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Today: Smoothness
1) Tangent space to Hil6p( 1pm)
2) Smoothness of Hil6N(1AM



Tangent space to ltiltpclpn)
Recall that the Zariski tangent
space to a scheme ✗ at a K- rational
pt p is Horn ( mama

,
K)

where M is the maximal ideal

of Ox,p e K = kcp) = 04p/m
Isidore

* field.

(might be
choir / perfectassumptions)



⇐He- (spec (kCE¥,) >✗flemma A kG¥ -valued pt of ✗
is a K-rational ptpcf ✗ together
with an element of the Zariski
target space to ✗ at p.

C-isenbud

Harris ChapterProof. VI

did The K-algebra homomorphism
n~¥Éc¥z→ K induces a morphism

E→0

Speak)→Spec(12%3) , so 9 K¥
-valued

pt of ✗ induces a K-rational pt of × .



We also get a local homomorphism
⑦
xp
→ KCÉ§ which induces

in *→ <e>

map → <e>
-K

&
in Zariski target space.

Conversely, given p ← ✗ e t: mtempa→Kickit
note that 07¥ -1 0hpm tommy <☐

Define U: %pq→ key by identity on 9pm⇐7 and t on mBmp2



We then get a rug homomorphism
6: Qp → KEE.

and so

a morphism spec(KEELE) → ✗
☐

Consequence The tangent space to

Hilfpcpn) at at pt EX] is an
element of Ham G¥¥⇐) , Hilbp(P

"))
.

That
maps speak) to [XD



Target space at CID ⇒ Homeopaths) , Hilfpl /PT)
This set is in natural correspondence
with the set of flat families

2- c- 1pm

4K4g where the

J fibre over

spec(EF) as is ×.

The space of such flat families is
called the

space of fist order defomakes
of ✗ in PI

.



DefinitionThe normal sheaf to a

closed swbschee ✗ of a scheme Y
is the sheaf
N×x, = Hong (06-109)--11%0,19
where I is the ideal sheaf of ✗ in Y.

eg if ✗
is the subscheme of An

determined by an ideal IS S=KCx
, xD

the normal sheaf is the beatification of
Homs (I , %)



ItemsIi%) Ersesbud -Hans ThnVI-29
.

Theorem The space of first order
deformations of a closed subscheme
✗ of a scheme Y is the

space of
global sectors of the normal sheaf Nay

.

Idea when 4=11-12
a family ☒ s v8 ✗ Spell'd¥)
one spec (KCÉ) has ☒ = spedk.CAT#

⇐a- J
where I=LG-✗egy - -

y Es ✗Egs>
whee fi

, , es generate the ideal I of ✗ , .fi?#cx,y)



Js < G- +egi, - - , fsthegs). I=<Fi , As>

Key idea: 4 :I → kGY¥eHem(I.%)
given by elf;) - g; exists if eyonly if It

+ is flat . sections

sped'dÉ%) of
normal
bundle



Smoothness of Hilton (HR)
The Hilbert scheme of N pts in X-P
is the locus is Hilbp ( P2) for Plt)=N
of subschemes supported in 472 SIP?
We now show this is smooth

.

Key special case of Fogarty's
result that Hilbert schemes of pts on
smooth surfaces are smooth.ee irreducible .

We follow the approach of Hainan .
.

See also Miller -Stwtnfels



Step 1 The singular locus (if nonempty)
contains a monomial ideal

G-near all Itilbpllpnt
This follows from the G'dbner degenerates
flat Early SpectKC"¥,¥)went

g- c- (Friars)
HonCI ,SI)where It É :feI>

t
4A't

This determines a morphism Q:#
'
→Hib%AY

with hell)=[I] . If IT is a singular Pt
of Hilton (AT) , so is [+I] for too

✗ fibre are +c-
1- 61+1



The singular locus of any scheme is
closed , so the special fiber 410)
must also be a singular pt . .
This is [ inw I] .

initial ideal
Wrt w.

