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Abstract

We present an abstract framework for treating the theory of well-posedness of solutions
to abstract parabolic partial differential equations on evolving Hilbert spaces. This theory is
applicable to variational formulations of PDEs on evolving spatial domains including moving
hypersurfaces. We formulate an appropriate time derivative on evolving spaces called the mate-
rial derivative and define a weak material derivative in analogy with the usual time derivative in
fixed domain problems; our setting is abstract and not restricted to evolving domains or surfaces.
Then we show well-posedness to a certain class of parabolic PDEs under some assumptions on
the parabolic operator and the data. We finish by applying this theory to a surface heat equa-
tion, a bulk equation, a novel coupled bulk-surface system and a dynamic boundary condition
problem for a moving domain.
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1 Introduction

Partial differential equations on evolving or moving domains are an emerging area of research [8,
13, 27, 28], partly because their study leads to some interesting analysis but also because models
describing applications such as biological phenomena can be better formulated on evolving domains
(including hypersurfaces) rather than on stationary domains.

One aspect of such equations to consider is how to formulate the space of functions that have do-
mains which evolve in time. Taking a disjoint union of the domains in time to form a non-cylindrical
set is customary: see [4, 36, 28] for example. Of particular interest is [22] where the problem of a
semilinear heat equation on a time-varying domain is considered; the set-up of the evolution of
the domains is comparable to ours and similar function space results are shown (in the setting of
Sobolev spaces). In [3], the authors define Bochner-type spaces by considering a continuous distri-
bution of domains {I'(t)}+c[o,r7 C R™ that are embedded in a larger domain I'. The aim of our work
is to accommodate not only evolving domains but arbitrary evolving spaces. Our method, which
follows that of [34], is somewhat different to the aforementioned and contains an attachment to
standard Bochner spaces in a fundamental way.

A common procedure for showing well-posedness of equations on evolving domains involves a
transformation of the PDE onto a fixed reference domain to which abstract techniques from func-
tional analysis are applied [25, 29, 1, 34]. For example, in [34] the heat equation

u(t) — Argyut) +u(t)Vrg - w(t) = f(t)  in HY(T(t)) (1.1)

on an evolving surface {I'(¢) }+c[o,r) is considered, with w representing the velocity field. The equa-
tion is pulled back onto a reference domain I'(s) and standard results on linear parabolic PDEs
are applied. A Faedo—Galerkin method (see [2] for a historical overview of the Faedo—Galerkin
method) is used in [29] (for a different PDE), where the evolving domain is represented by the evo-
lution of a perturbation of the reference domain and a priori estimates are derived for a linearised
problem. An adapted Galerkin method that uses the pushforward of eigenfunctions of the Laplace—
Beltrami operator on I'(0) to form a countable dense subset of H'(I'(¢)) is employed in [11] for the
advection-diffusion equation (1.1). We abstract this approach for one of our results. Well-posedness
for the same class of equations is obtained in [27] by employing a variational formulation on space-
time surfaces and utilising a standard generalisation of the classical Lax—Milgram theorem used by
Lions for parabolic equations. We also employ this Lions—Lax—Milgram approach in our abstract
setting.

As we have seen, there is literature in which certain equations on evolving domains are studied,
however, to the best of our knowledge, there is no unifying theory or framework that treats parabolic
PDEs on abstract evolving spaces. The main aim of this paper is to provide this abstract framework.
More specifically, given a linear time-dependent operator A(¢) we study well-posedness of parabolic
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problems of the form
u(t) + A(t)u(t) = f(t) (1.2)

as an equality in V*(¢), with V/(¢) a Hilbert space for each ¢ € [0,T]. A main feature of our work
is the definition of an appropriate time derivative on evolving spaces in an abstract setting. When
the said spaces are simply L” spaces on curved or flat surfaces in R" that evolve in time, it is
commonplace to take the material derivative

U(t) = u(t) + Vu(t) - w(t)

from continuum mechanics as the natural time derivative. But when we have arbitrary spaces that
may have no relationship whatsoever with R” it is not at all clear what the «(¢) in (1.2) should
mean. We will deal with this issue and define a material derivative and a weak material derivative
for the abstract case. Our framework relies on the existence of a family of (pushforward) maps ¢,
for t € [0, T that allow us to map the initial spaces V(0) and H (0) to the spaces V' (¢) and H (t). A
particular realisation of these maps ¢, in the case of, for example, the heat equation (1.1) takes into
account the evolution of the surfaces I'(¢) and hence ¢; will be a flow map defined by the velocity
field w.

We anticipate that our framework will benefit those working in numerical analysis since curved,
flat, and evolving surfaces can all be treated with the same abstract procedure.

1.1 Outline

In §2, we start by setting up the function spaces and definitions required for the analysis and indeed
the statement of equations of the form (1.2). We state our assumptions on the evolution of the
domain and define strong and weak material derivatives (in analogy with the usual derivative and
weak derivative utilised in fixed domain problems).

In §3 we precisely formulate the problem (1.2) that we consider and list the assumptions we
make on A. Statements of the main theorems of existence and uniqueness of solutions are given.
The proof of one of these theorems is presented in §4. There, we make use of the generalised Lax—
Milgram theorem. In §5 we formulate an adapted abstract Galerkin method similar to one described
in [11] and use it to prove a regularity result. Finally, §6 contains applications of the abstract theory;
firstly to a surface advection-diffusion equation, secondly to a bulk equation, then to a coupled
bulk-surface system and finally to a dynamic boundary problem involving an elliptic equation on an
evolving domain in R" on the boundary of which resides a parabolic PDE.

1.2 Notation and conventions

Here and below we fix 7" € (0,00). When we write expressions such as ¢yu(-), our intention
usually (but not always) is that both of the dots (-) denote the same argument; for example, ¢.yu(-)
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will come to mean the map

We may reuse the same constants in calculations multiple times if their exact value is not relevant.
Integrals will usually be written as fOT f(t) instead of fOT f(t) dt; the latter we use only when there
is ambiguity about which terms are being integrated and which are not. Finally, we shall make use
of standard notation for Bochner spaces; for example, see [18, §5.9].

2 Function spaces

As we mentioned above, in order to properly understand and express the equation (1.2), we need to
devise appropriate spaces of functions. First, we begin with recalling some standard results regard-
ing Sobolev spaces from parabolic theory for the reader’s convenience.

2.1 Standard Sobolev space theory

Let V and H be Hilbert spaces and let V C H C V* be a Hilbert triple (i.e., all embeddings
are continuous and dense and H is identified with its dual via the Riesz representation theorem).
Recall that u € L*(0,7;V) is said to have a weak derivative v' € L*(0,T;V*) if there exists
w € L*(0,T;V*) such that
T T
/ () (u(t),v)g = —/ C(t)(w, v)y«y forall ( € D(0,T)andv € V. (2.1
0 0

By D(0,T) we refer to the space of infinitely differentiable functions with compact support in
(0, T). We shall also make use of D([0, T']; V); this is the space of V-valued infinitely differentiable
functions compactly supported in the closed interval [0, T'|. A helpful characterisation of this space,
from Lemma 25.1 in [35, §IV.25, p. 393] is that D([0, T]; V) is the restriction D((—00, 00); V)|0,1]
(the restriction to [0, T'] of infinitely differentiable V-valued functions with compact support).

Lemma 2.1. The space
WO, V*) = {u € L*(0,T;V) | v € L*(0,T; V*)}

with inner product

T T
(s owwn = [ (w0 + [ @0, 00
0 0
is a Hilbert space. Furthermore,
1. The embedding W(V, V*) C C([0,T7]; H) is continuous.

2. The embedding D([0,T]; V) C W(V, V*) is dense.
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3. For u, v € W(V,V*), the map t — (u(t), v(t))y is absolutely continuous on [0, 7] and

d

2 (@) v = (@), 0()v-w + (u(t), V' () vy

for almost every ¢ € [0, 7], hence the formula of partial integration

(MﬂWUWH—W®W@WFiA@ﬂmwmwy+l<wmdwhw
holds.

Proof. The density result is Theorem 2.1 in [24, §1.2, p. 14]. For the rest, consult Proposition 1.2
and Corollary 1.1 in [33, §III.1, p. 106]. ]

We can characterise the weak derivative in terms of vector-valued test functions. This is useful
because it more closely resembles the weak material derivative that we shall define later on.

Theorem 2.2 (Alternative characterisation of the weak derivative). The weak derivative condition
(2.1) is equivalent to

T T
| @@= [ wo.uwhy  forar e D(O.13V)
0 0
We finish this subsection with some words on measurability.

Definition 2.3 (Weak measurability). Let X be a Hilbert space. A function f: [0,7] — X is weakly
measurable if for every z € X, the map

t— (f(t)a x)X
is measurable on [0, 7).

Strong measurability implies weak measurability. If the Hilbert space X turns out to be separa-
ble, then both notions of measurability are equivalent thanks to Pettis’ theorem (see Theorem 1.34
in [30, §1.5, p. 22]).

2.2 Evolving spaces

Now we shall define Bochner-type function spaces to treat evolving spaces. We start with some
notation and concepts on the evolution itself. We informally identify a family of Hilbert spaces
{X(t)}tepo,r) with the symbol X, and given a family of maps ¢,: X, — X (t) we say that the pair
(X, (¢¢))tepo,r) is compatible provided the following holds.
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Definition 2.4 (Compatibility). For each t € [0, 7T, let X (¢) be a real separable Hilbert space with
Xy := X(0), and assume that there exist linear homeomorphisms

Cbt: X0—>X(t)

such that ¢y is the identity. We denote by ¢_,: X () — X, the inverse of ¢;. We call ¢, and ¢_,
the pushforward and pullback maps respectively. Furthermore, we will assume that there exists a
constant C'y independent of ¢ € [0, 7] such that

leull gy < Cx ull, Vu € Xo
H¢4UHXO <Cx HUHX(t) Vu € X (t).
Finally, we assume that the map
t = |l geull x Yu € X

is continuous. Under these conditions, we say that (X, (¢())icpo,r)) is compatible. We often write
the pair as (X, ¢(.)) for convenience.

In the following we will assume compatibility of (X, ¢). As a consequence of these assump-
tions, we have that the dual operator of ¢;, denoted ¢; : X*(t) — X, 1s itself a linear homeomor-
phism, as is its inverse ¢* ,: X§ — X*(¢), and they satisfy

qu:f’)(g < Cx Hf’x*(t) VfEX*(t)
[0 f || ey < Cx I1f I x5 Vf e X
By separability of X, it also follows that the map
to 62l VFEXS

is measurable.
Remark 2.5. Note that the above implies the equivalence of norms
Cx lullx, < el < Co llully, Vu € Xo,
Cx M llseey < N9F Fllxs < Cx Ml fll - Vfe X (1)

We now define appropriate time-dependent function spaces to handle functions defined on evolv-

ing spaces. Our spaces are generalisations of those defined in [34].
Definition 2.6 (Bochner-type spaces). Define the spaces
Ly ={u: [0,T) =X () x {t},t = (a(t),t) | o_(yu(-) € L*(0,T; Xo)}
te[0,7]
L = {10, 7] = X" () x {tht = (70, 8) | 6, F() € L2(0,T: X3)}.
te[0,7)
More precisely, these spaces consist of equivalence classes of functions agreeing almost everywhere
in [0, T, just like ordinary Bochner spaces.
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We first show that these spaces are inner product spaces, and later we prove that they are in fact
Hilbert spaces. For u € L%, we will make an abuse of notation and identify u(¢) = (u(t),t) with
u(t) (and likewise for f € L%.).

