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Abstract

In a Type-II superconductor the magnetic field penetrates the superconducting
body through the formation of vortices. In an extreme Type-II superconductor
these vortices reduce to line singularities. Because the number of vortices is large
it seems feasible to model their evolution by an averaged problem, known as the
mean-field model of superconductivity. We assume that the evolution law of an
individual vortex, which underlies the averaging process, involves the current of
the generated magnetic field as well as the curvature vector. In the present paper
we study a two-dimensional reduction, assuming all vortices to be perpendicular
to a given direction. Since both the magnetic field H and the averaged vorticity
are curl-free, we may represent them via a scalar magnetic potential ¢ and a scalar
stream function ¥, respectively. We study existence, uniqueness and asymptotic
behaviour of solutions (¥, g) of the resulting degenerate elliptic-parabolic system
(with curvature taken into account or not) by means of viscosity and weak solutions.
In addition we relate (v, ¢) to solutions (@, H) of the mean-field equations without
curvature. Finally we construct special solutions of the corresponding stationary
equations with two or more superconducting phases.
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1. Introduction

We study the degenerate parabolic elliptic system

Vv
VY]

— A+ xoq = xoV¥ in R*x]0, T,

psiy — IVWI<GV : ( ) +q-— w) =0 in Qx]0, T,

together with a homogeneous Neumann boundary condition for ¥ on d2x]0, T'[
and a Neumann condition g for ¢ at infinity. Here € is a bounded domain in R?
and o is a non-negative constant.

This system couples the level-set method for evolving interfaces by curvature
to a nonlocal term. The nonlocal term contains information not only of the level
line in question, but of all other level lines.

This model arises in the mean field theory of superconductivity. To this end,
assume that a Type-II superconductor occupies a region D C R3. The three-
dimensional mean-field model consists in determining a vorticity fieldw : Dx]0, T'[
—R3,a magnetic field H : R3x10, T[— R3and a velocity field v : Dx]0, T[—

R3 which satisfy
w; +curl(w x v) =0 in D,

® .
v:curle|— in D,

®|
curl’H+ H=® in D, curlH=0 in D¢, [Hxv]=0 on 0D,
V.-H=0 in R3.

Here v is the exterior normal to D. These equations are supplemented by the

boundary conditions
wxv=0 on 09,

H— H,, as x — oo.

Here H is a given divergence-free applied field. This mean field model was
derived formally by CHAPMAN [2] as an average of the following discrete problem:
find a finite collection of evolving line vortices I'; and magnetic fields H; in D

such that )
curl  H; + H; = Z(Srj,
JF
Vi=curl H; x 1;,

where V; and t; denote the velocity and the tangent of I';, respectively. For the
case of straight-line vortices treated as point vortices in two dimensions, the model
has also been derived by E [7].

This discrete model in return has been obtained by RICHARDSON [14] via
asymptotic expansions of the time dependent Ginzburg-Landau equations assuming
that the Ginzburg-Landau parameter « is large. For the case of straight-line vortices
we refer as well to E [6] and PERES & RUBINSTEIN [13]. In fact RICHARDSON
derives a more general rule for the velocity of an individual vortex that contains
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a self-induced current proportional to the curvature vector and to a nonlocal term.
In the present paper we incorporate the curvature term, but we neglect the current
given by the nonlocal term. The latter is justified since the nonlocal term is of higher
order (in ) and thus smaller than the curvature part of the self-induced energy. Thus

we use the velocity law
Vi=0Cjv; +curl H; X t;

where C; and v; denote the curvature and normal of I';, respectively and o is a non-
negative constant. Using the modified velocity law for the discrete model changes
the velocity law of the mean field model into

® ® ®
v =acurl(—) X — 4curl H x —.
|@] |@] |@]
The averaging process may be understood in the following way: assume that
the number of vortices is n and that the order of vortex spacing is ¢. Then the
averaged vorticity @ is obtained as the limit » — oo (and consequently ¢ — 0)

of the scaled discrete vortex densities @, (x) := {2 Z?:l m(&-i, By(x)) =

%% Y % fF;ﬂBn(x) 7; d.77" . Here n = n(¢) is chosen much larger than ¢, but
still converging to 0. Thus @ is the L! density of the weak™ limit of the measures
c? Y, 8r,.Inthe same manner H is obtained as a properly scaled averaged limit
of any of the H;. We observe that w,, is approximately parallel to t;. Thus we may
replace 7; by I?o)_Z\ In addition, we note that the curvature vector C;v; is given by
curl T; x ;. Thus, as long as there are no drastic changes in the direction of the
vortices, it seems reasonable to pass to the limit n — oo in the discrete model,
thereby justifying the mean-field model. We finally observe that the first equation
of the averaged model is a conservation law for the vorticity, which has its discrete
analogue in the fact that no vortices merge or nucleate.

In the present paper we study a two-dimensional reduction of this three dimen-
sional model. We assume the superconductor to occupy a domain D = Q x R,
and we look for solutions of the mean field model that have the special two-
dimensional structure @ = (w,0) and H = (H,0) with w : 2x]0, T[— R?2
and H : R?>x]0, T[— R2. We are thus studying a geometry where we assume
all vortices to be perpendicular to the z direction. The two-dimensional mean-field

model with curvature thus consists in solving

o —VL(|w| (aVL.ﬁJrvL.H)) =0 inQ,
(0}

—VivVt H)+H=w inQ, Vi -H=0 inQ°,
[H-v']=0 ondQ, V-H=0 in R?
with boundary conditions
wxv=0 on 02,

H— H,, as x — o0.

Here V- = (—0y, dx) and v is the exterior normal to €2.
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In fact, any solution of this two-dimensional reduction is a solution of the fully
three-dimensional problem in the infinite cylinder D with an applied field H o, and
with an initial datum wqo perpendicular to the z-direction and only depending on
(x, ).

Since H is divergence-free, we can find a scalar magnetic potential ¢ : R?x 10,
T[— R such that H = V4. Owing to the stationary equation for H in 2, which
is known as London’s equation, we see that @ as well is divergence free in €2, and
we may thus find a scalar stream function ¥ : 2x]0, T[— R such that @ = V1.
This last observation is only valid as long as 2 is simply-connected. Substituting
these relations into the system of equations implies

oo (85) ) -0

Vi(=Ag+qg—v%)=0 in Q, —Ag=0 in Q°, [Vg-v]=0 on IQ
Vi -v=0 on 9%,
Vg - Vg as x — o0.

Upon changing ¥ and ¢ by adding functions depending only on time, we eventually
find the system of equations we consider in the present paper.

In return, any solution (v, ¢) gives a solution (w, H) of the two-dimensional
mean-field equations. This holds true even for domains €2 which are not simply-
connected. But it restricts the class of initial data we may consider.

We stress that assuming the two-dimensional structure of the solution we are
able to show well-posedness of the problem, even without the curvature term. This
may no longer be the case without the assumption on the two-dimensional structure
as suggested by an eigenvalue analysis of RICHARDSON [15] for the evolution
law of an individual vortex. In addition, the fully three-dimensional problem is
substantially more difficult than the two-dimensional reduction, owing to the fact
that we then have to work with vector potentials ¥ and q of @ and H, respectively.
In this case the system of equations in D, with the curvature term taken into account,
reads

1 1
¥, +curly x (acurl( curl y ) X curl

_ =0,
| curl Y| | curl ¥| td ]ﬁ)

curl>’g +q — ¢ =0.

We finally note that there exists another two-dimensional reduction of the mean-
field model which was studied by CHAPMAN, RUBINSTEIN & SCHATZMAN [3]
and STYLES [17]. It consists in searching for solutions of the form @ = we_,
H = He_, with both @ and H depending on x € R?. Hence, this two-dimensional
reduction assumes that all vortices are lines pointing in the z direction. CHAPMAN,
RUBINSTEIN & SCHATZMAN show existence and regularity of solutions of a
resulting stationary free-boundary-value problem. STYLES proves existence of a
weak solution, and uniqueness in the special case of Q2 being essentially one-
dimensional. In addition, she proposes a numerical scheme to solve the problem
and shows its convergence in one space dimension.



