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L?-ESTIMATES FOR THE EVOLVING SURFACE FINITE
ELEMENT METHOD

GERHARD DZIUK AND CHARLES M. ELLIOTT

ABSTRACT. In this paper we consider the evolving surface finite element meth-
od for the advection and diffusion of a conserved scalar quantity on a moving
surface. In an earlier paper using a suitable variational formulation in time
dependent Sobolev space we proposed and analysed a finite element method
using surface finite elements on evolving triangulated surfaces. An optimal
order H!l-error bound was proved for linear finite elements. In this work we
prove the optimal error bound in L2(I'(¢)) uniformly in time.

1. INTRODUCTION

Conservation of a scalar u subject to advection and diffusion on an evolving
hypersurface I'(t) ¢ R*"* n = 1,2,3 for time ¢t € [0,T], T > 0, leads to the
diffusion equation

(1.1) 6'U+UVF-U—VF'(AVFU) =0

on I'(t). Here v is a normal vector field to the surface, v, is the normal velocity
of the surface, v, is an advective tangential velocity field, v = v, + v;, Vr is
the tangential surface gradient, and A is a given diffusion tensor which is positive
definite on the tangent space of I'. We set

0°u = 0°u+v, - Vru
to be the the material derivative and
0°u=us +v, - Vu

to be the normal time derivative.

In [9] we proposed a finite element approximation using piecewise linear finite
elements on a triangulated surface interpolating I'(¢) whose vertices move with the
velocity v. The finite element method is based on the variational form

d
(1.2) — u<p+/ .AVpu-Vpgo:/ ud®
dt Jr r(t) r(t)

where @ is an arbitrary test function defined on the surface I'(¢) for all ¢. For the
error between the continuous solution u and spatially discrete solution u; we proved
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in [9] the bound

T
sup [|u(-,t) = un (- Ol 20 +/ IV (u(-s ) = un (- )| F2ry)dt < ch®,
te(0,T) 0
where the constant ¢ depends on norms of the continuous solution and the data
of the problem. This estimate gives optimal linear convergence for the error in
the gradients. But for the L2-error one expects (just as in the Cartesian case)
convergence of order two. This is consistent with numerical experiments performed
in [9] in Table 1. The purpose of this paper is to prove an optimal L2-estimate for
the error between continuous and discrete problem:
sup |u(-,t) —un(- )| L2y < ch?.

t€(0,T)
1.1. Numerical methods for surface PDEs. Let us review briefly the computa-
tion of surface partial differential equations and, in particular, parabolic equations
on evolving surfaces.

Surface finite elements on triangulated hypersurfaces were proposed and anal-
ysed for the Laplace-Beltrami equation by [§] and extended to parabolic (including
nonlinear and higher order) equations on stationary surfaces in [10]. Higher order
finite element spaces for elliptic equations were analysed in [6] and an adaptive
finite element method for stationary surfaces was considered in [7]. An extension
of the idea of the surface finite element method (SFEM) is to use surface finite
volumes. An analysis of elliptic equations using general meshes is given in [22] [23].
A method for parabolic equations on stationary surfaces using logically Cartesian
grids is presented in [3].

The evolving surface finite element method (ESFEM) was proposed in [9] in
order to treat diffusion and transport on moving surfaces. The key idea is to use
the Leibniz formula for differentiating with respect to time integrals over moving
surfaces in order to derive weak and variational formulations. The upshot is that
the velocity and mean curvature of the surface do not appear explicitly in the
formulations. Applications to complex physical models may be found in [13] [14].
The idea may also be used in a finite volume context, [24].

Another approach is to numerically solve bulk equations in one space dimension
higher. This may be a natural approach when the surface is computed implicitly
using phase field or level set methods [4][32] [29]. The idea is then to exploit the im-
plicit formulation and use a bulk triangulation rather than a surface triangulation.
One idea is to solve the surface partial differential equations on all level sets of a
prescribed function. This is inherently an Eulerian method and yields degenerate
equations; see [2, [T9] I8 [I1] for stationary surfaces. For surface elliptic equations,
[5] gave a discretisation error analysis for a narrow band level set method using the
unfitted finite element method. Another method using a bulk unfitted mesh and
finite element space independent of the surface which is given by a level set function
has been proposed in [27, 28]. Eulerian approaches to transport and diffusion on
evolving surfaces were given in [I, B3] where level set approximations to surface
quantities were required. On the other hand, an elegant formulation avoiding the
need to do this was provided in [12] using an implicit surface version of the Leibniz
formula.

The closest point method for partial differential equations on stationary surfaces,
[311 23], [26], is based on considering u(p(x)) where p(x) € T' is the point closest to
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x. The surface partial differential equation is then embedded and discretised in
a neighbourhood of T' using u(p(x)). Implementation requires the knowledge or
calculation of the closest point p(x). In the cited references this approach has been
used to solve a wide variety of equations on stationary surfaces.

The diffuse interface approach [I5] [16] 30] is based on approximating the surface
using a phase field type variable and solving a bulk advection diffusion equation
with coeflicients which are zero or small outside of a transition layer.

1.2. Layout of the paper. This paper is organised as follows. In the following
section we fix some notation and develop the notions of material derivative and
transport formulae for moving surfaces appropriate for our needs. Then in the third
section we formulate the advection diffusion equation on an evolving surface. The
evolving surface finite element method is presented in section 4. In the next section
we derive useful estimates concerning interpolation bounds, the approximation of
geometry and the perturbation of appropriate bilinear forms. In order to prove the
error bound it is convenient to use the Ritz projection and, in particular, we need
error bounds for the material derivative which are proved in section 6. Finally, in
section 7 we prove the L2-error bound.

2. SETTING AND NOTATION

2.1. Description of the surface. For each t € [0,T], T > 0, let I'(¢) be a
compact smooth connected hypersurface in R"™* (n = 1,2,3) and Iy = I'(0). We
assume that I'(¢) is the boundary of an open bounded set Q(t). It follows that I'(¢)
has a representation defined by a smooth level set function. Let d = d(z,t), = €
R ¢ € [0,7] be the signed distance function so that d(-,t) < 0 in Q(t) and
d(-,t) > 01in R"*1\ Q(¢). Assume that
I(t) = {z e N(®)| d(z,t) = 0},
where N (t) is an open subset of R"*! in which Vd # 0 and chosen so that
d,dp, dy,, dg,o; € C*(N7) (1,5 =1,...,n+1)

for N7 = Uyepo,r) N(t) x {t}. The orientation of I'(¢) is set by taking the normal
v to T'(t) to be in the direction of increasing d. Hence we define a normal vector
field by

v(z,t) = Vd(x,t), x € N(¢),
so that the normal velocity v, of I'(¢) is given by
(2.1) vy (z,t) = —di(z, t)v(z, t), x € T(¢).

