Topology Vol. 8, pp. 253—297. Pergamon Press, 1969, Printed in Great Britain

GROUP REPRESENTATIONS, A-RINGS AND THE
J-HOMOMORPHISM

M. F. AtivaH and D. O. TALL
(Received 31 October 1968)

INTRODUCTION

THis paper arose from a desire to apply the work of J. F. Adams ‘on the groups J(X)’ [2]
to the case where X is the classifying space By; of a finite group G. Since Adams’ calculations
apply only to a finite complex X, and By is infinite, the results could not be applied directly.
Rather than quoting theorems and using limiting processes, the pure algebra has been iso-
lated and independently reworked in such a way that it not only applies to the situation
considered, but is also of general interest. This occurs in Parts I and III. The algebra used
requires knowledge of special Z-rings (which arise in K-theory and elsewhere). Part I is a
self-contained study of these. (A special A-ring is a commutative ring together with opera-
tions {4"} having the formal properties of exterior powers). Part III contains the main alge-
braic theorem, which readers familiar with the work of Adams [2] may recognise as essen-
tially including a proof of his theorem ‘ J'(X) = J"(X)".

Arising from the applications of this theory, the principal theorem of the paper lies in
another field of study, in the topology of group representations. Broadly speaking, a general
type of problem that may be posed is this: given two representations E, F of a group G,
what constraints are imposed on E and F by the existence of a given type of map between
them which commutes with G-action? More precisely, if E, F are unitary (or orthogonal)
representations, so that the unit spheres S(E), S(F) are preserved by G-action, under what
conditions can there exist a G-map ¢ : S(E) — S(F) where ¢ is a diffeomorphism, homeo-
morphism, homotopy equivalence or some other given type of map?

Some results are known, for example de Rham [17] has shown that if ¢ is a diffeo-
morphism, then E, F must be isomorphic representations.

In this paper, only very weak restrictions are placed on ¢. The following theorem is
proved:

If G is a p-group (p # 2) and Eis irreducible, then there exists a G-map ¢: S(E) - S(F)
of degree prime to p if, and only if, F is conjugate to E.

(We recall that if G is of order N, the values of the character of a complex representa-
tion of G lie in the field Q(w) where Q is the field of rationals and w is a primitive Nth root
of unity. Two representations are said to be conjugate if their characters are conjugate by an
element of I'y, the Galois group of Q(w) over Q).
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Two unitary representations E, F of an arbitrary finite group G are said to be J-equiva-
lent if there are G-maps from S(E) to S(F) and from S(F) to S(E) both of degree prime
to the order of G. This is an equivalence relation; in fact for a p-group of odd order, it will
follow from a result of this paper that we only need a map in one direction to ensure
equivalence. Hence for a p-group (p # 2), irreducible representations are J-equivalent if
and only if they are conjugate.

More generally we will prove:

Two representations are J-equivalent if and only if their irreducible components are
conjugate in pairs (by possibly different elements of I'y).

In Part II, explicit G-maps are constructed between conjugate representations. In
Part IV algebraic invariants are constructed for representations which distinguish between
those which are not J-equivalent.

The principal theorem is best described using the representation ring R(G) (the free
abelian group with equivalence classes of irreducible representations of G as generators). If
E is a representation, denote by [ E] its class in R(G) and if T(G) is the subgroup consisting
of elements [E] — [F] where E and F are J-equivalent, define J(G) = R(G)/T(G). (T(G)
is a subgroup because J-equivalence can be shown to be an additive relation.) Let W(G)
be the subgroup generated by the elements [E] — [aE ] where « € I'y, then in standard nota-
tion R(G)r, = R(G)/W(G).

The main theorem states J(G) = R(G),, for a p-group of odd order.

The remainder of this introduction consists of a brief outline of the proofs involved.
In [2] Adams calculates the group J(X), where X is a suitable topological space. J(X) is a
quotient group of K(X), the ‘ring of complex vector bundles’ over X introduced in [6].
Adams proves that in certain favourable cases J(X) = J"(K(X)) where he gives a purely
algebraic construction for J"(K(X)) as a quotient group of K(X). The connecting link with

N
this paper is the result of Atiyah (3], R(G) = A (B;), where By is the classifying space of G.
S
A (Bg) = lim K((Bg),) where (Bg), is the n-skeleton of B;, and R(G) is the completion of

N
R(G) with respect to a suitable topology. If we apply the construction J” to A (Bg) = R(G),
T P
we find J"(R(G)) is the quotient group R(G)r,. Thus we have chosen our notation to
N N T .
suggest the formal isomorphism J(G) = J"(R(G)) = R(G)r,, . For p-groups R(G) is mono-
P

morphically embedded in R(G) and it was initially with this evidence that we embarked on
a proof of J(G) = R(G),, .

Recalling that J(G) = R(G)/T(G), R(G), = R(G)/W(G), we may define an epimorphism
v : R(G)r, — J(G) simply by showing that W(G) = T(G). We do this in Part II. In the Adams’
programme, the analogous result has only been proved in certain favourable cases, but in the
case of a large class of finite groups, including p-groups, this carries through relatively easily.
It is done by constructing explicit J-equivalences between conjugate representations. If
E, F are one dimensional and F = aF where a € I'y, a(w) = ', then choosing complex
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co-ordinates, S(E) and S(F) are given by complex numbers of unit modulus and a suitable
G-map S(E) - S(F) is given by z—z". To find maps for irreducible representations of
higher dimension we use induction from one dimensional representations of some sub-
group. Since J-equivalence is additive, this shows W(G) = T(G) and defines the epi-
morphism v.

It remains to show v is monomorphic. This is considerably more difficult. First we note
that if & : R(G) — Z is the homomorphism induced by the dimension of a representation,
then R(G) = Z @ I(G) (as abelian groups) where I(G) = ker ¢. It is easily seen that W(G) =
T(G) < I(G) and that v induces an epimorphism #: I(G);, » J(G) where J(G) = I(G)/T(G)
Evidently J(G) = Z @ J(G) and it is sufficient to show that ¥ is a monomorphism.

Given a positive integer k, for each representation E, we define an algebraic invariant
0,(E) € R(G). The invariants which arise naturally satisfy 0 (E@ E') = O(E)O(E"). If k is
prime to the order of G, then 8, has the following important property:

Given a map ¢: S(E) — S(F) of degree r, then there exists z € R(G) where &(z) = r and
o & I'y such that 6,(F).z = 6(E).az.

P
If I(G) is the completion of I{G) in a suitable topology, we show 8, induces a map
N
0.: I(G) - (1 + I(G));, homomorphic from addition to multiplication. From the above

property, it will follow that 7(G) < ker 8, and so 8, induces a map
o . N
0, (GQ)/T(G) = J(G) - (1 + (&), -
For a fixed prime p, let I' = lim I',. be the group of units of the p-adic integers. Then
for a p-group G, I acts in a natural way on I(G) via the quotient group I'y where N = p® =
|G|. Furthermore I(G), = I(G);. If p # 2, I contains a dense cyclic subgroup with genera-

tor & where £ is an integer prime to p satisfying A ~! % 1 mod p? and A mod p is a generator
of the multiplicative group of the field Z/pZ.

For a p-group G (p # 2), we show ¥: I(G); —» J(G) is monomorphic by constructing the
following commutative diagram with exact rows and columns:
0

I(G)y —— J(G) ——— 0
i [:1%

0 ——— I(G)r 2% (1 + I(G))r ——— O

A few words of explanation are in order. The completion of I(G) may be given in
several ways (of which two are lim I(G)/I(G)" and lim I(G)/p"I(G)): we show these are all the

same. The map i may be considered as the inclusion of I(G), in its p-adic completion. The
N N
map (p,)r is induced on co-invariants by a homomorphism p,: I(G) = 1 + I(G) homo-

morphic from addition to multiplication.
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In Part III, we introduce p, for any positive integer k prime to p and show (p,)r is an
isomorphism. This is framed in a slightly more general context by introducing the notion of
a ‘p-adic y-ring’ A. This gives a more satisfying treatment and a more general result. Exam-

F

ples of a p-adic y-ring include J(G) for a finite p-group G and Z, ® K(X), where Z,=
lim Z/p"Z is the ring of p-adic integers and X a suitable topological space (e.g. a finite,
connected CW complex). For any positive integer k prime to p, p,: A -1 + A4 is defined,
homomorphic from addition to multiplication. There is a natural I'-action on 4 and the map
p, commutes with this action. The main algebraic theorem of Part III states that for a p-adic
y-ring A (p # 2), p, induces isomorphisms on invariants and co-invariants, (p,)7 : AT —
A+ A (p)r: Ar—> (1 + A);. The case p =2 needs rather different treatment and
this is also discussed.

In Part IV we consider the topological properties of 6, and show that the induced map
0, is well defined and renders the diagram commutative. The fact that ¥ is monomorphic
(and hence v: R(G);— J(G) is an isomorphism) follows by a trivial diagram chasing argu-
ment.

The case of unitary representations can be applied directly to give corresponding
theorems for orthogonal representations. This is done in Part V. We have not however been
able to determine J(G)—or the corresponding group JO(G) for orthogonal representations—
in the case of a 2-group.

I. SPECIAL A-RINGS

This part of the paper may be regarded as a survey of the theory of special A-rings. It
includes basic results for later use. A special A-ring is defined in §1; it is a commutative ring
R with identity, together with a family of maps A": R — R having the formal properties of
aviariar naware Ryammlas af ananial 1 singe incliuda K7 VY far a comnact space YV and tha

UALUliUl PU‘VVUIS LAalllPlUb Ul DPC\Jial ASLINED nciuae 1\\11) 1vi a buuxya.w. opave A auu (B s L%

representation ring R(G) of a finite group G.

The free A-ring on one generator is introduced in § 2. This is the smallest A-ring contain-
ing an element s, such that {A"(s,)},, are algebraically independent. Using this in §3 we
show that the only natural operations on the category of special A-rings are polynomials in
the {1"}. An element x in a special A-ring is said to be n-dimensional if A'(x) =0 for r > n
and 4"(x) # 0. We show that a natural operation is uniquely given by its action on a sum of
one dimensional elements (verification principle). § § 4,5 are devoted to the discussion of
certain natural operations {y"} and {y"}. The {y"} define a filtration on a A-ring and the
{Yy"} are ring homomorphisms.

In § 6 we show that an n-dimensional element of a special A-ring may be written as a
sum of one dimensional elements in an extension ring (splitting principle). A certain type of
natural construction t which is only defined on finite dimensional elements is explained in
§ 7. It associates with each finite dimensional element x € R an element 7(x) € R such that
w(x +y) =1(x)r(y) and is called a natural exponential map. The Bott cannibalistic
class 0, is a natural exponential map given for a one dimensional element x by
0,(x) =1+ x + -+« + x* 1. Tt will be used in the proof of the main theorem in this paper.
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§1. PRELIMINARIES

After Grothendieck [12], define a A-ring to be a commutative ring R with identity and a
countable set of maps A”: R — R such that for all x, ye R
1) 1°%x) =1
2 Px)=x
() '(x+y) =020 X()A"()

If ¢ is an indeterminate, for x € R define:

@ i(x)= ano A(x)e"

then the relations (1), (3) show that 4, is a homomorphism from the additive group of R into
the multiplicative group 1 + R[[t]]", of formal power series in ¢ with constant term 1, i.e.
(9 Alx+y) =24x)1»)

The relation (2) states that 4, is a right inverse of the homomorphism | + ) ., x, "X,
in particular 4, is a monomorphism.

The ring Z of integers may be given a A-structure by defining A,(1) =1 + Y m,¢"
where m, = 1. The °‘canonical’ A-structure is given by A,1) =141+ then by (5)
A(m) =(1 + t)™ and A"(m) = ().

Other examples of A-rings are K;(X) for a compact G-space X, where G is a compact
Lie group {19] (which includes the case K(X) when G is trivial [4] [6] and R(G), the complex
representation ring of a finite group G [3]), and K%4) for a commutative ring 4 with
identity [8]. In these examples the A-structure is induced by exterior powers.

A A-homomorphism is a ring homomorphism commuting with the A-operations; an
augmented A-ring is a A-ring R together with a A-homomorphism &: R — Z (where Z has the
canonical A-structure). If X is a G-space and x,, € X, then the inclusion (1, {x,}) = (G, X) is
an equivariant map which induces the augmentation i': K;(X) - K({xo}) = Z, (it assigns to
each G-bundle over X the dimension of the fibre at x;). In particular the representation ring
R(G) is augmented ¢: R(G) —» Z by the dimension of a representation. Choose a prime ideal
/ in the ring 4 then the canonical map j: 4 » 4, induces the augmentation j ' K(A) >
K(4,) =Z, 9]

The notion of a A-ideal and A-subring is evident and the usual elementary theorems may
be proved, for example the kernel of a l-homomorphism is a A-ideal. In particular if R is
augmented and 7 = ker ¢, then [ is a A-ideal.

If x is an element of a A-ring and 1,(x) is a polynomial of degree # in ¢, then we say x is
finite dimensional and its dimension is n. Not all elements of a A-ring are finite dimensional
but we say the ring R is finite dimensional if every element in R is a difference of such ele-
ments. The examples given are all finite dimensional and the dimension corresponds to the
usual definition (fibre dimension). It is easy to show that if R is augmented and x € R, then
for x finite dimensional, 0 < &(x) < dim x. The case of X disconnected with base point
shows that in some A-rings it is possible for ¢(x) to take any value in the range 0 < &(x) <
dim x. Since ¢ is a A-homomorphism, this implies that, in general, A-homomorphisms need
not preserve dimension.
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We may define a A-structure on 1 + A[[¢]]* for any commutative ring 4 with unit. We
give the definition in terms of universal polynomials.

Let &, ..., &5 1145 - +., 1, be indeterminates and let s;, g; be the ith elementary sym-
metric functions in ¢, ..., &, and ,, ..., #, respectively. Define:
(6) Psgs..., 5,50, ...,0,) is the coefficient of " in [],,; (1 + &;1,)
(7) P, {8y, ..., 8,y is the coefficient of ¢* in

n ) A+& &0

B <o <y

Evidently P, is a polynomial of weight n in the {s;} and also in the {a}, P, is of weight
nm in the {s;}. In order that none of the variables involved in (6), (7) are identically zero, we
must choose r >n,g > n in (6) and ¢ > »m in (7). In any case, from the usual theory of
symmetric functions [16], the identities are true for all values of g, r, m, n which are non-
negative. Both P, and P, ,, have integer coefficients and so may be defined in any commu-
tative ring.