Viscosity Solutions for the Mean-Field Theory of Superconductivity 103

We now describe our results. In Section 2, we prove the existence of a unique
solution (i, g) of the two-dimensional degenerate parabolic-elliptic system, either
assuming that o = 0 or that o is a positive constant. The dynamic equation is
solved in the viscosity sense while the elliptic equation is solved in the weak sense.
To this end we introduce the solution operator g = H r of the elliptic equation with
homogeneous Neumann condition at co. Then we interpret the dynamic equation
in the viscosity sense, replacing g by HY 4+ g~. The solution operator has the
property that inf v < H < sup . This observation is crucial for a comparison
principle to hold for the dynamic equation. Due to this comparison principle we are
able to prove existence for initial data of ¥ which are only continuous. In addition
we show that as ¢+ — oo the solution tends uniformly to a stationary state.

In Section 3, we relate (¥, g¢) to solutions of the two-dimensional mean-field
model derived by CHAPMAN. We show (for o = 0) that (w, H) = (V1y, V1q)
locally in €2 is a weak solution of the mean-field model. In addition, we show
that this (w, H) is the unique limit of a viscous approximation of the mean-field
equations. The mean-field model is hyperbolic in nature, and we show that it only
admits very few entropy pairs. As a consequence, we are not able to give a notion
of general weak solutions of the mean-field model, incorporating the boundary
condition @ x v = 0.

In Section 4 we study the corresponding stationary problem with o = 0. We
present special model solutions, admitting a functional dependence of the stream
function ¥ on the magnetic potential g. In particular, we construct domains €2 that
allow for solutions with more than two superconducting phases.

2. Existence and Uniqueness

2.1. Notation. Let 0 < T < oo and ¥ = Q@ cC R? be open with 9Q € C>F
for some B > 0, and let v be the outer unit normal to d€2. We use the notation
Qr = Qx]0, T[ and Q := 2x]0, oo[. We study the system of equations

\Y%
Vi — IVIPI(GV- <_¢) +q - xlf> =0 in ©x]0, T[,
V| ey
—Aq + xeq = xe¥  in R*x]0, T,
with ¢ 2 0. On ¥, we impose a homogeneous Neumann boundary condition
V¢ -v=0 on dQx]0, T, 2)
and on ¢, we impose
V(g — goo) € L*(R?) (3)

forall 0 < ¢ < T. Here g is a given function which we assume to be harmonic
outside a large ball. We will later normalize g to satisfy a differential equation in
R? (cf. 2.3(a)).
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The initial values of i are given by 1y, which we assume to be Lipschitz
continuous (with the exception of Remark 2.17, where we discuss existence and
uniqueness for continuous initial data).

We choose A > 0 such that

o, Iviciw, o) I Yo llcorg, 19 = 4, 4
where U 4-1(92) is the set of all points whose distance to 9€2 is less than AL

We first investigate the elliptic equation.

2.2. Lemma. For any v € L2(Q), there exists a unique solution q € Hlloc2 R?) of
the elliptic equation

—Ag + xaq = xa¥ in R%, V(g — gx) € LZ(R?). (1)

Proof. Since only the values of g, near infinity are relevant for the equation, and
since ¢oo is harmonic outside a large ball, we may assume that go, € C*®(R?).
When ¢ is replaced by ¢ — g0, (1) is equivalent to

—Ag+ xaq = f in R?, Vg eL*R?),

where f := xoV¥ — Agoo + XQ¢oo. Thus f € L2(R?) and f has compact support
in R2. We consider the Hilbert space X := {p € Hllo’cz(Rz) | Vp e L2(R?)} with
scalar product (g, p) := [p2 Vq - Vp + [ gp. It is easily seen that X is indeed
a Hilbert space with this scalar product. Further F(p) := fRZ fp is a continuous
linear functional on X. By the Riesz Representation Theorem, there is a unique
q € X with (g, p) = F(p) for all p € X, which gives the unique solution to the

original elliptic equation. O

2.3. Remarks. (a) Since the elliptic problem 2.2(1) remains unchanged when g is
replaced by a Goo that satisfies V(goo — §oo) € L?(R?) we may normalize go,. We
choose g to be the unique solution of 2.2(1) with ¢ = 0. Thus in the following,
we will always assume that

—Agoo + X900 = 0. e))

Elliptic regularity theory implies that g, € leog (R?) for all p > 1, and we may
enlarge A so that

| goo llera < A, o))
for some 0 < a < 1.

(b) Assume that goo = 01in 2.2(1). Then the solution operator is a linear continuous
operator H : LZ(Q) — X. We see that

/Qw HY = (Hy, HY). 3)
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This yields that H : L?(Q) — X — L?(Q) is a positive, selfadjoint operator on
L2(Q) with | H ||= 1, since | HY x| HY L2 and H1 = 1.
Finally, we establish

infy < Hy Ssupyr  fory € L®(Q). ()

Since H1 = 1, it suffices to prove that g = Hy = 0 for ¥ = 0. Multiplying
equation 2.2(1) by ¢g_— := min(q, 0), we get

/ |Vq_|2+f |q_|2=f vq- <0.
R2 Q Q

Therefore ¢g_ is constant on R2, g— = 0 on 2, and hence vanishes on the whole of
R2. This yields ¢ > 0. O

(c) For general g as in (a), we can represent the solution g of 2.2(1) in terms of
H by

qg=HY + go. (5)
2.4. Remark. In the same way as in Lemma 2.2, we may consider the equation
~Ag = xo¥ in R, V(g —ge) € L2R). (1

Replacing g by ¢ — g as before, we see that (1) is equivalent to

~Ag=f in R} VgeL*RY, )
where f := xo¥ — Ageo € L?(R?), with compact support in R?. Now, since coer-
civity is lacking on the whole of X, we instead consider Y := {p € Hlloc2 (R?) |Vp e

L%(R?), fQ p =0} C X. As in Lemma 2.2 there exists a unique ¢ € Y such that
fIR@ Vg-Vp= fRZ fp forall p € Y. We conclude that there is a solution of (1) if

and only if
/w:/ Agco,
Q R2

and this solution is unique up to a constant.
As a corollary, for two functions goo and §o, Which are smooth in R?, which
are harmonic outside a large ball and which satisfy V(oo — Goo) € LZ(R?), we get

/AqOOZ/ Adoo-
R2 R2

In particular, the normalization as in Remark 2.3(a) does not change the integral of
the Laplacian of go, over R?, provided the original g, was smooth.

2.5. Definition. We will consider 2.1(1) in the viscosity sense. To this end, we have
to specify the functional dependence of ¥, Vi and D>y, where we have to take
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into account that ¢ in 2.1(1) appears through the coupling of the equations. For a
given ¢ € CO(Qr), we set

p®p
Ipl?

K@)(x,t,r,a,p,X):=a —0tr<<1 — >X> + |pl(r — q(x, 1)),

where (x,t,r,a,p,X) € 2 x[0,T] x R x R x (R — {0}) x S(2) and S(2)
denotes the set of all symmetric (2 x 2)-matrices. Associated with K(q) are
K*(q), K.(q), KT (q), K_(q), which agree with K (g) when p =% 0, and which
are defined for p = 0 by

K*(¢q)(x,t,r,a,p,X) =a—o0 |li)‘nfl tr (I —b®b)X),

K.(@)(x,t,r,a,p,X):=a—o sup tr((I —b®Db)X),

|b|=1
Kt (@) (x,t,r,a,p,X) =a—0o in<f tr (I — b ®b)X),
bI<1
K_(g)(x,t,r,a,p,X):=a—o0c sup tr (I —b®b)X).
1BI<1

It requires a calculation to verify that K* and K, are respectively the upper and
lower semicontinuous envelopes of K (g) which are defined, for example, by

K*(q)(-xvtsrva’ va)
= inf { lljn_l)logf K@) (xj. tj,rj, aj, pj, Xj) | (xj. 1, 1), aj, pj, X))
— (x,t,r,a,p,X)}.