Theorem 2.7. The spaces L3 and L%. are inner product spaces with the inner products

()i, = [ (), 000
/0 v (2.2)

oz = [ (gD e

Proof. We follow the proof of [34, Lemma 3.4]. It is easy to verify that the expressions in (2.2)
define inner products if the integrals on the right hand sides are well-defined, which we now check.
To show that the integrand (u(t),v(t))x ) : [0,7] — R is integrable for all u, v € L%, by the
parallelogram law, it suffices to show that ||u(t) |’§((t) is integrable for all u € L%. Since u € L%,
¢_yu(-) € L*(0,T; X,), and therefore there exists a sequence of measurable simple functions

M,
= Z Ui 1p,(t)
i=1

where u;,, € X, and the B; C [0,7] are measurable, disjoint and partition [0, 7], such that @,
converges to ¢_(yu(-) in L*(0,T; X,). From this it follows that ||, () — ¢_tu(t)|\§(0 — 0 a.e. for
a subsequence which we labelled as ,, again. By the continuity of ¢;, we have ¢;u,(t) — wu(t) in
X () pointwise a.e., hence

|| prtin (L) ”X(t) — ||u<t>||X(t)

()

where the last equality follows by linearity and the fact that 13,15, = 0 for ¢ # j (since the B; are

We have
2

My,
2
= " llrtinllie 13 (2.3)

X(t) i=1

et (85

disjoint).

By assumption, the ||¢yu;, | () are measurable functions with respect to ¢, so (2.3) is measurable
too. The pointwise limit of measurable functions is measurable, hence [[u(t)| v, is measurable.
Finally, since

[u@®)llx @) < Cx llo—ru(®)llx, »

[[u()| x () is square-integrable.
This proves the theorem for L3. The process is the same for the case of L%. except we replace
¢_ and ¢, with the dual maps ¢; and ¢*,. ]
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Corollary 2.8. Let u € L% and f € L%.. Then there exist simple measurable functions u, €
L*(0,T; Xo) and f,, € L*(0, T; X}) such that for almost every t € [0, T1,

Orun(t) — u(t) in X (¢)
P fult) = f(1) in X*(t)

asn — 00.
The following result is required to show that the above spaces are complete.

Lemma 2.9 (Isomorphism with standard Bochner spaces). The maps
u— ryul-) from L?(0,T; Xo) to L%
fr=oryf() from L*(0,T; X)) to L.
are both isomorphisms between the respective spaces.

For the proof of the L% case, one makes an argument similar to that in the proof of Theorem 2.7
and shows that given an arbitrary u € L2(0,T'; X), the map ¢ + ||yu(t) % (1) 18 indeed measurable
(and then it follows that ngb(.)u(-) || 12 is finite). That the spaces are isomorphic follows from the
above (which shows that there is a map from L?(0,T’; X,) to L%) and the definition of L%. The
isomorphism is 7: L*(0,T; Xo) — L3 where

Tu= ¢(.)u(-) and T v = ¢,(.)U(-).

It is easy to check that 7" is linear and bijective. The proof for the L% case uses the same readjust-
ments as before.

The next lemma, which is a consequence of the uniform bounds on ¢; and ¢;, will be in constant
use throughout this work.

Lemma 2.10. The equivalence of norms
1
C_X HuHL§( < ‘}¢_(-)U(’>HL2(07T;XO) < Cx HuHLg( Vu € Lg(
]' *
C_X HfHLg(* < ‘}qé(')f(‘)HLQ(O,T;XS) < CX Hf”Lg(* \V/f S L,QX'*
holds.

Corollary 2.11. The spaces L% and L%. are Hilbert spaces.

Proof. Since L% and L?(0,T; X,) are isomorphic and the latter space is complete, so too is L3 by
the equivalence of norms result in the previous lemma. [

We now investigate the relationship between the dual space of L3 and the space L3.. We in fact
prove that these spaces can be identified; this requires the following preliminary lemmas.
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Lemma 2.12. For f € L%. and u € L%, the map

t = (f(), u(t)) x-o.x
is integrable on [0, T7].

Proof. According to Corollary 2.8, there are simple measurable functions f,, € L*(0,7; X{) and
u, € L*(0,T; X,) that satisfy

O" fu(t) = f(1) in X*(t) fora.e. t € [0,T]
g () — u(t) in X(t) fora.e. t € [0,T]
as n — 00. We have the convergence

[ (), u(t)) x0),x(0) = (P i fu(t), Deun(t)) x+0), x| — 0

(by adding and subtracting (¢*, f,,(t), u(t)) x+@),x) on the left hand side) for almost every ¢ €
[0, 7. So, (f(t),u(t)) x@),x @) being the pointwise a.e. limit of measurable functions is itself mea-
surable. That its integral is finite is trivial. ]

Lemma 2.13. Suppose that f(t) € X*(¢) for almost every ¢ € [0, 7] with

T
| 150l <
0

b ({8, u(t)) x+).x )

o0,

and that for every u € L%, the map

is measurable. Then f € L%..

Proof. We rewrite

(f(),u®))xt).xt) = (0201 F(1), u(t)) x+t) x(0) = (D1 f (1), D—ru(t)) xz.%o-

Now, the left hand side is measurable, hence the map

t= (@) f (1), p—yult)) xz.xo

is measurable on [0, T'] for every u € L%.

Given w € X, the element u(-) = ¢ w € L%, so we have (from Definition (2.3) or Footnote
80 in [31, §1.4, p. 36] for example) that ¢, f(-): [0, T] — X is weakly measurable.

Now, as remarked after Definition 2.3, we use Pettis’ theorem to conclude that Qﬁf,) f(+) is indeed
strongly measurable. Hence we can compute

16607 O oz /H%U%S@/Hﬂmr < o0,

s0 ¢y f(+) € L*(0,T; X%), giving f € L. u
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Lemma 2.14 (Identification of (L% )* and L%.). The spaces (L% )* and L%. are isometrically iso-
morphic. Hence, we identify (L% )* = L%., and the dual pairing of f € L%. withu € L% is

T
(f,u)rz.,.r :/0 (), ult)) x= (), x ) dt.

Proof. Define the linear map 7 : L. — (L%)* by

<Jﬁ»a&ylizié O, OO x-x o .

This is well-defined due to Lemma 2.12. We must check that 7 is an isometric isomorphism.
Suppose that F' € (L%)*. We first need to show that there exists a unique f € L%. such that
J f = F. To do this, we use the Riesz map R: (L% )* — L% to write

(Foudrzye 2 = (REu)pz = /OT(RF(t)aU(t))X(t)v (2.4
and then with S, : X (¢) — X*(t) denoting the Riesz map on X (t), we get
(RE(1), u(t))x(e) = (S (RF(8)), ult)) x- 1), x(0-
Now, from (2.4), the right hand side of this equality must be integrable. Hence
tr (STHRE(L)), ult)) x-(0,x(0)

is measurable for every u € L% . Now, the question is whether S, )1 (RFE(+)) € L%.. We want to use
Lemma 2.13 so we need to check its hypotheses. Clearly S, ' (RF(t)) € X*(t), and by the isometry

of the Riesz maps,

2

T T
| ISTREO ey = [ IRF @I = IRFIZ, = [Py, 2.5)

which is finite. Therefore, we obtain S(f)l (RF(-)) € L%. by Lemma 2.13. So j(S(f)lRF(-)) =F.
For uniqueness, suppose that 7 f; = J fo. Then

T
Th=Thugoras = [ (0= RO u@)x-0.x0
T
= [ @50 = 2®) - v
= (00, (1() = f20)), W 20.mxg).2015x0),  (With @ = d_yu(-))

which holds for all @ € L?*(0,T; Xo). This implies that f; = fo.
To see that 7 is an isometry, we define J~': (L%)* — L%. by J'F = S}'RF(-) and use
(2.5) to conclude. Il
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The next lemma is easy to prove using Lemma 2.10.
Lemma 2.15. The spaces L% and L%. are separable.

Although we have no notion of continuity in time for a function v € L%, we can nevertheless

make the following definition.

Definition 2.16 (Spaces of pushed-forward continuously differentiable functions). Define

Ok = {6 € L& | 6_)&() € CH(0.T): Xo)} fork € {0,1,...}
Dx(0,T) = {n € L% | 6_(yn(-) € D((0,T); Xo)}
Dx[0.7] = {n € L% | 6_cyn(-) € D([0, T}: Xo)}.

Since D((0,T); Xo) € D([0,T7]; Xy), we have

Dx(0,T) C Dx[0,T] C C%.

2.3 Evolving Hilbert space triple structure

In the preceding, we set up the Hilbert space L% and its dual L%. based on an arbitrary family of
separable Hilbert spaces { X (¢)};cjo,r) and a suitable family of maps {¢;}icjo,r7. In standard PDE
theory, often there is a notion of a Hilbert triple involved in the formulation of the problem. We now
lay the analogous groundwork for posing PDEs on evolving spaces. For each ¢t € [0, 7, let V()
and H(t) be (real) separable Hilbert spaces with V; := V(0) and Hy := H(0). Let V(t) C H(t)
be continuously and densely embedded. Identifying H (t) with its dual space H*(t) via the Riesz
representation theorem, it then follows that H(¢) C V*(¢) is also continuous and dense. In other

words,
V(t) C H(t) C V*(t)

is a Hilbert triple. We often make use of the identification
(f,u)vewy vy = (f,w) @ whenever f € H(t) and u € V(t).

Assumptions 2.17. We will assume compatibility in the sense of Definition 2.4 for the family
{H((t) }+ej0,r) and a family of linear homeomorphisms {¢; }+co,7; that is, we assume (H, ¢(.)) is a
compatible pair. In addition, we also assume that (V, ¢,|y; ) is compatible. We will simply write ¢,
instead of ¢|y,, and we will denote the dual operator of ¢;: Vo — V() by ¢;: V*(t) — V5 we
are not interested in the dual of ¢,: Hy — H (t).

Let us summarise the meaning of these assumptions below for the convenience of the reader.
1. For each ¢ € [0, 7], there exists a linear homeomorphism
Cbt: HO — H(t)

such that ¢, is the identity.
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2. The restriction ¢ |y, (which we will denote by ¢,) is also a linear homeomorphism from Vj to
V(t).

3. There exist constants C'y and Cy independent of ¢ € [0, 7] such that

||¢tu||H(t) < C(H HUHHO Yu € Ho,
||¢tu||v(t) < Cy |lully, Vu € Vj.

4. We will only be interested in the dual of ¢,: Vi — V/(t), denoted by ¢;: V*(t) — V", which

satisfies
qu:f’vo* SCVHfHV*(t) Ve Vi)
5. The inverses of ¢, and ¢; will be denoted by ¢_, and ¢* , respectively, and these are uniformly
bounded:
lo—cull g, < Cr lull s Vu € H(t),
lo-sully, < Cv llully Vu e V(t),
‘ (bitf‘ V*(t) S CV Hf| VO* vf € ‘/0*
6. The maps

are continuous, and the map

t'_> ‘ qb*—tf“v*(t) vf 6 VE)*

1s measurable.

Our work in §2.2 tells us (amongst other things) that the spaces L%, L?., and L?.. are Hilbert spaces
with the inner product given by the formula (2.2).

Remark 2.18. These homeomorphisms ¢; are similar to Arbitrary Lagrangian Eulerian (ALE) maps
that are ubiquitous in applications on moving domains. See [1] for an account of the ALE framework
and a comparable set-up.

By the density of L?(0,T; Vy) in L*(0,T; Hy), we obtain the next result.
Lemma 2.19. The space L?, is dense in L.

The previous lemma tells us that L}, embeds into L%, densely, and it is obvious that the embed-
ding is continuous. Therefore, identifying L? with its dual via the Riesz map, the relationship

L} C L3 C L3.

is a Hilbert triple.
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2.4 Abstract strong and weak material derivatives

Suppose {I'(Z) }+cjo,r] is a family of (sufficiently smooth) hypersurfaces evolving with velocity field
w, and that for each ¢t € [0,77], u(t) is a sufficiently smooth function defined on I'(¢). Then the
appropriate time derivative of u takes into account the movement of the spatial points too, and this
time derivative is known as the (strong) material derivative, which we can write informally as
d

u(t,x) = au(t, x(t)) = w(t,z) + Vu(t,z) - w(t, z). (2.6)
This is well-studied: see [6] or [7, §1.2, p. 6] for the flat case. Our aim is to generalise this ma-
terial derivative to arbitrary functions and arbitrary evolving spaces (and not just merely evolving
surfaces).