For general c-N2 this is a monomial
ideal , so if Hilton (4*2) has a singular
pX, there is a monomial ideal that is

singular . Back at 11:03



Step 2 The dimension of Hilton (11-5)
at a monomial ideal is at least -2N

A monomial ideal Ms s = Klay]
is apt in Hilton ( HP) if dink%=N
We can represent m by its staircase

dragonCass)Éi,;D m=<×i•
, ✗
"

§', .
- yxis-ijos-y.gs's,←¥/a)



egm=< it , Py, ✗§ , y
"
>

*#¥¥#±n=a
The number of boxes under the staircase is.N
(since monomials not in M form a basis for Sfm

.
)

This is the Ferrers shape/Youngdiagram
of a partaker of N

cseeoeis.org)
eg 9=4+3+1×1
↳The number of monomial

ideals in HillNCAR)
is the number of partitions of N -



Fix a monomial ideal M with dink§m)=N
we'll assure chalk/!
Consider 1 Ci ,j) c- IN? XiyJ⇐m |

.

as a collection of N pts is 472
.

Let I be the ideal of polynomials vanishing
on these pts. (so dink = N)
For each generator × of m if
construct f- = (✗- K) - l)xk-ixyly-D.li#s-odistraction

ofnote that f- c-I . ☒¥?_N moaned



f- = ex- ik) ly-l)
1<=0 1--0

For any
we INI inw (f) = ×iyJ

So Ms inw LI) . Since dimklsm) -
= dink =N

we must have M=inw(I) t
preserved

ThusM is the limit of a bypassing
Early of N distinct pts to an initial

ideal.
So [m3 lies on the some
irreducible component as the locus ofN distinct

pts . .



The locus of N distinct reduced pts
is

yNygdiagmI@i.y;) = Hi , 7¥
which has dimension 2N

,

so the irreducible component has
dimension → 2N .

( argument generalizes to ltilb
"
(Ad)

f- any d) ⇒ radius of HilbNUAd)
is f 1 . Ccf Reeves

Radius of Hilbert schemed.



Step3 The tangent space at a memory
ideal is 2N - dimensional

we want to compute dink Hcmcm , Sm)
An element U c- Ham (m ) 5m) is
deterred by choosy where 4 sends
the generators of my subject to the
requirement that these choices are
compatible. we need

eym--2×4 ,×3y,xy7y4> levity)=yUx")
= ✗41×39)



Defn The first syzygy module of
a graded module P is the module
of relations among the minimal generators of
P . If pi , , pm Generate P as as

-

module
,

Syz (P) = { In, / Fm) c- S? Eri piso}
☐← p ← Sm ← Syz(P) ← 0

egFor m=<×Y×3y , ✗ya ,y
">

( -y , × ,o ,o) is a syzygy .



Consider M - L ✗
"
"YJK : Of Kf 52

For Cfo
,
. . . ,fs) to define an eheret

he c- Hons ( m , %) by 41Xi"yJk) = fk
we need Eri-9=0 c- Em for all

Go
, B) c-Syzlmt

Lemma The syzygy module of a
monomial ideal Ms Kcxuy) is generated
by " adjacent syzygies" :



esm.ci, isis,.it?y47E-,Syz-lm)---SEl-y,x,o,o
) , co , -y,Tio),

Cao , - y?×) 3
.

Conte mi , . . .

, MN for the monomials
not in M

.

We can ante fk = ✗
""§" t ⇐Ake me .



pegme <×? "Y >§> i¥
y

d
yFo = + alg + irons ✗ + a-3×2 + achy

f. = ¥5 + ¥ Ian + a.zÉ + aney*
fz = y

'

t 924 + OH + 923×2 t
ashy.

We need = £9 , yf, = ✗fz in 5m
Go , = an

= 0 = 921 = 922--0

So dinkHonCm , 5m) =8-2N.



We represent Ake as an arrow

from xikyik to me. & ante CK, me)

QY.LI#-*.DEMi-:
Our conditions on syzygies say that
if an arrow can be moved down t
to tie right (c- up e left) keeping the tail
on the barclay atehead beneath the
staircase , the coeffs are agree . If the
head crosses anaxis , Ake = a



Nonzero arrows part lweakly)
←
¥¥÷

northwest or south-east

negative positive

We now show there are 2N

equivalence classes of nonarrows, subject
to our rules from the previous slide . .

To each box in the Young diagram
we associate 2 arrows.



positive:

\ to almost end of
now

to hit a min.÷:generator)

negative

to almost
end ofcdem)

hit a minimal
Sorento



Claim: Every equivalence class
of arrows shows up here.

(move a posture arrow daenlrght
as far as possible, and then

further right until the head is
the last box into in its roof

⇒ &.
# equiv

. classes is 2N
f f

⇒ dink (oh %m)= 2N
⇒ Hilton Gtf) is smooth

at [MJ.



Miller -Stwmfels Comb . Comment . alg