Viscosity solutions are stable under certain limit procedures (cf. [5, Lemma 6.1]).
For a family of functions K5 : D C RY — R we define

K = (lim), K
§—0
by
K (z0) := inf{lim inf K(;j(zj) |6 = 0, z; — zo}.

(lims_,0)* K is defined analogously.
In our case, we approximate K (q) by

Ks(g)(x,t,r,a, p, X)

— a — 25f5(p)r(X) — otr ((1— P8P

f5(p)?

where f5(p) := /82 + | p|?. An elementary computation yields that

)X) + f5(p)(r —q(x, 1)),

(lim). Ks(qs) = K—(9),  (lim)*K;5(qs) = K*(q) (1)

if g5 — ¢ uniformly on Q7.
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2.6. Definition. Let v € C°(Qr) and set ¢ := HY¥ + goo. Then 1 is called
a viscosity subsolution of problem 2.1(1,2,3), if for all (x,#) € Qr, and for all
(a.p.X) € PyTy(x, 1),

K*(‘])(x’ tv W(xv t)s av p7 X) g Oa

and for all (x, t) € (0R2)x]0, T[, and for all (a, p, X) € Pé—’:l//(x, 1),

min(K.(q)(x, t, ¥ (x,1),a, p, X), pv(x)) 0.

The sets of superdifferentials P2 * and Pﬁ are defined in the next subsection.

Y is called a weak viscosity subsolutlon if the above is satisfied when K, is
replaced by K_.

Viscosity and weak viscosity supersolutions are defined analogously by replac-
ing K, and K_ by K* and K and by considering the set of subdifferentials P>~
instead of P> 7.

Y is called a solution when it is both a sub- and a supersolution.

2.7. Definition. For¥d & Q C R"x]0, T[,v : Q@ — R, and (xg, fp) € Q, we define
the sets of superdifferentials

P o(x0. 10) := {(a. p. X) € R x R" x S(n) | v(x. 1) < v(xo. t0) + a(t — 10)
+ p(x — x0) + 5 (x — x0)" X (x — x0) + 0|t — to] + |x — x0/%)
ast — fo, x — xo, (x,1) € O},
Ferv(xo, t0) :=={(a, p, X) e RxR" x S(n) | Ixj,1;) € Q
Aa;, pj, Xj) € P2To(x;, 1) : (aj, pj, X)) — (a, p, X),
(xj, ;) = (x0.10), v(xj,1;) = v(x0, %)}

The sets of subdifferentials P2~ and P are defined analogously.
2.8. Remark. It is seen easily that for ¢ € C>1(U(Q)) withv—¢ < (v—¢)(x0, 19)
in Q and U (Q) a neighbourhood of Q, the triple of derivatives (3,9, Vo, D?¢)
- (x0, 10) € P v (x0, 10).
Conversely, for all superdifferentials (a, p, X) € Pé’+v(xo, to), thereisa ¢ €
C>(U(Q)) withv — ¢ < (v — ¢)(x0, o) in Q and (a, p, X) = (3¢, Vo, D*¢p)
- (x0, t). A proof of the second statement can be found in [16, Section 14A].

2.9. Theorem. For any o € C%1(Q) and for any qoo which is harmonic outside a
large ball, there exists a unique viscosity solution ¥ € C°(Qx], 0, T[) of problem
2.1(1,2,3) with initial data ¥ (-,0) = g in Q. This solution can be extended
globally in time and satisfies the estimates

o0
¥ @ | VY @) fo fg Wil 1 llgeang,, SCA), (1)

for some 0 < a < 1.
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2.10. Remark.We will approximate this equation by a smooth quasilinear parabolic
equation and pass to the limit. We will replace the modulus |-| by the smooth function

fs(p) ==/ |p|* + 82, set As(p) = 8|p|> + o f3(p) and obtain the equation

Vi @ Vi
fs(Vy)?

ie., Ks(q)(x,t, 9, ¥, Vi, D*>y) = 0and ¢ = HY + goo. This equation is not
in divergence form, but as for the original equation, the second-order term has
the form f5(Vy)VA5(V). This will enable us to estimate the time derivative by
multiplying with 0,%/fs (V). Then the divergence can be integrated in time, and
we get

Ve = 28fs(VY)AY —otr ((1 - )D2w> + (V) (Y —q) =0,

19,y
Qr fs(V)

+ [ Aswuy

A difficulty arises when passing to the limit, since (lims_.0)}Ks & K. Therefore,
our approximation yields only weak viscosity solutions. To get the full result, we
will establish the uniqueness result for the weak viscosity solutions and approximate
again. The second approximation will be fully quasilinear (we do not account for the
partial divergence form of the equation) and will yield a proper viscosity solution.
On the other hand, the second approximation does not give the estimate on the
time derivative in 2.9(1) which will be important when considering the asymptotic
behaviour for t — oo.

Note that the regularization using K is of the form used by EVANS & SPRUCK
[9] in their study of mean curvature flow and that their definition of solutions
coincides with our definition of a weak viscosity solution. On the other hand, our
definition of viscosity solution coincides with that of CHEN, GicA & GOTO [4]
for mean-curvature flow.

2.11. Proof of Theorem 2.9. According to 2.3(5) we write ¢ = H{¥ + goo and
regularize the equation as pointed out in Remark 2.10. To this end we define

fs(p) == /82 +|p|? and As(p) = 8|p|* + of5(p). We thus use the initial-
boundary-value problem

Vi
Js(Vr)

— VAV 4+ (f — HY —goo) =0 in 2x]0, T,
»y =0 onaQx]0, TI, (1)
Y =1Yps inQ x {0},

where Vo5 € C®(Q) with || o5 ||Co,1(§)§ C(A) and 3,y0s = 0on dS2, and

V0.5 — Yo uniformly on Q. Since A5 depends only on the modulus, we see that
A5(Vr) - v = 0 on 9. Differentiating the second-order term, we write equation
as

Vi — a; (VY)Y + fs(VY) (W — Hi — goo) =0, @)
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where a®(p) := f5(p)D?>As(p). We collect the following properties of a’:

PiPj

aj;(p) = 28f5(p)sij + o (8ij — SR
a®(p) = 28fs5(p)1, 3)
i1 pj 3j1pi , PiPiPI
0 =26——6; —
il (p) = 20488y 0 (= = 2 oy

We observe that equation (2) is a smooth quasilinear parabolic equation with a
compact perturbation. From standard parabolic theory (cf., e.g.,[12]) and the Leray-
Schauder Theorem, we obtain a solution 5 € H*™*17%/2(Qr) N C22 (Qr).

To simplify the notation, we now drop the index §.

First, we establish a uniform L°° bound on . We set M := supg ¥ s and
¥ := 1 — 8t Q, where Q is any number strictly bigger than SUpg goo- We get

Vi +80 —ai; (Vv + F(V (W — HY — goo) = 0.

We choose v/ (xo, fo) = supq, ¥, and we assume this supremum to be bigger than
M. We obtain 0 < fyg < T; Hopf’s Theorem implies that xg € €. This yields
&% = 0,Vy =0, and D>y < 0 at (xo, 1). Since f35(0) = 8, we conclude by
using the equation

0280 +8(W — HY — goo) (X0, 10).