Definition 2.20 (Strong material derivative). For ¢ € C% define the strong material derivative
¢ € C% by

{0 = o0 (o). )

This definition is generalised from [34]. So we see that the space C'% is the space of functions
with a strong material derivative, justifying the notation. In the evolving surface case, we show in
§6.1 that this abstract formula agrees with (2.6). The following remark observes that the pushforward
of elements of X (0) into X (¢) have zero material derivative.

Remark 2.21. Observe that given n € X (0),

(¢em) =0

and that for £ € C%

£=0 < dne€ X(0) suchthat &(t) = o).

It may be the case that solutions to the PDE (1.2)

u(t) + A(t)u(t) = f(t)

may not exist if we ask for u € C},, that is, they may not possess strong material derivatives. We
can relax this and ask for « to exist in a weaker sense, just like one does for the usual time derivative
in parabolic problems on fixed domains.

Heuristically, what should such a weak material derivative satisfy? Taking a clue from Lemma
2.1, we expect

d%(u(t), v(t)) @ = (W(t), v(E)ve@)ve + (0(t), u(t))v-@),ve + extra term

where we envisage an extra term because the Hilbert space associated with the inner product de-
pends on ¢ itself, and certainly we should require the integration by parts formula

| F®n0m0 =0 vneDy(.7),
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The identification of this extra term and a definition of the weak material derivative is what the rest
of this section is devoted to.

Definition 2.22 (Relationship between the inner product on H(t) and the space Hy). For all ¢ €
[0, T, define the bounded bilinear form b(t; -, -): Hy x Hy — R by

b(t; ug, vo) = (ruo, Gevo)m@y Yo, vo € Hy.

This gives us a way of pulling back the inner product on H(¢) onto a bilinear form on H, by the
formula (u, v) gy = b(t; ¢_su, ¢_w). It is also clear that b(0;-,-) = (-, ), by definition. In fact,
one can see for each ¢ € [0, 7] that l;(t; -,-) is an inner product on H, (and it is norm-equivalent
with the norm on Hy); thanks to the Riesz representation theorem, there exists for each ¢t € [0,7] a
bounded linear operator 7;: Hy — Hj such that

b(t; o, v0) = (Tyuo, vo) o = (10, Tivo) - (2.8)
Remark 2.23. It is not difficult to see that T} = ¢;'¢;, where ¢;*: H(t) — H, denotes the Hilbert-
adjoint of ¢y: Hy — H(t).

Assumptions 2.24. We shall assume the following for all ug, vy € Hy:

d ) .
O(t, up) := pr qutuOHiI(t) exists classically (2.9)
ug +— (¢, up) is continuous (2.10)
|0(t, uo + vo) — O(t, uo — vo)| < C [luol| g, [[voll g, (2.11)

where the constant C' is independent of ¢ € [0, T'].

We are now able to define ¢(¢;-,-): Hy x Hy — R by

R A 1
C(t; Uoﬂfo) = Eb(ﬁ Umvo) = 1 (9(757% + Uo) - 9(757“0 - Uo)) . (2.12)

Denoting by C'(t) the operator
(C'(t)ug, vo) := ¢(t; ug, vo), (2.13)

it follows by (2.11) that C(t): Hy — H.

Definition 2.25 (Definition of the bilinear form ¢(t; -, -)). For u, v € H(t), define ¢(t;-,-): H(t) x
H(t) — Rby
c(tyu,v) = &(t; o—u, ¢_4v).

Lemma 2.26. The map
tes c(tult),v(t)) Yu,v € L3

is measurable and ¢(t; -, -): H(t) x H(t) — R is bounded independently of ¢:

et u, 0)| < Cllall gy 10l gy
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Proof. If u,v € L%, then by (2.12),

c(t;u(t), v(t)) = &t; d—u(t), o—v (1))
(Q(t, qb_tu(t) + Cb—tU(t)) - 9(t7 qb_tu(t) - ¢—tU(t)))

1
T4
and it follows that ¢ +— c(¢; u(t),v(t)) is measurable because ¢t — 0(t, »_,w(t)) is measurable for
w € L2. This in turn can be seen by noticing that 0: [0, 7] x Hy — R is a Carathéodory function:
the map t — 6(¢, x) is measurable and by assumption (2.10) the map x — 6(¢, x) is continuous; thus
by [16, Remark 3.4.2] the desired measurability is achieved. The bound on ¢(¢; -, -) is a consequence
of the assumption (2.11). [l

Lemma 2.27. For o1, 05 € C*([0, T]; Hy), the map

~

t— b(t;o1(t), oo(t))
is differentiable in the classical sense and

%I;(t; o1 (t), 09(t)) = b(t; 0 (1), 02 (1)) + bt; 01 (), 04(1)) + é(t; 01 (1), 02(1)).

This follows simply by using the definition of the derivative as a limit.

Definition 2.28 (Weak material derivative). For v € L?,, if there exists a function g € L%/* such
that

/0 GO0 = — / () () sy — / et u(t), (1))

holds for all € Dy (0,T"), then we say that g is the weak material derivative of u, and we write
=g or 0°u = g.

This concept of a weak material derivative is indeed well-defined: if it exists, it is unique, and
every strong material derivative is also a weak material derivative. To prove these facts is a fairly
standard exercise: for uniqueness, assume there exist two material derivatives for the same function
and then linearity and the density of D((0,7T'); V;) (the space of test functions) in L?(0,T'; V) gives
the result. To show that a strong material derivative is also a weak material derivative, one can use
Lemma 2.27 and the relations between b(; -, -), b(t; -, -) and &(¢; -, ), e(t; -, -).

2.5 Solution space
We can now consider the spaces that solutions of our PDEs will lie in.

Definition 2.29 (The space W (V, V*)). Define the solution space

WV, V)={uelLi|uecli.}



An abstract framework for parabolic PDEs on evolving spaces 17

and endow it with the inner product

T T
(o = [ o+ [ @660,
We also shall require the subspaces
Wo(V,V*) ={u e W(V,V*) | u(0) =0} and
W(V,H)={uec L3 |uc Ly}

In order to prove existence theorems, we need some properties of the space W (V, V*) which
turns out to be deeply linked with the following standard Sobolev—Bochner space.

Definition 2.30 (The space W (1}, V;")). Define
W(Vo, V) = {v € L*(0,T; Vp) | v € L*(0,T;V5)}
to be the space W(V, V*) introduced in §2.1 with V = V and H = H,.
It is convenient to introduce the following notion of evolving space equivalence.

Assumption and Definition 2.31. We assume that there is an evolving space equivalence between
W(V,V*) and W(Vp, V). By this we mean that

veW(V,V*) ifandonlyif ¢_yv(-) € W(Vo, V),
and the equivalence of norms
Cullo-0vOhyp ey < Ilwvwe < Collo—0vO g v
holds.
We now show under certain conditions that this assumption holds.
Theorem 2.32. Suppose that
ue WV, Vy) ifandonlyif Tiyu(-) € W(Vo, Vy) (T1)

and that there exist operators

N A

SV -V ad D Voo 1y
such that for u € W(V;, V),

~ ~

(Tru(t))' = S(ty(t) + C(O)ult) + D(t)u(t) (T2)

and

N

S()/'() € L*(0,T;Vy)  and  D(u(-) € L*(0,T; Vy).

Suppose also that S(t) and D(t) are bounded independently of ¢ € [0, 7], and that S(¢) has an
inverse S(t)~': Vi — Vi which also is bounded independently of ¢ € [0,T7]. Then W (V,V*) is
equivalent to W(V;, V") in the sense of Definition 2.31.
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Proof. First, suppose u € W(Vp, Vy). Clearly ¢ yu(-) € L3 and we need only to show that
0*(peyu(+)) € L. exists.
Letn € Dy (0,T). Consider

T T
| @ttt = [ Tt @-m))n,
(rewriting the integrand using b(¢; -, -) and by (2.8))

N

. / (SO () + Cltyu(t) + D(Eyult). bom(®)vs i
(by (T1) and (T2))

~

= - /O (6=, (S0 () + D(tyu(t)), n()v-.ve) — /O c(t; pru(t), n(t))-
(2.14)
This shows that 0°(¢.yu(-)) exists.

Conversely, let u € W (V, V). We need to show the existence of ¢_(yu(-)" in L*(0,T; V). We
start with the weak material derivative condition:

/0<U(t)a77(7f)>v*(t),v(t):—/0 (U(tM(t))H(t)—/O c(t; u(t), n(t))

for test functions 1 € Dy (0, T'). Pulling back leads to

/0 (B(t), (D) vy = — / bt 6_rult), (6-m(t))') — / ot d—u(t), b ().
Using (2.8) and (2.13) and rearranging:
| @ocsate). -m)) = = [0t + COoult). 0 mg e @19)

It follows that T{.)¢_(yu(-) has a weak derivative, and hence by (T1) as does ¢_yu(-). This proves
the bijection between W(V;, V") and W (V, V*).
For the equivalence of norms, let u € W (V, V*). From (2.14), we see that

~

() = ¢ (S() (¢—u(t)) + D(t)p_yult))

which we can bound thanks to the boundedness of S(t) and D(t):

it vy < C (G-l + l6-u®)ly,) -

So we have achieved

lully e < Co Hqs—(-)“('wvv(vo,vo*) :
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For the reverse inequality, we start with the weak derivative condition

A

/0 (Tip—pu(t), ' (£)) by = — /0 (S(t)(@-vu(t)) + D(t)p—ult), ¥(t))vzve
_/0 ((i*(t)¢,tu(t),w(t»vo*,voa

where ¢ € D((0,T); Vp). Using the formula (2.15), we find

A<QM¢mw%wmw%—A<@mw—mmmmmwmw%

which implies

(¢—su(t)) = SO (u(t) — D(t)o_pu(1)).

From this we obtain a bound of the form

16—l < € (Ja®)ly-) + 6Ol

which implies the result. ]
Corollary 2.33. The space W (V, V*) is a Hilbert space.

Proof. This follows from Assumption 2.31 and the completeness of W(Vp, V). O

We are also able to specify initial conditions of solutions to PDEs via the following lemma,
which is an easy consequence of the continuity of the embedding W(V;, V) € C°([0, T]; Hy).

Lemma 2.34. The embedding I (V, V*) C C% holds, hence for every u € W (V, V*) the evaluation
t — u(t) is well-defined for every ¢ € [0, T']. Furthermore, we have the inequality

nax [ ey < Cllullw s Vu € W(V, V7).
In order to obtain a regularity result, we need to make the following natural assumption, which
will also tell us that W (V, H) is a Hilbert space.

Assumption 2.35. We assume that there is an evolving space equivalence between W (V, H) and
W(Vo, Hp).

Let us note that this assumption follows if, for example, the maps S(t) and D(t) of Theorem
2.32 satisfy S(t): Hy — Hy and D(t): Vy — Hy, with both maps and S(t)~! being bounded
independently of ¢ € [0, 7], and if S(-)u/(-), D(-)u(-) € L*(0,T; Hy) for u € W(Vy, Hy).
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Some density results With the help of the density result in Lemma 2.1, it is easy to prove the
following lemma.

Lemma 2.36. The space Dy [0, 7] in dense in W (V, V*).

The next few results are necessary to prove Lemma 3.5, which turns out to be vital for one of
our existence proofs.

Lemma 2.37. For every n € Dy (0, T), there exists a sequence {7, }nen C Dy (0,7) of the form
M (t) = ij(t)gbtwj where (; € D(0,7) and w; € V,
j=1

such that n,, — nin W(V, V*).