Define a A-ring structure on 1 + A[[#]]* by
(8) ‘addition’ is multiplication of power series
(9) ‘multiplication’ is given by

A+Y atNe L+ b,t" =14 Pfay,...,a,; by, ..., b)t"

(10) A"(1+Y a,t) =1+ P, . @, ..., Ap)t"

LemMMA 1.1. 1 + A[[t 11" is a A-ring with the above structure.

Proof. We need only show that the universal polynomials satisfy certain basic identities.
For example, the fact that o is associative is equivalent to the identity: :
(1) P(Py(a;; b)), ....P(a;,...oa,3b...,b);¢4,...56)
=Pfay,...,a,; Py(by;¢)s ooy Pubys oo ByiChy ey G))
If &, ens &0 Ciev s s Gy v v v, £ are indeterminates where g, r, s > n then the first n
elementary symmetric functionsin &;, ..., &, inny, ..., n,andin{y, ..., {,are algebraically
independent ({16] § 26).

Comparing coefficients of " in

[TA+ &) [TA+ 4G =TTA+&nGt) =TTA+ & TTA +n;41)
we see that (11) is indeed an identity. Similarly the other identities are satisfied. 1 is the
‘zero’ and 1 + ¢ is the “identity’.

Definition 1.2. A A-ring R is said to be special if
At R— 14+ R[[t1]" is a A-homomorphism.

In effect a special A-ring satisfies (1)—(3) and also

(12) A,(1) =1+ tor A"(1) =0, n > 1 (4, preserves identities)

(13) 2(xp) = P (A (x); ..., A(x); A0, ..., X))

(14)  A"(A(x)) = Pp, o(A(%), ..., A™(x))

(12) is a special case of (14) where n = 0. Note that (12) ensures that the only special A-
structure on Z is given by the canonical structure.
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Every special A-ring R contains a A-subring isomorphic to Z for if 1 € R had finite addi-
tive order, then
1 =2,0)=4m1) =01+ )"

and comparing coefficients of 1™ we derive a contradiction. Not all A-rings may be augmented
(for example the rationals where 1,(r) = (1 + ¢)"), but if the special A-ring R is augmented,
then any element of R may be written uniquely as x = &(x) + (x — &(x)) where &(x) € Z,
x — &(x) € Iand so R = Z @ I considered as abelian groups. The converse is also true and so:

ProPoSITION 1.3. R is an augmented special J-ring if and only if there is a A-ideal such
that R = Z ® I (considered as abelian groups). I = Ker ¢, where ¢: R — Z is the augmentation,

TueoreM 1.4 (Grothendieck). For any commutative ring A with identity, 1 + A[[t1]*
is a special A-ring.

Proof. We have only to verify (12)-(14) in 1 + A[[t]]*. Evidently A™(1 + at) =1 for
m > 1 using the universal polynomial P, ,, and so elements of the form 1 -+ at are one dimen-
sional, (1 is the ‘zero’ in 1 + A[[#]]%). In particular 1 + ¢ is one dimensional, which gives
(12). To prove (13), (14) as in lemma 1.1 we have universal polynomial formulae to prove.
But in any A-ring which satisfies the property that the product of one dimensional elements is
one dimensional, if x =) x;, y =) y; are sums of one dimensional elements,

Afxy) = At(z xiyj) = 1_[ 1+ xiyjt) = Ax) o 1(»)
and similarly 4,(1"(x)) = A"(1,(x)), and so x, y satisfy (13), (14).

In the A-ring 1 + Z[&,, ..., &, 1y, ..., n,J[[¢]]7, the product of one dimensional ele-
ments is one dimensional, for (1 + at) o (1 + bt) = 1 + abt. Apply the previous remark to
x=[]Q +¢&1),y =[] +n;t) and by the same argument as in lemma 1.1, (13), (14) are
universally satisfied.

It is easy to see that A1 + A[[t]]" is a covariant functor from commutative rings
with unit and ring homomorphisms to special A-rings and A-homomorphisms. It even pre-
serves monomorphisms and epimorphisms. Furthermore since 4, is a monomorphism, every
special A-ring is a A-subring of a special A-ring of the form 1 + A[[¢]]".

The A-structure on 1 + A[[#]]* may be given in a more sophisticated manner by
(15) The structure is functorial in 4
(16) ‘addition’ is power series multiplication
(17) “multiplication’ satisfies (1 + at)o (1 + bt) =1 + abt
(18) A1 +at)y=1forn>1
(19) the {A"} satisfy (1)-(3)

The examples of A-rings given earlier are special. We give proofs for K;(X) and R(G)
since they will concern us later in this paper.

THeoREM 1.5. (i) For a compact G-space X where G is a compact Lie group, the
Grothendieck group of complex G-vector bundles is a special A-ring.

(i) The complex representation ring R(G) of a finite group G is a special A-ring.
Proof. Of course (i) is a special case of (/) but we give a separate proof at a more
elementary level.
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(i) follows by the G-splitting principle of [19]. A G-vector bundle is written as a sum of
one dimensional elements in some extension A-ring, which satisfies the property that the
product of one dimensional elements is one dimensional. This demonstrates that (13), (14)
are satisfied by the isomorphism classes of G-vector bundles and it is trivial to extend the
proof to virtual G-vector bundles.

(ii) follows by identifying R(G) with the ring of complex characters as in [3], then
R(G)[[¢]] is a subring of the ring of all functions G — C[[¢]], For any complex represen-
tation p of G, 1(p) is the function given by g+ det(1 + £p(g)). R(G) is special as a result of
the formulae:

det(1 + py(9) ® p2(g)t) = det(l + py(g)t) = det(l + p(g)?)
det(1 + A'(p(g))1) = det(A"(1 + p(g)1)).
By restricting to the cyclic subgroup generated by g, we may assume the representations con-
cerned are diagonal and then the above formulae are trivial.

§2. THE FREE A-RING ON ONE GENERATOR

This is a special A-ring U generated (as a A-ring) by a single element s, such that the
elements {1"(s;)},., are algebraically independent. U will be a A-subring of a special -
ring Q in which s, may be written as the formal sum of an infinite number of one dimensional
elements. If we write s, = 1%(s;), in effect we are setting up the formal framework in
which we may factorise the power series A,(s;) =1+ Y ,.5,¢" into an infinite product

[Tns1 (L +&,2) where s, =3 &,.

U will have the universal property that if R is a special A-ring and x € R, then there is a
A-homomorphism u, : U~ R in which w.(s,) = A"(x).

If {R,} is an inverse system of special A-rings with A-homomorphisms ¢ : R, - R, for
r = s, then lim R, is a special A-ring in a canonical manner such that the canonical homo-

morphisms ¢, : lim R, — R, are A-homomorphisms.
IfQ =7Z[¢,,...,&]for r =0 where 1(£,) =1+ &, ¢t and

s =l 1=

0 s<n<r
then Q = lim Q, is a special A-ring.

We may consider Q to be the ring of those power series in the {£;} which become poly-
nomials in the »n variables &, ..., £, when we put £, =0 for r > n. The canonical map
¢, : Q — Q, is given by this process and plainly ¢,"@,, = ¢, for m > n. If 5,(¢,, ..., &) is the
nth elementary symmetric function in &,..., &, let s, =lims,(&;, ..., )€ Q, then
AMsy) =s,. The {s,} are algebraically independent, for if f(s, ..., s,) = 0 where f'is a poly-
nomial, then ¢,(f(sy, ..., 5,)) =f(s,(&55 ..., &)y oo o5 80(&ys - -+, &) = 0 and this implies f'is
the zero polynomial ([16] § 26). Let U be the smallest A-subring of Q containing s,, then
s, =A"(s;)e Uand so Z[s,, ..., $,, ...], the ring of polynomials in the {s,}, is contained in
U. Using the axioms for a special 1-ring, we see Z[s;, ..., S,,...] is closed under the 1-
operations and so U =Z[s;, ..., S, - ...
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If R is any special A-ring and x € R, define u, : U— R by u.(s,) = A"(x), then using the
universal polynomials P, and P, ,,, it is easy to see that u, is a A-homomorphism. The image
of u, is the A-subring generated by x (that is the smallest A-subring containing x).

§3. NATURAL OPERATIONS ON SPECIAL A-RINGS AND THE VERIFICATION PRINCIPLE

In this section we characterize the ring of natural operations and show a natural opera-
tion is a polynomial in the A-operations. It is uniquely defined by its action on a (finite) sum
of one dimensional elements.

Let S be the category of special A-rings and let Op S be the ring of natural operations
on S, i.e. if u € Op S, for each 4 € S there is a map (not necessarily a homomorphism),
14 A - A such that for a A-homomorphism ¢: 4 — B, ¢u, = ug¢. Addition and multipli-
cation of operations are calculated on values, e.g. (u, + v,)(a) = p(a) + v (a) for ae A4,
i, v € Op §. To simplify the notation, we often omit the suffix 4 in p,.

If Z[A, ..., A" ...] is the ring of polynomials in the A-operations, there is a well-
defined homomorphism «: Z[A},..., 4" ... ]->OpS defined by a(f(4,..., ))x)=
(AY(x), ..., A"(x)), where x is an element of a special A-ring.

PROPOSITION 3.1. « is an isomorphism, i.e. every natural operation is (uniquely) a poly-
nomial in the 2-operations.

Proof. Ue Ssoif a(f(A, ..., A") =0, then a(f(A%, ..., AD)(s)) =f(5(5 ..., 5,) =0and
so f'is the zero polynomial, since the {s;} are algebraically independent. So « is a mono-
morphism.

If ueOp S, then u(s;) e U and u(s;) =f(sy, ..., 5,) for some polynomial f. If Re S
and x € R, by Theorem 2.1, there is a A-homomorphism u, : U— R where u,(s,) = 2"(x).
Since p is natural, it commutes with u, and so

H(x) = pu(s,)
= u, u(sy)
= f(S15 cees 8y)
=f(A(x), ..., A"(x))
=a(f(AL, ..., AN(x)
which implies «(f(1%, ..., ")) = p and « is an epimorphism.
If 1 € Op S and we wish to show p = f(A}, ..., A", it is sufficient to check the identity

operating on s; € U, that is to check u(s;) =f(s; - .., §,), which may be calculated in Q.

By the universal property of an inverse limit, since the natural operations commute
with the canonical maps ¢, : Q — Q,, it is sufficient to check the formula in each Q, =
Z[&,, ..., ] ie. it is sufficient to show

”(61 + o + ér) =f(s1(él . "6r)7 ctc sn(gl’ sy 61’))

This is a vital property of special A-rings which we write as:
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THEOREM 3.2. (verification principle). If u € Op S, then u is a polynomial in the A-opera-
tionsand u = f(AL, ..., %) if, and only if, the identity holds operating on a sum &, + -+ + &, of
one dimensional elements, for all r > 0.

We may also consider a verification principle for more than one variable. The notion of
a natural map in two variables is evident; we denote by Op, § the ring of such maps and
so if ve Op, S and A4 is a special A-ring, there is a map v,: 4 x 4 — A such that for a i-
homomorphism ¢: 4 — B, then ¢v, = vg(d X ¢).

If fis a polynomial in A%, ..., 4" A}, ..., 4, f defines a map 4 x 4 > A4 by
SO AT A, e A, Y) = fANR), -, A(X); AN, ..., A™(»)). This defines a ho-
momorphism 8: Z[4%, ..., 4" ...; A% ..., A", ...] = Op, S.

PROPOSITION 3.3. B is an isomorphism.

Proof. Construct a free A-ring U, on two generators s;, g, analogous to U. Let Q, =

lim Z[¢,, ..., &, 15 ..., 1,] where the {£;} and {n;} are indeterminates and let s, =
q,r

lim s,(&;, ..., &), 0, =lima,(ny, ..., %) where s, ..., &) and o,(ny, ..., 7n,) are the
q

nth elementary symmetric functions. The free A-ring U, on two generators is Z[s,, ...,

Sps+e3 Oty eees Oy, .. .] Where the {s;} and {o,} are algebraically independent and A%(s,) = s,,,

Ao,) = a,. U, satisfies the obvious universal property and 3.3 follows by analogy with 3.1.

PRrROPOSITION 3.4. (verification principle for two variables). If p € Op, S, p =f(4,%, ...,
M A3t ..., A,™) if and only if the identity holds operating on a pair & + -+ &,
Ny + -+ + n, of sums of one dimensional elements for all g, r > 0.

Proof. This is analogous to 3.2.

§4. THE y-OPERATIONS

After Grothendieck, define the y-operations on a special A-ring by
(1 y"x)=A"(x+n-1
If y(x) =1+ Y5, Y"(x)t", then
@) 740 = /1t/(1—t)(x)a Adx) = Ysia +s)(x)
) ydx +3) =2y Y (x + p) = =0 YY)
The y-operations satisfy certain universal polynomial formulae
@ Y"Gp) = Q') - Y)Y - Y"O))
) VG = O, 7' s -, ™G0

which may be calculated by substitution into the A-formulae.

We also have

© (=1
M yx)=x
® nm=(141=) =a-n™

9) 2(x)=1+ xtimplies y(x — 1) =1+ (x— 1)t
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(9) states that if x is one-dimensional, x — 1 is of y-dimension one (or zero), more generally
if x is n-dimensional, x — n is of y-dimension at most #.
Suppose R is an augmented A-ring with augmentation ¢: R — Z and augmentation ideal
I =Kkere.
Define the y-filtration by:
(10) R, is the additive group generated by monomials y"'(a,) ... y"™(a,) where a; € I and
Yn=n
PropPoSITION 4.1. (i) R,,. R, < R,
(ii) .Ro = .R, Rl = I
(iii) R, is a A-ideal for n > 1.
Proof. (i) is trivial and (i) follows from (6), (7).
From proposition 1.3, R=Z @I =Z @ R,, and so R, is certainly an ideal. To show R,
is a A-ideal, it is sufficient to show A"(y™(x)) € R,, for xe L
Fmx) =A0"x+m—1) =P, O x+m—1),..., "(x + m—1)). Now P, (s,
«+vs S,m) is the coefficient of #"in [](1 + &;, ... &; t) where s; is the ith elementary sym-
metric function in the {£;}. Put &; = 0 for i > m, then by inspection, P, (s, ..., S,-1, 0,0,
..., 0)=0and so P, (s, ..., S,,) is a sum of monomials each containing a term s; for
i > m. Thus A"(y™(x)) is a sum of monomials each a multiple of some A'(x + m — 1) fori > m.
It remains to show that A(x + m — 1) e R, for i > m. Put s =i— m, then
Fx+m—-1D)=1"(x+m~—1)
=y"tSx+m—-1—-m—s+1)
=" i(x = 5)

mts

= ZO P T (—5) by (3)
Since y'(—s) =0 for r > 5 > 0 by (8),
Hx+m—1) =3 7" )y (—s) € Ry
r=0

Definition 4.2. I is said to be a special y-ring if it is a commutative ring (without
identity) with operations {y’} such that there is an augmented special A-ring R with I as
kernel of the augmentation.

