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Last time : construction of ltilbpclpn) as
a subsume of a Grassmannion .

Today Connectedness of ltilbpclp")
and Hilbert schemes Hilbcx]
of other vonekes/ schemes-



Connectedness

Theorem (Hartshorne)
The Hilbert scheme Hilbp ( Ipn ) is connected

.

We'll actually show it is rationallychain connected

a- ⑧
rational curves



Weird fact : The proof does not use the fact
that Hilbpclpn) exists G- details of construction)

key construction Certoborer degeneration .

Given a homogeneous ideal Is Kfxo
,

. .

>xD
and a weight vector we 1N" we construct
the ideal

* = < É : f- c-I> c- Kcxo
, -

→ xn, t]
where for f- = Ecux" we have

⇐ = f-maxcw.ulzaet-w.nu = tm*w-→f(¥w;)



f- = tmaxcwie) f(¥w;) It = <F- :-(c-I> c- kcxo
, in,t]

eaglet I - <xoxo- ✗F) C- kcxo, Xuxa] .

For w= (10/5,1) F- Xoxo -×? we have
$ = t

"

( F
"

xox
,
- FFF) = xox,- txt

I = < xox, - txt > Y I is not always
generated by# : fi generate)

For w=(1,5 , 1)
,

but true for I

principal idealsf- = ¥ ( 1--2×0×2 - +1%7 = +1×2 - xp



The ideal It --CF : feI> s kcxd, -

→In
,F)

defines a subscheme of 110^+11-11
,
and

the inclusion kit]→ K[✗q/×¥ induces a
morphism

Png( Kc×")
At
HX

key fact: it is flat, and all fibres over tea
are isomorphic to Prcjlkte

•
The fibre

over 0 is defined by the initial ideal inthe sense ofGrethe
bases



eeg I
= <xoxz - ✗F)← Veronese embedding ofIP

'
into 1102

W= 110,5
, 1) It=L xoxz - txf>

Fibre over 0 : <✗o×⇒.

← 2 coordinate lines

Oort
w= 4 , 5,11 It = ctxoxa - if>
Fibre over 0 : <✗FS c- double line

.

is a free Kct] moduleFiat: KG

"<¥¥¥→ with basis

{monomials in Xo,✗y ✗2 not}divisible by Xcx2



Grebner references :

Basics : Cox
, Little , O

'

Shea . Ideals
, Varieties

,
and algorithms.

G-o"b no degenerating : Eisenbud commutate algebra
§ 15.8

stwmfels Groebner bases e
convex polytopes



Connectedness Precf

Step 1 : Reduce to the case that I is Borel-
fixed .

The group Ghlntl ,K) acts on
Kcxe

,
- . . <XD by linear charge of coordinates :

Xi "→ ⇐ ajixj
eg ( }}) . 1×02+2*+44 = Got 3×17724+3×1)(2*+4×4

1- (2×0+4×112
= 9 ✗of +424×1+49×7



✗it ajixj

We consider the action of the Barrel groupof
upper triangular matrices.

Lemma when Chor K= 0
, an ideal Iskcxc, ✗n)

is fixed by the action of the Boel groupif early if
1) I is a monomial ideal

.

2) E- all monomials c- I exit XY→
we have . ×¥×ueI for all j < i.strongly

stable



Borel-fixed ideals are strongly stable monomial
ideals -

Sketch for monomial
That I is monomial follows from the fact
that it is fixed by F- diagonal matrices

F- upper triangularT acts by scaling variables : matrices
Hi

, its) • ✗i =ti ✗i.
To see f- fixed ⇒ monomial :
If Xo + ×

, c- If Kcxo, XD , then Lbt) •Got -4)
= ✗ottx , c-I forall t

, so Lxotxi ) - Cxottx,) = (thx , c-I⇒ *, c-I
Xo C-I



eegttx? , xox, , XF > C- KGaa
,xD is Borel- fixed

while ✗E
, xp , ✗223 is not-

✗i c-J but ¥ ×? = Xox,☒J .

Useful facts
1) The saturation of a Borel - fixed ideal is
Borel - fixed

2)There are only Finitelymay
saturated Barrel- fixed ideals with
a given Hilbert polynomial .