Proof. Tt suffices to show that for every v € D((0,7); Vp), there exists a sequence {¢, }neny C
D((0,7); Vp) of the form

Pn(t) = Z ¢ (H)w, where (; € D(0,7) and w; € V,
j=1

such that ¢, — ¥ in W(V, V).
Let w; be an orthonormal basis for V. Given ¢ € D((0,7'); V;), define

n

Ualt) = D (W (1), wy)vywy,

j=1
ie., (j(t) = (¥(t), w;)y,. It is clear that (; vanishes at the boundary (since ¢ does), and CJ(-m)(t) =
(™ (t),w;)y, also implies that ¢; € D(0,T).

It remains to be checked that ¢, — ¢ in W(V;, V). We have the pointwise convergence

Yn(t) — 9(t) in Vj because w; is a basis, and there is also the uniform bound |1, ()], <
[%(t)|ly,- So by the dominated convergence theorem,

Yo — 1 in L*(0,T;V5).
The same reasoning applied to ¢/, allows us to conclude. ]
Transport theorem Like in part (3) of Lemma 2.1, we want to differentiate the inner product on

H (t). Writing Lemma 2.27 in different notation, we obtain for u, v € C; the transport theorem for
C4 functions:

%(U(t), vt = (@(t), v(8)uw + (ut), 0(8) ua + et ult), v(t)).

We can obtain a formula for general functions u, v € W (V, V*) by means of a density argument.
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Theorem 2.38 (Transport theorem). For all u, v € W (V, V*), the map
b (u(t), v(t)

is absolutely continuous on [0, 7] and

%(U(t),v(t))br(t) = (u(t), v(t)v=w.v + (OF), ult) v ve + ct;u(t),v(t))
for almost every t € [0, 7.

Proof. Given u € W(V,V*), by Lemma 2.36, there exists a sequence u,, € Dy [0, 7] converging
to w in W(V, V*). That is,

Uy, —> U in L%/
U — 0 in L3..
By the transport theorem for C, functions, the u,, satisfy

d .
7 et () 70y = 20t (8), 1 (D) v 010y + €t (1), 1 (1)), (2.16)

(We rewrote the inner product on H (t) as a duality pairing since u,,(t) € V(t) and w,,(t) € H(t)).
The statement (2.16) written in terms of weak derivatives is that for any ¢ € D(0,T), it holds that

—/0 et () 1776y € (2) :/o (2t (), tm () v,y (o) + €t um(8), um (1)) C(E). (217)

Now we must pass to the limit in this equation. For the left hand side, because u,, — u in L%, we
have by the reverse triangle inequality

T T
2
/0 ety — 10 L |* < / (1) — u(8)[ ) = 0,

i.e.,

U (W gy = 1wl gy in L2(0, T), which implies that
a7y = NuC) gy in LH0,T).
Clearly, the functional F': L'(0,7) — R, defined
T
Fly) = [ we)co),
0

is an element of L'(0,7)* because ¢'(¢) is bounded. Therefore, we have convergence of the left
hand side of (2.17):

- / et ()2 €' (1) = — / )y (1),
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To deal with the terms on the right hand side of (2.17), we require the estimates

| (@ () Ui (8))v=(y,v ey — (@(t), w(t))veo),v o)
< N () =y 1w (@) = w(@)lly gy + m(t) — a(t)]

vy ey

and

|e(t; um(t), um (1)) — c(t;u(t), u(t))]
<G (Hum(t)HH(t) [t (t) = w(O) | ey + Nlum (@) — w(®)] gy “u(t)HH(t)) :

With these, it is easy to show that

/0 (2t (£), m (£) v (0).v ) + €t um(t), um (t))) C(2)

~ [ @Ua®uO)- oo + ol ult)u(0) <<t>\ o,

In other words, as m — oo, the equation (2.17) becomes

—/0 HU(t)Him)C’(t):/O (2(a(#), w®))vew,v e + et ult), (D)) (1), (2.18)

which is precisely the statement

0y = 24(0), w00+ u(e) ()

in the sense of distributions. From this, it follows that

d

dt
holds in the weak sense. So we have shown the transport theorem in the weak sense. However,
because the right hand side of the above is in L'(0,T) (since the right hand side of (2.18) holds
for every ( € D(0,T)) and because (u(t),v(t))uw € L'(0,T), it follows that (u(t),v(t)) ) is
a.e. equal to an absolutely continuous function, with (classical) derivative a.e., and therefore (2.19)

(u(t),v(t)m@y = (Ut), v(t))vew.ve + (OF), w(t))vewvae + ct;ut),v(t)) (2.19)

exists in the classical sense. [l
We shall use the following corollary frequently without referencing in future sections.

Corollary 2.39 (Formula of partial integration). For all u, v € W(V,V*), the formula of partial
integration

((T), (7)) rry — (u(0), 0(0))m,
= /0 (@(t), o).y + (00), wt))vemve + et ult), v(t)) dt

holds.
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3 Formulation of the problem and statement of results

3.1 Precise formulation of the PDE

Having built up the essential function spaces and results, we are now in a position to formulate
PDEs on evolving spaces. We continue with the framework and notation of §2; we reiterate in
particular Assumptions 2.17, 2.24, and 2.31 (which relate respectively to the compatibility of the
evolving Hilbert triple, a well-defined material derivative, and the evolving space equivalence). We
are interested in the existence and uniqueness of solutions to equations of the form

Li+ Au+Cu=f  inL3.

P
u(0) = ug ®
where we identify
(La)(t) = L(E)a(t)
(Au)(t) = A(t)u(?)

(Cu)(t) = C()u(?),

with £(t) and A(t) being linear operators that satisfy the minimal assumptions given below, and
C(t): H(t) — H*(t) isdefinedby (C(t)v,w)m+u),uw = c(t;v,w),

with ¢(t; -, -) the bilinear form in the definition of the weak material derivative (Definition 2.25).
Note that C(t) is symmetric in the sense that (C(t)v(t), w(t)) m=),m@) = (C(E)w(t), v(t)) m+w),me)-

Assumptions 3.1 (Assumptions on £(t)). In the following, all constants C; are positive and inde-
pendent of ¢ € [0, 7.
We shall assume that for all g € L?..,

LgeLli. and C 912, < WLgllp2, < Callgllyz, (L1)
and we assume that the restrictions £(t)|g ), £(t)|v () satisfy

LWOaqy: H(t) — H(1)
LBy : V() = V(D)

and we simply write £(t) for these restrictions. Furthermore, for almost every ¢ € [0, 7], we assume

(Lt)g, v)v=w)ve) = (9, LE)V)v=0),v@) Vg € V*(t), Vv € V(1) (L2)
L@ gy < Cs 1Al ey Vh € H(t) (L3)
(L) 1)y = Cullhll e Vh e H(t) (L4)
Lve L2 Vv e L2 (L5)

veEW(V, V) « LveW(V,V?), (L6)
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and we suppose the existence of a map £(t): V() — V*(t) (and we identify (Lv)(t) = L(t)v(t))
satisfying

0°(Lv) = Lu+ Lo € L} Yo e W(V,V¥) (L7)
I£@E)0 vy < C o]l e Vo e V(t). (L8)

Assumptions 3.2 (Assumptions on .A(¢)). Suppose that the map
t= (A)v(t), w(t))vew.v Yo, w € L2,

is measurable, and that there exist positive constants C', Cy and C5 independent of ¢ such that the
following holds for almost every ¢ € [0, T']:

(A, v)v- w0 = Crllvllyey = Collvlg vo e V(1) (A1)
[{A®)v, Wy vl < Callvlly e lwllve Vo, w € V(1) (A2)

Observe that we have generalised the PDE (1.2) by introducing the operator £. The standard
equation
i+ Au+Cu=f

is a special case of (P) when £ = Id. Let us mention that our demands in Assumptions 3.1 are
(of course) automatically met in this case. Also, there is no loss of generality by considering the
equation (P) instead of the more natural equation

Lu+ Au = f.

The results we state below still hold for this case. We include the operator C purely because it is
convenient for some of our applications in §6.

Implicit in (P) is the claim that Au and Cu are elements of L. The fact Au € LZ%,. follows
by the weak (and thus strong) measurability of ¢ — ¢ A(t)u(t) and the boundedness of .A(t), and
similarly one obtains the result Cu € L3...

Remark 3.3. We showed in Lemma 2.34 that specifying the initial condition as in the equation (P)
is well-defined.

Let us mention an important consequence of the transport theorem (Theorem 2.38) and assump-
tions (LL6) and (L7).

Lemma 3.4. For every v, w € W(V,V*), the map ¢t — (L(t)v(t), w(t))n ) is classically differen-
tiable almost everywhere with

d

2 L@vt), wt) e = (L)), wt)v-@ v + LEOWE), v(E)v-o.ve

+ (M@)v(t), wt))v=w)v (L9)
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where M(t): V(t) — V*(¢) is the operator
(M(t)v, W)y, 0 = (LEV, W)= + COLEY, W00
which generates the bounded bilinear form m(t;-,-): V(t) x V(t) — R:
m(t; v, w) = (Mo, wyv-m,ve:

To conclude this preliminary subsection we state and prove the following lemma which is used
in §5.3.

Lemma 3.5. Letu € L} and g € L}... Then
u exists and Lu = g

if and only if

d
%(ﬁ(t)u(t%@vo)H(t) = (g(t) + M(t)u(t)7¢tUO>V*(t),V(t) forall vy € Vg 3.1

in the weak sense.

Proof of Lemma 3.5. Suppose first that Lo = g, that is, 0°(Lu) = Lu + ¢ (note that this is sensible
because u € W(V,V*), and so Lu € W (V,V*) by (L6)). This means

[ €t w00 = = [ o)+ LanoneD-o — [ el £t )
holds for all 77 € Dy. Picking 7(t) = ¢(t)ésvo, where ¢ € D(0,T) and vy € Vp, we obtain
/ COLEu(t), duvo) / C)g(t) + LBu(b), drvo)y-v
—Acwmwmmww
- [ ctto0 + Mot 60

which is exactly (3.1).
For the converse, first, we see from Lemma 2.37 that given any € Dy (0,7, there exist
functions 7,, € Dy (0,T") of the form

0 =3 GOom;

with (; € D(0,T) and w; € Vy such that || — 1y |y — 0. Now, (3.1) states that

/0 (L(E)u(t), ¢'(t)pevo) ey = —/0 (g(t) + M(t)u(t), C(t)prvo)v=(),v(r)
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holds for all ¢ € D(0,7) and all vy € Vj. In particular, we may pick ( = ¢; and vy = w; and sum
up over j to obtain

/0 (L@O)ut), () ne) = = /0 {g(t) + M(B)u(t), m(t))v-).v )

Passing to the limit and using the convergence above, we find
T T
/ (L(O)ult), n(6) @ = — / {g(t) + M@)u(t), n(t))v+w.v e
0 0

=— /0 (g(t) + L(E)u(t) + C)LE) L), n(t))v-@o.v @)

for arbitrary 7 € Dy (0,7), i.e., we have the existence of 9*(Lu) = g + Lu which, thanks to
assumptions (L.6) and (L7), implies that Lu = g. O

3.2 Well-posedness and regularity
We begin with a well-posedness theorem which is proved in §4.

Theorem 3.6 (Well-posedness of (P)). Under the assumptions in Assumptions 3.1 and 3.2, for
f € L%. and uy € Hy, there is a unique solution u € W (V, V*) satisfying (P) such that

el ey < € (lolla, + 11511, ) -

A sketch of a second proof of the theorem will be presented in §5.3 where we utilise a Galerkin
method.

Now, suppose we now know that f € L% and uy € V;. Can we expect the same regularity on the
solution u as holds in the case of stationary spaces? It turns out that we can obtain @ € L% under
some additional assumptions on the differentiability of A(¢).