We denote by P = P(z,t) the projection onto the tangent space at x € T'(¢),
P;; = 6;; —vv; and by H = H(z,t) the (extended) Weingarten map

Hij = (Vi)zj = dmlzzz]

We will use the fact that
PH=HP="H.
We choose N (t) so that for every z € N(t) and t € [0,T] there exists a unique
p(z,t) € I'(t) such that

(2.2) x = p(x,t) +d(z, t)v(p(x,t),t).
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This is possible by the assumptions above; see for example [2I]. Observe that
(2.3) v(z,t) =v(p(z,t),1), P(z,t)=Pp(z,1)1).
From this one easily gets the relation

(2.4 ) = O 1)),

2.2. Surface gradients. For any function n € C1(N(t)) we define its (spatial)
tangential gradient on I'(¢) by

Vep=PVn=Vn—-Vn-vv

where, for z and y in R™*!, z -y denotes the usual scalar product and V7 denotes
the usual gradient on R™*!. The tangential gradient V7 only depends on the
values of 7 restricted to I'(¢) and Vrn-v = 0. The components of the tangential
gradient will be denoted by

Ve = ((Vr)ym -, (V) g ) -

The Laplace-Beltrami operator on I'(¢) is the tangential divergence of the tangential
gradient:

Arn = Vr - V.
Let M(t) C I'(t) have a boundary M (t) whose intrinsic unit outer normal (conor-

mal), tangential to I'(¢), is denoted by p. Then the formulae for integration by
parts on M(t) and I'(t) are

(2.5) / (Vr)m:/ nHvi+/ Nk
M(t) M(t) OM(t)

and

(2.6) / (Vp)m:/ nHuy;,
I'(t) I'(t)

where H denotes the mean curvature of I' with respect to v, which is given by
(2.7) H=Vr- v

The orientation is such that for a sphere I' = {z € R""!||z — 29| = R} and the
choice d(z) = |z — xo| — R the normal is pointing out of the ball Br(z¢) = {x €
R™! |z — x| < R} and the mean curvature of I' is given by H = %. Note that H
is the sum of the principle curvatures rather than the arithmetic mean and hence
differs from the common definition by a factor n. The mean curvature vector Hv
is invariant with respect to the choice of the sign of d.

Green’s formula on the surface I' is

(2.8) /F Vit Vri = /8 Vo /F €A,

If T is closed, then OT" is empty and the boundary terms do not appear. For these
facts about tangential derivatives we refer to [I7], pp. 389-391. Note that, in
general, higher order tangential derivatives do not commute.

We shall use Sobolev spaces on surfaces I'. For a given C? surface I' we define

HYT) = {n € L*I) | Vrn € L*(T)""'}.
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In this definition V7 denotes the weak derivative defined via integration by parts
with the help of (26]). For smooth enough I' we analoguously define the Sobolev
spaces H*(T') for k € N. We set

Gr=J T x{t}.

t€[0,T)

2.3. The material derivative.

Definition 2.1 (Material derivatives). The normal time derivative 0° is defined
by
of
2.9 0°f i= = .- VF.
(29) =, vy
We say that v, is a tangential velocity field provided v, - v = 0 in N(¢). Given
a tangential velocity field v, we say that

(2.10) V=0, + v,

is a material velocity field. Given a tangential vector field v, we denote the material
derivative of a scalar function f = f(z,t) defined on N7 by

(2.11) 8'f::8°f+vT'fo:%+v~Vf.

Remark 2.2. The normal time derivative is an intrinsic surface derivative on Gr
depending only on values of f on this surface and independent of any parame-
terisation of the surface; ¢f. [20]. For any xg on I'(tg) we may define a curve
{7(t) € T(t),to — € < t < to + €} by setting v(tp) = xo and V' (t) = v, (y(t),1).
Clearly,

d od od

—d(~.) = = d -~ = —= ‘v, =d cv, =

gl =gtV =gt =ditviv, =0
so that, indeed, the curve does lie on the surface. It follows that
2.12 0°f=—"=-.
(212) F=T

The material derivative is also an intrinsic surface derivative on Gy. Now consider
a curve for any zo on I'(tg) such that {y(t) € I'(t),to — e < t < to + €},7v(to) = o
with velocity

v (t) = (vy +v7)((2), 1)
Now we see that

d od , 0d
a0 =g Vdy =g tv- () =di v, =0

so that, indeed, the curve lies on the surface. Furthermore, we have that

(2.13) o f = deZt’ )|
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2.4. Transport theorem. The following formula for the differentiation of time
dependent surface integrals will play a decisive role.

Lemma 2.1. Let M(t) be an evolving surface with normal velocity v,. Let v, be a
tangential velocity field on M(t). Let the boundary OM(t) evolve with the velocity
v = v, +v,. Assume that fis a function such that all the following quantities exist.
Then

d
(2.14) — fz/ O°f+ fVr-v.

dt J pm M(t)
With the deformation tensor D(v);; = 3 Zii (Air (V) vj + Aji (V) vi) (4,7 =
1,...,n+1) and the tensor

(2.15) B(v) =0"A+Vr-vA—2D(v),

we have the formula
d
Z | AVrf-Vig :/ (AVro*f - Vrg+ AVLS - Vro®y)
dt J m M(t)

(2.16)
+ / B(U)Vrf . Vpg.
M(t)

Proof. A proof of this Lemma for f = g and A = I was given in the appendix of
[9]. The more general form f # g can be obtained easily by polarization. O

Remark 2.3. Observe that in the above Leibniz formula, (ZI4]), it is sufficient that f
and 9°f € LY(Gr), v € CY(Gr), and the equation is understood in the distributional
sense that

T T
—/ 1/// fdAdt:/ P O°f+ fVr-vdAdt W}EC’&((O,T)).
0 M(t) 0 M(t)

Remark 2.4. The formulae (2.14]) and (2.I6]) are true when M(t) is without bound-
ary and with any tangential velocity field v, including v, = 0. In particular, the
formulae are true with v = v,, and the material derivative 0°® replaced by the normal
time derivative 0°.

