
TCC Hilbert schemes and
moduli spaces

Email to get on mailing list
D.Maclagan@Warwick .ac.uk
If taking for credit , email me your
exercise (or discuss alternatives this week)
Vevox .app session id : 193-254-813

Office hours : Friday@ 2pm ( in this

call )



Today: Universal family , then
introduce the Hilbert function.

Reiview a moduli functor F. Scherzos→ sets
sends a scheme B to the set of families
of objects beingparameterKel , modulo
some equivalence relation ( equality ,

isomorphism )a scheme
✗
is a fine moduli

space
for this moduli problem if ✗ represents
f ie, Fk h×=mor( - ,✗).

→
functor of ✗ is unique,

if it exists,

pts" Gy tonedas lemma .



egFor the
Grassmanman we have the

moduli functor

B i→ { sub
-sheaves D- c- Off that are

locallyfree summaries of rank r }
Restated to B= SpecCR)

-

R I→ f submodules Ms
R
" '

that
are

locally free direct summaries of /rank r

R=K afield ME kn is a locally free
direct summed of rank r
⇒ subspace of dim r .



Universal family
The property that ✗ is a fine moduli

spacefor a functor F- is equivalent to the
definition of a universal family
it: U→✗ with the property that whenever
4 : >→ B is a family of the required form
(4£ 5-(B)) there is a unique morphism
¢ :B →✗ st u×✗B→y ← pullbackdiagram

* fire product
IT set-theoretic :

B ✗ { la,6) c- UXB
: Hut (6)}



F-U✗*B→U If ✗ represents F (soft Mart ,X)
b b' set it : I→✗ to be the elementB→1 of F.(X ) corresponding to id :X→X

.

Q
Lex : check that this implies the Homcx ,X)
pull back property]
If it : I→✗ is a universal family , for
each B we get a function Xp: F(B) → Hom(B,X)This is the data of a natural true ns.CC-x ? )and is an isomorphism, so ✗ represents f.



ecy
The universal funky of 1Pa is
U = { [ ✗a:X:xD (yo, yyy2) e 1102×11-13 :

rk ( Xo ✗ i ✗2
ye y, ya) = I }

2 minors are
zero

The
map it : U→ P2 is projection onto

the first factor
. and the fibre over a pt

[×] c- P2 is tie he through the origin spanned
by ✗c- ¢+3.



IP? R i→ { submodule of RBB
locally free direct surnames

,

}
of rank 32

(subs vs quotients? R3=m④Rl§)
m=R%lE)



The Hilbert functor

First attempt : Hilt APT : Schemed→ Sets
is given by it ilbclpn)(B)=/

subschemes
2-s 1pm = 1PM B.

B
that are flat

Here "flat " is niceness do B- }
property for bundles in algebraic geometrythat guarantees that the fibres of the morphism
2-→B are not too different from each other.
(weaker than 55,55T¥fibre bundles

in

topology]



Commutate alg
an R-module M is flat if - ④M is
an exact functor

.

If 0→ A-→ B.→c→0 is an exact
secyof R-module, we always have

A-④m→ B@m→c④m→ 0
"tensor is right exact !The content is

erequinrg 0→ A@m→ Bem to
be exact as well.

egIf
m= Rn IM is flat

¥2 is not a
flat 2-module:
o→ z→ z → Zzz-2-0



Geometric defn.

If ¢ : A→ B is a ring homomorphism, making
B into an A-module

,
then ①SpedB)→ Specht)

is flat if B is a flat A-module
.

In general ¢ : ✗→Y is flat if the
stalk

of✗ at a pt ✗ is flat as an
Oyj module whee ys 01×7.
Useful fact: If A is a p;D egK[+3.1¥
then spec (B)→ Speech) is flat if

e only if
B is a torsionfree A-module .

Ref - -Gseleed
CommonlyCor 6.3.



Issue: this Hilbert functor is too "

big
"

- the scheme representing it will have
to-many components
we make it more manageable by also
imposing restrictions on the Hilbert polynomial
of fibres:

notation. For now, work over a field K
.

S=K[✗o, - - / ✗n] I
will apply

graded : degcxi)-4 Hi , so 5-④Sd whenKisd>a
an ideal IsS is homogeneous is it the residue

is generated byhomogeneous elements
field of afibre.



7Then %" (E)d- Ed.

Key fact a swbschene Z C- IPE is deterred

by a homogeneous ideal Is Kcxo, xD:S
⑦
z
← ⑦pnz dz = I ← sheafificnti.org

On affine chats : Ii = ⇐SEE'])osS[É]o
Then the intersection of 2- with

"

14¥
, ,

- -1¥]The affine chat DCX ;) ={✗i *a) is
spec ( '4¥ , '¥¥;) .

.



The correspondence between subscherries of↳ 1pm a homogeneous ideals is Kcxo
, xDis not 1-1 ; two different ideals can havethe same sheaf >Goatees

.