Before we list these assumptions, let us just note that if we define bilinear forms [(¢; -, -): V*(t) x
V(t) = Rand a(t;-,-): V(t) x V(t) — R to satisfy

I(t; g,w) = (L(t)g, w)ve@) v
a(t;v,w) = (A(t)v, w)v-@),ve),

then the problem (P) is in fact equivalent to

1t 1(8), 0(8)) + alts ut), v(b)) + et u(t), v(b))
u(0)

@), v(E)vewy v

{

P’)

for all v € L} and for almost every ¢ € [0,7]. It is this form of the problem that turns out to be
more convenient to work with to show regularity. To see one side of the equivalence, we can take
the duality pairing of (P) with v € L3 where v(t) = ((t)dyvo and ¢ € D(0,T) and vy € V to give
(P?). The reverse implication is trivial.
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Definition 3.7. We define the space
CL = {u € CY | u(t) exists for almost every t € [0,77]}.
Assumptions 3.8 (Further assumptions on a(¢; -, -)). Suppose that a(¢; -, -) has the form
a(t;-,-) = as(t;-,-) + an(t; )
where

as(t;-,-): V(t) x V(t) > R
an(t;+,-): V(t) x H(t) - R

are bilinear forms (we allow the possibility a,, = 0). Suppose that there exist positive constants C',
C5 and C5 independent of ¢ such that for almost every ¢t € [0, T,

|an(t; v, w)] < Crllv]ly ) Wl ge Yo e V(t),w € H(t) (A3)
|as(t; v, w)| < Co[[v]ly) lwllye Vo, w € V(t) (A4)
as(t;v,v) >0 Yo e V(t) (AS5)

d .
—as(ty(t), y(t) = 2a(t; y(t), (1)) + r(t; y(t)) vy € Cy, (A6)

dt

where the 4 here is the classical derivative, and r(t;-): V (t) — R satisfies
r(t;v)] < Cy [loll3 Vo € V(t). (A7)

Remark 3.9. Note that we require only a part of the bilinear form a(t; -, ) to be differentiable;
however, any potentially non-differentiable terms require the stronger boundedness condition (A3).

As alluded to above, it is permissible to take a,, = 0 so that a = a;. In this case, we are in the
same situation as in Assumptions 3.2 except with the addition of (A6) and (A7).

We have the following regularity result proved in §4 under appropriate assumptions on the data.

Theorem 3.10 (Regularity of the solution to (P)). Under the assumptions in Assumptions 3.1, 3.2
and 3.8, for f € L? and uy € Vj, there is a unique solution v € W (V, H) satisfying (P) such that

el vy < € (oll, + 16153, )

4 Proof of well-posedness

We use a generalisation of the Lax—Milgram theorem sometimes called the Banach—Necas—Babuska
theorem to establish existence. See [17, §2.1.3] for its proof.
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Theorem 4.1 (Banach—Necas—Babuska). Let X be a Banach space and let Y be a reflexive Banach
space. Suppose d(+,-): X X Y — Ris a bounded bilinear form and f € Y*. Then there is a unique
solution z € X to the problem

d(z,y) = {f,y)y-y  forally €Y

satisfying
lzllx < CUAy (4.1)
if and only if
1. There exists a > 0 such that
d
inf sup M > . (“inf-sup condition”)

2eX yev |lzllx lylly ~
2. For arbitrary y € Y, if
d(x,y) = 0 holds for all z € X,

then y = 0.
Moreover, the estimate (4.1) holds with the constant C' = é

Consider the equation (P):
Li+ Au+Cu = f in L3
u(0) = uo

where f € L2, and uy € Hy. By considering a suitable initial value problem on a fixed domain we
know that there is a function y € W(Vj, V') with y(0) = v, and

HyHW(VO,VO*) <C HUOHHO .

Then the function §(-) = ¢()y(-) is such that § € W(V,V*) with 5(0) = uo. So then we can
transform (P) into a PDE with zero initial condition if we set w = u — ¥:

L+ Aw +Cw = f

P
w(0) = 0 (Po)

where [ := f — £8°) — Aj — Cj € L?.. It is clear that well-posedness of (Py) translates into
well-posedness of (P). The idea is to apply the Banach—Necas—Babuska theorem to the problem
(Py) with X = Wy(V,V*), Y = L%, and the bilinear form

d(u,v) = (Li,v)e2, 12 + (Au, )2 12 + (Cu,v)p2, 12
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Remark 4.2. The space Wy (V, V*) is indeed a Hilbert space because by Lemma 2.34, it is a closed
linear subspace of W (V, V*).

The arguments in the next two lemmas follow §4 in [27]. See also [17, §6.1.2].

Lemma 4.3. For all w € Wy (V, V*), there exists a function v,, € L} such that

<£wavw>L%/*,L2V + <Awva>L2’v*,L2v + <vavw>L%/*,L%, >C ||w||W(V,V*) |Uw||L%, :

Proof. This proof requires two estimates.

First estimate Letw € Wy(V,V*) and set w,, () = e ""w(t). Note that w., € W(V, V*) too with
W (t) = e M (t) — yw,(t), so

(L) (), w(t)) vy = (LE)WE) = LW E), wy () v+ v -

Rearranging, integrating, and then using (L9):

. 1 , . 1
<£w,w7)Le/*,L% = 5 ((Ew,wﬁ%*@% + (va,w)L%/*ng) + 5’7(£w,w7>L% (42)
1 ("d r 1 L,
=3/ 2 L@Ow(t),w, () — 5 Mw,wy)s g + 5y(Lw,wy) s,
1 1
> _§<Mw7w’}’>L%,*,L%, =+ 5’7(‘611}7 w’Y)L%{

as (L(T)w(T),w(T))uery = e " (L(T)w(T), w(T))uery > 0 by (L4). Hence

<£w7 wv)L%/*,L%/ + <-’4w7 wv)L%*,L%/ + <Cw7 w7>L%/*,L%/
1

2 2 — —
velv 9

1
(Muw, w7>L%*,L%, + 5’7(‘67*”’ wV)L%
1

T T
> [ e (ol — Collwlig) =5 | e Tl

T
10y _
+250 [e ul,
0

(by the coercivity of A(¢) and £(¢) and the boundedness of C(t) and M (t))

T T
_ 10y — O3 — 20, _
=i [ el + 25 [ )

> 7 fullf ED)

> (Aw, w'y)L%/*,L%/ + <Cw>w7>L

with the final inequality holding if we choose « such that vCy > C5 4 2C5.
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Second estimate Now, by the Riesz representation theorem, there exists z € L%, such that
(L, v)p2, 12 = (2,0)2  forallv e Ly, 4.3)

with ||z||L%/ = ||£w||L%/*.We have

T
. 2
(L, z)pz, r2 + (AW, 2) 2 12 +(Cw,2) 2 12 > |22 — /0 Cs [w(@)lly e 1@y
(by (4.3) and the bounds on a(t; -, -) and ¢(t; -, -))
> Cs |12ll7e, — Cr lwllze
(using Young’s inequality with ¢ > 0 chosen small enough)

= CollLovllZs, — Cr [lwllz - (E2)

Combining the estimates Estimate (E2) gives us control of Lw at the expense of w, but the latter
is controlled by estimate (EI). So let us put v,, := z + pw, where ;o > 0 is a constant to be
determined and consider:

</~1U')7Uw>L3/*,L$, + <-Awva>L%/*,L%/ + <Cwavw>L%,*,L$/
> s ||Li |72, — Crllwlzs +peTCJwlls,
> g HEwHi%/ + Cyg H’U)Hi%/ (if p is large enough)

2
> Co [|wllyy vy

thanks to (L.1). Finally, because

[owllzs, < ll2llzz + pllws e

1
T 2
— il +a ([P Ol
0

< |1l + pllwl
S CV10 ||w||W(V,V*) (by (Ll))

we end up with

(L, vi) 2, 2+ (Aw, ve) 2 12+ (Cw,vw) iz, 12 2 Cllwlly ey |UwHL2VD
Lemma 4.4. If given arbitrary v € L?,, the equality
<£’w, U)L‘Q/* L2, + <A'w, U>L%/*,L%/ + <Cw, /U>L‘2/*,L%/ =0 (44)

holds for all w € Wy(V, V*), then necessarily v = 0.
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Proof. Define the operator A(t): V (t) — V*(t) by
(AR ), n(6) v v = (AN, v()veo.v )
and identify (Av)(t) = A(t)v(t). Take w = 1 € Dy in (4.4) and rearrange to give
(‘Cna U)L%{ = (‘Cvﬂ;’)L% = —<AU, T]>L%/*,L%/ - <CU, n)L%/*,L%/
= —(Av—CLv +Co,n)p2 12 — (CLV, M) 12, 12

where we used (L2), the symmetric property of £(t). (We could not simply have used .4 in place A
above because a(t; -, -) may not be symmetric.) This tells us that 9°(Lv) = Av — CLv + Cv € L.,
and so Lv € W(V,V*) (we already have Lv € L3, from (L5)). So

(0°(Lv), )12, 12 = (A-cL+C), M1z, 12 Vn € Dy.
By the density of D((0,T); V) C L*(0,T;V;), we have the density of Dy C L%, which implies
(0°(Lv),w), 12 = (A=CLA+Cv,w)2 12 Vwe L. (4.5)
If in particular w € Wy(V, V*), then we can use (4.4) on the right hand side of (4.5) to give
<£w,v>L%/*7Lg/ + <8°(£v),w>L%/*7L%/ + <Cw,£v>L%/*7L%/ =0 Ywe Wy (V,V*). (4.6)

Using (L2), (L(t)w(t), v(t))mw = (L(t)v(t), w(t))w(), and so

d

2 L@w(t), v(t)ne = (O (L)), wt)v-@ v + @), LEOVO)v-o.ve

+{COw(t), L)) 1+ (1), 11(1)

to which another application of (L.2) shows us that (4.6) is exactly

/0 %(E(t)w(t),v(t))br(t) = (L(D)w(T),v(T))ne) =0

for all w € Wy(V, V*). Thus we have shown that v(7") = 0.
Let 0 > v € R and set w(t) = v, (t) = e v(t) in (4.5) to obtain

0= (9°(Lv),vy)p2. 12 — (A= CLA+C)v,v3) 12 12 (4.7)
We showed that Lo € W (V, V*) earlier; by (L6), v € W(V, V*) too, and so we can apply (L7) to
the first term on the right hand side of (4.7):
(0°(Lv),vy) 12 13 = (Lo, vy)2 12 + (L0, 0,) 12 12

: 1 . . 1
= {Lv, )iz 13 + 35 ((ﬁvwm?v*ﬂv + <£U’77U>L%/*,L%/> +57(Lo, 0
(follows like the equation (4.2))

; 1 1
< ooz 1z = 5{Coy Lol pz + 57 (Lo, 0y,

(since v(T") = 0 and by coercivity of £(0))

N —
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Note that (L8) together with Young’s inequality implies

v llv@® vy < Csllo@) | aellv@)]lve
< Cello(®) 3¢y + ellv®) 3.

(LEot), o) v-wve < ILE(D)]

Therefore, (4.7) becomes

; 1 1
0< o (Lv,vy)p2, 12 + §<CU%£U>L%,*,L%/ + 57(5% vy)pz, = ((A+C)v,v9) 12, 12

N = DN —

/0 6‘7t(ﬁ(t)v(t),v(t)>v»«(t),v(t)+% /0 e et L{E D), v()

+%/0 e (L) (t), v(t) Ha _/0 e T (A(t)(t) + C(t)o(t), v(B))v- v

T
< (C) 1) / e o) — Co / e o(®)]

using the assumptions (L3) and (L8) (boundedness) and (L4) and (A1) (coercivity). If we pick
v = —g,itfollows thatv = 0 in L3,. O

Proof of Theorem 3.6. The inf-sup condition (which is an easy consequence of Lemma 4.3) in com-
bination with Lemma 4.4 furnishes the requirements of the Banach—Necas—Babuska theorem (The-

orem 4.1) thus yielding the existence and uniqueness of a solution w € Wy(V, V*) to

L+ Aw+Cw = f
w(0) =0

where f € L?.. is arbitrary. Hence, we have well-posedness of (Py) with the estimate
HwHW(V,V*) < CHf”L%,*‘

From this well-posedness result, we also obtain unique solvability of (P) by setting v = w + y (note

that w depends on ), with the solution u € W (V, V*) satisfying

lelly vy < C (1l + ol ) - s

5 Galerkin approximation

In this section we abstract the pushed-forward Galerkin method used in [11] for the advection-

diffusion equation on an evolving hypersurface.
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5.1 Finite-dimensional spaces

We start by supposing that {x};en is a basis of Vj and H,. We can turn this into a basis of V/(t)
and H (t) with the help of the continuous map ¢;.