From 2.2(4), we infer that H (xo, to) < sup Hy (., 19) < sup (., tg) = 1/~/(x0,~to).
Therefore 0 = Q—qeo (X0, o). This contradicts the choice of 0, and thus supg,. ¥ =
M. Using a similar argument for the infimum eventually gives

sup || < sup [o,s] + 8T sup |goeol- “4)
Qr Q Q

Next, we establish a uniform L°o bound on V. We define z := f5(p)? = |V |2+
52. We know that z € H'** '3 (Q7) N C
by

lOC(SZT). The derivatives of z are given

0:z =20k, 0iz = 20; Y,
0ijz = 20;j Yk + 20; Y19 Y,

where Y = 9. Differentiating equation (2) and multiplying its derivative by
2y, we obtain

0rz — aij(V¥)0ijz + 2a;; (V) 0; Y0 e — 01aij (V)0 0;2

0
+ X (0 — @) + 22V 2 — VgVy) =0
vz
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in ;. Using (3), we get

2a;;(VYr)0i i 0j ¥k — 91aij (V) 0i5¥ 9jz

A
> 28ZID%y | — 28%
to <3iZ3ij¢3jW N 0;20;; oy _23i1ﬂ3j;/f311ﬁaijwalz>
Z Z Z
Vi V2)A vz|2 VY Vz?
sty - 25TV IDAY VP VYVl
Jz z z
\vJ 2
> _cays VA
JZ

Since ¢ = H{+qo according to 2.3(5), we get from 2.3(2) and (4) that |¢|, |V¢q| <
C(A).1f z > max(C(A), 1), we obtain [V |* = z — 8 = 2z > C(A), and hence

9
%akw(w — @)+ 22UV P = VgVi) = —C(A)|Vz] + 247
On {z > C(A)} N Q7 these estimates yield
|Vz|?
0z —aij(Vy)dijz £ —z24/7+ C(A)|Vz| + C(A)S N (5)

Next we estimate d,z on dQ27. We know that Vi - v = 9,4y = 0. Therefore Vi
is a tangential vector at 2. This yields

0=V -V(V§-v) =V - DXyv + V- DuVy,
3z =2V - D*yv = —2Vy - DvVy < C(A)z, (6)

since we have |[Dv| < C(A) using 2.1(4).
SLince a0 € C%, we again use 2.1(4) to show that there exists a function ¢ €
C2(Q) that satisfies

=1 ondQ, [¢llegsC), ¢20 inQ. @)

~C(A)p

We define w := ze The derivatives of w are given by

dw = d,ze €D Jiw = §ize CWY — wC(A)0;p,
dijw = 9;jze " C MY — JwC(A)djp — dJwC(A)dig
—wC(A)0;jo — wC(A)0;¢d;p.
From (6) we get

dw=e W@,z — C(A)zd0) <O. (8)



Viscosity Solutions for the Mean-Field Theory of Superconductivity 111
Since 0 £ w £ z, we obtain from (5) that

e_C(A)‘/’< — 27+ C(AN)|Vz| + %Ide) > e CW9 @z — a;; (V) ;j2)
©)

= w — a;j(VY)oijw + b;jdjw — a;j (V) d;j9C(A)w
—a;ij(V{)0ipdipC(Aw,

on {w > C(A)} N Qr, where b; are functions depending on a, w, and V. Now

we choose w(xo, 7)) = supg, w =: M = C(A). Since w(.,0) = z(.,0) =

V051> + 82 < C(A), we conclude that 0 < 7p < T, and w is of class C?

in a neighbourhood of (xg, o). From (8), we get xo € . This yields d,w =

0,Vw =0, |Vz| £ C(A)z,and D*w < 0 at (xo, fo). Taking into account that
laij (V)| < C(A)(1 + 84/z), we get from (9) that

0 = dw —aij (V) djw + bidiw < e V(27 + C(A)z + C(A)82/7)
at (xq, t9), which is a contradiction when § < co(A). Hence w < C(A) and

I Vs lliLe@n S C(A), (10)

for§ < co(A,T).

Finally, for passing to the limit, we need an estimate on the time derivative of
V5. To this end we multiply (1) by ;4 and, taking into account that A5(Vis) -v =
0 on 9£2, we obtain

3|
ar F(VY)

Since H is self-adjoint (see 2.3(3)) we compute for the last term that

+/ A(Vy(T)) =/ A(Vlﬂo)-i-f (Y — HY — qoo) 01 Y.
Q Q Qr

T

/(w CHY — ge)ihy = /gw LY HY — o)
Qr Q

t=0

Observing (4), we see that itis bounded in modulus by C(A). Since f (Vi) < C(A)
by (10), we conclude that

/ 0,ysI* < C(A). (11)
Qr
As in the proof of Theorem 3.4 of [8], this together with (10) yields that
I Vs ”H”"“/Z(KTT)§ C(A) for some 0 < o < 1. Furthermore, since d;g = H 0oy,
we get || 9;gs ”LZ(QT)é C(A). Since |Vgs| £ C(A) follows from (4), we likewise
obtain || g5 | Ha,a/2(QT)§ C(A). Therefore subsequences of (ys)s and (gs)s con-
verge uniformly in Qr, and we can pass to the limit in (1) using Lemma 6.1 of [5].
In view of 2.5(1), this yields a weak viscosity solution.

From (4), (10), and (11), we get (1) for finite 7 > 0. Since A does not depend
on T, we obtain the full estimates.
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Before concluding the existence proof, we establish the comparison principle
for weak viscosity solutions in the next theorem.

2.12. Theorem. Let V| and yr» be two weak viscosity solutions of problem
2.1 (1,2,3) with initial data o1 and g2, respectively. Assume that 1 or yn
is uniformly Lipschitz continuous in space. Then Y01 < .2 implies that ) <
Yo on Qoo

Proof. For the sake of notational convenience we put

F(p, X) = —atr<<1— p®p)x> pE0,

IpI?
F(p. X) p*0,
+ .
Fr(p.X) =1 _5 inf w(@—-bobX) p=0,
0<|b|<1

and we define F_ in a similar way.
Now assume that the assertion of the theorem were not true, i.e., assume that

sup(y¥1 — ¥2) > 0.
Qr

We choose y > 0, and fori = 1, 2 we set lﬁ,' (t,x) := e ""Y;(¢, x). Then &i are
weak viscosity solutions for

KL(g)(x,t,ra, p, X) :=a+yr—FX(p,X)+|pl(e"'r —qi(x,1)),
and if y is big enough, then
sup(¥r1 — ¥2) (-, T) < M := sup(y1 — ¥), (1)
Q Qr

and M > 0.

We now drop the tilde again.

We proceed as in [10]. We set @ (¢, x, y) := (Y1(x, 1) — ¥2(y, 1)) — ¥ (x,y),
where

W(x,y) = és(x, ») +88(x, ),

B, y) = Inl*g(x, ), )
ni=X =Y,

g(x, ) i=¢(x) + ¢ (y) +28.

We choose 8 €]0, co(A)[ small enough, and for this 8 we choose ¢ € C2(Q) with
—%ﬂ <¢p<0inQaswellasp = 0and V¢p = v on Q. Thus 8 < g < 28. With
these definitions, Lemma 3.1 and Proposition 3.2, all formulae of Section 3 of [10]
as well as Proposition 4.2(i)—(iv) hold.

Obviously, forall0 < & < £9,0 < § < 8y thereexists (7, £, §) € [0, T]xQxQ
such that

&(t,x,y) SO, %,9) forall (r,x,y) €[0,T] x Q x Q. 3)
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Setting x = y in (3) and first taking limits in § and then the limit in ¢ implies that
for any accumulation point (xg, #y) of (X¢ s, fg,g),

(Y1 —v2)(x, 1) = (Y1 — ¥2)(x0, fo). 4)

Here we used that by Proposition 4.2(iii),(iv) of [10], & (X5, Ye.s)/¢ — 0 and
|Xe.s — Ye.s] = 0 as & — O uniformly in 8. Thus (xo, fp) is some point where
Y1 — Y attains its supremum over Q7. By (1) we know that 9 < T and since
(Y1 —v¥2)(-, 0) =0, we know that 0 < #y. As a consequence of this argument, we
may assume that

IM <910 — 23D, 0<i<T (5)

forall0 <8 < dpandall 0 < ¢ < g.