If we are given a special y-ring I, we may recover the special A-ring R by adjoining an
identity to 7 in the usual manner. R = Z @ [ as additive abelian groups and ¢: R—Z is
given by é(n +a) =nforneZ,ael

For a special y-ring I, the y-filtration is given as in (10), (11), I, is the ideal generated by
monomials y"'(ay), ..., y"(a,) where ;€ 1, Y n; > n.

From Proposition 4.1, we have

ProrosiTiON 4.3. (i) I,. I, <1, ,,

Gi) I, =1
(i) I, is a y-ideal, n > 1 (i.e. I, is closed under the y-operations).
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If we now refer back to § § 2, 3, we have propositions for special y-rings analogous to those
for special A-rings.

Let W, =Z[x,, ..., x,]* be the ideal of polynomials with zero constant term in the
indeterminates {x;}, where y,(x,) = 1 + x,t. Define for r > s,

oJ(x,) =

then W = lim W, is a special y-ring.

X, n<s,
0 s<n<r

If 6,(x,..., x,) is the nth elementary symmetric function in the {x;} and o, =
lim o,(xy, ..., x,) € W, then y"(6,) = g,,. Let V be the smallest y-subring containing &,, then
V=2,...,0,,...]", the ring of polynomials in the {s,} with zero constant term. ¥ is
the free y-ring on the generator o, since the {¢,} are algebraically independent. It satisfies
the following universal property:

ProrosITION 4.4. If 1 is a y-ring and x € I, there is a unique y-homomorphism v, : V — 1
in which v.(a,) = y"(x).

We also have the following proposition analogous to 3.2:

PrOPOSITION 4.5. (verification principle for special y-rings). Every natural operation p
on the category of special y-rings is a polynomial in the y-operations with zero constant term.
g =5, ..., y") if and only if the identity holds operating on a sum x; + --- + x, of ele-

ments of y-dimension one, for all r > 0.
A similar proposition holds for natural operations in more than one variable.

§5. THE ADAMS OPERATIONS

Let R be a special A-ring, x € R, define y": R— Rforn> 1 by

d
() ¥-x) = t - [A(0)1/A(x) where y(x) = ; Y

Y" is a natural operation and
Q) Y"(x) = v, (A(x), ..., A"(x)) where v, (s, ..., 5) =&+ - + E"
is the nth Newton polynomial, s; being the ith elementary symmetric function in the {&;}.
If x is one dimensional, Y"(x) = x" and for a sum of one dimensional elements
@+ ta, Y@+ t+a)=a"+:+a,"
It is well known in K-theory that the y" are ring homomorphisms, [1]; we prove this
formally by appealing to the verification principle.
PROPOSITION 5.1. " is a A-homomorphism.
Proof. Y (X &+ Xm) =L &M+ X n/ =v(X &) + ¥ (X ny)
VLX) =V &Ln) =Y En)" =&Y =" W (X))
YA &) =Y 6l -5 &) = 8alE1% -, N =AY &N = (W (Y &)
PROPOSITION 5.2, y™y" = y™ = y"y™
¥P (x) = x* mod p (p prime)
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Proof. Immediate from the verification principle.
PROPOSITION 5.3. If I is a special y-ring, x € I, then y*(x) — k"x e I,,, (n > 1).

Proof. It is sufficient to show Y*(y"(@)) — k™y™(@) e l,,, for ael, since Y* is a
y-homomorphism.

If y(x;) = 1 + x;t then Y*(x;) = (1 + x,)* — 1.
Y*y™ — k™y™ is a natural operation and operating on x; + *** + X,,

VGG e %)) = R 4 x)

= Yo (x15 ey X)) — k™0 (X15 -y X,)
=0, (1 +x)Y—=1,...,(0 + x)* = 1) — k"0, (x1, ..., X,)

This is a symmetric polynomial of degree > m + 1; by the verification principle for special
y-rings, this gives the result.

PROPOSITION 5.4. x € I, = Y*(x) + (=D ki*(x)eI,,, (n=>1).

Proof. From the property of Newton’s polynomials,

YHx) = Y TIEOAN ) + -+ (= DT )2 T () + (= DA () = 0.
Now forael,, ¥ (ayel,, A(@yel, for r > 1.
YHx) + (- DA (x) e L, I,y forn> 1.

PROPOSITION 5.5. x € I, = 2*(x) + (= D" 'xel,,, (n=1).

Proof. For a, bel,, abel,,cI,,; and so A" is a ring homomorphism on 7,/I,,,.
It is sufficient to show A*(y"(ay)---y™(a)) + (= D*k" y"(a) -+ y"(a,) e I,,, for
ay, ..., a.€l, Zn,- = n. This is a natural operation in the r variables a, ..., a, which we
denote by u(a,, ..., a,). From 5.3, 5.4, ku(a,, ..., a,) €I, (. There is no torsion in the
free y-ring on r generators and since u is determined by its action in this y-ring, we have
M(al, veey a,,) € In+1.

Since a special y-ring I is in particular an additive abelian group, the p-adic topology
on I is well defined, with a fundamental system of neighbourhoods of zero given by {p"[},5¢.

The y-topology on I is given by the y-filtration.

PROPOSITION 5.6. If the y-topology is finer than the p-adic topology on I, then writing
V¥ a) = Y(k, a), ¥ is a continuous function from Z* x I— I in the p-adic topology (where Z*
are the positive integers).

Proof. A fundamental system of neighbourhoods of zero for the p-adic topology may
also be taken as {p"I + I,},.,. We show that given an integer N > 1, 3M > 0 such that
pM | s implies

Wk + s, x) — Yk, x) e pI + Iy.
Suppose x; + - + x, is a sum of elements of y-dimension one, then
Y x) — H(Ex)
=2( + x) = 1) = Y (A + x)* = 1)
=Y +x)H(1 +x) = 1)
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Choose M = 2N, then if pM |, it is easy to see
WX — YH(Ex) = pYS: + Sy
where S; is a symmetric function of weight > in the {x;} for j =1, N. By the verification
principle, y**5(x) — y*(x) e p"I + I for x e L.
This shows y(k, x) is (uniformly) continuous in the first variable in the p-adic topology:

it is certainly continuous in the second variable since y* is a ring homomorphism. This
makes it continuous in the two variables.

§6. THE SPLITTING PRINCIPLE
The purpose of this section is to prove the following theorem:

THEOREM 6.1 (splitting principle). If R is a special A-ring and x is an n-dimensional
element of R, then there is a special J-ring R' > R such that x = x; + ++ + x, is the sum of
n one-dimensional elements in R'. Furthermore if R is augmented by ¢: R —Z and ¢(x) = m,
then ¢ may be extended to R’ such that &(x,)

1 1<r<m
- {0 m<r<n

Theorem 6.1 is analogous to the splitting principle for a vector bundle over a compact
space. As an immediate corollary, if R is finite dimensional (i.e. every element of R is the
difference of finite dimensional elements), using Zorn’s Lemma, R may be embedded in a
A-ring S in which every element may be decomposed into one dimensional elements. The
theorem is the result of a series of lemmas.

LEMMA 6.2. The tensor product of special J-rings A, B is a special A-ring in a canonical
way such that the maps A - A ® B, B— A ® B are A-homomorphisms. If A, B are augmented,
A ® Bis augmented in the obvious way.

Proof. If F is a covariant functor on the category of commutative rings with identity,
since A ® Bis the coproduct of 4, B, there is a unique natural map F(4) ® F(B) —» F(4 ® B),
Hence the functor Ar»1 + A[[#]]* gives rise to the natural map

o (1 + AN @ + BIXID* -1 + A® BI[]".
Given A,/: 414+ A[[f11*, 4,”: B~ 1+ B[[f]]*, define 1,: A® B— 1+ A ® B[[t11",
by A, = a(4,” ® 4,"), then A, is a ring homomorphism such that A'(x) = x and so A® Bis a
A-ring. A calculation with the universal polynomials shows 4, is a A-homomorphism and
so A ® B is special.

If A, B are augmented &': A »Z, ¢": B—~Z, then A ® B is augmented by ¢ =&’ ® &”

LemMa 6.3. If R is a special A-ring and & is an indeterminate, then R[£] is a special
A-ring where A(&) =1 + &t. If R is augmented, R[E] may be augmented by (&) =0 or 1.

Proof. R[£]=R® Z[&] where Z[£] is a special A-ring given by 1) =1 + &¢ and
augmented in two possible ways by &) =0 or 1.

LeEMMA 6.4. If S is a special 2-ring and I an ideal generated by{z;} ;.;, then I is a A-ideal
if and only if \"(z)e I form =1, jelJ.
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Proof. If A"(z;) € I for m > 1, then for a€ S,
Maz;) = P,(ANa), ..., Aa); A'(z)), ..., A(zp)
and, since P, is of weight n in the {A"(z;)}, A"(az;)el for n>1. Since any zel is a
finite sum z =Y a,z;, where a, € S, j, € J, using therelation 2"(x + y) =Y 1-o A"~ (x) 2(),
this implies A*(z) € I for any z e I and so [ is a A-ideal. The converse is trivial.

Using the notation of lemma 6.3, we have

LemMMA 6.5. If xe R, dim x =n, then in R[], the principal ideal I generated by
E e M X)ET 4 o (= 1)"AN(X) is a A-ideal.

Proof. Considering A,(x — &) = (1 + A1(x)t + - -+ + A"(x)t")(1 + &)™, we see that for
r>0,

(1) (x =& =(=D"&E =A@+ + (= 1)),
in particular A"(x — &) = (= D"(&" — 2'(x)E" T+ -+ + (—=1)"A"(x)) and so I is also gen-
erated by A"(x — ).

To show I is a A-ideal, from 6.4, we need only show 1"(A*(x — &)) € I, m = 1. From (1),
MHx—&el, r=0, but mA"(x — &) =P, (A(x—&,...,A"(x—¢)) and as was
demonstrated in the proof of 4.1, P, (A'(x — &), ..., A™(x ~ ¢)) is a sum of monomials
each a multiple of some A"*"(x — &) e I.

LeEMMA 6.6 If x € R, dim x =n, then there is a special J-ring R[x;] © R where

dimx; =1, dim (x — x,) =n— 1.
If R is augmented and e(x) = m, then we may augment R[x,] by

I, m>0
o=l "7
and then
m—1, m>0
a(x—x1)={0 =0

Proof. From 6.5, since [ is a A-ideal, R[]/I is a special A-ring. Trivially, if x, is the

image of ¢ in R[£]/I, R[E)/I= R[x,] where x; satisfies

X" = AT 4+ (= 1)) = 0.
Since A"*"(x — &) € I from (1) above, A"*"(x — x,) = 0in R[x,], but " (x — ¢) ¢ I and so
A"~ Yx — x;) # 0 showing dim(x — x;) =n — 1.

If R is augmented by &: R~ Z, then R[£] may be augmented either by &(&) =1 or by
e(¢) =0. If &(f) =0, then R[£]/] is naturally augmented by &(z + 1) = &(z) for z e R[£].
If &(x) = m, then e(A'(x)) = (). For m > 0, choose &(¢) =1 then

oE — EIE T 4k () =1 =)+ @)+ (D= (1= 1" =0
and this induces the augmentation on R[x,] given by &(x) = 1. If &(x) = 0, choose &(¢) =0,
then e(&" — AM(x)E" ' + - + (= 1)"A"(x)) = 0 and in this case &(x;) = 0.

This completes the proof.

By downward induction on s, theorem 6.1 is completed with R = R[x, ..., x,] where
each x, is one dimensional and x =x; + -+ + x,.
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§7. NATURAL EXPONENTIAL MAPS AND THE BOTT CANNIBALISTIC CLASS 6,

A natural exponential map t is defined on finite dimensional elements and satisfies
(x + ) = ©(x)r(y). It is given uniquely when its value is known on one dimensional ele-
ments. We are interested in the Bott cannibalistic class 8, which is given by 0i(x) =1 +
x + -+ + x¥*71if x is one dimensional.

If R is a special A-ring, the set of finite dimensional elements is an additive semigroup
which we denote by P(R) (it is in fact a A-semiring). A natural exponential map t on the
category of special A-rings is defined to be a map 7z: P(R) — R for each special A-ring R
such that:

1) wlx +y) = tr(x)R(y) x,y € P(R)
(2) If¢: R— Sis a A-homomorphism then t5¢p =1 ¢p.

If A4 is the category of augmented special A-rings and A-homomorphisms which com-
mute with augmentation, then a natural exponential map of degree k on A is a map
14: P(A) > A, defined for each augmented special A-ring 4, such that:
(3) tia+ b)=14a)t(d) a,be P(A)
4) If¢: A— Bisa l-homomorphism commuting with augmentation then 75 ¢ = ¢1,
(5) e(rylx)) =k,

We will often omit the suffix in 14 to simplify the notation.

ProposiTiON 7.1. If 1y, T, are natural exponential maps which agree on all one dimen-
sional elements, they agree everywhere.

Proof. Use the splitting principle (Theorem 6.1)

We now give a definition of the Bott cannibalistic class 8, . Let R be any special A-ring
and adjoin a one dimensional indeterminate £. If dim x = n, the ideal I(x) in R[£] generated
by L(&, x) = & — A1(x)&" ' + -+ 4+ (= 1)"A"(x) is a A-ideal by lemma 6.5. Any element of
the ideal I(x) may be written uniquely as f(€)L(¢, x) where f(&) € R[£].