Lemma 5.1. With x := ¢(x}) for each j € N, the set {x}}en is a countable basis of H(t) and
V(t).

The next result is an extremely useful property of the basis functions following from Remark
2.21 (see [11] for the finite element analogue).

Lemma 5.2 (Transport property of basis functions). The basis { X; }jen satisfies the transport prop-
erty

-t
We now construct the approximation spaces in which the discrete solutions lie.

Definition 5.3 (Approximation spaces). For each N € N and each ¢ € [0, T, define

Va(t) = span{x’, ..., Xy} C V(1).

Clearly Vv (t) C Viv41(t) and (U, Vj(?) is dense in V/(2). Define
N
Ly, = {ue L} [u(t) =) a;(t)x} where a;: [0,T] — R}.
j=1

Similarly, L%/N C L%/NH , and we shall state a density result below.
Lemma 5.4. The space |, L7, is dense in L3.

The proof of this lemma follows from the density of the embedding (. L*(0,7};V;(0)) C
L*(0,T; Vp) and from the fact that L?(0, T; V;(0)) € L*(0,T; V;41(0)).
Remark 5.5. If u € L7, with u(t) = E;VZI o (t)x has coefficients a; € C'([0,T7), then u € Cy,
with strong material derivative u(t) = Zyﬂ o;(t)x}, and o € L3, . Our Galerkin ansatz (see below)

has coefficients in a slightly less convenient space.

Galerkin ansatz. Later on, we construct finite-dimensional solutions which have the form

N

un(t) =Y u (DG € Vn(t)

j=1

where the ujv : [0,7] — R turn out to be absolutely continuous coefficient functions with ujv €
L?(0,T). 1t holds that uy € L3 and by definition, uy € Li, .
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Lemma 5.6. The material derivative of uy € L}, is iy € LY, with iy (t) = Zjvzl w) ()X

We skip the proof which is straightforward: just use the definition of the weak material derivative

and perform some manipulations.

Remark 5.7. In the previous lemma, we could not have calculated the strong material derivative of
uy via the formula (2.7) because the pullback

P_yun(t) = Ztév(-)x?

is not necessarily in C' ([0, T; ;) since the u}’ are merely differentiable.

Definition 5.8 (Projection operators). For each t € [0, T/, define a projection operator Pk : H(t) —
Vn(t) by the formula
(Pyu —u,on )y =0 forall vy € Vy(t).

It follows that (P})? = Py,
HPJtVUHH(t) < lullgery » (5.1)
and
Pyu—u in H(t) (5.2)
for all u € H(t). Lastly, we assume that
HP](\)[UHVO < Clvlly, for all v € V. (5.3)

Remark 5.9. We could have relaxed the definition of the spaces V;(¢) and instead have asked for a
family of finite-dimensional spaces {V;(0)},en such that for all j € N,

(i) V;(0) € Vo
(ii) dim(V;) = j
(iii) (J;en V5(0) is dense in Vj
(iv) For every v € Vp, there exists a sequence {v; }jeny With v; € V;(0) such that [|v; — v||,, — 0.

Furthermore, we can define the spaces V;(t) := ¢:(V;(0)). The continuity of the map ¢, implies that
these spaces share the same properties (with respect to V'(t)) as the V;(0) given above; in particular
the density result

U V;(t) isdensein V()

jeN
is true. Note that the basis of V;(¢) does not necessarily have to be a subset of the basis of V1 (t);
this is the situation in finite element analysis, for example, so this relaxation can be useful for the

purposes of numerical analysis. See [11, 12].
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5.2 Galerkin approximation of (P)

Let ug € Hyand f € L?.. The finite-dimensional approximation is to find a unique uy € L%/N with
iy € L, satisfying

It an(t), x5) + alt;un(t), x5) + c(t;un(t), X5) = (), X5hvew.v (5.4)
un(0) = Py (uo) '

forall j € {1,..., N} and for almost every ¢t € [0, 7.

Theorem 5.10 (Existence and uniqueness of solutions to the finite-dimensional problem). There

exists a unique uy € L%/N with iy € L%/N satisfying the finite-dimensional problem (5.4). With

un(t) = SN ulN(t)x,, the coefficient functions satisfy

u;' € C([0,7])
a € L*(0,7T).
foralli € {1,...,N}.

Proof. Substitute uy(t) = SN uN(t)x! into (5.4) to yield

=1 "

Z g (0)15(1) + ' (£)(ai; (1) + ¢i5(t)) = f5(1) (5.5)

with 155 () = 1(£ X3, X5)» a5 () = a(t; x5, X5), ¢i(t) = c(t; x5, x5) and f5(t) = (F(£), X5)v-.vo)-
Defining the vectors (uN(t)); = u(¢) and (F(t)); = fi(t), and matrices (L(t));; = (1),

7

(A(t))i; = a;i(t), (C(t))i; = cji(t) , we can write (5.5) in matrix-vector form as
L(t)a™(t) + (A(t) + C(t))u™(t) = F(t).

Elementary considerations show that L(t) is invertible and L(-) ™" € L>(0, T; R¥*") so we can

rearrange the system to
a™N(t) + L(t) T (A(t) + Ct)uN(t) = L(t) 'F(t). (5.6)

Note that F(-) € L*(0,T;RY) and A(-) + C(:) € L>(0, T; RY*¥), So the coefficients of (5.6)
are all measurable in time, and we can apply standard theory that guarantees the existence and
uniqueness of u} € C([0,T]) (which are in fact absolutely continuous) with «} € L*(0,T’), and
thus the existence and uniqueness of u . The function uy is a solution in the sense that the derivative
uy exists almost everywhere (and the ODE is satisfied almost everywhere), hence uy € C~"1/ ]

The Galerkin approximation is equivalent to the discrete equation

[(t;un(t), on(t)) + alt;un(t), vn(t)) + c(t;un(t), vn(t)) = (f(1), on(t)) v ve (Pa)

for all vy € L%/N. We look for a priori estimates on u and w in appropriate norms.
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Lemma 5.11 (A priori estimate on uy). The following estimate holds:

lunllzz, < € (Ilwollm, +1£1123.) -

For convenience, we shall sometimes omit the argument (¢) in expressions like uy(¢). It should
be clear from the context the instances in which we are referring to an element of H (¢) as opposed
to an element of L.

Proof. Picking vy = uy in (5.7) gives

[(t; N, un) + alt;un, un) + et un, un) = (f, un)vee),ve,

to which we apply the transport identity (L9) to yield

1d

555(75; un,uy) + a(t;un, un) + c(t; un, un) — §m(t; un, un) = (f, un)ve=@),v -

Integrating in time and using the coercivity (L4) and boundedness (L3) of I(t; -, -) leads to

C ) T T 1 T
5 lun (T 2y "‘/ a(t; uy, un) +/ c(t;un,un) — 5/ m(t; un, un)
0 0 0

T Cy 2
< [ (frun)v@vae + 5 Jun(0)l%, »
0

to which we use (Al) (the coercivity of a(t;-,-)), the boundedness of c(t; -, -) and m(t;-,-), and
Young’s inequality with € > O:

Ce 2 Ch 2 Cy 2 1 2 € 2 Ch 2
5 v (Dlrery + 5 luwlizy, < 5 llunllzy + 5 17122, + 5 lluwllzy + 5 luw (O, -
That is,
Ce llun(T)|I3 Ci — 2, < LIfI2 v O 22+ Gy llun (0)17 5.7
e lun(D)llrry + (Cr =€) lluwllzy < ZlIFllzz, + Co lluwllzy + Co lun (0) [, (5.7)

and if € is small enough, we can rearrange and manipulate this to get

T
o (T ry < G (111 + T O, + [ lux)F )
0
Applying the integral form of Gronwall’s inequality tells us that

lun (@) < Ca (113 + lun(0)I, )

Using this on (5.7), throwing away the first term on the left hand side and utilising (5.1), we get

lunllz, < € (ol + 11152 ) - A
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Lemma 5.12 (A priori estimate on wy). If uy € Vy and f € L% then the following estimate holds:

linllzs, < C (Iluollyg + 17113, ) -

As before, we sometimes will not write the argument (¢) in expressions like uy ().

Proof. In (5.7), pick vy = uy and use (L4) to get
Cy HuN”iI(t) + as(t; un, Un) + an(t; uy, in) + et un, in) < (f, Un) - (5.8)

Then using assumption (A6), (5.8) is

1d _ 1 ) :
5@%(75; un,un) < (f,un)u + 57t un) — an(t;un, i) — ot un, ).

. 2
Cr (i[5 + 5

Integrating this yields

2
T 1 T T T
S/ (faaN)H(t)+§/ T(t;UN)—/ an(tQUNauN)_/ c(t;un, i)
0 0 0 0

+ %as“); un(0), un(0)).

T
) 1
c / Iy + Sats(Ts e (T), u (1))

With (AS) (positivity of as(t; -, -)), the bound (A4) on a,(0; -, -), the bound (A7) on r(¢; -), the bound
(A3) on a,(t; -, ), the bound on ¢(¢; -, -) and Young’s inequality with ¢ > 0 and 6 > 0, we get

((5 + 036)

5 lin |72, + Ca llun (0I5,

1 (0 + Cse)
< 5 113, + Ca (ot 52) Qw0 + 1713 + £

+ Cy |lun(0) ||%/0 (by the first a priori bound)

1 C &
_ (% + 0 (02 ; 2_)) 71, + s (02 ; 2—) lux O)I1%,

4 (5 +203€)

1 C!
. 2 2 3 2
Cullanllzy < 55 111z, + (02 + 2—6> Junllzz +

3

SN2 2
lanlzs, + Callun (0)]fy; -
So if € and 9 are small enough,

C2 2 2
i3, < Co (113, + lluolly,)

where we used the bound (5.3) on uy(0). [
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5.3 Second proof of existence for (P)

Sketch proof of Theorem 3.6. The uniform bound

lunllzz, < € (ol + 1111, )

implies that
uy —u in L}, (5.9)

for some u € L}.
Picking in (P4) vx = X%, where j € {0, ..., N}, and multiplying by ¢ € C'*[0, T] with {(T') = 0,
we get

U(t; i (1), C()X5) + alt; un (1), C()x5) + clt;un(t), C()X5) = (f (1), COXv=w.v )

and then using the transport formula (L9), integrating, and passing to the limit with the help of (5.9)
and (5.2):

- / Ut ult), C(0x) + / altu(t), COXL) + / (b u(t), C(t)Y) — / m(t;u(t), C(t)y')
:/0 (F(t), COXG v + 1(0; 10, C(0)x3). (5.10)

Now, because {x}};jen is a basis for Vj, we can write an arbitrary element of Vg as v = > a;x).
By definition, the sequence v, = > | o X? converges to v in Vj. It follows that

vy, = Z ajx—= ¢ in V(1)
j=1
Letting ((0) = 0 and multiplying (5.10) by a; and summing over j gives us

/ UL ut), dron) = / () A(t)u(t) — C(Eyult) + MEu(t), drvn)v-mv.
5.11)

It is not difficult to see that the dominated convergence theorem applies and we can pass to the limit
in (5.11) to obtain

/ Ot u(t), dro) = / c() A(t)u(t) — C(Eyut) + M(Eu(t), o)y v

If we further let ¢ € D(0,T), this is precisely the statement

%l(t; u(t), o) = (f(t) = A()u(t) = C(H)u(t) + M(t)u(t), drv)v-w.v
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in the weak sense. This is true for every v € V;, and because f — Au — Cu € L?,., by Lemma 3.5,
Li+ Au+Cu = f

holds as an equality in L3, with u € W(V,V*).