Remark 2.5. In the following we use these formulae to derive the advection dif-
fusion equation. In this derivation we will take v, to be zero and consider mass
conservation for a region M(t) evolving on the surface with normal velocity v,. On
the other hand, our numerical discretization will be based on a triangulated surface
whose vertices move with a velocity v, + v, in which case we apply the above for-
mulae element by element in order to derive transport formulae for a triangulated
surface.

3. FORMULATION OF THE ADVECTION DIFFUSION EQUATION

3.1. Conservation law. Let u be the density of a scalar quantity on I'(¢) (for
example mass per unit area n = 2 or mass per unit length n = 1). Let ¢ denote a
surface flux. The basic conservation law we wish to consider can be formulated for
an arbitrary portion M(t) of I'(¢), which is the image of a portion M(0) of I'(0)
evolving with the prescribed velocity v := v,. The law is that, for every M(t),

d
(3.1) - u=-— / q-
dt J pme aM(1)
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where, OM(t) is the boundary of M(t) (a curve if n = 2 and the end points of a

curve if n = 1) and g is the conormal on OM(t). Thus p is the unit normal to

OM(t) pointing out of M(t) and tangential to I'(t). Observing that components of

q normal to M do not contribute to the flux, we assume that ¢ is a tangent vector.
With the use of integration by parts, ([2.5]), we obtain

/ q-u:/ Vr-q—/ q~VH:/ Vr-q.
OM(t) M(t) M(t) M(t)

On the other hand, by the transport formula (2.14]) we have
d
— u:/ (0°u+uVr -vy,),
dt Jm M(t)

so that

/ (0°u+uVr- v, +Vr-q) =0,
M(t)

which implies the pointwise conservation law

(3.2) °u+uVr-v, +Vr-q=0.

In this paper we wish to consider a diffusive flux ¢4 := —AVru and an advective
flux g, := wv, where v, is an advective tangential velocity field, i.e., v, - v = 0, so
that

q=4qda+qa = —AVru+uv,,
then we arrive at the PDE (L))

0°u+uVr-v—Vr - (AVru) = 0.

3.2. Weak and variational formulations. In the following we assume that A is
a sufficiently smooth (n 4 1) X (n + 1) symmetric matrix which maps the tangent
space of I' at a point into itself and is positive definite on the tangent space, i.e.,

(3.3) AE-€ > colé]? VEER™M €.v=0
with some constant ¢ > 0. Consequently, AP = PA = A. For the definition of a
solution we assume that the elements of A belong to L>°(Gr). We set

HY(Gr) :={n € L*(Gr) | Vrn € L*(Gr),8°n € L*(Gr)}.

Definition 3.1 (Weak solution). A function u € H(Gr) is a weak solution of
(1), if for almost every t € (0,T),

8'ug0+/ uwvrv—f—/ AVru-Vyrp =0
I'(t) I'(t) I'(t)
for every o(-,t) € HY(L'(t)).

In [9] we proved the existence of a weak solution. Furthermore, for the initial
data ug € H'(I'(0)) and the elements of A and v € C1(Gr) the solution satisfies

T
sup ) + / Vel < clluol 2o

)

T
/ 10%ul| 72y + sup [|VrulZary < elluollFr oy
0 (0,7)

)

where ¢ = ¢(A,v,Gr,T).
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Lemma 3.1 (Variational form). A weak solution u satisfies the variational form
of d): for almost every t € (0,T),
d

(3.4) — u<p+/ .AVpu-Vpgo:/ ud®p
dt Jre) (1) r(t)

for every ¢ € H(Gr).

Proof. This is a consequence of the Leibniz formula (ZI4) and we understand the
equation (B4) in the sense described in Remark 2.3 O

Remark 3.2. Note that , since AVru - Vrp = PAPVru - Vi, in the weak form
B4) we do not have to assume that A maps tangent space to tangent space.

3.3. Abstract framework. For p,1 € H'(I') we define the bilinear forms

(35) alp ) = [ AV Vi,
(3.6) m(p, ) = /FW,
(3.7) 9(vi oY) = / PPVr - v.
r
The variational form ([B.4]) becomes
d

Remark 3.3 (Abstract transport formulae). Note that from the transport formulae,
Lemma 2] we have for p,9 € H(Gr),

(39) Com(,0) = m(D*0, 0) + m(p, 9°0) + 9(v: 0, )
and

(310) ol 0) = 0@, ) + al, %) + blvs 5, )
with the bilinear form

(3.11) bui ) = | B0)Tre- Vo,

4. SURFACE FINITE ELEMENT METHOD

4.1. Triangulated surface. The smooth evolving surface T'(¢) (OT'(¢) = @) is ap-
proximated by an evolving surface

Lyp(t) CN(t), (OTK(t) =0),

which for each t is of class C%! and in time is smooth. In particular, for n = 2, ' (¢)
is a triangulated (and hence polyhedral) surface consisting of simplices E(t) € Tp(¢),
which form an admissible triangulation. We suppose that the maximum diameter
of the simplices in 7 (¢) are bounded uniformly in time by h. Note that by (22)
for every triangle E(t) C I'y(¢) there is a unique curved triangle e(t) = p(E(t),t) =
{p(z,t)|z € E(t)} C T'(t). We assume that I';(¢) is homeomorphic to I'(¢). This
implies that there is a bijective correspondence between the triangles on I'y, and
the induced curvilinear triangles on I'.
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We begin by setting up extensions, 7}, and 1!, of functions n;, and 7 defined,
respectively, on I', () and T'(¢). For any continuous function ny, on I'y(t) we define
the lift onto I'(t) by

(4.1) 1h(p,t) = mn(2(p, 1), t) for p € T(t)
where by (2.2 and our assumptions, z(p,t) is uniquely defined by
(4.2) z(p,t) = p+ d(xz(p,t), t)v(p,1).

For any continuous function 7 defined on the surface I'(t) we define a constant
extension to A/(t) in the normal direction by

(4.3) (@, 1) = n(p(e, 1), 1).
By definition (see (2.2)),(23]))
0, t) = n(x — d(z, t)v(x,t),t), =€ Th(t).
For any function n we define its (spatial) tangential gradient on E(t) C I'y(¢) by
Vr,n=FP,Vn=Vn—-Vn- v,
where vy, is the normal to E(¢) oriented in the direction of increasing d and (Py,);; :=
dij — (vn)i(vn);.