Define 6,(¢, x) € R[£] by
(6) 0, XL, x) = Y*(L(E, x))

and define 0,(x) by

(7)) O(x) = 06,1, x).

PROPOSITION 7.2. 8, is a natural map of degree k such that 6,(a) =1 +a+ -+ + a
fordima=1.

Proof. Obviously L(&, x + y) = L(&, x)L(&, ¥) and so from (6), (7)
0x + y) = 0x)0u(»),

i.e. 6, is exponential. Clearly 6, is a natural and, if dim a=1, L({,a)=¢&—a,
YH¢ —a)=¢* - a5 and so O (¢, @) = &1+ & %a+ -+ + &7 giving

Oa@)=1+a+---+da "

-1

If e(a) =1, &(6(a)) =k and if &(a) =0, &0, (a)) = 1. Hence using the splitting principle,
6, is of degree k.
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Recalling /(x) is the ideal in R[£] generated by L(&, x) = &" — 2 (x)E" ! 4 -+ + (= 1)"A"(x)
We next prove:

ProrosITION 7.3. Let R, = I(x)/I(x + 1) then R, is a free R-module on one generator
Uy, Where p is the image of L(¢, x) in R,. R, is a special y-ring (a special i-ring without
identity) and for ze R
(®) ¥z 1) =v"@) - YHw)
©) Vi) = 0x)n,

Proof. L(¢, x + 1) = (£ — 1)L(&, x) and so if p, is the image of L(¢, x) in R, and 7 is
the image of ¢, we see that (n — 1)u, =0 i.e. # - p, = p,. Any element in I(x) is uniquely of
the form f(£)L(Z, x) for f(¢) € R[£] and the image of f(£)L(L, x) in R, is f(mp. =f(Dpx
since nu, = p,. So R, is an R-module on the generator u,. If @ € R and au, =0, then
a- L(¢, x) e I(x + 1) and this implies a = 0, so R, is a free R-module. (8) follows from the
multiplicative properties of y* and (9) is the image of (6) in R, .

Proposition 7.3 may be used as the definition of 6, and indeed this is the way it occurs
in the topological context. It may be shown that (using K with ‘compact supports’) if
R = K5(X) and x € R is the class of a G-vector bundle E over X, then R, = K;(E). The
case X = point will be discussed in IV §1.

A third description of 6, will be of use later in this paper. Suppose x € P(R) and let {
be a primitive kth root of unity, then substituting — (" for ¢ in A(x), we get an element in
R ® Z[{]. Consider the product[], A_,(x) € R® Z[{], where the product is taken over all
roots of t* — 1 =0 except 1. Identify R with its image in R ® Z[{] under the canonical
map r—r® 1. We will demonstrate that [] A_,(x)e R and that J] A_,(x) =0,(x). If
dim x = 1, this is clear because
10) [TA-®=TJJQd-xu)y=1+x+--+x"1 (dimx=1).

More generally, since

(A1) JTA-u0xy +x0) =TT A-ux) [T Au (%),

if x is a sum of one dimensional elements, (10) is also true in this case. Finally by using the
splitting principle and the naturality of [ | 1_,, we see the result is true for arbitrary x € P(R).
Thus we have proved:

PROPOSITION 7.4. 0, =[] A_, where the product is taken over all roots of t*—1=0
except 1.

II. J-JEQUIVALENCE OF REPRESENTATIONS

In this part of the paper we define the notion of J-equivalence of representations of a
finite group G. Let I'y be the Galois group of Q(w) over Q where w is a primitive Nth root
of unity and N = |G|. If « € I'y and «(w) = w*, then for a (unitary) representation E of G,
we show aE = y*(E). For a certain class of groups which includes nilpotent groups, we may
construct an explicit map of unit spheres S(E)— S(xE) which is of degree prime to the
order of G. In the notation of the introduction, this will induce the epimorphism

v: R(G), - JG).
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§1. MAPS OF SPHERES

In this section we discuss the degree of a map of spheres and derive certain elementary
results which are well known in algebraic topology.

If S” is the n-sphere, then the nth homology group with integer coefficients H,(S") is a
free abelian group on one generator y. If ¢: S;* — S,", then ¢ induces ¢: H,(S,") = H,(S,")
and the image of the generator y, is a unique integer multiple of the generator y,. The
Brouwer degree of ¢ is defined by
(1) u(yy) =deg ¢ .7,.

It is trivial to see that the degree of the identity is 1 and that if 6: S," — S,", then
deg 0¢ = deg 6 deg ¢.

If we consider cohomology with integer coefficients and the induced map
$* 1 H'(S,"; Z) » H'(S,"; Z),

it is easily seen that ¢*(d,) = deg ¢ . 6, where §, is the canonical generator of H*(S,"; Z)
forr=1,2.

We may embed $"7! as the standard n — 1 sphere in real Euclidean space or $2"~!in
complex space C". We describe the complex case as this is of interest to us. Let E be complex
n-space and S(E) the unit sphere in E. If B(E) is the unit ball in E, B(E)/S(E) is a 2n-sphere
with basepoint, which is S(E) collapsed to a point. B(E)/S(E) is the suspension of S(E).
We have the canonical suspension isomorphism
(4) H* (S(E); Z) = H*(B(E)/S(E); Z)

Suppose S(F) is the standard 2n — 1 sphere in the complex n-space F and ¢:S(E) - S(F)
a continuous map. If ¢ € E, define (&) = || ¢(|&]7 1) for & # 0 and $(0) =0, then & in-
duces the suspension map Q¢ : B(E)/S(E) — B(F)/S(F) and using the commutative
diagram:

3 H> (S(F);Z) - H™ '(S(E); Z)
O il s 2 HBE), 5 )
we see that deg Q¢ = deg ¢.

From [6], the Chern character ch: K*(B(E), S(E)) — H*(B(E), S(E); Q) is a natural
transformation of graded rings where we only consider the mod 2 grading K* = K° @ K,
H*=H®*@®H".

If 1 is the class of the standard line bundle over $? = P,(C), then # — 1 is the canonical
generator of K(S?) and is mapped by the Chern character onto the canonical generator of
H?*(S?; Z). If x, is the basepoint of S2,

K*(st xO) = KO(SZ, xO) = k(sZ)
and H*(S?, x,; Q) = HX(S?, x,; Q) = A*(S?; Q).

By inspection, the Chern character is an isomorphism ch : K(S?) - H%(S?; Z). But the
tensor product of n copies of the generator of K(S?) is the generator of K(52") and similarly
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for cohomology. Since the Chern character is natural and preserves products, it induces the
natural isomorphism:
(4) ch:K(S* - B™M(S*"; Z).

The suspension map Q¢ : B(E)/S(E) —» B(F)/S(F) induces a commutative diagram:

K(B(F), S(F)) ——s H™B(F), S(F); Z)

(5) # #
K(B(E), S(E))——— H(B(E), S(E); 2)

If ug is the canonical generator of K(B(E), S(E)) (given by the tensor product of n
copies of # — 1 € K(S?)) then (4), (5) show ¢'(up) = deg ¢ . yz.

E is locally compact, then using K-theory with compact supports as in [19], we may
define K(E). If E™ is the one point compactification of E,

K(E) = K(E", +) = K(B(E), S(E))

and we obtain:

PROPOSITION 1.1. If ¢: S(E) — S(F) induces ¢': K(F) - K(E), then ¢'(uy) = deg ¢ . ;.

Given ¢,: S(E,) = S(F,) for r = 1, 2, we may form the topological join:
@1 0 ¢2 1 S(Ey) o S(E,) = S(Fy) ° S(Fp)

where S(E;) - S(E,) may be identified with S(E; @ E,). We describe the ‘curved topological
join’ because this allows the identification to respect the usual metric in complex space.

Denote by X = X, o--- o X, the curved topological join of spaces X, ..., X,. This
has as points formal sums )’ 7,x, where 7, >0, ) 1,> =1, x, € X, and we identify } ¢, x,
and ) 1,x, if either t, =0 or x, = x," foreach r =1, ..., n.

This space is given the most coarse topology (i.e. smallest collection of open sets) such
that t,: X — [0, 1] and x": 7,7*(0, 1] — X, are continuous forr =1, ..., n.

The usual definition of join construction is homeomorphic to the above, it is exactly
the same except that the condition ) £, = 1 is replaced by ) ¢, = 1. Using the curved join,
if S(E,) is the unit sphere in E, for r =1, 2, we may identify S(E,)  S(E,) and S(E, ® E,)
since if &, € S(E,), &, € S(E,), then t, &, + 1, &, € S(E; ® E,) where 2 + 1,2 = 1.

It is a simple exercise to show amap ¢: ¥ — X| o --- o X, is continuousif and only if ¢, ¢,
x, ¢ are continuous 7 =1, ..., n. Suppose ¥ = Y, o---o ¥, and ¢,: ¥, - X, are continuous
maps for r=1,...,n, then define ¢ =¢;c---0@,: Y> X by ¢ 1,x,) =Y 1,¢,(x,).
By our previous remark, ¢ is continuous and so the join has the usual functorial properties.

PROPOSITION 1.2. Given ¢, : S(E,)— S(F,) r =1, 2, then
deg ¢y © ¢, =deg ¢, deg ¢, .
Proof. The natural pairing K(E;) ® K(E,) — K(E; @ E,) is an isomorphism and maps
He, @ pg, ONLO U, @ g,
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Using proposition 1.1, the result follows from the commutative diagram:
K(F)® K(F3) —— K(F; @ F,)

611 ® ¢ ($1+62)!

K(E)® K(Ez) —— K(E{®E,)

§2. J-EQUIVALENCE

We will be concerned with continuous maps between the unit spheres of unitary repre-
sentations of a finite group G. Most of the results of this section are true for any finite group
and so we frame the description in this general context. By contrast the main result of §3
will only be true for those finite groups whose irreducible representations are induced up
from one dimensional representations of subgroups (these include nilpotent groups). The
algebraic theorem of Part III will only be proved for p-groups.

Let E be a unitary representation of G, then F is a complex vector space with a metric
given by a hermitian inner product, together with a homomorphism p: G — Aut E (which
preserves the metric). By the character of the representation we mean the complex class
function given by the trace of p. Two representations have the same character if and only if
they are isomorphic. Further facts about representations may be found in {13] or in [10].

If E is a unitary representation of G, then the unit sphere S(E) of the representation
space is preserved by the action of G. If F is another unitary representation, a map : S(E) —»
S(F) is said to be a G-map if it commutes with the action of G.

Given G-maps ¢,: S(E,)— S(F,) for r =1, 2, then ¢, ¢, induce ¢: S(E;, @ E,)—
S(F, @ F,) via the topological join. We may identify S(E, ® E,) with S(E,) - S(E,) and
define ¢ = ¢, o ¢, . Evidently ¢ is a G-map and from proposition 1.2, we have:

PROPOSITION 2.1. Suppose E;, E,; Fy, F, are unitary representations of G and ¢,: S(E,) -
S(F,) is a G-map of degreek,,r = 1,2, then ¢y, ¢, induce a G-map ¢: S(E, ® E,) - S(F, ® F,)
of degree kik, .

A very useful construction will be the process of inducing up a representation of a
subgroup.

PROPOSITION 2.2. Let E, F be unitary representations of the finite group H and ¢ : S(E) —
S(F) an H-map of degree k. If H < G with canonical monomorphism i: H— G, [G: H] = m,
then ¢ induces a G-map iy ¢: S(iy E) — S(iy F) of the spheres of the induced representations
of G, which is of degree k™.

Proof. The induced representation space i, E may be considered to be the complex
vector space generated by the symbols (g, v) g€ G, v € E subject only to the relations:

(l) (g’ j’1171 + 12 UZ) = 21(9’ Ul) + }'Z(g! vZ) g € G, A’r € C’ Ur € E, r= la 2

(i) (gh,v)=(g,hv) ge€G,heH veE.

The action of g’ € G on iy E is defined by ¢g'(g, v) =(g' g, v).
Let H, =H, H,, ..., H, be the left cosets of H in G, then as a vector space
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iy E=E @®---®E, where E, ={(g9,v)|ge H,, ve E}. S(i, E) may be considered as
S(E,) o --- o S(E,) and given ¢: S(E) — S(F), define i, ¢: S(iy E) — S(i, F) by

129 3,10, 10) = 3 1.0,. 60)) where g, € H,. 0, 5(5)

A trivial calculation shows i, ¢ commutes with G-action and using deg(¢, o ¢,) =
deg ¢, deg ¢, , we have deg(iy ¢) = (deg $)™

PROPOSITION 2.3. Let E, F be unitary representations of G and ¢: S(E)— S(F) be a
G-map of degree k. If a: G' — G, then o induces a G'-map o* ¢: S(a*E) —» S(a*F) of degree
k.

Proof. Trivial.

We now have the necessary information to deal with the notion of J-equivalence. We
would like to say two unitary representations E, F are J-equivalent if there exists a continuous
G-map ¢: S(E) - S(F) of degree prime to the order of G. At the moment this is unsuitable
because we have no reason to suppose that this relation will be symmetric. That it will be
symmetric for p-groups of odd order will become apparent in Part IV; until then we give
the following definition:

Definition 2.4. Two unitary representations E, F of a finite group G are said to be
J-equivalent if there are G-maps ¢: S(E) — S(F), 8: S(F) —» S(E) each of degree prime to
the order of G.

If E, F are J-equivalent, write £ ~ F.
PROPOSITION 2.5.

(1) J-equivalence is an equivalence relation.

(2) isomorphic representations are J-equivalent.

(3) J-equivalence is additive, i.e. E; ~ F{,E, ~F,=E ®@FE,~F,®F,.

(4) if it H—> G is a monomorphism, E and F are unitary representations of H
and ¢: S(E) - S(F), 0: S(F)—> S(E) are H-maps of degree prime to the order of G, then
iy E ~iy F. In particular, if G is a p-group and H a subgroup of G (H # 1), then

E~F=i,E~i,F.

(5) if a: G'—G, E and F are unitary representations of G and ¢: S(E)— S(F),
0: S(F)—> S(E) are G-maps of degree prime to the order of G', then o*E ~ o*F. In par-
ticular, if G, G’ are p-groups, E ~ F=o*F ~ o*F.
Proof. (1), (2) are trivial.
(3), (4), (5) are results of propositions 2.1, 2.2, 2.3 respectively.