Now, ifx € 0Q,y € Q,thenv(x)-V, ¥ (X, y) = 8, whereas, if y € 0Q,x € Q,
then v() - V¥, (x, y) = 8, by Lemma 3.1 of [10]. Hence, we can apply Lemma
3.3 of [10] and obtain that for any 0 < ¢ < 9,0 < & = 8¢ and for any A > O there
exist symmetric matrices X and Y such that, putting

1 PN N
p* = 2 VrE &, ) Vo),

| ©6)
P’ = VyE R ) VY (),
we get
02y, D) — 923, D) — F-(p*. X) + FH(=p*. —Y)
P (e (Y1 — HYyD (. D) — goo(®)) @)
— 1P I(e” (W2 — HY2) (3. 1) — 4so(3))
and
—<%+||A||)I§<§ 3)§A+AA2, (8)

where A = %L()?, $) + 8D?g(%, 9). To justify this choice of A we use that
D2?E(x,y) < L(x, y) with L(x, y) as in (3.3) of [10].
Next, for all 0 < ¢ < &g there exists a subsequence § ; — 0 such that
(feﬁjy 28,81-’ }A’s,éj) - (fs’ e, 5’3) )
; R S R P
pS,(SJ‘ — pa = g x‘:’(xéh ys)a pg’aj — pa = gvyd(xaa yS)a
(Xs,éja Ys,Sj) — (Xs» Ys)

..
Ae,sz — Ag = EL(X& Ve)-

Moreover, (8) holds for (A, X¢, Y) and (7) holds for (7, %, 3, p*, p¥, X, ¥),.
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Next, for a subsequence ¢; — 0,
(tajv fsja )A)Sj) — (t()’ X0, )’0) .

By Proposition 4.2(iii) of [10], xo = yo and (5) is satisfied for § = 0.

We proceed by showing that x, & V.. Assume to the contrary that x, = y.. Then
by formulae (3.2) and (3.3) of [10] p} = pe = 0and A, = 0. Thus (8) implies
that <)8€ 1(/) ) < 0 and consequently X, < 0 < —Y,. Using the monotonicity of

&
F_ and FT we obtain from (7) that

02 3yM+ F_(0, X;) — FF (0, -Y,) ©
> JyM + F_(0,0) — F*(0,0) > 0.
This is a contradiction. Thus |n,| = |X; — J¢| > 0 and we obtain from (3.2) and
(4.2) of [10] with constants C, co > 0 which are independent of ¢ that
Cl 3> 0% 1Y > Lo
Inel” 2 1pels 1Pzl 2 co=Inel”,
3 3
1 . A
P+ = el (Vo (o) + Vo (5o))
(10)

1 1 R
Iy + Pl < cgmsr* < C_8(, 50 — 0,

pr pr

& X

+ S — —|ps + plI £ Clnel.
lpEl  Ip2ll T min(pil 1pd) T

We use (8) and Proposition 3.2(ii) of [10] and we observe that F satisfies
condition (F4) of [10] (cf. Lemma 5.1 of [10]) to conclude that

F(p;, Xe) — F(=p}, =Yy)

2

y X y
pP: | P: p Pe :
2 —Kiv |— + —-| — Ko — K30 |— + — K4 |p; + 1|,
IpEl  Ip2l IpEl P2l Pt p:

with vo = C Ly %, = C (gw n siz) and ¢ = C {53, Thus

, 1 A
F(pf.Xe) = F(=pl,—Ye) 2 —C (;mer‘ + ;) :
and we conclude that

lin}) F(pg, Xe) — F(=p2, =Ye) 20, (11)
£—

provided that A is chosen such that A /s> — 0.
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Next we obtain

| 151900 (&) + | PE 1goo(Fe) | 12
S ps + Pl goollLe@) + 1P3 | 1nel IVqoollLeecony @) —> 0
by (10).
Finally we estimate
\PEI (Y1 — HY) (Re, fe) — | pe | (W2 — HY2) (e, fe)
Z —pr+ el (W1l + [1HY1 L)

+ 1P| (1 — HY) Res fe) — (W2 — HY2) (B 1)) -
‘We observe that

(W1 — HY1) (Re, Be) — (Y2 — HY2) P, 1) —> (Y1 — Y2 — H(Y1 — ¥2)) (x0, 10)-

Since (Y1 — ¥2) (x0, f0) = supg (Y1 — ¥2) (-, fo) by (4), 2.3(4) implies that 0 <
(Y1 — ¥ — H(r1 — ¥2)) (x0, to). Since, by assumption, one of i and v, is Lip-
schitz continuous in space, we find by (3) and (6) with § = 0 that one of | p; | and
|p2| is bounded. But, since pf — p; — 0, both |p?| and |p?| remain bounded.
Thus we eventually find that

glii%lpfl (W1 — Hyn) G, 1) — |pY| (Y2 — HY2) (e, 1) 20. - (13)

Putting (11)—(13) together leads to a contradiction. O

2.13. Remark. This comparison principle immediately implies uniqueness of weak
viscosity solutions for Lipschitz continuous initial data, since the solutions con-
structed in 2.11 are uniformly Lipschitz continuous in space.

We use the comparison principle now to prove that the solution operator of
Theorem 2.9 is a contraction semi-group on L% (£2).

2.14. Corollary. Let | and Yr» be two weak viscosity solutions as defined in 2.6
with Lipschitz continuous initial data 0,1 and o 2, respectively. Then forallt > 0,

| ¥2() — Y1) e =1 Yo2 — Yo,1 llL=@) -

Proof. Since H1 = 1, we observe that Yo+ || Yo 2—v0,1 llL> (@) isaweak viscosity
solution with initial data Y92+ || Y02 — ¥o,1 llLo@)= Yo,1. The Comparison
Principle 2.12 yields

V2 — Y1 2l o2 — Yo llue),
and by symmetry, we get the assertion. O

2.15. Conclusion of the Proof of Theorem 2.9. So far, we have only established
that there exists a unique weak viscosity solution. Therefore it remains to show that
there also exists a proper viscosity solution. This time we approximate

\Y% \Y
Y —otr ((1 - %)D%) VYl —q) =0
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by choosing smooth function al‘.sj such that

a(p) = 281 “/Rz gl ns(p — q)dq for |p| < L, 0

where n5(p) = §7*n(¥) with n € C°(R?), n = 0, and [z n = 1. Further, we
assume that

PiDj
aj;(p) =288 + cr(ai,» - |p—|21)

B _ il Pj jl Pi PiDPjDl
3’“’7(")_"(_ L il Ipf? )

for |p| > 1. On the whole of R?, we assume that a®(p) > 28I and afj (p) —
8ij — pi pj/|p|2 for p & 0. With this choice, we observe that

. pivi, \"
(ggr%))*(afj(p)xij) = ((&'j - ﬁxi» :

When passing to the limit as outlined in Lemma 6.1 of [5], this identity ensures
that we obtain a proper viscosity solution of our equation. We obtain the initial-
boundary-value problem

Vi —al; (V)3 ¥ + fs(VY) (¥ — HY —goo) =0 in 2x]0, T,
WY =0 ondRx]0,T[, ¥ =1vos inQ x {0},

3)

where fs is smooth and satisfies

fsp) = Ipl, fs(p) 28, f5(0)=38, fs(p)=Ip| for|p|=1.

The initial data are chosen to satisfy Yo s € C>®(Q) with | Yo.s |l CO-I(§)§

C(A)and 9,¥9 5 = Oon dS2, and Y95 — Vo uniformly on Q. As before, this
problem admits a solution s € H>t*!+/2(Qr) N CX (Qr). Again as before,
one can establish

I s llLe@pys 1| Vs liLe@p = C(A),

for0 <8 < co(A, T).