Remark 4.1. The chain rule together with the definition of the tangential gradients
on smooth and discrete surface and (Z3)) gives

Ve, (@, t) = Pu(z,t) (I = d(z, )H(z, 1)) Pz, t)Vrry (p(z,1),), @ € Th(t).

4.2. Finite element space. We use piecewise linear finite elements on the evolving
surface I';(t) and set

gr=J Tu) x{t}.

te[0,T]

Definition 4.2 (Finite element spaces). For each ¢ we have the finite element
spaces

Su(t) = {on € CO(Tw(t))| dn| e is linear affine for each E € Th(t)},
Si(t) = {on = dhldn € Sp(t)}.

Note that S} (t) € HY(['(t)) and that for each ¢, € S! there is a unique ¢, € Sy,
such that ¢y, = ¢} .

4.3. Evolving triangulations and the discrete material derivative. In this
paper we consider triangulated surfaces for which the vertices {X;(¢) ;_\/':1 of the
triangles sit on I'(t) so that I';(¢) is an interpolation. Furthermore, we advect the
nodes in the tangential direction with the advective velocity v, as well as keeping
them on the surface using the normal velocity v, so that

. dX; )
(1.4) X0 = CL0 = o(X,(0,0) (G=1,....N).
Note that it follows from the above definition and Remark that X,;(t) € I'(t)
provided X;(0) € I'(0). We denote by {x;,7 = 1,2,..N} the piecewise linear basis
functions from Sj,(t) such that x;(X;(t),t) = d;;.
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Definition 4.3. We define a material velocity for x = X (¢) on the surface T'y,(¢)
by
N

45)  X(1) = Va(X(0):t) , Vila,t) =D X;(8)x;(x, 1) for z € Sp(t),
j=1

and the associated material velocity on I'(¢) by
_9p

(46) YO =ur@0 ="

so that for x € T'(¢),
(47) Uh(p(‘ra t)a t) = (P - dH)(:E’ t)Vh(xa t) - dt(x7 t)V(I7 t) - d(l‘, t)l/t(x7 t)a
where Y (t) = p(X (¢),t) is defined by (22).
Remark 4.4. Observe that:

(i) The edges of e(t) are the projections onto I'(¢) of the edges of E(t) C T'(¢)
and thus evolve with the material velocity vy, (-, t).

(ii) The discrete material velocity vy, is not the interpolation of v in S! (¢) which
is given by

N N

Ihv(p(:c,t),t) = ZXj(t)Xé(p(I,t),t) = ZXj(t>Xj(xvt> = Vh(xvt)

i=1 =1
for x € T'y,(t).

Definition 4.5. Given the discrete velocity field Vj, € (S,)"*! and the associated
velocity field vy, on T'(¢), (), we define the discrete material derivatives on T'y,(t)
and I'(t) element by element through the equations

(4.8) honlew = (bne + Vi - Vou)lsw),

(4.9) Onenlety == (Pnt +0n - Von)|ew)-

The material derivative and lifting process do commute in a suitable sense. This
means that the material derivatives 9 for functions from S, and from S} survive
the lifting process.

Lemma 4.1 (Transport property of the basis functions). The basis functions satisfy
the transport property that

(4.10) s =0, O =0
from which it follows that for ¢p € Sp(t), ®;(t) := on(X;(1),1),

N
(4.11) OMon = _ b;(t)x; € Su(t)
j=1
and for ¢y, = ¢! € S!,
N
(4.12) Onon = (hon)' =D B;(0x; € Si(0).

Jj=1
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Proof. It was shown in [9] that 0fx; = 0. Using x;(z,t) = x}(p(z,t),t) and 2Z2)
we find that

0=00x; = (g, + V- Vx5) = O, + (00 + (Vi - V)p) - VX)) (9, ) = 05X (p, ).

The remaining equations follow immediately from

N
Ofon = o Z ©;(t)x;(x,t) , Oppn = Op Y Bi(H)X (p(a, 1), 1)

j=1 j=1
and for = € Ty (1),
N .
@hon) (Pl 1), t) = > ()X (pl(@. 1), 1) = Oon(p(a, 1), 1),
j=1
because by (I0), 8hXJ O
4.4. Discrete bilinear forms. As discrete analogues of the bilinear forms (B3],
BE) and B1) we define
(413) ah((b}u Wh) = A_lvfh(bh ' th, Wh,
Tn
(4.14) mp(dn, Wh) = | ¢pWh,
I'n
(4.15) 9n (Vi &ns Wa) = | ouWiVr, - Vi
n

for ¢y, Wy, € Sy,. Here, the discrete tangential gradients have to be understood in
a piecewise sense. Note also that on the discrete surface it is necessary to evaluate
an approximation of the diffusion tensor. We choose the natural extension defined
by the lift from the surface I'(¢) to a neighbourhood as defined in ([.3]).

4.5. Transport theorems on triangulated surfaces.

Lemma 4.2 (Transport theorems on triangulated surfaces). Let T'y,(t) be an evolv-
ing admissable triangulation with material velocity Vy,. Then

d
(4.16) — [= onf+fVr, -V
dt Jr, ) 0
For (]5 € Sh(t),Wh S Sh(t),
d
(4.17) amh(qﬁ, Whr) = mn (05,0, Wr) + mu(¢, 0pWh) + gn(Vi; ¢, Wh),
d
(4.18) Eah(ﬁba Wh) = an(0pé, Wr) + an(¢, Op W) + bp(Vis 6, Wh),
with the bilinear form
(4.19) bh(Vh; ¢, Wh) = / Bh Vh)VF, gf) VF, Wh
t)ETh (t E()

where

By(Vi) = 98 A~ + Vi, - Vi, A7 = 2D, (V),
1 n+1 B B o
Z (.Aikl (V) Vi +~Ajkl (Vr)y Vhi) yo hi=1...,n+1

k=1
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Let T'(t) be an evolving surface decomposed into curved elements e(t) whose edges
move with velocity vy,. Then

d

(4.20) Gl or= [ orreive, o
dt Jre r(t)

For o,w,d08¢,08w € H(I'()),

d
(4.21) 2, w) = m(Fhp, w) +m(p, Ohw) + g(vn; ¢, w),
d
(4.22) U w) = a(@hp,w) + alp, Fhw) + b(vw; o, w)-
Proof. In order to prove ([@I6]) we write
d d
- f= Z =
Wrao” gt E0

and apply the Leibniz formula (214 to each element E(t). Using (216]) the proof
of [@I8) follows in the same way. Decomposing I'(t) into the union of the curved

elements e(t) and applying (2.14), [2I6) to each element e(t) we obtain ([{20) and
@20, @22). O

Remark 4.6. Note that since V}, is obtained by interpolation that, in general, on
each element it will have non-zero normal and tangential components even if v, is
zero. Thus we need the particular forms of the Leibniz formulae (ZI4]) and (Z10)
involving the discrete material derivative.

