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The smoothable component of Hilton ( Dtd)
We first show that the closure of the

focus of N distinct reduced pts in IAD .

/ is an irreducible component of Hilton / Dtd)
focus isfor any d. irreducible , so lives

in one
component

dim It sufficesto find a point in this
Not locus whose tangent space has

dimension at most Nd . That pt will
then be smooth e- the dimension of the
component is Nd .



Consider I - < fi, ✗→ -✗did C-KG
, xD]=S

whee f is a polynomial in ×, of
degree N . Then drink#-) = N

,

so CI] c- HilbN( Dtd) .
Recall The tangent space to [I]
is HongLI , %) .

For 4 :I→ ¥, y is determined by
Q (f) , 1×27

,
. -

, lllxd) .

.

Since dmk%I=N ,
the space of choices for thesehas dimension
IN

, so dink Homs(I , %) G d N .



Since IN is our lover band for the

dimension of any component containing
, so dink Homs (I, %-) __dN ,

and this is a smooth point .

The component that is the closure of
the laws of N reduced pants is
called the smoothable

component
It has an explicit description as a
blow- up of CAD)%w ←chew
spec (k[qAdµ§§ variety.



The Hilbert scheme of pts in X-P

① Hilton (HF) is singular for N >4 .

egN=4
m=< ×? xy, xz,y2 , yz , -22 > Kay ,⇒

?

1) × ,y, z☒
Ekfxiyz]

a c-Horn ( m, Em)
6(✗2) = ✗ bxi-cytdz-fo-seneabc.cl .
4(✗g) = etfxxgyxhz -

-
- - -

-

941×7 = ✗ lllxy) in San ⇒ a=e=o
dy

"

ex
no conditions on other terms .

!



ix. <x2 , xyixz.is?Yz-iE7 É¥§¥¥
drink Horn (m, 3m)

s

= 18 = 6 ✗3
✗ parameters

> 12
Treaters

coeees ofNyit
in lllger)

= 1-4×-3
Ñ 'd

(since M hes on the smoothable component
so [m) is not a smooth pt of

ltilb" (11-13).



② We next show Hilton (1/73) is
reducible for N >30. dim > 3N

We do this by showing a tangle
-
-dim smooth

.

camp

Grassman- e-beds into Hilton (41-3)
Construction

: Set S= kcx.ly/Z] .

Fix a degree r e o<s<dmkSr=(
"2)2

Set N= É
'

dink Si + s = (-31+3) + si-0

=

(5-2)+5 .
For evey subspace ↳Sr of dim (E) -S .

The ideal IL= <↳ + Syria .

has dinkSEEN.



I.< = <↳ + Syria for L€G( (E) -5,Sr) .

This gives a flat over Crc I-3T¥))
,

so an embeddig of art )
- s
, ))

into ltilbNCIA 3)
To Shao Hilton (HP) is reducible

,
it

suffices to choose r
, s so that the

dimension of the Grassmorning is greater than
the dimension of the smoothable compact.
ie s( 2) -s). > 3T¥) +3s← 3N



want"s( (E) - s) > 3 ) +3s .

Choose r=_ 3 mood 14 so (+221--1-24+2) G- 1)
is ever .

set s= £ (E) .
Then dins Crassmomma

= SC 7-s) = ¥ (RE)
>
←poly in

rofdegi
d. in smcothable camp .

= 3N = 3T¥) + 3. (2) ← poly in
rofdeg3

For r >so the dimension of the
Grassmann 's large so ltilbNC.AZ ) is

reducible
.



T-arrob.no Version of this argument shows

ltilbw (11+3) is reducible for N >78.

We know Hilton (473) is irreducible
far NE I f.← 2017

'2£ N E 77 ????

Ford>4 Hilton ( IAD ) is reducible
for N>8 e irreducible for NC8 Poorer.

→
CEVV 2008

For smoothness for arbitrary ltilbpc 1PM
see recent work of Skjelnes -Smith.

2020

character -zig P with ltilbp(IPN ) smooth .



Murphy's Law for Hilbert schemes
"
There is no geometric possibility so
horrible that cannot be found genericallyon some comport of sore Hilbert scheme "

[Harris- Morrison]Philosophy attributed to Mumford,
who showed ltilfdtttg

141--23( IP) has any
component that is everywhere non reduced,
even though the cures on this component
are cigerercully) smooth e irreducible , d- degree
14a genius 24 . They lie on asmooth cubic surface

s alive in a prescribed linear ceywn class.