Ideals I ,J C- Kcxo
, xD correspond to the

some subswhere if their saturates
agree ;(I :<xo, exit) = { Fes : 3K >a swath f-met

for all me⇐ xnsk}(I:<✗
a trip)=(J :<xo. xD).



(I:<✗a ✗-50) =ffes: 7k>0 with fmc-IV-me.ca ✗⇒
egI=<✗ is F- < xf, xoxD= <✗Dncxo ,XP?
in Ktxa

,xD . I e J both have saturation
<xD. . The associated subscheme is [ I :O]with the reduced scheme structure

.

In general , I , J have the same saturatesif Id = Jd for d→0
.



Defn The Hilbert function of a homogeneous
ideal I C- Keio

, xD is the function
↳ : IN→ IN given by ↳(d) = dink(E)d.
egI

-so> h±Cd) = dinkSd
= #I =p;D ,

←⇐!

= in:(n+d)(n +d-1) -

-
- Cnt1)

T
polynomial in d of

degree n.



eg
I -_<f) where F is homogeneous of degree
m .

↳ (d) =/
d '-ksd dam

dmksd - dinkSam d> m

=/Hnd)
dam

C;D ) - C-;
+d) dzm

note that ↳(d) is a polynomial in
d of degree n-1 for d→od

>m



For a homogeneous ideal I C-S,
↳(d) agrees with a polynomial pI c- ④Ct]
for d>so . This polynomial pis is called
the Hilbert polynomial of I (of %) .

When 2- is a subscheme of 1pm with
ideal I

, dim (2) = deglpis) . The degreeof z is dim(E)! times the leading coeff.



Geometrically, dmZ

p±ld)=X( Q-ldt-E-iidm.IT/P7Ozld1)i--O-0--dmkH41P7OzldD
Serre

vanishing. Ford>so.



egwhen -2
is a hypersurface of degree m

Pelt = I - f-m+t) .

negwhen 2- is a line in IP? ☒(t) -7+1 .

egWhen -2 is a smooth curve of degree d.
a genus y, p±Ct) = dt + 1-g.

If =L is embedded into 1pm by the
complete linear series LCD) , this is Riemann

Rcdr
RR: l(D) - elk -D) = dog(D) + 1- g



d-(D) - lck-D) = deg(D) + 1-g.
Apply this to TD , using that
hisCt) = letD)

Since l (K-+D) =0 for t >so

↳(t) = deyctD) + tg
= + day(D) + 1-g
= dt +1-

g



New Hilbert functor

Hilbp (IP) : schemes→ Sets
given by

B
St

Hilbp ( IP) (B) = {
subschemes 2- s IP

"

2-→ B is a flat familywith
every fibre havingHilbert polynomial P !

We will show that this is representable bya projective shoe Hilbp CPT . The
original Hilbert functor is then represented
by the disjoint union over all P.← countable 0

union-



ecg When P(t7=r is constant,
ltilbp UP") is the Hilbert scheme of r
pts is IP? This has an irreducible
component parameterzig

subschemes consistingof r distinct pts in 1pm (and their degas;)but it can have other components

egg Cohen Pt)
-_ 1-+1

, Z is a line in 1pm
and ltilbp (B) = Gr C2, ntl)

.



egwhen Pt)
= 2++1

, Hilbp (1PM
parameterize conics is IP?

These can be described by an equation
* axii-bxox.to#atd+F+e*;¥?F¥¥for [a :b:c:D : e :f] ftp.s-KC#M--If
so Hilton

,
( IP) - ITE

The eqtn.ro defines the universal familyof Hilton,C1P7 in 1102×110'



In general, when PCH ± I -4%+1-1
the Hilbert scheme Hiltpllpn)
parameterize hypersurface is IP^ of degree
m
, so ltilb.pl/P7-~1p4F7- I

↳ Implicit exercise : If 2- has Hilbert

poly P, -2 is a hypersurface of degreeM .

ecyIf
Pt)-(F) then if 2- has

Hilbert polynomial P, 2- is a subspace of
1pm of di- r Lex?) so HilbpCPY-arlri-zr.tl)



↳ If P is the Hilbert polynomial of all
subsdemes with a given property(eg✓dim n-1 , deg r
* degenof indistinctpts) it does not always
follow that

every
subscheme with

Hilbert polynomial P has this property.
egThe

" twisted cubic" ( image of
the Veronese embedding of IP

'
into PZ

has Hilbert ⇒+1£
However Hiltz,→, LIPP has 2 camp .



oneooewpiirkete.iryes twisted aebics '

e the other generically parameterize
a plane cubic plus a pt .

Ref: Pierre -Schlessinger.
This happens routinely with moduli
spaces

next . . Construct Hilbpcpn ) as a
swbscheme of

a Grassmanniron
.


