
TCC Hilbert schemes and
moduli spaces

Vevox -app 187--439-064

no lecture next week ( I November)
Possibly also rot 8 November.

Clarification For a moduli Functor

F. Sheng →sets with A-B) ={ fannies are)Bst - - -

. #
Force:B→B

' -907: FCB')→F(B)
is (usually) pullback



a:B→B
'

Fuel /Yg,)= (F) * → Y
b g
B → B

'

Today construction of the Hilbert
scheme

Recall Hilbp(1pm)(B) = {
flat families over
B of subschemes
of IPNB with
Hilbert poly of fibres

we want to shoo this equal to

is representable .



key idea Find a degree D , dependingonly on P with

1) Every saturated ideal I with
Hilbert polynomial P is generated in
degree at most D, so I>☐

= LID>
2) If I is an ideal generated is
degree ☐ and has hit d) =p (d)
for d =D , DH, ties I hasHill. polyp.

Consider Ip c- GIFT) - P(D) , 5dÑ, XD



We then get ltilb.pl/Pn) as a
subsohene of GC ) -PCDI , (^;D))
with equations coming from
checking that <IDI has the
correct Hilbert fan is degree DH .



Castelnuovo - Mumford regularity
This is an invariant of 2- C- 1pm introduced
by Mumford
Defn Let 2- be a subscheme of IP?

(Exists byThe regularity of Z is sore vanishing

regcz)=min{j : HYP?Qzll - i)=o ]Geometric ① for all 13J, itdefn sheaf cohomology



algebraic defrr
If I C- Kcxo

,
-

- XD is the homogeneous
saturated ideal corresponding to Z ,
reg (2) =neg(%) = min {j : H.im%),

--0

→
for all lzj-i }Eisenbud-Goto

local

→ cohomology is,o

= max (Bij - i )i
,jwhere ☐←⇐←g-←

. . .

← 5-←o is
the minimal free

resolution of Sg where f. =④Sfp
shift grading
stab -- sea

j



Keyfacts 1) The Bij are the degrees
of generators of I , so since

reg(E) = maxlpsij- i] 3 Bij - l
neg(SI) +1 is an upper band for the
degrees of generators of I.

2) LIE I is saturated , then ↳(d) = B. (d)
for d z neg(E) 1- 1 .

We will give a uniform band On the

regularity of all saturated ideals with
Hilbert polynomial p



Sample question Is there a subschenezs.ph
with Hilbert polynomial 1-2 for some rlpn ?

Theorem (Macaulay)
The Hilbert polynomial of a homogeneous
ideal Is kcxo

, <xD can be bitten as
pit = £ (+ai

- i +1) = 1+4%54 . .i=p Aj

where a)3 as3 Az2 .
- 3 AD3.0

(1-+3) = 1-2 (1-+274+1)



pct = § (+ ai- i +1) .i=, ai

so no forts ! ( + a +1) has degree
ai .

So must have a,= 2 .

F- (+3-2) has degree d , so a2= 2
,

but (+2-2)+(+2+1)=4-+15*1-2
so can't keep going ltilbp.CM/-- ¢

for all n.



Theorem cent. If J is a homogeneous
ideal wth ↳ (d) =p# 1 , then

hy-ldi-Dfpltd.tl)
"Hilbert fan can't

grow
faster than Hilt polysthe expression for the Hilbert polynomial

comes from
considering the

lexicographic ideal.



Defn ✗
4-
< XY if the first non-zero entry

→

xoikxi ' - xnus
Of Y -y is positive.
Xo> ×, 3×2--3 . -

y 427×23.

The lexicographic ideal with Hilbert
function h is the monomial ideal with

T-eexhdt.dk#=ld(Ieex)dspanned by the first (largest) dmSd=("dd)dim

Id → Ctd ) -ha monomials wrt 2
.

Macaulay proves this always exists Gee×)ds(I
,



Theorem (Gotama rn)
let Is kcxa, i xD be a homogeneous
ideal , saturated with respect to Go

, ✗rig
write p± ( t) = § (+ai - i +1) with

i= , aj a)7,922 -

-

Then
neg(%) s ☐ - l

.

39030 .

In particular
,
I is generated in deg £D.

Computable uniform bound on regularity forall saturated ideals with Hibbert poly p.



Consequence all saturated ideals with
Hilbert polynomial P Are generated in
degree ⇐☐ ( so I

>☐
= < ID>)

and ↳(d) =p,=ld) for d > D.
→ I☐ c- Gran 1- PLD) , So )
The number D is called diff;D)

the Gutzman number of P



Theorem (Got zmann)
Persistence
thm

let P be a Hilbert polynomial .
If I is a homogeneous ideal with
↳(d) =p(d) and held+1) =pCdt 1)
then ↳(m) =p (m) for mZd , so
I has Hilbert polynomial p.

We will apply this for d=D .
⇒ (I:<xo, , ✗NP) has Hilbert polynomial p,
so is generated in degrees ED, so I>D= CI :<*, xd%,



So we have a bijection between
{ homogeneous saturated ideals is KG

, xD}with Hilbert poly P
and

S pts pearl(¥1- plD) , Sp) for
ideal agesby

which Ips has Hilbert fan
has> (D) =p (D) , hap>(Dtl) =p (Dtl) .

Extends in a natural
way to R replays



{pts pear (CID) -PlD3K¥)) for which
<p> has Hilbert fan .pt#ndegDpCDtDindgD+.)

note: If I is generated in degree D,
I☐+, = SID ,

so ↳ (☐ +1) =p (☐+1)
iff dinkSIID = CID't - p (☐ +1)
Maconlaysi thm says ↳ (☐+1) £ pldt 1.)
So drinkSID 34T¥) - p(Dtl) .



dimeSID 3 (+1+1) - pCD.tl)
so if we want drinks,Is = (+1+1) -plD.tl)
we only need to check £

This is a determinate condition:
we form the matrix whose raw space

og×¥m☒*s a basis for GID e set all
→
mirrors of sizeA-has -

rank (+0+1) - pl☐→1) +1 equal to
f riff

an enwrap
^ Zero .

miners arezero



Example Let n=1 , pct = 2." (2+0)+1%+9
ai=a2=0The Gotzmann number is 2

, but
we will use D= 3 to illustrate this better

.

dime Kcxo, ✗Dz = 4 , so are looking for
a locus n Cer (2,4).← cards pmm '

t mom
>
are4-2.To make things simpler Wey monomials of
deg 3.work with the affine chat

pxjs ,✗f×
,
$0 .

(
÷ is

① I ed)



An ideal c- this chat has the ¥3 ×?
1:: ::)form 2%3 + a xox? +6×7 ,

9×5×1 + cxoxftd ✗PD
The degree 4 part of This ideal

"
is
"

the tow

space of the matrix we wandt
✗I ✗Ex, Ex? ✗axis ✗it.
I 0 a b o⇐£

(
dmes.T-zfntRI.tl/-plD+i

✗if 0 I 0 a 6
= 5-2=3

✗og o 1 c d o) so we want all
✗
ng

o o 1 c d 4×4 miners
to vanish.



These minors generate the ideal

<lot cd , a +d -d >

So The subsctene in this affine

droit is 1A?

d- Hilbzclp
'). = IP} as 2 pts in Ipl

is a hypersurface,
cut out by the eqtn of
degree 2.