4.6. Finite element method and convergence theorem.

Definition 4.7 (Evolving Surface Finite Element Method). Given Uy € Si(0)
find U, € S = {¢n and 05¢), € C°(Gh)|pn(-,t) € Su(t) t € [0,T]} such that for
all ¢, € ST and t € (0,7,

(4.23) %mh(Umfbh) + an(Un, ¢n) = mp(Un, 0pén),  Un(-,0) = Uno.

Using the transport property Lemma [£.1] it follows that this definition is equiv-
alent to:
d
(4.24) amh(Uthj) +an(Un,x5) =0 Up(-,0) = Uno,
forall j=1,...,N.

Remark 4.8 (Matrix version of the finite element method). Setting M (¢) to be the

evolving mass matrix
M (t)k =/ X Xks
()

S(t) to be the evolving stiffness matrix

S(t)jk = A7V, X5 Ve, Xk
Ln(t)
and U, = Zjvzl a;Xj, & = (ai,...,an), we arrive at the following simple version
of the finite element approximation
d

(4.25) (M(t)a) + S(t)a = 0,

dt
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which does not explicitly involve the velocity of the surface.

Since the mass matrix M (¢) is uniformly positive definite for ¢ € [0,7] and the
stiffness matrix S(t) is positive semi-definite, we get existence and uniqueness of
the semi-discrete finite element solution.

Remark 4.9. Observe that our method and analysis includes the case of advection
diffusion on a stationary surface in which v, = 0 and the vertices are moved with
the tangential velocity v, .

The estimates of the following lemma are proved in [9].

Lemma 4.3. There exists a unique finite element solution of (&23)). The solution
satisfies the a priori bounds

T
o [0, + / IV, Unl20,) < elUnolZae, 00

T
/0 IR0 32,y + 9 190, Ul < el o

+¢||Vr, Uh0||2L2(Fh(O))'

Theorem 4.4 (Convergence). Let u be a sufficiently smooth solution of [B.4) sat-
isfying

T
(4.26) | sy + 10yt < o0

0
and let up(,t) = UL (-,t),t € [0,T] be the spatially discrete solution from Lemma
with initial data upo = U}, satisfying

l[u(-,0) = unoll2(roy) < ch®.

Then the error estimate

(4.27) sup_[[u(-,1) = un (-, 8| z2oey) < b
t€(0,T)

holds for a constant ¢ independent of h but depending on the norms ([4.20).

Remark 4.10. Under suitable assumptions on Gr, A, v and ug it can be shown that

(#Z8) holds; see [9].
5. APPROXIMATION ESTIMATES

5.1. Approximation of the surface. Let P, = P, (z,t) be the projection P, ;; =
dij — Vn,iVh ;- In order to relate integrals on I'y(t) to integrals on I'(¢), we use the
quotient, 0y, between the smooth and discrete surface measures dA and dAj,, defined
by d,dAr = dA. The proof of the following lemma can be found from Lemma 5.1
in [9].

Lemma 5.1. Assume I'(t) and 'y (t) are as above. Then

(5.1) sup [[dl| < () < ch®,
(0.7)

(5.2) sup [|1 = 8l zee(r,) < b,
(O7T)

(5.3) sup ||P — PP, P||p~r,) < ch®.

(0,1)
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Some calculations then lead to the following lemma about the comparison of
Sobolev norms on discrete and continuous surfaces, [§].

Lemma 5.2. Fort € [0,T] let n, : Tp(t) — R with lift !, : T(t) — R. Then for
the corresponding plane simplex, E C T'y(t), and curvilinear simplex, e = p(E,t) C
I'(t), the following estimates hold if the norms exist. There is a constant ¢ > 0
independent of h and t such that

1
(5.4) =lnnllz2ey < Imhlirzce) < clinnllzz(e),

C

1
(5.5) E||Vrh71h||L2(E) < IVrahllzze) < ellVe,mmllrze),
(5.6) IV, el 2y < el VEnLll2ce) + bl Vel e -

5.2. Finite element interpolation estimates. An interpolant is constructed in
the obvious way. For n € C°(I'(t)) the pointwise linear interpolation Inn € Sh
is well defined. The vertices of T'y(¢) lie on the smooth surface T'(t) and so the
nodal values of n are well defined for this interpolation, since n < 3. We then lift
I,n onto T'(t) by the process (@) to obtain I,n = (In)" for which the following
approximation lemma holds, [g].

Lemma 5.3 (Interpolation). For given n € H*(T'(t)) there exists a unique Ipn €
Sl (t) such that

17 =Tl 2oy +RIVE @ = Tnm) | 20y < b (IVEnllz2 oy + hlIVEDllz@ey) -
5.3. Material derivative and geometric perturbation errors.

Lemma 5.4. Assume I'(t) and T'(t) are as above. Then

(5.7) sup [|Opd| L~ (r,) < ch?,
(0.7)

(5.8) sup [|0f (Puv)||L=(r,) < ch,
(0.7)

(5.9) sup [|080n | o= 1) < ch®.
(0.7)

Proof. Tt is sufficient to consider a single element E(t) C I',(¢). In order to facilitate
calculations we consider an orthogonal transformation C(t) : R**1 — R"*! such
that E(t) = C(t)E(t) where E C R™ x {yo(t)}. Using the equation

(5.10) x =p(x,t) +d(z, t)v(z,t)

for x € N(t), we set p(y,t) := C*(¢)p(C(t)y,t) and observe that for é(t) := p(FE, t)
we have C(t)é(t) = e(t). We set d(y,t) := d(C(t)y,t) and observe that i (y,t) :=
Vd(y,t) = C*(t)v(C(t)y,t). Observing that for z € e(t), z € &(t) and x = C(t)y €
N (t) we have |y — Z| = |z — 2| so that in our new coordinate system we have the
relation

6.1 v = i) + dly, 07(5.)

where p(y,t) € & and d(y,t) is the distance function to &(t) and #(y,t) is normal
to é(t). Denoting by ¥ the velocity field in the transformed coordinates we observe

that p
- Yo
Y. t) = —(¢
55 (¥iot) = 20 (1)
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where {V},(t)}7] are the vertices of the simplex E(t).