§3. CONJUGACY

Let G be a finite group of order N and let I'y be the Galois group of Q(w) over Q
where w is a primitive Nth root of unity. The character of a complex representation of G is
a function from G to the complex numbers (it is a class function), and it is well known
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that the values of the character lie in Q(w), and so we may operate on a character by an
element of I'y . If E, F are complex representations of G, define E, F to be conjugate if their
characters are conjugate by an element of I'y.

A representation p: G — Aut E may be realised over Q(w) (i.e. a basis may be chosen
for E such that the matrix p(g) has scalar entries in Q(w) for each g € G). A proof may be
found, for example, in [10] theorems 41.1 and 70.3. If p is so realised, we may apply « € I'y
to p and obtain another matrix representation «p. Since a complex representation is
determined up to isomorphism by its character, it is easy to see that p’ = ap if and only if
trace p’ = u (trace p).

The notion of conjugacy of representations is evidently an equivalence relation. It is
not additive since we may have E, =a, F, r =1, 2 where a, # a,, so that E; @ E, need not
be conjugate to F; @ F,.

We recall that the complex representation ring R(G) is the free abelian group generated
by the isomorphism classes of irreducible complex (or unitary) representations of G. If
¢, ..., &, are the classes of irreducible representations of G, every element of R(G) is
uniquely of the form ) n, ¢, where n, € Z. The representations of G are given by n, >0,
r=1,...,m.

R(G) is isomorphic to the character ring of G. This is the subring of class functions from
the set of conjugacy classes of G tothe complex numbers generated by the complex characters.
R(G) is a special A-ring (see 1.1.5) and in particular the Adams operators are defined on
R(G). If ¢, is one dimensional Y*(&,) = &,*. We may also operate on R(G) by elements of I'y,
since the elements of R(G) may be considered as difference characters.

ProrosiTiON 3.1. If y is a complex (difference) character, then so is Y'(y) and
W 0Xg) = x(g). If « € Ty and a(w) = «&* (where k is prime to the order of the group) then
oy =¥ ().

Proof. 1t is sufficient to consider y as the character of a matrix representation p.
Restricting to the cyclic group C generated by g, p(g) is equivalent to a diagonal matrix
diag(wy, ..., w,) where o, is a gth root of unity and g is the order of g. Then x(g) =) ;
and ¥'(x)(g) = ). o/ = x(¢"). Evidently if a(w) = o, [ax1(g) = 2(¢") = [¥*(0](9)-

COROLLARY 3.2. The Adams operators are periodic of period dividing the order of the
group i.e. YNt =" where N = |G|. In particular if e: R(G) — Z is the augmentation induced
by the dimension of the representations, then Yy~ =s.

It is trivial Galois theory that the elements of R(G) invariant under I'y consist precisely
of those (virtual) representations with rational characters. (It is also well known [10], that a
complex representation E with rational character need not be a rational representation, but
that m(E) . E is rational where the integer m(E) is the Schur index). This gives a complete
description of the subring of invariants R(G)'™.

This paper may be considered as an attempt to give a topological description of the
quotient ring of coinvariants R(G)r, = R(G)/W(G) where W(G) is the subgroup of R(G)
generated by elements {x — ax}, x € R(G), x e ['y.
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Algebraically R(G)r,, is easily described. If the representation E is irreducible, then
trivially so is the conjugate representation «E for o« € I'y. Let us order the classes of irre-
ducible representations &, ..., &, ..., &, such that no two of &, ..., &, are conjugate and
yet their conjugates exhaust &, ..., &,,. Then W(G) is generated by elements of the form
{& —a;} where | <i<s,aeTly and we have:

PROPOSITION 3.3. R(G)y,, is the free abelian group on the generators
{&E+ WG}, 1=<i<s.

§4. J(G) AND THE EPIMORPHISM v : R(G)r, — J(G)

Let G be any finite group, let 7(G) < R(G) be the additive subgroup generated by ele-
ments [E] — [F] where E, F are J-equivalent unitary representations and [E] denotes the
isomorphism class of E. Define J(G) = R(G)/T(G).

Remark. At this stage there is no reason to suppose that [E] — [F] e T(G) implies
E and F are J-equivalent, since [E] — [F] =[E® C] — [F@® C]. There may exist suitable
maps ¢ :S(E@C)->S(FPC) and 8: S(F® C) - S(E @ C) which are not of the form
¢ =¢1°¢,,0=0,00,, since ¢ and 0 are only asked to be continuous G-maps, they are
not expected to be linear. It will be a result of the main theorem for p-groups (p # 2) proved
in this paper that [E] — [F] € T(G) = E, F are J-equivalent.

In order that an epimorphism v: R(G)r, — J(G) be defined, it is sufficient to show
that W(G) < T(G). (Recall that W(G) is the subgroup of R(G) generated by elements
{x —ax}, x € R(G), e T'y).

Since J-equivalence is additive (2.5(3)), it is sufficient to show that E is J-equivalent to
aE where E is irreducible.

LemMA 4.1. If F is a one dimensional unitary representation of a finite-group G and
a €'y, then F is J-equivalent to oF.

Proof. Suppose a(w) = w* (where k is prime to N = |G|). Since F is one dimensional, we
may choose a complex co-ordinate z for the representation space so that S(F) is given by the
set of complex numbers of unit modulus. If y is the character of F, then the action of g€ G
on F'may be written as z— x (g) . z = {z where { is an Nth root of unity. We may also consider
aF to have the same underlying space with the action of g € G on aF given by z+—>ay(g) . z =
{*z. Define ¢: S(F) - S(aF) by ¢(z) = 2*; it is a G-map of degree k. A map 0: S(«F) —
S(F) may be defined in a similar manner.

In [10] an M-group is defined to be a finite group G such that every irreducible repre-

sentation of G is induced from a one dimensional representation of some subgroup. In
particular, by [10] theorem 52.1, a nilpotent group is an M-group.

ProposiTION 4.2. If E is an irreducible unitary representation of an M-group G and
a €X'y, then E is J-equivalent to oE.

Proof. There is a subgroup A < G and a one dimensional representation F of H such
that i, F = E (where i : H — G is the canonical injection). The Galois group I'y acts also on
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R(H) and its action commutes with induction, i.e. iy(aF) = a(iy F) = oF. By lemma 4.1, F
and oF are J-equivalent so we can choose maps ¢: S(F)— S(aF), 0: S(aF)— S(F) of
degree prime to the order of G. Then by proposition 2.5(4), i, F and i, oF are J-equivalent.

Since J-equivalence is additive (2.5(3)), we may use proposition 4.2 to construct explicit
J-equivalences between conjugate representations of M-groups. So we see that W(G) < T(G)
and we may define v: R(G)p, = J(G) by v(x + W(G)) =x + T(G) for x € R(G). v is ob-
viously an epimorphism.

Let ¢: R(G) — Z be the augmentation induced by the dimension of a representation
and let I(G) = ker ¢, then R(G) = Z ® I(G) as abelian groups.

If E and F are J-equivalent, then there is a map S(E) — S(F) of degree prime to the
order of the group, and for the degree to be defined, the dimensions of E and F must be
equal. This shows 7(G) < I(G).

Define J(G) = I(G)/T(G)
then J(G) = Z ® J(G) as abelian groups.
It is also easy to see that W(G) < I(G) and that, in the usual notation,
G)r,, = IG)/W(G)
and R(G)r, =Z @ I(G)r,,
This implies:

PROPOSITION 4.3. If G is an M-group (in particular if G is a p-group), there is a canonical
epimorphism v: R(G)r, — J(G) and this induces an epimorphism ¥: I(G)r, — J(G).

III. THE ALGEBRAIC THEOREM

The notion of a p-adic y-ring is defined here. It is made sufficiently general so that it
includes Z, ® I(G) where I(G) is the augmentation ideal for a p-group G and also Z, ® R(x)
for a finite, connected CW complex X. The algebraic theorem is given in terms of a p-adic
y-ring and so includes both cases.

§1 is devoted to properties of I(G) for later use. In §2 a p-adic y-ring is defined. The
Adams operations {)*}, when acting on a p-adic y-ring are shown to be continuous in the
integer k (for the p-adic topology), and so induce operations {y)*} where o« may be any
p-adic integer. If I' is the multiplicative group of units in the p-adic integers, o € I' acts via
the operation y/*.

In §3 we introduce the operation p, for a p-adic y-ring 4, as a homomorphism from the
additive group of A to the multiplicative group 1 + 4. If p # 2, T has a dense cyclic sub-
group generated by &, where (4, p) = 1, k! 2 1 mod p?, and 4 mod p is a generator of the
multiplicative group of the field Z/pZ. In §4 we prove the main algebraic theorem of the
paper, that p, induces an isomorphism on invariants and coinvariants A7 = (1 + A)T,
Ap 2 (1 + A);. The case p = 2 is discussed, and by introducing the notion of orientability
for a p-adic y-ring, a corresponding theorem can be proved in this case.
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Both theorems use an induction argument. The corresponding part of Adams work [2]
utilises a filtration on K(X) given topologically by using the skeletons of X. Here the induc-
tion uses a natural algebraic filtration, 4 = 4(1) > 4(2) > - -+, given in terms of the y-opera-
tions.

Another point of note is that in [2], the result is found by using the properties of Ber-
poulli numbers, here they are avoided.

—
The algebraic theorem holds good for /(G) = Z, ® I(G) where G is a p-group (p # 2).

s
The group T acts on X(G) via the finite quotient group I'y where N = p° = |G| and so the
TN P
theorem implies p,, : [(G)r,, — (1 + KG))r,, is an isomorphism.
In §5 we discuss the connection between the natural exponential map 6, of I.§7 and
P

§1. THE TOPOLOGY OF I(G)

We recall that I(G) is a free abelian group on the generators &, — &(&,), ..., & — &(Em)
where &, =1, ¢&,, ..., &, are the isomorphism classes of irreducible representations of G.
I(G) may be given a topology in three ways, with neighbourhoods of zero being given by:

() 16 > pl(G) o -+ o p"I(G) o - - - p-adic topology

Q) KG) > KG)? > o2 IG)" > ---KG)-adic topology

3) K6 =IG), o (G); =+ > KG), = ---y-topology (1.4(11))

PROPOSITION 1.1. For a p-group G, the topologies (1), (2), (3) are equivalent.

Proof. It is shown in [3] corollary 12.3 that the topologies (2) and (3) coincide. (It is an
easy exercise to show this result is true replacing (G) by any y-ring I which has a finite
number of generators, each of finite y-dimension). We now show (1),(2) determine the same
topology. From [3] proposition 6.13, |G| . (G)" < I(G)"** for any finite group, and so if
|G| = p*, p°l(G)" = KG)**. It remains to show a power of I(G) lies in pK(G). It is sufficient to
show for a representation &, that (& — &(¢))™ € pI(G), for some m. Take m = p® = |G|, then

(€ ~ &) = &7 — &()"" mod pR(G).

Since &P = yP°(¢) mod pR(G) (L1.5.2)
and YP(£) = e(§) (11.3.2)
We have (¢ — &) = &(§) — &(§)”° mod pR(G)

= 0 mod pR(G).

Since (¢ — &(£))*° € I(G), it lies in pI(G) and this completes the proof.

§2. p-ADIC y-RINGS

We recall some facts about the completion of an abelian group. If H> H; >+ >
H, > ---is a filtration of subgroups on an abelian group H, the filtration topology on H
is given by fundamental neighbourhoods of zero {H,},,,. It is Hausdorff if and only if
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NH, =0. The completion of H in the filtration topology is A = lim H/H, . If the topology is
Hausdorff, the canonical map H — A is a monomorphism and we may identify H as a
dense subset of A. In this case H is complete if, and only if, H = H, or alternatively if, and
only if, every Cauchy sequence converges to a limit.

The filtration {p"H},., gives rise to the p-adic topology. Let Z, = lim Z/p"Z (the
p-adic integers) then the p-adic completion A is a Z,module. If B is a finitely generated
abelian group, the completion of B is a finitely generated Z,-module, B =Z,® B. The
quotients {B/p"B} are finite and so compact in the discrete (p-adic!) topology. Thus for
finitely generated abelian groups, p-adic completion is an exact functor, since inverse limit
is exact for compact groups [11]. The p-adic completion of a finitely generated abelian group
is compact in the p-adic topology. It is to be remembered that subgroups and quotient
groups of finitely generated abelian groups are finitely generated. This implies that B/C =
(B/C)" , if C is a subgroup of B.

We may give Z, a special 4-ring structure by A,(«) = (1 + )* Since the positive integers
Z ™ are dense in Z,,, if € Z,, there is a sequence {«,} in Z* which converges to a. It is
easily seen that (%) - (%) and so A"(«) = lim A"(«,). If Ris a special A-ring, then so is Z,®R
by 1.6.2. The A-structure on Z, ® R may be described in terms of that on R. Since
Ma, x) = P(AN(a,), - - -, A4(0,); AN(x), ..., A4(x)), where P, is a polynomial of weight & in
the A'(a,) = (r™), r = 1, ..., k, we see that lim 2*(, x) = A*(lim o, x) = A*(ax). Thus 1 (ax) =
lim A2, x) = im[A,(x)*] = A(x)* for a € Z,. Also lim y*(a, x) = y*(ex) and y(ax) = p,(x)
Trivially y*(ax) = af*(x).

If B is a special y-ring, then, by definition, there is a special augmented A-ring R such
that B = ker ¢ where ¢ is the augmentation. Tensoring the exact sequence0 > B—-> R—>Z -0
with Z,, then 0-Z,® B~ Z,® R—Z,—0 is exact since Tor,(Z,, Z) =0. Evidently
Z,® B is a A-ideal and is thus a special y-ring.

Definition 2.1. If A is a y-ring, it is said to be a p-adic y-ring if it is the completion of
some y-ring B, A =Z, ® B where
(1) B is finitely generated as an abelian group.
(2) the y-topology on B is finer than the p-adic topology.

P
Examples. (1) I(G) for a p-group G (proposition 1.1)

2 z, ® K(X) for a finite, connected, CW complex X.
In this case, note that K(X), = 0 for large n and so the y-topology is discrete.