Since this approximation does not maintain the partial divergence form of our
original equation, we have to proceed in a different way to estimate the time deriva-
tive of . To this end, we differentiate (3) with respect to time, set y := ;¢ €
H®*2(Qr) N C*®(Q7) and obtain
Vi — afj(Vtﬁ)f?ij)/ - 3la?j(V1//)8ijW ay

+ 0 fs(V) (¥ — HY — goo)dry + fs(VY)(y — Hy) =0 in Qx]0, T,

dyy =0 ona2x]0, T[.
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Certainly, this equation admits a maximum principle, and we conclude that
I 8:¥s Il Sl s (- 0) L= CA A+ | Yos ll gy

This yields existence of a solution for initial data g € C L1(Q). Since according
to Corollary 2.14 the solution operator is an L contraction, we obtain a solution
for all ¥o € C%!(Q), concluding the proof. O

2.16. Proposition. Let ¢ be as in Theorem 2.9. Then v (t) tends uniformly on Q to
a stationary state.

Proof. From 2.9(1), we see that {1/ (¢)},> is uniformly bounded in CY1(). There-

fore, there exists a sequence t; — 00, such that ¥ (t;) — o uniformly on Q. We
define v;(t) := ¥ (#; + t). These are solutions with initial data ¥ (). Certainly,
they satisfy the bounds 2.9(1). Hence they tend uniformly on Q7 forall T > 0 to
the solution ¥/~ (.) with initial data v/oo. We obtain

o0
| 10l timint [ g = timine [ [ <o
Qe i= Ja j=oo Ji Ja

hence Yoo(t) = Yoo forallz = 0, that is, ¥ is a stationary state. Since by
Corollary 2.14 the solution operator is an L°°-contracting semi-group, we have
that

I (@) = Yoo ILe@=Il ¥ (1) — Yoo Loy —> 0 fort > 1,

and hence get the convergence of the whole family. O

2.17. Remark. Finally, the above results can be extended to the case of initial data
which are only continuous. Existence of solutions for continuous initial data is
immediate following Corollary 2.14.

Uniqueness and a comparison result are obtained as follows. For yo 1 < g2 €
C%(Q), we choose ;. € CO'(Q) with Y. — o, in L®(Q) fori = 1,2,
and without loss of generality we may assume that Yo 1. < Y01 < Yoo =
Y0,2,¢. For two solutions v; with initial data g ; fori = 1, 2, we conclude from
Theorem 2.12 that ¢ o < v and ¢, < Y ., where V; . are the unique solutions
Lipschitz continuous in space obtained above. First, if ¥9 1 = 10,2, we get from
Corollary 2.14 that || Y1 — Y2 [lL©,7;.0@) S Yie — ¥2.6 L=, 7:0@) =]
Yo,1.e — ¥0,2,¢ llLe)— 0, proving uniqueness. In any case, this implies that
Yie — ;i uniformly on Qr, hence ¥; < y». Now the contraction principle
extends immediately.

Lastly, let ¥ be a solution with initial data 1. Again we choose ¥ . € C 0.1(Q)
converging uniformly on Q to ¥y and consider the Lipschitz continuous in space
solution v, with initial data v .. From Corollary 2.14, we get for any ¢ that
| 9 (®) =¥ (s) lLe@= 2 | Yo — Yo.e lLe@) + | Ye(t) — Ye(s) lL=(q)- Since
Y. (t) is a Cauchy family for all ¢, we conclude that 1/ (¢) has a unique asymptotic
limit as t — 0.
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3. Applications to the Mean-Field Model

3.1. The Mean-Field Model. Throughout this section we assume in addition that
Q2 is simply-connected. In this case we study the relationship between the problem
2.1(1,2,3) and the two-dimensional mean-field model without curvature:

3w —Vi(w|Vt-H)=0 inQx]0,T|,
wxv=0 ondQx]0, T,

®=wy on 2 x {0}

—AH+H=w inQ, VI-H=0 inQ° [Hxv]l=0 ondQ, M
V-H=0 inR?
H — H,, € L>(R?).

This is a hyperbolic-elliptic system of equations. In this section, we approximate
this system by introducing a viscosity and show that the limit is unique as the
viscosity tends to zero. The key point in this procedure is that @ and H can be
represented as curls if €2 is simply-connected.

3.2. Definition. We say that € L'(Q;R?) is locally weakly divergence-free
(V-o=0 in Q),ifforall ¢ € Cé(Q),

/w-V<p=0.
Q

3.3. Theorem. Let wg € L°°(2) be locally weakly divergence-free in Q and let H
be locally divergence-free in R? and harmonic outside a ball. Then there exists a
unique solution ws € L*(0, T; H“2(Q2))NL>®(Qr)and Hs € L*(0, T’; HIL*CZ(R%)
of the system

dw—8Aw — VE(w|VE-H)=0 inQ2x]0, T,
wxv=0 ondQ2x]0,TJ,
w=wy inQ x {0},
— (D
- AH+H=0 inQ, V--H=0 inQ,
[Hxv]=0 ondQ, V-H=0 inR?
H — Hy, € L2(R?).
Moreover, (ws, Hg)s has a unique weak* limit (0, H) in L°°(Q27) as 8 tends to 0.

3.4. Remark. The essence of Theorem 3.3 is that the viscous approximation 3.3(1)
has a unique solution and a unique limit (@, H). We obtain uniqueness of @ in
identifying it with the curl of the unique solution i of 2.1(1). In addition, we may
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conclude that (o, H) satisfies the differential equations of 3.1(1). On this basis we
might define the unique zero-viscosity limit to be the solution of the hyperbolic-
elliptic system 3.1(1). But this is unsatisfactory since we do not know in which sense
the boundary conditions for @ are met. In addition, we cannot prove uniqueness of
weak solutions of 2.1(1), since this hyperbolic system only admits a small variety
of entropies, as we will point out in the next subsection. Entropies were introduced
in [11] to get unique entropy solutions for scalar hyperbolic equations.

3.5. Remark. We now examine the variety of entropies which are admitted by the
hyperbolic system 3.1(1). With ¢ := (—®2, @1), 3.1(1) takes the form

0o+ V(lplV) =0,
or likewise

dpi + 0y, 7 (9) = 0, (1)

where fl.j (¢) = 8ijle|V for some V not depending on ¢.
(17, ) is called an entropy pair (cf. [11]) if n is convex. Multiplying equation (1)
by 9;n(¢p) yields n(¢); + dx;q’ (¢) = g(¢) for some g. Hence, with f(¢) = |¢|V,

g’ (9)djor = 3i77(<P)3kf,-j (@)1 = 0j1(9) Ok f (¢) 0 Pk 2

has to be satisfied.

If we require (2) to hold for any function ¢, we get dq’ (¢) = )i ()0 f (@).
Differentiating (2) with respect to ¢; and observing that f(¢) = |¢|V, we infer
that 9;1(¢)@x is symmetric in k and /, or likewise V0;n(¢) - (—¢2, ¢1) = 0, and
hence Vr is rotationally symmetric. Differentiating, we conclude that 9;;7(¢) =
7 (l@])g; is symmetric in i and j. This is impossible unless 7 is affine.

From V - ® = 0 now we get that Vg is symmetric, and (2) is satisfied for any
solution if the symmetric parts of ajqk and 0;nd f coincide. For a;; := 9;n0; f,
this gives

011 = a1, g =axn, 0192+ dq1 =an +a.
Differentiating, these equations yields
0= 02191 + 911292 — 012(3192 + 92q91) = dxnai1 + d11a22 — d12(aiz + az1).
Recalling that a;; = 9;179; f, we get
011m022 f + 022m011 f — 2012n012f = 0.

Observing that f(¢) = |¢|V, we compute

2 2
% Q192 (4
f=—%V, dnf=—-—=V, dnf=—1V.

lo|? lol? lol?

Combining these equations yields

0 = 29117 + ¢30001 + 201020120 = (91, 92) - D*n(p1, 92),



120 C. M. ELLiOoTT, R. SCHATZLE & B. E. E. STOTH

and thus, up to a constant, 1 is homogeneous of degree 1. Therefore the system
3.1(1)1, 3 admits only a small variety of entropies. For example n(¢) := |¢ — k| is
not part of an entropy pair, unless k is zero.