Let us treat the case n = 2 in the following. We use the original variables x
etc. in order to make the presentation simpler. First we observe that (57) holds.
This comes from the fact that pd = 0 in the vertices of the triangle £. Then the
interpolant 105 d vanishes identically and the common interpolation on E gives the
estimate

108l o () = 107 — 183l () < ch2]|0fd] 2.0 1y < ch?.
With a similar argument we get the estimates
(5.12) 108 gy < ch (G =1,2),

Thus we have proved the estimates (5717) and (G.S).
We prove (£9) for n = 2 by estimating

Oh(IPey APaal) = V- (OhPey A Pay + Pay A Ojpasy) -
From (BIT)) respectively (510) we deduce
Py = €j — ViV — duy, (j=1,2)
with the jth standard basis vector e; € R3. Then
OMpa, = —vORV; — V;ORY — vy, Ond — A0V, = —vORv; — 105 + O(h?),

because |9rd|+ |d| = O(h?) by (E.7). With this we calculate the material derivative
of the surface element:

Oh |Pey ADasl = V- (ORPay A Pay + Pay A Ojpay)
= v (v —1dhv + O(h?)) A (e2 — 1ov + O(h?))
+ (61 — v+ O(h2)) A (—V(?;Lug — Ohv + O(hz)))
= v- (—Vla;LV/\EQ —e /\VQ(?ZV—FO(hz))
= —vv- (O Aey) — v - (ey AOSY) + O(h?)
= v-Ow A (rger — vies) + O(h?)
= — (nh + rdtin) vz + O(h?).
Since from (B.I2) we know that |v;|+|95v;| = O(h) for j = 1,2, the estimate (5.9)
follows. Note that from the last step we also get that 955 = O(h?). O

We begin with the bounding of the geometric perturbation errors in the bilinear
forms.

Lemma 5.5. For any (Whp,¢rn) € Sp X Sy with corresponding lifts (wy, r) €
Sl x St the following bounds hold:

(5.13) Im(wn, on) = mn(Wh, én)| < ch?|lwnllz2 @y llenllLz @),
(5.14) |a(wh, on) — an(Wh, én)| < b | Vrwn || 20 IVrenll L2 o)
(5.15) lg(vn; wh, ©1) — gn (Vs Wi, é0)| < ch®|Jwn ||z ooy |0l (o o)) -

Proof. The bound (5.13) follows by noting
Im(wn, on) — mp(Wh, ¢n)

1 1
= | (1- 5—l)whsﬁh| <1- 5_HL"C(Fh)||wh||L2(F)H<ph||L2(F)
T(t) h h

and using Lemma [5.11
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In order to prove (5I4) it is convenient to introduce the notation

1

= 6—(A*l)*1(1 — dH)PP,A7'P,P(I — dH)
h

)

on I'y(t) and its lifted version, Q! on I'(t). Using Remark 1] we may write on
T (t),

AN, Wy -V by = ATIP(P — dH)PVrw(p, ) - Py (P — dH) PVren(p, )
= A'P,P(I — dH)Vrwi(p,-) - PoP(I — dH)Vren(p,-)
= 5 AT QR Vrwi(p,+) - Vipn(p, ).

We use the geometry estimates from Lemma [0l and the fact that AP = PA= A
and get the estimate

|A™ = 6,A7'Qy| < |[PAT'P — PP,PAT'PP,P| + ch?® < ch®.

Hence the bound (BI4) follows from

a(wn, n)—an(Wh, ¢n) = ( )AVFWthsﬁh—/ ( )5hA7lQhVth(pa )Vren(p, ).
(¢t Ty (t

For the bound (15 we use Lemmal[54l The transport formula gives for related
simplices e C T and FE C I'y,

d d
(516) /eVF"Uh—Ekl, /EVFh-Vh—E‘EL
Since |e| = [ on we get
d . . d
Gl = [ oo+ [ 850, Vi= [ o6+ [ 6 -)Ve, - Vi+ FIEL
dt E E E E dt
so that by Lemma [54] and (5I6)
6.07) | [ Voo [ o Vil < 1088l o) B+ 18— L | B < ¥ B,
e E

We use this estimate for the proof of (5I5) as follows:

1
/whs@hvr U —/ WrénVr, - Vi = /whsﬁhvr'vh —/ Wh¢h—/ Vr, - Va
e E e E ‘E| E

1
S/wmpth-vh—/(whgﬁhm/vlmvh)—l—cfﬂ/|wh||<ph.
e h e e

€

Since we know from LemmaB.I]that ||e|—|E|| < ch? we can continue the estimate

by
1 A
< [enen(Veoon = [ Voo ) (2 [ 1Veal+1) [ el
1 1
</(whaph—g/whwh><vp-vh—g/VF-vh>+ch2/|wh|g0h|.
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We use Poincaré’s inequality for functions with mean value zero on e, which is easily
proved by transformation to E, and get

/whsﬁhvr v, —/ WronVr, - Vi
e E

< ChQHVF(wh(Ph)HLQ(e)||VFVF . 'UhHLQ(E) + Ch2||’th||L2(e)||(ph||L2(e)
< ch®||lwpllmr (o) llnllm e -

The second derivatives of v;, on e are easily estimated by a constant, when one uses
the definition (7)) together with the smoothness of the surface I", the smoothness
of v and the fact that

|(Vr)i(Vr)j | < c|Vripv|

since Ipv is the lift of a linear affine function on E. Summing up over the elements
e this finally proves the estimate (5I3) for the bilinear forms g and gp,. O

For later use we estimate the difference between continuous and discrete material
derivative.

Lemma 5.6. For the difference between the continuous velocity v [2ZI0), and the
discrete velocity on the smooth surface, vy, [@1), we have the estimates

(5.18) |v —vp| +h|Vr(v —vp)| < ch®  onT.

Proof. For x € T'j, we have from ({1 that with p = p(x,t) € I'(¢),
v(p,-) —vn(p,:) = wv(p,-)— P(I—dH)V + div + diy

(5.19) = Plv—1Iw)(p,-) + dHInv(p, ) + 11).