(3) pZ, where Y*(x) = {g llff: ;]IJ,k k=1

This example is vital in the proof of the main algebraic theorem. We may calculate the
{A*} using 1.5(1) which gives

d
Vi(x) = —t = [log A_(x)].
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d Q0 o0
Hence —t % [log A_(x)] = [Z =3 t""] x
1 1

d td
= { — —l —_ _.__1 1 —¢F
[ tdt og(1 t)+pdt og( t)]x

(1-9F
and so A_(p)= -
. 1+
Le. 'Ir(p) = m.
This gives

74P) = Aya-n(p) = [(1 = 1)P — (=1)P]7*
and so Y(—p) = —1)" = (—1)".

To see pZ, is a p-adic y-ring with this structure, we observe that a A-ring with no torsion
1s special if and only if the {*} are ring homomorphisms such that y* = y*y". These
conditions are obviously satisfied in this case. Alternatively, pZ, = Z, ® pZ and it may be
verified that the A-structure is special from the following alternative description:

Let C be the cyclic group of order p with generator g; let y be an irreducible character
such that x(g) is a primitive pth root of unity. The invariant subgroup of I(C) under the
action of the Galois group I',is generated by u = 1 + x + <+ + x*~! — p. The map

0: (C)'» — pZ

defined by evaluation on the generator g is an isomorphism which gives the required y-ring
structure on pZ.

Since y/(—p) =(1 = )" — (1), either y'(—p) =0 or p|y'(—p), but y*~!(~p) =
(—1)?"!p and so the lowest power of p attainable in B, is in [y?~!(—p)]™ where

m—NDp-1)<n<mp-1).

6. Bum-1yp-1)+1 = Bum-1)w-1)+2 =" * = Bmp—1y) =P"Z. The y-topology and p-adic
topology coincide and B, = B,., unless n = 0 mod(p — 1), in which case B,/B,,, is the
cyclic group of order p.

(4) Z, ® F where Fis finitely generated abelian group written additively, the product of
two elements is defined to be zero and 2*(x) = (—1)*"'k"~!x for some fixed integer n. It is an
interesting calculation to show y,(x) =1 + xf,(¢t) where f,(¢) satisfies the recurrence rela-
tions fi(¢) = ¢, f+(t) =t(1 — ) f,'(t) and so y"(x) =0, m > n and the y-topology is dis-
crete. Since the operations {1*}, {*} are given by multiplication by constants, this is called a
scalar y-ring. A topological instance is given by F = K(S2").

We have already remarked that the Adams operations are p-adically continuous on 4.
If we temporarily write y*(a) = y(k,a)forke Z*,aec A, then y: Z* x B — Bis p-adically
continuous (1.5.6). But Z* is dense in Z,, B is dense in 4 and A is complete, so by con-
tinuity, i extends to a continuous map ¥ : Z, x 4 — 4. Thus we have:

LemMA 2.2. The domain of the Adams operations {y*} in the variable k extends by
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continuity, to give continuous operations Y*: A — A (x € Z,) on a p-adic y-ring A. If Be Z,,
YrpP =y,
Let I be the group of units of Z,,, then if a € I, a acts on 4 via the operation y*. By lemma

2.2, this defines a (p-adically) continuous I'-action on 4 and makes A into a compact topo-
logical I'-module.

Of course it may happen that the Adams operators are actually periodic on B, i.e.
Y? ** = y* for some integer e, as is the case on I(G) where G is a p-group of order p®. In
this case I acts on both B and Z, ® B through the finite quotient I',.. (It is easily seen that
[ =lim I',. where I',, is the Galois group of Q(®) over Q and w is a primitive mth root of

unity). Since B is finitely generated, tensoring with Z,, is exact, and so commutes with the
formation of invariants and coinvariants. So we have:

PROPOSITION 2.3. If B is as in definition 2.1 and the Adams operators {{*} are periodic
in k of period p°, then T acts on B and B=27 » ® B via the quotient group T .. Furthermore
(B)r = (BT)A > (B)r =(Bp)".

If B satisfies the requirements of proposition 2.3, we may simplify the notation for invar-
jants by writing BT, and for coinvariants by writing Br. In the case of B = I(G) for a p-group
G, we have:

COROLLARY 2.4, For a p-group G of order N = p®,
P S
I(G)r = KG)r,,, (G)r = KG)ry -

Suppose 4 is a p-adic y-ring and 4 = B =2Z,® B as usual. Define A(n)" =(B,)" =
Z,® B,, the closure of the nth ideal in the y-filtration on B. Since lim y*(a, x) = y*(ax) where
{a,} is a sequence of integers with limit « € Z,,, we see 4, < A(n). Evidently (4,)" = A(n),
but since A, need not be closed in the p-adic topology, we do not necessarily have 4, = 4(n).
From the definition of a p-adic y-ring, the filtration topology {4(rn)},, is finer than the
p-adic topology on A. Since 4 is complete in the p-adic topology, a fortiori it is complete
(Hausdorff) in the {A(n)} topology and so A = lim A/A(n). In this discussion, we have
proved:

PROPOSITION 2.5. If A is a p-adic y ring and A(n) = (A,)", the filtration topology {A(n)},
is finer than the p-adic topology on A. Also A = lim A/A(n).
Note. With two possible topologies available, if we refer to a topology without quali-

fication, we mean the p-adic topology. Likewise, a continuous map will mean p-adically
continuous.

Next we observe that
A(n)/A(n + 1) = (Bn)A/(Bn+1)A = (Bn/Bn+1)A = Zp ® (Bn/Bn+1)

Thus A(n)/A(n + 1) is a p-adic y-ring with the structure of Example (4) above (this
follows from 1.5.5). The A-operations acting on B,/B, +, are given by A°(x) = (—1)* 'k 'x.
Since A(ax) = lim A*(a, x) where {a,} is a sequence of integers with limit « € Z,,, 4* acts by
the same formula on A(n)/A(n + 1). Thus we have:
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PROPOSITION 2.6. A(n)/A(n + 1) is a scalar p-adic y-ring.
(@) @) =(=1D)*"k"tafor ac A(n)/A(n + 1)

(i) y*(a) = c(k, n)a where c(k, n) € Z depends only on k, n.

(ii)) Y*a) = k"a.

(iv) the T-action is defined by Yy*(a) = o"a for a € T.

§3. THE OPERATION p;

If 4 is a p-adic y-ring, a series Y, 4,, with a, € A(r), converges in the p-adic topology
since it converges in the filtration topology {4(n)},., which is finer. This shows that the set
1 + 4 is a multiplicative group. It is a compact, topological group, with fundamental
neighbourhoods of 1 given by {1 + p"4}, ., or equivalently {1 + p"4 + A(n)},. y, since the
filtration {A(n)} is finer than {p"4}.

Let ae 4, a € Z,, then define y,(a) =1+ Y o'y"(a) € 1 + A. For fixed «, y, is a homo-
morphism from the additive group of 4 to the multiplicative group 1 + 4. It is evident that
¥, is p-adically continuous using the alternative system of neighbourhoods on 1 + 4 (given
any N, choose # such that y*(p"4) c p¥4 for k =1,..., N — 1, then y,(p"4) = 1 + p"4 +
A(N)).

More generally, if o € S where S is any finitely generated Z,-algebra, then y (@) e 1 +
S®z,4.In particular, let (k, p) = 1 and let § = Z,[¢]/®,(¢) where &, is the kth cyclotomic
polynomial, then § = Z,[{], where ( is (in the algebraic closure of Q,) a primitive root of
t¥ — 1 =0. Note that ¢, is irreducible over @,, since (k, p) = 1: this follows by showing &,
is irreducible over Z/pZ and a fortiori, irreducible over Q,. If we consider the product
[T(1 — ) over all roots {u} of " —1 =0 except 1, we find [[(1 — ) = k. This shows
" - - Z,[] and 50 1,01, @ € L+ Z,[{]1® 5, 4.

Define p(a@) = [] Yuju—1,(@) where the product is taken over all roots of t*~1=0
except 1. .

Since Z,[(] is a free Z,-module containing Z, as a direct summand, we may consider
A=Z,® 2,4 as a direct summand of Z,[{]1® z,A. We demonstrate that p (@) e 1 + A.

If y(a) =1 + at, then

1- +1 L 1t
pk(a)"——'l_[(l+utff1)=n(n(lu£au) ))=k—- (1+(a+1)+"'+(ﬂ+1)k )'

If V is the free y-ring on the generator ¢, (I1§4), then, using a limiting argument,
pi(oy) € 1 + V; hence by the universal property of V(1.4.4), for arbitrarya e 4, p(a) e 1 + 4.

ProPOSITION 3.1. If A is a p-adic y-ring, it is an additive compact topological T-module,
1 + A is a multiplicative compact topological I'-module, and

pi: A— 1+ A is a (p-adically) continuous T'-module homomorphism.

Proof. In §2 we have already seen that A4 is a compact topological I'-module. For the
same reasons, so is 1 + 4. Since p(p"a) = [p (@)1, pi is p-adically continuous. Since y*
commutes with the y-operations, it follows that p, is a [-module homomorphism.
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§4. THE MAIN ALGEBRAIC THEOREM

For most of this section we insist p # 2. If p is odd, the group of units of Z, is mono-
genic (contains a dense cyclic subgroup), whereas the group of units of Z, is not. Specifically
for p # 2, T is topologically generated by the integer £ where (h, p) =1, #*~! % 1 mod p?
and A mod p is a generator of the multiplicative group of the field Z/pZ; for p = 2, T is the
direct product of the monogenic group with generator 3 and the group {+ 1}. In the proof of
theorem 4.1, we will use the fact that I is monogenic and so we must omit p =2, A refine-
ment which includes p = 2 will be considered in theorem 4.5.

Until then we assume p # 2, so I is monogenic, with generator #, and n acts on a p-adic
y-ring via the Adams operation y", where 4 is the integer defined above. The action of I on
any topological I'-module M is uniquely defined by the action of #, since the powers of 1 are
dense in I'. The map (1 — #) defined by (1 — n)x = x — x is a continuous homomorphism.
If M is Hausdorff, ker(1 — n) is closed and ker(l — ) = M T, the invariant submodule.
Moreover if M is compact, the image of (1 — 1) is compact and hence closed. But im(1 ~ )
contains all elements of the form (1 — #")x and so contains the closure of such elements.
Since the powers of n are dense in I', we see im(1 — 5) = (1 — I')M and so coker(l — ) =
M¢, the coinvariant quotient module. We note that if 4 is a p-adic y-ring, in particular it is
compact and so the above remarks apply.

Any continuous homomorphism f: M, — M, of topological I'-modules induces homo-
morphism f7 and fi- on invariants and coinvariants,

THEOREM 4.1. For any p-adic y-ring A wherep # 2, p,: A - 1 + A induces isomorphisms
(p)" and (p,)r where h is a generator of T.

This is the main algebraic theorem and the proof will proceed using induction on the
filtration {A(n)}, 1.

LEmMMA 4.2. If 0> X > Z — Y > 0 is an exact sequence of p-adic y-rings and theorem
4.1 is true for X, Y, then it is true for Z.

Proof. If M is a compact topological I' module, then MT and M. are the homology
groups of the complex 0 — M L= M — 0. In particular this is true if M is a p-adic y-ring.
The short exact sequence 0 - X — Z —» Y — 0 gives rise to the exact homology sequence
0-XT'»Z'> YTl Xy > Zp— Y = 0. (ker-coker sequence). p, induces a homomor-
phism of such sequences:

0‘—_’ Xr Zr Yr Xr Zr ’ Yr _‘—’0

0—-(1+X)N -0 +2) -0+ S0+ X)—>1+2)—>1+Y)—0
Two applications of the Five Lemma give the required result.
Proof of Theorem 4.1. For each n = 1, we have an exact sequence:

0 — A(m)/A(n + 1) > AJA(n + 1) - A/ A(n) 0.
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Since A = lim A/A(n) (proposition 2.5), by induction on n we need only prove two facts:
(i) the theorem holds for A(n)/A(n + 1), n = 1 (recall 4 = A(1))
(if) lim commutes with T and  on {4/4(n)} and on {(1 + 4)/(1 + A(n))}
Now (ii) is certainly true because lim is an exact functor for compact groups ([11] chapter
VIII 5.6), and the groups concerned are compact by propositions 2.6 and 3.1.

It remains to prove (i). We recall the structure of 4(n)/A(n + 1) given in proposition
2.6. Since Y"(a) = B"a for a e A(n)/A(n + 1), then (1 — n)a = (1 — Aa. If n £ 0 mod(p — 1),
then p ¥ 1 — A", implying 1 — A" has an inverse in Z,. So 1 — # is an isomorphism and the
invariants and coinvariants are zero. In this case the theorem is trivially true.

We need therefore only consider # = 0 mod(p — 1). We will in fact show p,, is itself an
isomorphism in this case (and so induces isomorphisms on invariants and coinvariants.)
Since y*(x) = c(k, n)x where c(k, n) € Z, p,(x) = 1 + d(h, n)x where d(h, n) € Z,and depends
only on A, n. Now multiplication by d(h, n) on A(n)/A(n + 1) is an isomorphism if, and only
if, p 4 d(h, n). We need not compute d(#, #) directly, we need only demonstrate the existence
of a p-adic y-ring, such that A(n)/A(n + 1) # 0 for n = 0 mod(p — 1), and such that p, is an
isomorphism on A(n)/A(n + 1), n = 0 mod(p — 1). The most economical example of such a
ring is given in example 3 of §2.

identity (k, p) =1

A =pZ, where y(—p) = (1 — 1) — (1), §* = { 0 plk.

In this case A(r(p — 1) =pZ,, A(r(p—1)+1)=p""'Z, and so Am)/A(n+1)=0 if
nZ0mod(p — 1) and A(n)/A(n + 1) is the cyclic group of order p if # =0 mod(p — 1).
If n = r(p — 1), a generator for A(n)/A(n + 1) is the image of p.

p p
p(=p) =T] [(1 — uz l) — (1 Z u) ] where the product is taken over all roots of

t" — 1 =0 except 1, and so

Ma—wy Wt 1
3 Sk NS ‘p.
P(p) [IG=w) + ’ p
Wt -1
If m =———, then m is an integer prime to p since A~ % 1 mod p*. For p # 2, by
P

induction on r, we have (1 +mp)? "' =1+ mp modp™*!, thus p,(p") =p(p)" "=
1 4+ mp"mod p"*! and so in the y-ring A(n)/A(n + 1) where n =0 mod(p — 1), we have
pi(@) =1 + ma. Since (m, p) =1 and A(n)/A(n + 1) is the cyclic group of order p, p,, is an
isomorphism.