3.6. Proof of Theorem 3.3. First, we represent Ho, = V1¢n, and since H, is
only relevant near infinity, we assume that g satisfies 2.3(2). Since €2 is simply-
connected, we can as well choose g € CO'l(Q) with VJ‘I/IO = wq. Then the
system

Vi —8AY — |VYi(g —¥) =0 inQx]0, T,
Y =0 ondQx]0,T[, ¥ =10 inQ x {0},
—Ag + xoq = xe¥ inR?,

V(g — go0) € L*(R?)

has a solution. This can easily be seen by approximating o and | - | smoothly and
passing to the limit. Moreover, as in the proof of Theorem 2.9, we can establish the
bounds

| s llLe@rys | Vs ILe@rs | 0:¥s iz, 1| s ||Ha,%(g—r)§ c, @

where C is independent of 8. The proof is even simpler, since now a®(p) = 81 is
independent of p. In defining @s := Vllﬁg and Hs .= VLC](;, we obtain a solution
of the system 3.3(1).

To prove uniqueness of this solution, we assume that @; € L2(0,T; H"2(Q))N
L% (27) are two solutions of 3.3(1) fori = 1, 2. We define @ := wy—w; and H :=
H, — H . We want to use w as a test function in 3.3(1). To this end we approximate
®byn=mn, withn € Cé(Q). Since @ x v = 0 on d€2, we may choose n with the
property that V- .5 — V1. @ strongly in L?(2). Since w is weakly divergence-free
in 2, we find that

/Vco~Vn:—/wAn:—/w(VLVl~n+V(V-n)):/VL~le~n.
Q Q Q Q

Thus, if we use 7 as a test function and then pass to the limit, we obtain

%f Iw(l0)|2+5// IVE . o
Q Q

0
_ _ff <|w2|VL-H2—|w1|VJ‘~H1>Vl-w
Q’O

C(// |w||v¥w|+// |vi~H||vi'w|)

Q Q

%Sff VL. w]> +C() /f (o> + |VE - H%),
Q,O Q,O

since @; and consequently H; are in L*°(Q7).

3)

A

A
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Since H and @ are divergence-free in R2 and €, respectively, we can write
H = Vtgand w = V1, with Vg € L>(R?) since H € L?(R?). After adding
appropriate constants, we get —Ag + xoq = xoV¥ in R? and fQ Y = 0. Multiply-
ing (3) by —Agq and integrating the product yields

f|Aq|2+/ |Vq|2:—/qu.
R2 R2 Q

After applying Cauchy’s inequality, we obtain

/|VL~H|2=/ |Aq|2§f |w|2§0/ o]
Q Q Q Q

Using this estimate in (3) yields

/ ()2 < C(6) ff ol
Q o

hence Gronwall’s Lemma implies that @ = 0, thereby implying uniqueness.

Certainly, (ws, Hs)s has a subsequence converging in the weak* topology of
L (Q7), and the limit (@, H) is uniquely determined by (&, H) = (V*y, V1g),
where (1, g) is both the limit of (15, gs)s and the unique viscosity solution of
2.1(1,23)foroc =0. O

4. Special Solutions of the Stationary Problem

4.1. The Stationary Problem. In this section we assume that o = 0 and that €2 is
bounded. We construct special solutions to the stationary problem corresponding
to 2.1(1),(3), i.e.,

V¥l (g—v¥)=0 inQ,
—Aq + xoq = xo¥ inR?, (1)
V(¢ — goo) € L2(R?).

In view of the regularity of the time-dependent solutions, we will look for a Lipschitz
continuous .

The domain €2 is decomposed into sets, where either ¢ = ¥ or Vi = 0. We
set Co := {g = ¥} N Q. This set is relatively closed in 2. The complement 2\ C
is thus open, and since ¢ F ¢ there, we find Vi = 0 in this set. Thus on any
connected component €2; of 2\ Cy we find that ¢ has a constant value ¢;. We know
that ; N ; =¥ifi % j. Now, Q; C Q leads to a contradiction: We observe that
—Aqg + (g —c;) =0in ;, and since 3; C CoN Q;, we find that g = 1 = ¢; on
0%2;. This implies that ¢ = ¢; = ¥ in ;, which contradicts the definition of ;.
Hence we have shown that 92; N 92 £ (.
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We now want to construct special solutions that admit a functional dependence
of ¢ on ¢, which is consistent with (1), i.e., we seek solutions that satisfy

v=q—flg inQ,
—Ag+ f(@xe=0 inR? )
V(g — qoo) € L*(R?).
For such a solution (1) reads (f'(¢) — 1) f(¢)|Vq| = 0. We therefore set
F(q) = fap(q) = (q —a)- +(q — B+

with —0co < o < B < +00. For a solution ¢ of (2) we define the superconducting
phases

Qo={g<a}lnQ, Qp:={g>p}INQ.

Theny =ainQ_, ¥ =BinQianda < g < Bin Q\(Q- U Q).

We finally point out that there are solutions of (1) which do not satisfy (2): since
Aq = 0 outside €2, we may vary 2 without changing the solution as long as we do
not change 92 N Q. But, since 32 N Q+ + L, this allows us to enlarge Q so
thata < g < Bin Q\(Q_ U Q) is violated.

We now prove existence of such solutions. In particular, we show that for certain
values of o and § there exist solutions which have one or two nonempty phases.
The properties of the solution depend on the applied field goo, which we assume to
be normalized as in 2.3(a) (cf. 2.4 as well).

4.2. Proposition. (a) If fRZ Agso > 0, then for all —00 < a < B < 400, there
exists a unique solution q € HI’Z(RZ) of (4.1(2)). q € H{Z’CP(Q) N Hz’p(]Rz) for

loc loc

any 1 < p < oo and € COY(Q). Moreover Q. + .
If {goo < 0} N Q2 = O, then there exists a positive constant ¢o(goo, 2), such
that

Q_=+0 forall B—a<cy, Q=0 foral B—a 2 cp.
If goo 2 0in , then
Q_=0 foral o <§p.

(b) Ifng Agoo < 0, then similar statements hold for —oo < a < B < +o00.

©) IffRz Agoo = 0, then for all —co < a < B < +00 there exists a solution
q € H]1 OC2 (R?) of (4.1(2)). This solution satisfies the same regularity properties as
in (a). In addition, B — a < 0sc @ oo implies that Q_, Q4 = @ and implies the
uniqueness of q, whereas B — o 2 osc g 4o implies that ¢ = oo + const, where

Goo is harmonic in R? with V(Goo — goo) € L*(R?) (cf. Remark 2.4).

Proof. Assume first that —oo < @ < 8 < co. We solve 4.1(2) by minimizing

Eap(q) = %/Rz |V<q—qoo>|2+fQFaﬁ(q>
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OVer g € goo + X, where X is as in Lemma 2.2 and where Fyg(q) := %(q —a)2 +
%(q — ,3)?F — ¢ - oo This functional is bounded below by —C(£2, g~ ) and, since
goo 1s admissible with E, g(g0) < 00, there exists a minimizing sequence g;,.
Obviously for a subsequence V(¢, — goo) = V(¢ — goo) Weakly in LZ(R?) and
(gn — goo) = (¢ — goo) strongly in L120 - (R?%). Thus passage to the limit implies that
g is a minimizer and consequently satisfies 4.1(2). In deriving the Euler-Lagrange
equation we used the normalization —Agec +¢goo xo = 0. Elliptic regularity theory

then implies that ¢ € H>”(S2) N H>” (R?). Integration of 4.1(2) gives

loc loc

(61—0!)+/ (q—,B):/ Agoo. (1)
Q. Q. R2

Proof of (a). Now assume that fR2 Agoo > 0and —oco0 < @ < B < 400. Then (1)
implies |24 | > 0. Uniqueness of the solution follows, since f,g is monotone and
since |24 | £ 0.
In order to obtain a solution for —co = « we study the limit « — —o0, and
in order to understand the existence of the €2_-phase, we study the limit ¢ — S.
Thus we need several a priori estimates of the solution which are independent of «.
First we observe that by 2.3(5) and 2.3(4),

o+ =q =g+ H(G — fap@) = g+ B. 2

Next we multiply 4.1(2) by ¢ — goo, Where goo is a solution of —Agee =
(- l—gz‘ [z Adoo) x@ With V(Goo — go) € L?(R?) (cf. Remark 2.4). Evaluating all
terms, we obtain

f IV(q—éoo)Ier/ (q—a)(q—éoo)Jr/ (g —a)(g — Goo)
R? qé“ﬂé‘iw ‘}ooéqéa

+[ (q—ﬂ)(q—qoo>+/ G- -
Goo2q2B q

28,4240

1
= — A o0 - ~oo + - ~OO .
& </R I )(/q;qw(q ) /q«;oo(q ! )>

‘We now observe that we may estimate the modulus of the third and the forth terms
of the left-hand side by C (2, goo, B), by using that |[{joo < ¢ < a}| = 0 when
o < min geo. The first term of the right-hand side admits an estimate of the same
type, by using (2). All the other terms have the proper sign. We eventually find that

f V(g = Goo)” £ C(Q, 4o, B)- 3)
R2

‘We now use a subscript to indicate dependence on «. Then the derivative g4« €
X N H?P(Q) and we may differentiate 4.1(2) with respect to « to obtain

—Agu,a t (Goe — Dxoe + Qa0 XQ% = 0.