Here we have used Remark A(ii), (Z3), 24) and v, = —d;v. This immediately
gives
|v — vp| < ch?

on I'(t) with a constant which depends on a bound for the second derivatives of v.
For the ith component of the tangential gradient we have

(Vr); (v —wn) = ((Vr),; P) (v —1Ixv) + P(Vr), (v — Inv) + d(Vr), (HInv + 1),
where we have used that Vrd = 0. So,

V(v —vn)| < clv — Iv| + ¢|Vr(v — Iv)| + ch?® < ch
and the lemma is proved. O

The previous lemma allows us to estimate the difference between continuous and
discrete material derivative.

Corollary 5.7.
(5.20) |0°z — 822HL2(F) < Ch2||ZHH1(p) Z € Hl(I‘),
(5.21) Vr(9°z — 0p2)|l 2y < chl|z|| g2y 2 € H*(T).

Proof. The definitions of the material derivatives together with the fact that v — vy,
is a tangent vector (see (.19) give

0%z —0pz=(v—wp) -Vz=(v—up)-Vrz.
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We use Lemma [5.6] for the estimate (5.20) of the L?(T")-norm of this quantity. We
then may apply the tangential gradient to the previous equation and again use
Lemma to obtain a bound for the gradient

IV(0°2 = 9h2) |2y < chllzlla ) + ch®[|2] g2 (). U

Lemma 5.8. Assume that Wy,(-,t), ¢n(-,t) € Sp(t) and w, = W}, o = ¢!, € St.
Then

(5.22) Im(Opwn, on) — mn (O3 Wh, dn)| < ch?|0fwnll L2yl enll L2y
Proof. From Lemma 1] we know that 83wy, = (93 W},)! and consequently we have
m(fwn, on) =m0 Wa, én) = m((ORWn)'on) = mn(0;Wh, 1)
< ch?||0qwnl ey lonllzery.
Here we use (B13) from the Lemma O

6. RITZ PROJECTION AND ERROR ANALYSIS

It is convenient in the error analysis to use the Ritz projection Ry, : H(T') — S,ll
defined by

Definition 6.1. For given z € HY(I'), [z = 0, there is a unique Rz € S}, such
that

(6.1) a(Ruz,on) = alz,0n)  Veou € S},
and [ Rpz =0.

6.1. Error in the Ritz projection.
Theorem 6.1. The error in the Ritz projection satisfies the bounds
(6.2) Iz = Ruzllrzry + hIVE(z — Ru2) 2wy < ch?(|z] g2 ().
Proof. For this we use the interpolation estimates (53)).
co|lVr(z — ha)H%g(F) < a(z—=Rpz,z—Rpz) =a(z — Rpz,z2 — Iz)
< o Ve(z = Ru2)ll 2| Ve (2 = In2)l 2y
< ch|Vr(z = Ru2)|lL2 oy lzl 2 ().
This implies
[Vr(z = Ruz)llL2ry < chllz]lm2(r)-

The L?(T') estimate comes with the Aubin-Nitsche duality argument. Solve the
problem w € H*(T') with [ w =0,

—VF . (.AVFU)) =z — ha.

Then [|w||g2ry < ¢l|z — Ruz||L2(r) and we get

||Z—ha||2L2(P) = a(w,z—Rpz) = alw— Ihw,z — Rpz)
< |Vr(w = Ihw)| L2l Vr(z = Raz)ll2(r)
< ch®|wll g2y llzllm2 )
< eh?||z = Rzl L2y llz ]| a2 o)

Thus
Iz = RanzllL2ry < ch®|l2) w2y,
and the theorem is proved. O
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6.2. Error in the material derivative of the Ritz projection. The estimate
of the error for the material derivative of the Ritz projection requires more work,
because the surface I' depends on time. Taking the time derivative of ([GI)) with
(#22) and using the definition of the Ritz projection (6.1J) we have that

(6.3) a(Ohz — A Ruz, pn) = —b(vp; 2 — Ruz, ¢n) Yeou € S},

From the above equation we see that, in general, Oy Ryz # R0y 2. It follows that
we need to prove the following bounds for the time derivative.

Theorem 6.2. The time derivative of the Ritz projection satisfies the bounds
(6.4) 10r2 = OhRuzllL2ry + RlIVe(Ohz — 93 Riz)l L2 (r)
< ch® (|2l g2y + 19° 2l m2ry) -
Proof. We estimate the term on the right-hand side of (3] using (6] to obtain
(6.5) a(Ohz — OpRiz, on) < chllzll 2@y [ Veenl )
for all ¢, € S!. Thus we obtain
(6.6)
collVr(9hz — O Ru2) 720y < a0z — O3 Ruz, 4z — 04 Rnz)
=a(0hz — OpRyz, 08z — 0°2) + a(Ohz — Op Rpz, 0%z — 1,0°2)
+a(0pz — Rz, [10%2 — O Ry z)
<c|Vr(9hz=0rRu2) 2y (IVr(0°2=h2) 2 (r) + Ve (0°2 — 1,0%2) || 22(r))
+ chl|z| w2 ) IV (1n0° 2 = 93 Ri2)|| L2 (r)
using (G.3]) on the last term. By Corollary 57 we have that
(6.7) IV0(0°2 - 332) | ary < ehllzliery,
from Lemma [5.3] we get
(6.8) IVr(0°2 — Iha.Z)HL2(p) < ChHa.ZHHz(F),
and with similar arguments,

(69) ||Vp(Ih8°z - 6ﬁha)||L2(F)
< chl|0* 2l g2 (r) + chllzllmz2r) + (Ve (952 — O Rrz) |l L2(r)-

We use the estimates (6.7), (6.8) and ([G.9) in (66) and get the estimate
Vr(Orz — aﬁha)H%z(r)
< ch (||Z||H2(r) + ||3°Z||H2(r)) IV (952 — O Ru2)llL2(r)
+ch||Vr(0hz — a;Lha)Hig(F).

Finally, for h < hy,
IV(hz = OhRu2) | Z2r) < ch® (2l E2r) + 102l B2y

and this implies the gradient estimate in (G.4)).
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We still have to prove that the L?(T") error for the time derivative of the Ritz

projection decays quadratically in the grid size. For this we again use the Aubin-
Nitsche trick and solve the problem

—Vr - (AVrw) =05z — O Rpz —copon I, / w =0,
r

where ¢y = ﬁ Jr(05z — 9 Ryz). We note that from [z = [Rpz = 0 we have
with Lemma [2.1] that

ITl|co] = |/(8,'Lz - 8,;ha)’ = ’/(Z—ha)Vp~vh| < cllz = Rzl p2ry
r r

IN

ch?||2]| a2 rs
where we used ([6.2). Then for arbitrary wy, € S},

1072 = OhRi2L2r) — ITleg = a(dhz — OhRyz, w)
=a(Ohz — OpRrz,w — wp) + a(Opz — O Rpz, wp)
S C||Vp(6;LZ - 8;ha)||L2(p) ||Vr(w - wh)||L2(F) + a(@,;z — 8;;7?,;,2’, wh).