Thus A4 is the required example to complete the theorem.
T s

COROLLARY 4.3. (py)r: I(G)r— (1 + KG))r is an isomorphism for a p-group G of odd
order.

Further insight into the structure of p-adic y-rings and into the proof of Theorem 4.1 is
obtained by recalling that the group I" of p-adic units decomposes naturally as a direct pro-
duct

T = U x (Z/pZ)*.
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Here U is the subgroup of I consisting of elements congruent to 1 mod p, and (Z/pZ)* is the
multiplicative group of the finite field Z/pZ. To get this decomposition we have to split the
exact sequence
1> U->T->(Z/pZ)* -1,
that is we have to lift from Z/pZ to Z, the roots of the equation
X 1-1=0
This lifting is possible by Hensel’s Lemma.

Let I’y be the subgroup of I' obtained in this way: it is isomorphic to (Z/pZ)* and hence
cyclic of order p — 1. Now if C is cyclic of order p — 1 generated by T, the group algebra
Z,[C] has the elements

T —of

j#iot—aof

pi= i=0,1,...,p—-2
where a generates I'y, as a maximal set of orthogonal idempotents. Hence any Z,[C]-
module M has a canonical decomposition

M = ®Mi Mi = pi M

so that, on M;, T acts as multiplication by o. Applying this with M = A (p-adic y-ring) and
C =T, we see that we have a direct sum decomposition

A=@®A;
where 4, is the sub Z -module of A on which y* acts as multiplication by «': in particular
A, is acted on trivially by I'y . Since I'y acts on 4 by ring automorphisms it follows that
A;A; c A, ;. Since Ucommutes with I'; each 4, is stable under U. Thus 4 has the structure
of a graded U-ring (graded by Z/(p — 1)Z). This grading of A is related in quite a simple
way to its y-filtration {A4(n)}. If we put 4,(n) = 4; N A(n) for the induced filtration on 4, then
(2.6) (iii) shows that

AW =Amn+ D ifn#imod(p—1).

Thus the filtration of 4; goes in jumps of (p — 1).

When we come to consider the invariants and coinvariants of I' the above decomposi-
tion of A clearly implies

AT = A4, Ar=(4y)y

Thus Theorem (4.1) is true for 4 if and only if it is true for 4, . On the other hand our proof
of (4.1) in fact gives the stronger resuit:

PROPOSITION 4.4. For the p-adic y-ring A, (p # 2) the homomorphism p,: Ay — 1 + A,
is an isomorphism.

The case p = 2. If the action of T is such that the elements 1, —1 € I have the same ac-
tion, then I" acts via the quotient group I'" = I'/{ £ 1}. Since I'"” is monogenic for p = 2, (with
generator the image of 3) it might be hoped that in this case the proof would go through for a
2-adic y-ring. These hopes are shown to be ill-founded by considering the example at the end
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of the proof of theorem 4.1 for p = 2. In this case, Y ~' = identity and so I" acts via the

quotient group I'". We see that p,(2) = k, so we must choose k = 3 mod 4 to ensure p, is an

isomorphism on A(1)/4(2). But in this case py(4) = k> = 1 mod 8 and p, is not an isomor-
phism on A4(2)/A(3).

More subtle refinements will be needed for the prime 2, which correspond to consider-
ing real K-theory instead of complex K-theory. We give a brief outline of this situation. If 4
is any y-ring, A4 is said to be oriented if y,(a) =y, - (a) for all a e 4. (Suppose, when we
adjoin a unit to A in the standard way to give a special augmented A-ring R, that R is finite
dimensional. Then, in this case, A4 is oriented if, and only if, every finite-dimensional element
x € R satisfies A"(x) =A"""(x) where dim x =n.) Equating coefficients in ) y"(a)t" =
Y. v (@)1 — t), we find
1 1=1+3Yy ie p'==3Y9y and A1) =A(2)

r=1 rz2

@ y==Xn

r>1

and in general,
3) Y =(=DY + (=1D"*(k + 1)y*** + higher terms in the y-filtration.

From (3), we find A(2n — 1) = A(2n) for n > 1.
[Notice the significant difference between this and the filtration of the real case in [2]. There
the filtration F;, o F, > +-+ > F, > --- satisfies F, = F,,, for n=3, 5, 6, 7mod 8.]

We shall now require the ‘completion’ of the verification principle for those y-rings
which are complete in the y-topology. In this case, a natural operation is a power series in
the {y"}, and an identity holds if, and only if, it holds operating on a sum of elements of
y-dimension one. (c.f. 1.4.5). If a = x; + *-- + x, is a sum of elements of y-dimension one,

Z r,yr(a)tr—l
—ﬁm= ——d—logy,(a) == Z
r=1
-2 (@)
1+ y(a)

because —1eZ,].

1+xt

Put ¢=1, then =Y {1 +x)"'=1} =y x) =y (a). [Y ™" is defined

From the identities (1), (2),  ~! = identity, when acting on an orientable p-adic y-ring.
Thus the I'-action on an orientable p-adic y-ring factors through the quotient I" =T'/{+ 1},
which is monogenic for all primes, including 2.

For p # 2, define oy(@) = p(1a) = (p(a))"/* (2 has an inverse in Z,),
For p = 2, define 6,(a) = y;¢~1)(@) where {* + { + 1 =0.
If A is an orientable 2-adic y-ring, we have

73(a) = V- 1(@) = Y -z~ 11-9(@) = V11 -0(@) = Vyg-1)(@)

where { =1/{ = —1 — { is the conjugate of { under the Galois group of Q,({) over Q,.
From this it follows that g;(a) € 1 + A: in fact if
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oy@)=14+a+p{ a fecd,
then l+a+pfl=14+a+p(-1-0
and so B+28L=0
which implies § =0 and hence o5(a@) e | + 4.
We can now prove:

THEOREM 4.5. If A is an orientable p-adic y-ring, ¢,: A — 1 + A induces isomorphisms
(60" and (6,)r on invariants and coinvariants where p is any prime and h is a generator of
I'=TI/{+1}.

The proof is by the same technique as in theorem 4.1. The only significant difference is
the calculation at the end. The example of a p-adic y-ring is 2pZ,, where

1(=2p) = [(1 - 1)" = (=1)"1%
Evidently this y-ring is orientable.

For p #2, 0,(2p) = h*~*. Muiltiplication by 2 is an isomorphism; since p, is an iso-
morphism, so is g,,.

(R S

We need only show ¢35 is an isomorphism, on 4(2n + 1)/ A(2n) since A2n — 1) = A(2n) for
any orientable y-ring. But if A =4Z,, A2n — 1) = A(2n) = 4"Z, . By induction on r,

1=49H*""=14+4mod 4", r>2,
giving oi(4) =1-4,
0;4)=1+4"mod 4%, r>2,

and so o5 is an isomorphism on A(2n + 1)/A(2n).

§5. THE CONNECTION BETWEEN 6, AND p,

Recall that 6, and p, are defined by:
(1) 6,(x) = []A-u(x) for finite dimensional x in a special A-ring R.
@ @) = [[wa-1@ for ae 4 (p-adic y-ring)
where in both cases the product is taken over all roots of t* — 1 = 0 except 1.

Since 4, = 741 +5 (1.4.(2)), in some suitable formal setting 6, and p, will agree. In this
section, we describe the required situation.

Let R be an augmented special A-ring augmented by &: R — Z, where B = ker ¢. We
assume that R satisfies the following:
(3) R is finitely generated as an abelian group by x; =1, x,, ..., x,, which are finite-
dimensional.
4 &(x)=dimx, forr=1,...,m.
(5) The y-topology on B is finer than the p-adic topology.
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Note that (4) implies e(x) = dim x when x is finite dimensional. In this case
t - X
Px — &(x)) = Ayy1 - (%) (1 + I_—t) 9 = Ay —nX)(1 = )",

This shows y(x — &(x)) is a polynomial in ¢ of degree < dim x, and so the y-dimension of
x — &(x) is not greater than the dimension of x. Since B is generated as an abelian group by
Xy — &(X3), - .., X, — &(x,,), it is straightforward to see that the B-adic topology coincides
with the y-topology on B. Of greater importance is the fact that 4 =Z,® B is a p-adic
y-ring (by (5) above).

ProrosiTION 5.1. Let i: R—>Z,® R be the canonical map and (k,p) =1, then for
Jfinite dimensional x € R, i(0x(x)) has a multiplicative inverse in Z, ® R.

Proof. If dim x = n, since 0, is of degree k, &(0,(x)) = k" (1.7.2). Since k is prime to p,
we need only show that &(z) =r, (r, p) = | implies i(z) has a multiplicative inverse in Z, ® R.
Certainly r '€ Z,® Rand r "' i(z) =1 + a where ac A =Z,® B. Since | + A< Z,® R
is a multiplicative subgroup, I + a has a multiplicative inverse 1 + @’ € 1 + 4 and i(z) has
inverse r (1 +a)eZ,® R.

We may now extend the domain of 6§, to give a map 0, : R— Z,® R homomorphic
from addition to multiplication by
(6) O(x —y) =i0(x)[i 0] for x, y finite dimensional.

Ife': Z,® R—Z, is induced by the augmentation ¢ : R — Z, we see
£ (04 — y)) = kA7
So if &(x) = &(y), then O(x — y)el + Z,® B =1 + A. This implies:
PROPOSITION 5.2. 0, induces a homomorphism 0, : B— 1+ A where A =Z,® B.

PROPOSITION 5.3. The following diagram commutes:

A——>1+ A4
Proof. 1t is sufficient to show 6,(x — n) = p, i{x — n) where dim x =n, i.e.
0(x) = pi(x — n)f(n) in Z, ® R.
From (1), (2) we need only show
A = Yugt -0 = M1 — u) in Z,[(]1® 5, (Z, ® )

where ( is a primitive kth root of unity. But y(x — n) is a polynomial in ¢ of degree < n,
and A; = 7,1 +5- The result follows.

Since p;, 8, commute with the Adams operations, if I acts through a finite quotient as
in proposition 2.3 then p,, 6, induce a commutative diagram of coinvariants:
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COROLLARY 5.4. If the Adams operations are periodic on B, i.e. Yy¥*" =" for some
N = p®, then the following diagram commutes:

By

[i ()
(Pr)r

Ap — (1 + A)p
COROLLARY 5.5. If G is a p-group and (k, p) =1
1(G)r

i (0i)r

I(G)r =&, (1 + I(G))y
commutes.
IV. THE MAIN THEOREM

The theorem is a direct consequence of the following commutative diagram for a
p-group (p # 2):
0

I(G)y —E+—— J(G) 0
i an

0 —— I(G)r -2, (1 + I(G))p —— 0

The crucial factor is the definition of . In the light of the commutative diagram of
I1L.5.5

I(G)r

i (€3]

1(G)r —2255 (1 + I(G))r
it is sufficient to show (6,)r factors through J(G) i.e. that there is a commutative diagram:

1(G)p———J(G)

Ox)r b

(1 + 1(G));
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This needs some topological facts from equivariant K-theory which are recalled in §1.
The main commutative diagram is set up in §2 and the required conclusions are drawn,

§1. EQUIVARIANT K-THEORY

_ In this section we recall some basic facts of equivariant K-theory from [5], [19] which
will be instrumental in showing (6,), factors through J(G) for (k, p) =1 where G is any
p-group. The main result of this section is that if ¢: S(E) - S(F) is a G-map of degree r,
then there is an element z € R(G) of augmentation r such that 0(F) . z = 6,(E) . y*(2).

Note that the results of this section are true for any finite group. Throughout §1, the
symbol G will refer to an arbitrary finite group.

Let E be a unitary representation space of G, E™ its one-point compactification. Then
using Kg-theory with compact supports we can introduce Kg(E) = Kg(E*, +). It is a
module over Kg(point) = R(G). The main theorem of the subject, as proved in [5; (4.3)]
asserts that Kg(E) in a free module over R(G) with a canonical generator? . Moreover
the method of proof in [5] shows also that the map

j* =Kg(E) > K(P(E® 1))

is injective, where P(E @ 1) is the projective space associated to £ @ 1 (1 denoting the trivial
representation C) and j* is induced by the open inclusion j: E—->P(E® 1) given by
J(u) = (u, 1). If A is the class of the standard line bundle H over P(E @ 1), the image of uy
is [5; (4.1)]
J*ug) = T (= IYRA(E).
If i: P(E) - P(E @ 1) is the natural inclusion then i*j* = 0 and so
Y(=1Y (W) V(E) = 0 in K(P(E)).
Replacing E by E® 1 we deduce the equation
S—WHV(E®1)=0
or equivalently
) (1 =B (= 1yHA(E) =0.
From these facts it follows that we can identify Ky (F) (as A-ring) with the R(G)-module

denoted in 1.7.3 by R(G)z. To see this we map an indeterminate ¢ to A~ € K(P(E ® 1)).
This induces a homomorphism

a: R(G)g — j*KG(E)
in which
a(T(~ 10" 2 (E)) = h™"(L(= 1Y K A(E))
=Y(=1YH¥(E) by()
= j*(ug)-

t In [5] this is denoted by Az
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Here (as in 1.7.3) 5 is the image of & in R(G)g. Now in 1.7.3 we saw that R(G); was a free
R(G)-module generated by the element Y (—1)n"~"A"(E). Since j*K(E) is freely generated
by j*(u1z) it follows that a, and hence also (j*)~'«, is an isomorphism. We shall therefore
identify K (E) with R(G)p by this isomorphism which takes the generator uj into the
element ) (—1)"n"""A"(E), already denoted by pj in 1.7.3.

From (1.7.3) we can now read off the action of Y* on K4(E). Namely we have

Q) Y'pp) =¥"@) . ¥ (up)
3) ‘pk(ﬂE) =04E) . pg

Remark. The structure of K ;(P(E)) is also known—it can be easily deduced from the
main theorem of [5] by various methods—and one has

Ko(E) = R(G)[E]/IE)
where I(E) is the ideal introduced in 1.7.3. For our purpose however this is not really needed.