By the weak maximum principle we obtain ¢4 ¢ = 0 and go,o — 1 < 0.
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We may as well show the monotonicity of ¢, and g, — « by the following
direct argument, avoiding differentiation with respect to «. Let g := g — go With
a’ > . Then

0=—Ag + (fup@a) = fup@x) X2 < —Aq + (fu.8(@e) — fa.qa)) X0

Since fy g is monotone, multiplication by g_ and integration implies that g_ is
a nonpositive constant. But if this constant is different from 0, then ¢ itself is a
negative constant. Again using the equation for ¢, we obtain a contradiction since
Q% = 0. Thus

o 2 qo foralla’ 2 a. 4)
Similarly we find that
Go — o L gy —a foralla’ 2 a. )

We now first consider « — —o0.
Due to (4) we have Qf C Q% if « < o/, and thus limy— oo § =: Q™
exists. Using (1) and (2) we obtain leoo doo 2 [g2 Agoo. Thus |Q7%| % 0. We

conclude that B < g4 < goo + B in 21°°, and combining this with (3) we find a
subsequence o — —00 With V(e — goo) = V(g—0o — goo) Weakly in LZ(R?)
and gy — g_oo strongly in any L?(€2) and almost everywhere. We conclude that
Ja.6(Ga) = f—00,8(g@—00)- Thus this approximation procedure leads to a solution
of 4.1(2) for @ = —oo. This limit is unique since |2} °| % 0.

Next we study « — .

By (2), go converges uniformly in R? to a solution g of 4.1(2) with @ = 8. By
Remark 2.3(5), ¢ = goo + HB = g0 + B.

Now, if {geo < 0} N Q = {g — B < 0} £ @, then for some positive ¢o(goo, 2)
we have {gy — B < —Co}NQ £ Pforall B—a < &.Sincegy—a < B—a—Cyg <0
in{gy — B < —Cp} N Q forall B —a < ¢, we have shown that Q% = (. Since
QY C Q¥ fora >« by (5), there thus exists a positive critical number co(goo, $2),
such that Q¥ # ¢ for B — o < cp and Q¥ = @ for B —a = co.

If, to the contrary, goo = 0in 2, theng — B 2 0. Due to (5), we have g, —a =
g — B = 0 and we find that Q% = @.

This finishes the proof of (a). For (b) we argue in a similar way.

Proof of (c). Now, let fRz Ageo = 0and —oco < @ < B < +o00. Then by Remark
2.4 a function g as in (c) exists and is unique up to the addition of a constant.
If now B — @ < 0SC @ oo, then |Q2_], |2+| = O implies that ¢ = §oo + const.
andoscoqg S B —a. Thus 0sC g Joo = 0sC Qg < B — a < 0SCQ §oo. This is a
contradiction. We conclude that either |2_| or |2 ] is different from 0. But in this
case, (1) implies that both sets have positive measure. If 8 — a = 0s¢ g oo, then
g = Joo + const.

4.3. Remark. The free boundary of the solution g of 4.1(1) has the following
regularity property: the set {x € R?> : ¢(x) = &, Vg (x) = 0} locally consists of
finitely many points. The same applies for the free boundary g = 8.
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This result is due to CAFFARELLI & FRIEDMAN [1]. They show that if u has
a bounded gradient in By (0) C R? and satisfies |Au| < Cylu| + C2|Vu|in B (0),
then {x € B1_,(0) : u(x) =0, Vu(x) = 0} is finite forany 0 < n < 1.

This result applies in our case, since Ag = fu (q) @, and | fo g(q)| < |g — |
in some neighbourhood of any point xg with g(xp) = «. The latter observation is

2.p (R?) and thus ¢ is continuous. In addition, Vg is locally

true because ¢ € H ¢

bounded.

4.4. Remark. We remark that it is possible to construct solutions of 4.1(1) which
have more than two constant phases. To this end let D1 and D, be two nonempty,
bounded domains in R? with disjoint closures, and let —oco < o] < B < 400
and —00 < ap < B2 < 400 be two choices of threshold values. Then there exists
q € Hl’z(Rz), unique up to a constant, with V(g — goo) € L2(R?) and

loc
_A51+fa1,,31(6])XD1 +fa2,ﬂ2(Q)XDz =0. (1)

The proof follows the same lines as the existence proof of Proposition 4.2.

Now assume that fRz Ags = 0. We fix Dp and choose 1 — a1 < 0SCp, oo,
where oo is as in Proposition 4.2. We define ¢; to be the solution of 4.1(2) with
Q2 = D;. Then by Proposition 4.2 we find that {x € D; : q; < «1}and {x € Dy :
q1 > P1} are nonempty.

Next we choose D> with D; N D, = (. We set o := inf D, q1 and we choose
B2 < supp, qi. Then necessarily either Q> ={xeDy: g <a}or Qi =
{x € Dy : g > By} is nonempty, since otherwise ap < g < B and thus
S, (@) Xxp, = 0 and g = g1, which is impossible by the choice of B.

Now, if B2 — supp, g1, then ¢ — g locally uniformly. This follows by
similar arguments as in the last part of the proof of Proposition 4.2. Since ¢ has
two nonempty phases in D1, this then implies that Q! := {x € D1 : ¢ < @1} and
Qi_ :={x € D1 : q > i} are nonempty, if only B is close enough to supp, gi.

In consequence, we have constructed a solution of 4.1(1) which has at least
three superconducting phases, i.e., domains where 1 takes constant values.

At the moment the domain D{ U D> occupied by the superconductor is not
connected. But we may even construct a connected €2, for which ¢ as above is a
solution of 4.1(1). The idea is that since —Ag = 0 in D;\(Q" U SZQ_) (i=12)
as well as in the complement of D; U D,, we may change the domain without
changing the solution. Since both d D; N (LU Qﬁr) (i =1, 2), contain parts of a
graph, we may connect D U D; by a handle and ¢ is also a solution of 4.1(1) in
the enlarged domain D U D, U handle.

5. Conclusion

We have studied a degenerate parabolic-elliptic system arising in the mean-field
theory of superconducting vortices. The model is two-dimensional with all vortices
perpendicular to a given direction and is formulated in terms of a scalar magnetic
potential ¢ and a scalar stream function 1. The equation for ¥ is similar to the
level-set formulation of the mean-curvature flow, though in the right-hand side the
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coupling to the magnetic field occurs in the form of a nonlocal operator in terms of
Y. Nevertheless it was possible to construct unique viscosity solutions in the case
of both vanishing and non-vanishing curvature coefficient .

For the fully three-dimensional equations this approach does not seem to be
appropriate, since then the magnetic potential and the stream function are vector-
valued.

Next, in the case of vanishing curvature coefficient o, we related the model
formulated in terms of ¢ and v to the original mean-field model formulated in
terms of the magnetic field H and the vorticity @. We showed that this hyperbolic-
elliptic system admits a unique “viscous” solution (i.e., a solution obtained by a
viscous approximation). However, due to the lack of entropies, we cannot prove in
general the uniqueness of any weak solution.

Finally, we constructed special solutions of the corresponding stationary prob-
lem, assuming a functional dependence of ¥ on g.
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