Let us now check the initial condition. Let w € Vj, take ¢ € C'[0,T] with ((T) = 0, and set
v(t) = ((t)psw. We see thatv € L3, Since w € Vj, there exist coefficients o withw = 372 | a;x].
So

v(t) = ¢(1) Y axd. (5.12)
j=1
The sequence {vy } yen defined by
N
on(t) = C(8) Y s (5.13)
j=1

is such that vy € L?, and satisfies ||y — v||,2= — 0 because
VN LV

T N N
2
o = o1, = [ 160 St - o) Iy < OIS and - wlf
0 j=1 j=1

which converges to zero by definition of w as an infinite sum. Similarly, we can show that vy — ¥
in L%

Using the identity (L9) with v chosen as in (5.12), we see that (P’) is alternatively

%l(t; u(t), v(t)) + at; u(t), v(t)) + c(t; u(t), v(t))
= (f(), o)), v + 1T o), ult)) + m(t; ult), v(t)),
which we integrate to get
/o a(t;u(t),v(t)) + c(t;u(t),v(t)) dt
= /O (f@), (@) v, + 1Eu(t), 0(t)) + m(t; ut), v(t)) di 4 1(0; u(0),v(0)).  (5.14)

Similarly, with vy chosen as in (5.13) in the Galerkin equation (5.7), to which we again apply (L9)
and integrate to obtain

/0 altsun (£), vy () + elt; un(t), vx (1)) dt

= /0 (F@)son (@) vem v + 1 un (), 085 (8) +m(E un (t), v () dt 4 1(0; un (0), on (0)).
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Using uy — u, vy — v, and U — ¥, we may pass to the limit in this equation and a comparison
of the result to (5.14) will tell us that

1(0; ug — u(0), ¢(0)w) = 0.

The arbitrariness of w € V{, and the density of [, in H yield the result.

That the solution is unique follows by a straightforward adaptation of the standard technique for
linear parabolic PDEs. []
5.4 Proof of regularity
If ug € Vy and f € L% then we may use the estimates of Lemma 5.12 and obtain the convergence

uy —u in L?
N o (5.15)
uy —w in Ly

for some v € L2, and w € L. and for a subsequence which we have relabelled. Now we show that

in fact, w = .
Lemma 5.13. In the context of the above convergence results, w = .

Proof. By definition

T T T
| tixta@nvore == [ @v®i®mo - [ dbu®ne) - s10
holds for all € Dy (0, 7). Note that

<'a77>L$/*,L%,: (',77)L§{7 <C(')a77>L$/*,L%,

are all elements of L?... Using (5.15), we can then pass to the limit in (5.16) to obtain

T T T
| wavovo == [ @@im - [ o),
1.e., W = 1. O]
Proof of Theorem 3.10. So we have the convergence
uy —u in L}
Uy — U in L3

Given v € L%, by density, there is a sequence {vy; } s with vy, € L%/M for each M such that

vi(t) =) o ()X, and o — vllz = 0.
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For j =1, ..., N, consider the equation (5.4):
Ut an (1), x5) + a(tiun(t), x5) + c(tun(t), x5) = (f(t),X5)m0-
If M < N, then vy, € L%/N and we multiply the above by 04;-” (t) and sum up to get
L5 an (2), va (8) + alt; un (), var (1)) + e(t; un (t), var () = (f(8), var(t)) ey

Multiplying this equation by ¢ € D(0,T) and integrating:

/ COE (1t e (£), oar (£)) + alts w (8) 00 (£)) + et wn (£), var (£)))

—/0 COSE), var(t)) -

By the bounds on the respective bilinear forms, we see that

(L(), Cum)rz, 12 € L-
(A(), Cun)rz, 12 € Ly
<C()7 CUM>L%/*,L%/ € L12‘I*7

so we obtain in the limit as N — oo the equation
T
[ 00000030+ a0 + 000 00) = [ O, 00D

Now note that as a function of v,;, each term in the above equation is an element of LV* again
because of the bounds on [(¢; -, -), a(t; -, ) and ¢(¢; -, -). So we send M — oo, bearing in mind that
vy strongly converges to v in L3

| €O i.00) + atsute) o) + ettt / SO o)
Therefore, we have

[t a(t), v(t)) + a(t; ult), v(t)) + c(t; u(t), v(t)) = (f{t), v(t)) e

for every v € L% for almost every ¢t € [0,7]. Hence u € W(V, H) is a solution. The stability

estimate follows directly from the estimates in Lemmas 5.11 and 5.12.
[]

6 Applications to evolving hypersurfaces

Our applications rely on Sobolev spaces defined on hypersurfaces. For reasons of space we shall
only briefly discuss the theory here and refer the reader to [13, 9, 35, 19, 32] for more details on
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analysis on surfaces. We emphasise the text [32] which contains a detailed overview of the essential
facts of Sobolev spaces on hypersurfaces.

Suppose that I" is an n-dimensional C* hypersurface in R™"! with k& > 2 and smooth boundary
OT. Throughout we assume that I' is orientable with unit normal v. We can define L*(T") in the
natural way: it consists of the set of measurable functions f: I' — R such that

1Al 2y = </F |f()” dU(fL‘))é < o0,

where do is the surface measure on I' (which we often omit writing). We will use the notation Vi =
(D, ..., D, ) to stand for the surface gradient on a hypersurface I, and Ar := V-V will denote
the Laplace—Beltrami operator. The integration by parts formula for functions f € C*(T'; R™!) is

va-f:Af-Hu+ Ry

where 1 is the unit conormal vector which is normal to OT" and tangential to I". Now if ¢» € C}(T),

/F D = — /F UD.f + /F e,

with the boundary term disappearing due to the compact support. This relation is the basis for
defining weak derivatives. We say f € L?(T") has weak derivative g; =: D, f € L?*(T) if for every

¥ e G (D),
[ D == [vo+ [ rom

holds. Then we can define the Sobolev space

then this formula implies

H' () ={feLl*l)|D,f € L’(T),i=1,...,n+ 1}

with the norm

2 2
11y = /1 ey + 190 22qry

We shall also need a fractional-order Sobolev space. Let {2 C R" be a bounded Lipschitz domain.
Define the space

o) = fue on)| [ [ D2 aot0)a0ty) < o)

This is a Hilbert space with the inner product
(1.) 13 00y = / < >do< )
00 Joa |$ —yl"
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See [32, §2.4] and [10, §3.2] for details. The notation

|U|H%(F° (/69/89 |$—Z/|n ’ dote )dg(y)f

for the seminorm is convenient.

Now, recall Green’s formula:

—/Avw:/Vva— Vo - vw.
Q Q a0

This allows us to define a normal derivative of functions in the space
{ve HY(Q) | Av e H1(Q)}

as the element 2 € H ~2(99) determined by

ov
<a—,w> . ) = / V?}VE(U}) + <AU,]E(’LU)>H—1(Q)7H1(Q) (61)
v H™2(9Q),HZ () Q

where E(w) € H(Q) is an extension of w € H2(9). The functional % s independent of the
extension used for w.

6.1 Evolving spatial domains

We want to showcase the following four examples that demonstrate the applicability of our theory
in different situations:

1. A surface heat equation on an evolving compact hypersurface without boundary,
and the following on an evolving flat hypersurface with boundary:

2. A bulk equation

3. A coupled bulk-surface system

4. A problem with dynamic boundary conditions

We first discuss evolving compact hypersurfaces and evolving flat hypersurfaces with boundary
in the context of §2.
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6.1.1 Evolving compact hypersurfaces

For each ¢t € [0, 7], let ['(t) C R™"! be a compact (i.e., no boundary) n-dimensional hypersurface
of class C?, and assume the existence of a flow ®: [0, 7] x R"™! — R"*! such that for all ¢ € [0, 77,
with Ty := T'(0), the map ®Y(-) := ®(¢,-): [y — I'(¢) is a C*-diffeomorphism that satisfies

d

%‘D?(')

w(t, ()
o0() = 1d(.).

(6.2)

We think of the map w: [0, 7] x R"™! — R""! ag a velocity field, and we assume that it is C* and
satisfies the uniform bound

|Vrw -w(t)| < C  forallt € [0,T].

A normal vector field on the hypersurfaces is denoted by v: [0, T] x R — R+,
Let V(t) = HY(T'(t)) and H(t) = L*(T'(t)). It is known that the embeddings V' (t) C H(t) C
V*(t) form a separable Hilbert triple. We define the pullback operator by

¢p_v=7vo @?.
By [34, Lemma 3.2], the map ¢_; is such that
b (D) = L2(To)  and -y H'(T(1)) — H'(T)

are linear homeomorphisms with the constants of continuity not dependent on . We denote by
¢*y: H1(To) — H~'(I'(t)) the dual operator. The maps ¢ + [|¢;ul| ) (for X = L? and H") are
continuous [34, Lemma 3.3], thus we have compatibility of the pairs (H, ¢()) and (V, ¢(,|v), and
the spaces L7,, L%, and L?,_, are well-defined.

Let us now work out a formula for the strong material derivative. Note that, by the smoothness
of I'(t), any function u: I'(f) — R can be extended to a neighbourhood of the space time surface
Ure,r T (¢) x {t} in R™"? in which Vu and w, for the extension are well-defined. Suppose that
u € C},. The derivative of its pullback is

d d
—0-u(t) = —u(t, )(y)) = w(t, DY) + Vulg.agq) - Wit 7(y))

= gb—tut(t) y) + ¢_t(VU(t, y)) ’ gb—t(w(ta y))) Yy € FO
giving

u(t,x) = w(t, ) + Vu(t,z) - w(t,z), x € I'(). (6.3)
The expression on the right hand side is independent of the extension.

It is clear that our definition of the strong material derivative coincides with the well-established
definition (see §2.4). Moreover, as we mentioned in the introduction, we can see from (6.3) that the
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material derivative depends on the evolution of the hypersurface, which in turn depends on the map
Y.

We denote by J? the change of area element when transforming from Iy to I'(t), i.e., for any
integrable function (: I'(t) — R

/F<t)<: /Fo(goq)g)Jto s ¢-1C 7.

