2 Greater Technological Awareness

The needor more of the population to be technologically aware will mean that more
students will need to study appropriate kindsnathematics to a more advandedel.

This will mean thatcourseswill need to be suitably designddr a wider ability
spectrum, from those with lessademic ability to thenost ableThe degree tavhich

this is necessary will depend t¢ime currentprovisions.Some countries, whoater for
mathematics to a minority ithis age range may need to considerabliglen their
appeal.

The nature of the new mathematics required in the future is one which will require some
thought. Newtechnologies provide capabilitiéisat relieve ufrom much mechanical



drudgery and virtually all of the current algorithms taught in the 15-19 age range can be
carried out automatically by computer. However:

The availability of ready-made numerical and symbolic software will ... not

result in a reduction in the required mathematical sophistication of the user.

Quite the contrary ... much more demanding skills than purely algorithmic
ones now have to be mastered. (Hodgson 1987, page 57)

On the other hand, methods of communicating with computers are being deubktped
allow theuser tocarry out sophisticated actions by intuitidecisions,pointing to a
column of numbershat needadding, ormoving information aboubnscreen, which
means that, for the end-user, many complex activities will become simpler. The need to
understand what is going on behitide computer facade is a suitaliesk for
mathematics education #&mldress. Irtheory this is a laudabl@m: what will its effect

be in practice and in reality?

4.3 Problem-solving

A cultural pressure is growing to respond ttee speed oftechnological change by
developing a resourcefulness our children through agreater problem-solving
approach in education. The underlying principle is that if we cannot predict what will be
neededtomorrow, then thebest response is to furnishe next generatiomvith the
mental tools to face new challenges. However, we shouldt understimate the
difficulties of implementingsuch an approach. Unlikie "new mathematics" of the
1960s, which was atleast known to teachers withrecent universitytraining, the
problem-solving approach is new to all but a minority.

In England the new Gener@krtificate ofSecondary Educatiofor the mostable 60%
of the population al6+ contains optionatoursework whicthecomes compulsory in
1991. At present a minority aichoolsare taking theoursework optionbut the need
to cope with it willgrow asthe deadlineapproachesThe 16-19 curriculumgurrently
being developed by the SchddhathematicsProject, introduces pragmatic balance of
classroomteaching and individual studemtork using computer technology where
appropriate.

In Holland a new 16-19 mathematics curriculum was developed in the years 1981-5 for
students in the life and social sciences [Lange Jzn J. de, 1987]. This course advocates a
realistic approach to mathematics lexploring real world problemsintuitively before
mathematizinghem, in sharp contrast the structuralist approadhat dominated the

"new mathematics".



There aresuggestionshat a greater element pfoblem-solving throughmathematical
modellingshould be introduced into 16-19 mathematics:

We surely want our students to be able to put their mathematical skill into
practice, and it is only through active problem-solving that they will be able to
do this - the prblems can be real or purely mathematical - what unites them is
that they give students the chance to:

Apply their mathematical skills
Work in groups
Show creativity
imagination
innovation
critical judgement
Motivate further mathematical study (Burghes 1987)

It will be interesting to sebow the introduction ofproblem-solving projectwork and
mathematicalnvestigations will be viewed in tepearstime from a realistic point of

view, just as the benefit of hindsight allows us to reassess the "New Mathematics". It is
an exciting road to followthe vitalquestion is to whaextent the increased ability to

cope with processes will more than compensate for a possible decrease in knowledge of
specifics.The correct balance between teachmathematical contersnd encouraging

the development of mathematical processes may not prove easy to find.

4.4 New Kinds of Teaching and Learning

It is clear that thehanging demands will require different approaches to teaching and
learning. Early hopes forcomputer environments wertat childrenwould learn
"powerful ideas" if they weréeft to explorepowerful software irtheir own way. The
evidence suggests otherwise:

Just as extremely open-ended learning environments rarely lead students to
construct concepts that mathematicians and scientists needed centuries to
devise, purely teacher-directed or computer-directed learning environments
seldom convey those concepts with real understanding. (E.T.C. 1988, p. 8)

A balanceseems to be needed, withe teacheroffering suitable inspiration and
guidance and thetudents having sufficient space to &lgle to develop their own
conceptions.

The School Mathematics 16-19 curriculum is designed arounfbltowing pattern for
each topic:



In this way it is hoped to bable to accommodatebmoad range of abilities, providing
extension materials suitabfer the moreable. Thisimaginative schemavorks in
practice, it will soon be tested in reality.