Made formal byVakil who showed
every singularitytype appears on some
Hilbert scheme

a morphism 4 : ✗ →Y of schemes of
finite type over K is smooth if it is
flat e

every fibre is geometrically regular(think: still roonsingular when pass to alg. closure).6 :(Xp) → (Yg) is a smooth morphismof pointed schemes if p c-✗
, qe Yi U is

a smooth morphism with 4 (p) = of.



Deen a singularity type is an
equivalence class of pointed schemes
defied by setting CX,pl ~ (Yg) if
6: (Xp)→ CY

,g) is a smooth morphism .

egThe prosecution ✗✗ An→ ✗ is

smooth so (✗ ✗ 1A? (pic)) n (Hp)
for
any pt p c- ✗ .



Defn. We say Murphy's Law holds
C-c- a moduli space

M if
every

singularity type of pointed schemes
appears onM . This means that
there is a pt gem with completed
local rug ⑧m,q isomorphic to ④pfor same representation (Xp) of the
singularity type.



Theorem Vakil.

The Hilbert scheme Hilt 11PM
satisfies Murphy's law (for large n) .

In particular , this holds for

ltilbswc.us UP
")← ltltilbpllp

")
degF-2

Why singularly types? ←
isolated
double

consider (Xp) = ( spec K{¥, ,<✗3)
Pt.

Suppose is the local mg of apt



[×] on ltilbpl.PT . Then [✗]
is as Zero -dimensional component
Palma) acts on ltilbpclpn).
so [×] must be fixed by this action.
But this mess ✗= 1pm or ✗=

( the saturated ideal of ✗ is Borel- fixed
so if I# 0 ,
I contains u pane of Xo .

asymmetric so contains a pane of Xi forall i,
but then I3 <xa, Kris? so ✗= ¢ , ) ,

ay P = ). So HilbpUP") is one reduced
pt .



So (Xp) does not appear in any
ltilbpclpnl .

Howerter we can still look for

scrutiny in the equivalence class

leg spec (
"

, co, no))
for n> 1 .



Consequences of murphy 's Law

eg
non-reduced pts exist.

(Xp) = ( spec
'd

,
o) . Any (Yg)n

is not not reduced at g.
(Ap)

eg
There are components that only
exist in characteristicpieHilbp ( IPF) ← some components

the onlyover Lp>.

I
sped2)

.



(Xp) = ( spec
( Zptz) , 01 .

If (Yg) - (Ag) then pOy,q=0
So this only occurs in characteristic p.

might oreotmnimslTheorem ☒elisiegew] ↳

Murphy's law fchdds for HilbptsKAK)



Key idea in these proof
Reduce to another moduli space where

Murphy do law holds : the moduli space
of point - line incidences in IP

£

(secretly realization spaces of matroids)



Defn . An incidence scheme of pts e lines
in IPZ is a locally closedsubschemeof@p7mxCP2YnsSlpyspm1xCly.ln))
parameterzing

m34 distinct pts e
n distinct lines with prescribed
incidences e non incidences (pi lies on he
ej or pi does not lie c- line lj ) .

normalise:p, -11
:c:D Pa =Co:L :O], pz=[o:C:D ,

[\:|:D. We require any two lines to intersect
in amarked pt e any two lies Kenta - 73 markepgfg



7

9.2
The diagram encodes•?#÷¥÷
'- *

the required
incidences/nonviolence

PÉ
pz↳ li

ez ls 14

([ & :& !*¥•¥qµ¥;] , [
• "• * $1 ④ i.

,

Ofa Est ④ g④ Hh ④ jz))☒ ⑤ ⑤ -9$ -4$ ☒ jz
P' MP3 PK pg ps pz

ll 12 l3 lk b- fg fyl, cckai-spypzip6.la :P})P4)P5
a ,o,o) - Ld'And31=0 ↳'

- D2 ,PzPxd
,--0=dzd2⇒



[ do:{ I ! ! ;] ,[ 9
' ' ' ooo ,

it :& : 9g;)
Pk ,P5, Po hear

lzjitjj-jitjz-jztjz-0.ncnzeesdnif-chslk.IS
2

.

a.So the incidence scheme is a reduced

pt in Chor 2

e- empty 01W.



Theorem [Mnéiv - Stwmfels universality
The disjoint union of all incidence
schemes satisfies Murphy'S law.

see also Lafargue.
Idea of the pf. Reduce to singularity
is spec ( kE¥I¥→)

c- rewrite in terms

of atomic relates