For the last term on the right-hand side of this inequality we have with ([G3]):
a(Orz — O Rpz,wp) = —b(vp; 2 — Rpz, wp,).
For the bilinear form b(vy; -, ) we proceed as follows:
—b(vp; 2z — Rpz,wp) = b(vp; 2 — Ruz,w — wy) — b(vp; 2 — Rpz, w)
§ CHVF(Z — ha)HLz(p) ||VF(U) — wh)||L2(1—\) — b(vh; z — ha, U))
< Ch||Z||H2(F) ||Vp(w — wh)||L2(p) - b(’l}h; z—Rpyz, w)

Now with Lemma [5.6]

b(v;z — Rpz,w) — b(vp; 2 — Rpz, w)
< / 1B(0) — B(w)| Ve (z — Riz)||Vrw]
T

< ch||Vr(z = Ruz)l| L2 Vrw| L2(r)

< ch?|2| g2yl Vrw| L2 ().
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The remaining term is treated as follows:

b(v;z — Rpz,w) = / B(v)Vr(z — Rpz) - Vrw
r

n+1

= i;I/FB(U)ij(VF)j(Z—ha)(vr)iw
n+1
- E:j / (V1); (B@)is (= — Ra2)(Vr)sw)
n+1

= [E=Ru2) 3 (Vo) (Blo)s (Vo)
n+1 7

= A‘ Z HVjB(U)ij(Z — RhZ)(VF)z’LU
sJ= i

= [E=Ru2) 3 (V1)) (B (Vo).

This leads to the estimate
b(v;z — Rpz,w) > —cllz — Ruz|| 2y |wll g2y > —cb®||2] g2y |0 2 r)-
Collecting terms and choosing w;, = I,w we obtain
1002 — O Rusl2y < ch? (2llmary + 10° L sraqey) 108 — O Rzl zaqry.
This finally proves the estimate (G.4]). O

7. PROOF OF THE ERROR BOUND

7.1. Error decomposition and error equation. It is convenient to introduce
the error decomposition

u—up=p+60, p:=u—Rpu, 0:=Rpu—u ESL.
We begin by rewriting the finite element equation (23] as

% (m(un, on) — mn(Un, ¢n))
+ (a(un, on) — an(Un, ¢n)) + (mn(Un, Op¢n) — m(un, Open))

and using the transport formulae [@I7), (£2I) we have that uj, satisfies

d
Em(uh, on) + a(un, pn) — m(un, Oppn) =

d
(7.1) %m(uh, ©n) + alun, o) — m(up, Oen) = Fi(en) Von € S},

where with ¢} = @5 € S},
(7.2)  Fi(en) = (m(0hun, n) — mn(OpUn, 1))
+ (9(vns un, on) = g (Vi; Un, én)) + (a(un, on) — an(Un, ¢1)) -

On the other hand, using the definition (6] of the Ritz projection and the equation
B3) for the solution u we obtain

d .
(7.3) Em(RhUa on) + a(Ruu, o) — m(Rypu, Open) = Fa(on) Veon € S)
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where

{ ] d [ ] { ]
(7.4) Fy(pn) = m(p, Oppn) — Em(m on) +m(u,0*pn — Ohpn).

It follows by subtraction of () from (73] that € satisfies the finite element error
equation

d
(7.5) Em(& on) + a(f,0n) —m(0, 0npn) = Fapn) — Fi(en) Ven € Sj.

This error equation is the basis for the error estimate which we prove in the next
section.

7.2. Proof of Theorem [4.4l We begin with estimating the terms F; and Fy
on the right-hand side of (ZH). Applying Lemma and Lemma (.8 yields the
estimate

(7.6)  [Fi(en)| < ch?(105unll L2y llenll L2y + ch® IV run| 20y [ Veenl L2y
For Fy we first observe that from (3.9) we have
Fy(en) = =m(0p,on) — g(vn; s on) + m(u, 0°on — hen),
and consequently from Theorem [6.T] Theorem and Corollary (.7,
(7.7)
|2 ()
<|Ohpllz@llenlle@y + cllpllz @y lenllLe @y + llullz @) 10°0n — Ohenll L2
< ch? ([[ull g2y + 10%ull (o)) leonll 2y + eh®ull 2oy llen B oy-
We insert ¢p, = 6 in ([LH]), observe that by the transport formula we have

. 1d 1
m(6,050) = §Em(9,9) — 59(%,0,9),
and arrive at
1d
5%771(97 9) + (1(0,9) + g(Uh; 079) = Fl(e) - FQ(e)

We use the estimates (Z.8), (T7) and the ellipticity condition (33]). Upon integrat-
ing in time we obtain

1 ¢ 1 t
S8+ co / 190013 eyt < 3160/, + ch? / e 110y 101 oyt
t
eh? / (0% un Ly + lallme ey + 10l i) 16122yt
0

t t
eh? / all o 101l 22 oyt + ¢ / 10112 oyt

We use Young’s inequality for € > 0 to arrive at
1 k 1 k
2 2 2 2
31010 + (0 =) [ IOyt < G101y +<(6) [ 101 aqeyet

t
+C(€)h4/O lunlF oy + 10%unlZa ey + lullFra ey + 10%ulle rydt,
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and a Gronwall argument then leads to

T
(7.8) s ||9H:22(r>+/0 IVeolZarydt < cllfolZar,) + ChY,

where the quantity

T
C:/O lunllFrr ry + 10%unlFary + lullzzar) + 10%ull ey dt

still has to be estimated independently of the grid size h, but this follows from the
a priori estimates for the discrete solution in Lemma 3]l Thus, finally, we have the
estimate (Z8) with a constant C' which only depends on norms of the continuous
solution u. Theorem 4] now follows from

to

10.

11.

12.

13.

14.

lu = unllzzery < llpllzzay + [10llz2r)
gether with the estimates for the Ritz projection in Theorem B.11
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