4.5 New Kinds of Assessment

It is clear that theemphasis on higher problem-solving goals will requadically
different kinds of assessment fromhe traditional restricted-time writtetasks. The
assessment tests in the new Dutch curriculum were founded on five basic principles:

- to improve learning

- to demonstrate what students know rather than what they do not know

- to operationalize the goals of the course (particulaly the higher order goals)

- to accept competent judgement of scoring rather than objectivity

- only to use tests that can readily be carried out in school practice.
(paraphrased from de Lange Jzn 1987 pp.179-181)

The last principle meant that project-likests wererejected asrequiring too much
investment in time. Assessment methods considered traaitional restricted-time
written tasks, oral task$ake-homeasks,two-stage tasks anekssays.The innovative
idea is the two-stage task: the first stage is a restricted-time written test of s pwmé
kind, which ismarked and returned with commefas the student tdake away and
improve in their own time to obtain the second stage mark.

Reviewing the different methods it was concluded that:

The best possibilities are offered by a combination of restricted-time written
tasks, take-home tasks (or combined in one two-stage task) and oral tasks
which clearly measure different aspects of learning.

(de Lange Jzn 1987, page 265]

As an interesting side effect of the new course, it was noted that:

It is an interesting outcome of the study that girls perform rather poorly on
restricted-time written tasks when compared to boys. This difference
disappears almost completely in the case of alternative tasks that were part of
this study. [ibid.]

4.6 The Psychology of Mathematics Education

In the 1960smany mathematicians believed that they could clanBthematicaideas

for the wider population in compulsory education by introducing a structural approach
to mathematics, alreadyell-known at university level. It was hopdhat by making

the definitionsclear and the deduction®gical that a greateunderstanding would
follow. Yet, despite the fact that many professiomathematiciangiad high hopes for

the “New Mathematics”, the movement haadly limited successpecause dogically

-8—



soundapproachthat satisfiesthe expert mayprove to bepedagogicallyflawed for the
learner.

At the International Conference dflathematicalEducation in Karlruhe in1976 a
movementgrew to form a working group to studie psychology ofmathematics
education and every year sinbat timeregular conferences have been held under the
auspices of the International Group faM.E. Arecently formedsubgroup aP.M.E.

now addresses itself to the problems of "advanced mathematical thinking", which looks
at mathematics from the 16+ age range through to university and researéh level.

A major activity is the investigation aftudent'smisconceptions antiow these are
often related quite naturally to their previous experience.
Going to a higher level of knowledge usually consists in passing an
"epistemological obstacle", that is an obstacle constituting the knowledge to
be acquired. This is done by de-stabilizing an incomplete and insufficient
knowledge. Such knowledge, up to now sufficient within a given range of
problems, becomes insufficient. The pupil has to solve a problem where the

new knowledge is a needed tool.
(Cornu 1987, page 79)

It becomes apparent that student errors are not arbitrary:

We know that the pupil's errors are in most cases the logical consequences of
their knowledge structuring. Thus we can use them as symptoms, allowing us
to find out, at least partially, the pupil's knowledge, and to diagnose the
wrong (incomplete or false) knowledge. (ibid)

The knowledge structures, in turn, partly the product ofour structuring of the
curriculum. By presenting students wiimple ideas first and givinthem plenty of
experience in a limited context mapwittingly colour their conceptions inveay that
causes cognitive obstacles later. Thus our desineateethings simple athe outset is
causing some ofhe very problems we observe later. A possible vednead is to
provide more complex, but controlled, computer environments in which the student can
gain a richer conception, moable tostand up tdater developments. Henabe need

for a balance between the guidance of the teacher and the exploration and problem-
solving of the student.

In this way the new revolution in mathematics education may bené&ftm the
cooperation of mathematiciaasd thenew breed of mathematiesducators withtheir
interest in the cognitive side of learning mathematics.

1See the article by Gontran Ervynck in this collection of papers.

—9—



4.7 Changing Perceptions

Computer technology will change our views on what is difficult and what is easy:

Things that would be over the heads of the kids and would be saved for a
college course in many cases can be done, very simply sometimes, with a
computer .- Teacher (E.T.C. 1988 page 10)

Teachers will therefore need to attack new curriculum matevitthsan open mind, for

their intuitions of whatstudentsmay achieve, based on a wealth of pre-computer
experiencemay notalways prove to be correct. Reseamto student difficulties
showsthat the traditionally accepted pattern of difficulty in the concept of variable is
changed when a computer is used and that complex ideas althdus, such as non-
differentiability can beaddressed faearlier in the curriculum thamas previously
considered possibléTall & Thomas1988). Thusresearch into cognitive difficulties
carried out pre-computer will need to be replicated in a computer environment to remain
of value.
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5. Reflections

From several different directions thsigns are developing inour human culture:
towards a newmarriage of human ingenuity and computipgwer, towards the
development of problem-solving skills whilstill retaining theknowledge of specifics
appropriate for the new age of technology. There is much to be done, in a positive spirit
of enterprise to develop theory apdacticeand a sobetone of realism to judge what

may be done in reality.
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