Preposition Fix a homogeneous ideal
Is Kcxo

,
- -/XD ,

and generic w_ . There is
an

open set Us GL (ntl ,K) for wheels
inw CGI) is constant for yell - This is

① Bond - fixed for was w,> . -own .

generic initial ideal ginwl.IT .

egI=<✗it xa> c- KGaa,XD .

.
For
g- (gij )

gI= ( got✗a +Si , ✗
, +921×2 + gosh +9*2×1 +922×27

=L ( go, * gas)✗o + Cgn +9127×1 tg.si + g⇒✗2)Er w= Clo
, 5,1) a U={got +9oz-1-0 } C- all3k)

inw (gI) = <Xo>← Barrel fixed



Thus starting at [I] c- ltilbpllpnl , we choose
a path is Glcntlok) to a ptosis U , which

gives a path [IT→ [gIB , then take theinitial ideal
CGI] → Cginw (IJ)←Boel-Gaal

.

girl
gt



Step2: move towards the lexicographic ideal
Given a Basel -fixed ideals we construct
an ideal J with exactly two initial ideals :

inwCI]= I
, in -w ( J) = If

T

really Nll, , 17 - w
for No>0

where I ' is closer to the lexicographicideal
. we then take giza ( Il ) to get

another Boel - fixed ideal closer to IeexThon
I. Ily finitelymany, so must terminate
This is the approach of Peeta eStillman

.



Idea of construction

let I be a saturated Bond -fixed ideal
.

not equal to the lexicographic ideal.
Let d be the smallest degree in which
Id is not a lex- segment ←spanned by d) - P (d) largest
let m be the largest monomials in lex order
manorial of degree d not in I, and let
F be the largest monomial smaller than m
with G-I . f will beaminimal generator
First approximation : J=L f-m

,
other

gens of I)
(actually need to modify to add other binomials
ey if f-

m is ✗? - xox, & ✗ ,↳ c-I
,
add ✗Ha- Xoxa



eg Ptl
= 4 n=2 .

I = <✗of
,
✗oh

,
XP ?

I
'
= < Xo

,
✗it>←lexicographic

ideal
are the only i-Boel- fixed saturated ideals inkcxe

,⇒xD with Hilbert polynomial P.
J = < ✗I

,
✗oh, xp - xox? >

In
a, ion)
(J ) =I

in Cio
, i , io) (J) = 2×9 , xox,,xox}

,
×? >

which has saturation <Xo , ✗it> =It



Other Hilbert Schemes

Let ✗ be a projective scheme .

It ilb ) (B) = { closed subschews 2- c- XxB }with 2-

j flat e proper
B

To show that this is representable, we fix
an embedding ✗⇐ 1PM which defines a Hilbert
polynomial for subschemes of ✗
ltilbp(X) (B) = { closed subsdes zs✗✗BE IPL

flat over B, where all fibres hone
Hilbert polynomial P - }

.

We get ltilbpcx) as a closed subscheme of Hilbp(IPN ).



Lemma The locus -2 C- Cvcr , n) of

r - denis subspaces of KT contouring a fixed
vector V c- Ki is closed .

☒ Given ✓ c- Citrin) , pick a basis for V,
and write this as the rows of an rxn matrix

+€ ) ← ranter n

If ✓ ← V, the rank of rn ) is r
,
so

all ← +1) ✗ (ra) miners vanish
. Expand these along

tears now - theyhavethe form [± Vij PIJSo 2- is the intersection of J
T

Grcr , n) in its Pliicke embedding with linear in PIJ
G- subspace of 1PM

-

! ☐
for fixed y .



Construction of Ltilbplx)
Ex ☐ at least the Cvtzmann - number of P
and the degrees of generators of the ideal
Ix of X. Fix a basis fi

, , fr of 1µg
We wont Ix C- I

,
so fi c-ID for

[← i ←r . T
situationof lemma.This describes ltilbpcx) as a closed subscheme

of ltilbp CIPN) .

Question Does this depend on the choke of
embedding of ✗ into IPN ?

Answer The decomposition into pieces
indexed by

Hilbert polynomials might , but not ltilb(X) .
←magic of Tenedos
lemma!!



↳ ltilbpc1PM) is always connected, but
ltilbpcx) might not be, even if ✗ is

connected.

eg ✗= ✓(f) C- IP
>
smooth cubic surface .

Hilton
,
(X) is 27 parents

eg✗
= V87 c- IP

>
smooth conic .

Hilton, (X) =p
'
it IP

'

P D

2 rulings