Suppose now that E, F are two unitary representations of G, and suppose we have a
G-map ¢: S(E) — S(F). Extending radially to the balls ¢ induces the suspension Q¢ :
B(E)/S(E) — B(F)/S(F). Since we have the obvious identification of B(E)/S(E) with E*
we obtain an R(G)-homomorphism of A-rings

o' Kg(F) - Kg(E).
Since these are free modules there is a unique z € R(G) such that
¢'(ug) = zg
Applying y* to this and using the formula (1) for £ and also for F we obtain
O(F)zpty = O(EW (2)pg.
Since yy is a free generator we deduce
0(F)z = OEW2)
It remains to show that &(z) = deg ¢. This is straightforward.
The inclusion of the trivial group 1 in G induces the maps
fe: Kg(E) > K(E), &: R(G)->R(1)=1

which forget the G-structure. Since Kz(E) is an R(G)-module in a natural way, fg is equi-
variant, that is to say

@ Sfelzpg) = €@ z€ R(G).
¢: S(E) - S(F) induces ¢': K(F) — K(E) where by 1L.1.1.,
Q) ¢'(ur) =deg ¢ . pg.
By naturality, the diagram
K(F) —*— K(E)
fFr JE

K(F) — K(E) commutes.



GROUP REPRESENTATIONS, A-RINGS AND THE J-HOMOMORPHISM 291

From (4), (5), deg ¢ = &(z).
We summarize the results above in:

PROPOSITION 1.1, Let E, F be unitary representations of a finite group G. If ¢: S(E)—
S(F) is a G-map of degree r, there is an element z € R(G) of augmentation r such that

0u(F)z = OEWX(2).

§2. THE COMMUTATIVE DIAGRAM
From proposition 1.1, given a G-map ¢: S(E) — S(F) of degree r, there is an element
z € R(G) such that &(z) = r and 0,(F)z = 0,(E)Y*(z). Suppose G is a p-group. If r is prime
to p, since e(Y*(z)) =r, r "'z and Yy*(r-'z)el + ZG\) < Z, ® R(G). For (k, p) =1, we then
have, in 1 4+ I/(E), the equation:
(1 0((E]1 - [F]) =r~'z. Yr~ 217"

S N
If ¢: 1 4+ KG) - (1 + KG))y is the canonical map, we therefore have:

LemMa 2.1, Let G be a p-group and k be prime to p. If there is a G-map ¢: S(E) — S(F)
NN
of degree prime to p, then [E] — [F] is in the kernel of the map ¢8,: [(G) — (1 + IG) .
COROLLARY 2.2, If E and F are J-equivalent, then [E] — [F] is in the kernel of c0,.

Recalling that 7(G) is the subgroup of I(G) consisting of elements [E] — [F] where
E, F are J-equivalent, we have:

COROLLARY 2.3. T(G) < ker c0,.

But the following diagram commutes:
I(G) —%— 1+ I(G)
d c
HGr —2 (1 + (G
where d is the canonical map. So T(G) < ker (6,)d. Immediately we see that (6;); factors

through the group J(G) = I(G)/T(G). Define 8,: J(G) — (1 +7(E))r by 8.(x + T(G)) = 6,(x)
for x € I(G) then:

~

PROPOSITION 2.4. The following diagram commutes for a p-group G, where ¥
canonical epimorphism of 11.4.3.

is the

KG)y —— J(G)

(81 B

(L + 1(G))y
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From III.5.5 we have the commuting diagram:
I(G)r

i 2y

I3 2 A
I(G)r <2225 (1 + I(G))r
Fitting together diagrams (3), (4) with k = h (the generator of I'), we find the required
diagram for a p-group of odd order:
0

(5) 1(G)y —— J(G) »0
i &

0 —— H(G)r 29, (1 + I(G))y —— 0
We remember (p,)r is an isomorphism by 111.4.3, ¥ is an epimdrphism by 11.4.3, and i is the
canonical map from a finitely generated free abelian group (by 1I1.3.3) to its p-adic com-
pletion and is therefore a monomorphism.
LEMMA 2.5. For a p-group of odd-order, ¥ is an isomorphism.

Proof. Chase an element round diagram (5).

Recalling R(G)r = Z + KG)r, J(G)=Z + J(G) and v: R(G)r—J(G) is given by
w(n + @) =n + #a) for ae I(G)r, lemma 2.5 implies the main theorem, (since /(G)r =
I(G)r,, by I11.2.4, where N = |G|).

THEOREM 2.6. For a p-group of odd order N = p®, v: R(G)r,, = J(G) is an isomorphism.

We recall the remark of II, §4. This expresses the possibility that E® C, F @ C may be
J-equivalent whereas E, F are not. By 2.6, if G is a p-group of odd order, if [E] ~[ F] =
[E@C]l-[F® C]l € T(G), then [E] — [F] € W(G). For conjugate representations, we
may construct J-equivalences using 11.4.2 and so E, F are truly J-equivalent.

Returning to the diagram (5), trivial diagram chasing shows:

N

ProposiTION 2.7. 8, : J(G) = (1 + KG))r is a monomorphism.

From lemma 2.1, if there is a G-map ¢: S(E) — S(F) of degree prime to p, then the
image of [E] — [F]in J(G) is in the kernel of ,. Proposition 2.7 gives:

THEOREM 2.8. If there is a G-map ¢: S(E) — S(F) of degree prime to p, then E and F
are J-equivalent.

We now consider W(G), the subgroup of I(G) generated by {x — ax}, x € R(G), a €T
If E is irreducible, it is trivial to see that aE is irreducible also. Thus if &, ..., £, are the
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classes of irreducible representations, they split up into equivalence classes where each class
consists of an irreducible representation &, and the elements of the form «f, for a e T.

As in chapter 11 §3, we order the classes or irreducible representations &,, ..., &, ...,&,
so that no two of &, ..., &, are conjugate under the action of I and their conjugates exhaust
¢ oovs &, Then W(G) is generated by elements of the form {&; — af;} where 1 <i<s,
ael.

Suppose now E, F are J-equivalent and E is irreducible. We may suppose [E] = &.
If[F1=)r,n¢, then [E]—[F] =¢ — Y n;& e W(G) by theorem 2.6. Since n; > 0 for
i=1, ..., m,immediately we see that [F] = af, for some o € T'. Putting this fact together
with theorem 2.8 and 11.4.2 (which says conjugate representations of a p-group are
J-equivalent) we have:

THEOREM 2.9. If G is a p-group of odd order and E is an irreducible unitary representation
of G, then for any unitary representation F, there is a G-map ¢: S(E) — S(F) of degree prime
to p if, and only if, F = oE for some x eI

V. THE REAL CASE

If U, V are orthogonal representations of G, as in the complex case, we may formulate
the problem of when there may exist a G-map of unit spheres S(U) — S(V).

For a finite group G of odd order, it is easy to show that a non-trivial irreducible
orthogonal representation space is the underlying real space (having real dimension equal
to twice the complex dimension) of an irreducible unitary representation. Using the iso-
morphism R(G)r, = J(G), of IV. 2.7, it is a straightforward matter to deduce the theorem:

‘Given two orthogonal representations U, V of a p-group G (p # 2), where U is irre-
ducible, then there exists a G-map 0: S(U) - S(V') of degree prime to p if, and only if, U is
conjugate to V, that is to say if, and only if U = y*(V) for k prime to p.’

It will be the purpose of Part V to prove this theorem.

§1. REAL REPRESENTATIONS

Let G be a finite group of order N; let I'y be the Galois group of Q(w) over Q where @
is a primitive Nth root of unity. Denote by RO(G) the real (orthogonal) representation ring
of G. This is the free additive abelian group generated by the isomorphism classes of irre-
ducible real (or orthogonal) representations. As in the case of the complex representation
ring R(G), the tensor product makes RO(G) into a ring and exterior powers give RO(G)
a A-ring structure.

If Uis a real representation space, then U ® C is a complex representation space. This
construction gives rise to a A-homomorphism ¢: RO(G) — R(G) which is easily seen to be a
monomorphism, and so RO(G) is a special A-ring. The Adams operations are defined on
RO(G) and commute with the map c¢ since it is a 2-homomorphism. If x is the character of
the real representation U, then the complexification ¢U = U ® C has the same character.
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This shows that the character /*(x) of the representation ¥*(U) is given by [¥/*(x)1(9) = x(¢")
as in II.3.1., and in particular the Adams operators are periodic in k¥ on RO(G), in that
Y¥+* = y*. For this reason, RO(G) is a ['y-module where the action of k, for (k, N) = 1, is
given by x— y*(x).

The periodicity of the Adams operations makes it possible to define /* acting on R(G)
and RO(G) for any integer k, possibly negative. In particular, if U is real, y "*(U) = U and
if E is complex, Y ~!(E) = E, the complex conjugate of E.

Note that this implies the action of the subgroup {41} of [y is trivial on RO(G) and
so the I'y-action is via the quotient group I'y’ = [y/{+1}.

Define r : R(G) - RO(G) to be induced by taking the underlying real structure of a
complex representation. If E is an n-dimensional complex representation, then rE has (real)
dimension 2n. If we choose a basis in E so that the action of ge G is given by an n x n
complex (unitary) matrix p(g), writing p(g) = X(g) + i Y(g) where X(g), Y(g) are real n x n
matrices, then the action of g on rE has a 2n x 2 real (orthogonal) matrix

(X0 30)

Evidently r is an additive homomorphism, but it cannot preserve multiplication since it
doubles the dimension.

By considering characters, we see

r¢: RO(G) - RO(G) is multiplication by 2
and
cr: R(G) - R(G) takes x—x + X,

which may be written formally as cr = ¢ + ¢~

Since ¢ is a A-homomorphism, we have y*c = cy*. The map r is certainly not a A-homo-
morphism, nevertheless we still have ny* = y/*r, for any integer k. To prove this, since c is
a monomorphism, we need only show cr Y* = c y*r. But (cr)y* = Yty* + Yy y* = y* + 7%
and cf'r = Yrer = Y*Y + YT =yF+ YR

Hence we have:

ProrosITION 1.1. r: R(G) = RO(G) and c¢: RO(G) — R(G) are (additive group) homo-
morphisms commuting with T y-action.

ProprosiTioN 1.2 ([18] §222). The only irreducible complex representation of a group of
odd order whose character takes real values is the trivial representation.

Proof. See [10] page 223, or [18] page 294.
From proposition 1.2 we may immediately deduce:

PROPOSITION 1.3. A real irreducible representation of a group of odd order is either the
identity or the underlying real structure of an irreducible complex representation.
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§2. JJEQUIVALENCE OF ORTHOGONAL REPRESENTATIONS

Let U be an orthogonal representation of G, then S(U) is defined to be the unit sphere
of U (vectors of length 1). S(U) is a G-space.

Definition 2.1. If U, V are orthogonal representations of G, then U, V are said to be
J-equivalent if there exist G-maps 0: S(U) — S(V), ¢: S(}) - S(U) of degree prime to
the order of G.

Write U ~ V if U, V are J-equivalent.

PROPOSITION 2.2, J-equivalence is an equivalence relation on the set of isomorphism classes
of orthogonal representations such that U, ~ V|, U, ~ V, implies Uy @ U, ~ V@ V,.

Proof. Analogous to I1.2.5.

ProrositioN 2.3. If U, V are orthogonal representations of G, then U~V =c¢U ~ ¢V
and if E, F are complex representations, then E ~ F=rE ~ rF.

Proof. S(cU) is homeomorphic to S(U) - S(U) as a G-space, and given a G-map
0:S(U)— S(V) of degree k, then 8 6: S(U) o S(U) — S(V) > S(V)is a G map of degree k2.
This proves the first part.

S(rE) is the same G-space as S(£) and so the second part is trivial.

Define TO(G) to be the additive subgroups of RO(G) consisting of elements of the form
[U] —[V] where U, V are J-equivalent and [U] denotes the isomorphism class of U.
Let JO(G) = RO(G)/TO(G) and then, using the notation of IT §2, we have:

COROLLARY 2.4. H{T(G)) =TO(G)
o(TO(G)) = T(G)

COROLLARY 2.5. The following diagrams commute, where the vertical maps are the
canonical epimorphisms:

R(G) —'— RO(G) RO(G) —<—> R(G)
J(G) ——— JO(G) JO(G) —<— J(G)

We already know for an M-group G of order N, that if E is a unitary representation of
G and (k, N) = 1, then E ~ y*(E). (11.4.2). For an M-group of odd order, propositions 1.1,
1.3 and 2.3 imply that if U is a non-trivial irreducible real representation, then U ~ y*(U).
Also the trivial real representation 1 satisfies ¥*(1) = 1 and the identity map from S(1) to
S(1) demonstrates 1 ~ ¥*(1). Since J-equivalence is additive, we see the canonical map
RO(G) —» JO(G) factors through RO(G)r, . Let u: RO(G)r,, —» JO(G) be the induced map,
then we immediately deduce:
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PROPOSITION 2.6. For an M-group G of odd order, the following diagrams commute:

R(G)ry — = RO(G)y, RO(G)ry ——— R(G)r
J(G) ——— JO(G) JO(G) —— J(G)

THEOREM 2.7. For a p-group G (p # 2)
u: RO(G)r,, = JO(G) is an isomorphism.
Proof. Since RO(G) — JO(G) is epimorphic, so is
p: RO(G)r, = JO(G).

For a p-group G (p # 2), we have v: R(G)r, = J(G) is an isomorphism (IV.2.6).

Suppose p(x) =0 for x € RO(G)r,,, then

cu(x) =0, i.e. ver (x) =0.

This gives cr(x) =0 since v is an isomorphism. Hence rr, cr, (x) =0, i.e. (re)p(x) =0,
But (rc)r,(x) = 2x =0, and since there is no torsion in RO(G)r,, , we have x =0 and pu is
monomorphic. This shows p: RO(G)y, = JO(G) is an isomorphism.

The remark during the proof of theorem 2.7  RO(G)r,, has no torsion’ is a direct result
of the fact that I'y permutes the (free) generators of RO(G), which are, of course, the classes of
the irreducible real representations. As in the complex case, we may use this fact to deduce
from theorem 2.7 the following theorem (proof analogous to IV. 2.9):

THEOREM 2.8. If G is a p-group of odd order and U is an irreducible orthogonal represen-
tation of G, then for any orthogonal representation V, there is a G-map ¢: S(U) - S(V) of
degree prime to p if, and only if, U and V are conjugate, that is to say if, and only if,
U =y*(¥) for (k,p) = 1.
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