Using the transport identity

d
3]0

Lo C(t) + C(t) Ve - w(t)

t G(t

on any portion G C I' with points that move with the velocity field w (for instance, see ([11]) one

can easily show that
d
%J,? = ¢_(Vrw - w(t)J;. (6.4)
The field J? is uniformly bounded by positive constants

1
C_SJ?(Z)SCJ forall z € 'y and for all ¢ € [0, 7.
J

The L*(T'(t)) inner product is

(u, v) 20 (e)) = /F(t) u(z)v(zr) = /F (o ®)(2))(vo ®}(2)) ] (2)

= Qb—tuﬁb—tUJtO,

o

where we made the substitution # = ®%(z). The bilinear form b(t;-,-): Hy x Hy — R (which
satisfies (u, V) p) = B(¢_tv, ¢_4v) by definition) is

B(t;uoﬂfo) Z/ ugvoJy
o

so the action of the operator 7;: Hy — Hj (see Definition 2.22 and Theorem 2.32) is just pointwise
multiplication:

0
T;EUO = Jt Uug-.

With this, we see that the function 6 from Assumptions 2.24 is
0(t10) = gy Wl = gy [ b2 = [ ooy - wit)
? dt L (F(t)) dt 0t 1“0 0 t

1)
:/ (¢ru0)*Vr - w(t)
(1)
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where the cancellation of the Jacobian terms in the last equality is thanks to the inverse function
theorem. Now, v — (¢, v) is continuous because if v, — v in L?(T'y), then v> — v? in L'(T'y) and

SO
16(2,vn) = 0(t,0)] < A [vn = v?ll¢—e(Vrg) - w(t)) /|
0
< Ollen ="y
— 0.
Finally,

\G(t, Ug + Uo) — H(t, Uy — 1}0)’ = 4/ ¢tU0¢tU0vr(t) . W(t)
I(t)
<C ||U0HL2(F0) ||U0||L2(1“0) :

So we have checked Assumptions 2.24. Now if ug, vg € L*(T),

¢(t; uo, vo) =

0 ~
ab(@uo,vo) = / ugvo®—+(Vre - w)Jy,
To

thus the bilinear form ¢(¢; -, -) of Definition 2.25 is
c(t;u,v) = | ¢up_wo (Ve - w)J) = / uvVre) * W,
To I'(t)

which, as claimed in Lemma 2.26, is measurable in ¢ and bounded on H (t) x H(t). So then u € L3,
has a weak material derivative & € L. if and only if

[ 0w = [ [, wtice - [ 090 ¥ )

holds for all € Dy (0, T) (cf. [34, 27])

Finally, [34, Lemma 3.6] proves that T( u(-) € W(Vo, V) if and only if u(-) € W(Vp, Vi), due
to the fact that both J and its reciprocal 1/ are in C''([0, 7] x Ty). To see that the evolving
space equivalence (Assumption 2.31) holds, take u € W(Vj, V") and obtain by the product rule and
(6.4) the identity

(JPu(t)) = Jiu'(t) + 6-1(Vre - W) Jfu(t).
Therefore, the maps S(t) and D(t) (from Theorem 2.32) are S(t)u/(t) = Ju'(t) and D(t) = 0. 1t
follows by the uniform bound on J? that S(-)u/(-) € L?(0,T; V). By Theorem 2.32, we have that
the space W(V,V*) = {u € L}, | & € L},_,} is indeed isomorphic to W(V, Vi) and there is an
equivalence of norms between

||u||W(V,V*) and ||¢*(')u(')HW(%7VO*)'

It is easy to see that W (V, H) and W(V;, Hy) are also equivalent.
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Remark 6.1 (Velocity fields). It is useful to note that there are different notions of velocities for an
evolving hypersurface.

e A hypersurface defined by a level set function, I'(t) := {z | ¥(z,t) = 0}, has a normal

velocity
v, \A'

Ve Ve

The normal velocity is sufficient to define the evolution of the hypersurface from I'(0).

W, =

e In applications there may be a physical velocity
W, + W,

where w,, is the normal component and w is the tangential component. The tangential ve-
locity may be associated with the motion of material points and may be relevant to the math-
ematical models of processes on the surface; for example yielding an advective flux.

e The velocity field (6.2) defined earlier defines the path of points on the initial surface. This
velocity arising from parametrising the surface

w, + W,

has w, as an arbitrary tangential velocity that may or may not coincide with the physical
tangential velocity w. In finite element analysis, it may be necessary to choose the tangential
velocity w, in an ALE approach so as to yield a shape-regular or adequately refined mesh.
See [15] and [13, §5.7] for more details on this.

e Now suppose that w is purely tangential (so w - ¥ = 0). In this case, material points on the
initial surface get transported across the surface as time increases but the surface remains the
same. One can see this for a sufficiently smooth initial surface I'y by supposing that I'y is the
zero-level set of a function ¥: R"™! — R:

[o={r € R | ¥(x) =0}
Let P be a material point on Iy and (¢) denote the position of P at time ¢, with v(¢) € T'(¢).

Then a purely tangential velocity means that VW (~(¢)) - 7/(¢) = 0, but this is precisely

d

SV0(0) =0,

so the point persists in being a zero of the level set. Since P was arbitrary, we conclude that
['(t) coincides with T'y for all ¢ € [0, T7, i.e.,

[(t) = {z € R"™ | ¥(x) = 0}.
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e In certain situations, it can be useful to consider on an evolving surface a boundary velocity
w;, which we can extend (arbitrarily) to the interior. In the case of flat hypersurfaces, w, = 0
since there is movement in the conormal direction and no movement in the normal direction.
The conormal component of the arbitrary velocity must agree with the conormal component
of the boundary velocity w;, otherwise the velocities map to two different surfaces.

Remark 6.2 (Normal time derivative). Suppose that the velocity field associated to the evolving
hypersurface {I'(t)} is w = w, + w, where w,, is a normal velocity field and w, is a tangential
velocity field. In this case, the formula

0°u=u; +Vu-w,

defines the normal time derivative 0°u.

6.1.2 Evolving flat hypersurfaces with boundary

Three of our applications are on evolving domains in R". We discuss here what is common to the
examples and leave the specifics and peculiarities to be detailed on a case-by-case basis as required.

For each ¢t € [0, 7], let (t) C R" be a bounded open and connected domain of class C? with
boundary {I'(¢) }+eo.71. We may view () as an evolving flat hypersurface in R"*! and I'(¢) as an
evolving compact (n — 1)-dimensional hypersurface in R”. We denote 2y := ©(0) and I'y := I'(0).

For each t € [0, T, we assume the existence of a map ®: Qy — Q(t) such that ®()y) = Q(t) and
®Y(Ty) = I'(¢) (i.e., interiors are mapped to interiors and boundaries are mapped to boundaries).
We assume that

®Y: Qp — Q(t) is a C*-diffeomorphism,
®Y: Ty — T'(t) is a C*-diffeomorphism,
oy € C*([0,T] x ),
and that (¢) and I'(¢) evolve with velocity w as in (6.2).
Definition 6.3. For functions u: 2y — R and v: I'y — R, define the maps
¢Q’tu = UOo q)t0|Q0
¢p,tv = VO (I)é|p0.
We find that
Gas: H'(Q) — HY(Q)  and  ¢as: L2 () — L (1))

are linear homeomorphisms with the constants of continuity not depending on ¢ (we can either
adapt the proofs in [34] or use Problem 1.3.1 in [26]). Furthermore, since the boundary I'(¢) is a C*?
hypersurface, it satisfies the assumptions in §6.1.1 and so it follows that the maps

¢ri: H' (To) — HY(D(2)) and ori: L*(To) — L*(T(t))
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are also linear homeomorphisms with the constants of continuity not depending on .

One of the most important terms in the solution space regime is the Jacobian Jg’ ()= detDCID((J_)
C*([0,T] x €q); one can show that it satisfies much of the same properties (see [5] for this) as the
Jacobian term did in §6.1.1 for the case of compact hypersurfaces. Hence it is straightforward to
adapt the proofs for the case of a domain with boundary to yield the fulfilment of the evolving space
equivalence Assumption 2.35 between W(H' (), L*(Q)) and W (H, L3).

6.2 Application 1: the surface advection-diffusion equation

Suppose that we have an evolving hypersurface I'(¢) that evolves with normal velocity w,. Given a
surface flux q, we consider the conservation law

d /
dt Jar aM(t)

on an arbitrary portion M (¢) C I'(t), where u denotes the conormal on M (t). Without loss of
generality we can assume that q is tangential. This conversation law implies the pointwise equation

us + Vu-w, +uVr-w,+ Vr-q=0.
Assuming that the flux is a combination of a diffusive flux and an advective flux
q=—Vru+ ub;

where b, is an advective tangential velocity field, we obtain

U—AFU+UVFW+VFU(bT—WT>:O

We supplement this equation with the initial condition u(0) = uy € L*(T). Now, if w = 0, then
clearly there is no evolution of the surface and Iy = I'(¢). Let us assume for simplicity that b = w;
that is, the physical velocity agrees with the velocity of the parameterisation. Let us suppose that
['(t) possesses the properties in §6.1.1.

Availing ourselves of the framework in §6.1.1, the weak formulation asks to find u € W (V, V*)
such that

<iL(t), U(t))H—l(F(t)%Hl(p(t)) + /F(t) Vpu(t) : Vp’l)(t) —|—/ U(t)U(t)Vp : W(t) =0

NG

holds for all v € L%, and for almost every ¢ € [0, T]. Here,

a(t;u,v) = / Vru - Vv
I'(t)

which clearly satisfy the assumptions listed in Assumptions 3.2. Applying Theorem 3.6, we obtain
a unique solution v € W (V, V*).
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If instead we ask for @ € L%, in addition to requiring ug € H'(T), we need to check Assump-
tions 3.8. We take as; = a as defined above and set a,, = 0. Most of the assumptions are easy to
check. For (A6), we see from [11, Lemma 2.2] that for n € C~"1/,

d

|1V r = [ @S Iri) - 29000 Dew () Vra) + [en(0) PV w(o)
I'(t) I'(t)

where (Drw(t));; = D;w'(t). So

r(tin) = / (2D e+ VeV wit)

which satisfies (A7). Finally, an application of Theorem 3.10 allows us to conclude well-posedness
with a unique solution u € W (V, H).

Remark 6.4. We mentioned in Remark 6.2 that if w is purely tangential, the surface does not evolve.
However, even in this situation, it can still be useful to think of spaces of functions on I'(¢) = Ty as
H(t) and V (t) (i.e., still parametrised by ¢ € [0, T’].) Consider the surface heat equation

U — Aru+uVp-w =0 on I'(t).
If w(t,-) is a tangential velocity field, then this equation corresponds to

uy — Aru+uVp-w+w-Vyeu = f on I'(t),

which could be advection-dominated (if w is sufficiently large) and potentially problematic for
numerical computations. The first formulation, in which we make use of H(¢) and V' (¢) for each
t € [0, T, avoids this issue.

6.3 Application 2: bulk equation

Let V(t) = Hg(Q2t)) and H(t) = L*(2(t)). With ¢, referring to the map ¢q; from Definition
6.3, it follows from §6.1.2 that (H, ¢(.y) and (V, ¢(,|v) are compatible and that there is an evolving
space equivalence between W(V;, V) and W (V, V).

We consider the following boundary value problem

u(t) + (b(t) —w(t)) - Vu(t) + u(t)V - b(t) — DAu(t) = f(t) on Q(¢)
u(t,-) =0 on I'(¢)
u(0, ) = ug(+) on

where D > 0 is a constant and the physical material velocity b(t): €(¢) — R™ is such that b and
V - b are uniformly bounded above in time and space. We refer the reader to [8] for a formulation of
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balance equations on moving time-dependent bulk domains. Our weak formulation is: with f € L%
and ug € Vj, find u € W(V, H) such that

(u,v)H(t)—i—/ (b—w)-Vuv+(V-b)uv+DVu~Vvd:c:/ fo
Q(t) Q(t)
u(0) = wug
holds for all v € L?, and for almost every ¢ € [0, T]. For convenience, set p := b — w. So we have
a(t; u,v) :/ p-Vuv+ (V- -b)uv + DVu - Vo
Q(t)
with the symmetric and non-symmetric parts

as(t;u,v) = / DVu-Vv and a,(t;u,v) = / (V-b)u+p-Vu)v
Q(t) Q(t)

respectively. We need to check Assumptions 3.2 and 3.8.
Boundedness of a(t; -, -) is easy, while coercivity can be shown by the use of Young’s equality
with €:

2 2
a(t;v,v) > D[Vl 2y — lvp - Vu| dz — [|[V - B[ pec ) V] 220
(1) ) ®) ®)

C D
2 2 2
= D|[Vollaquy) — 2D ||p2HLOO(Q(t)) 10122 ey — ) IVUllz2 0

2
— ||V . b||Loo(Q(t)) ||U||L2(Q(t))

C 2 D2
- (ﬁ 19?1 ey + 1V b||L°°<Q(t>>) lelzz@ + 5 1Velliz@e -

Coming to the term a,(t; -, -); firstly, positivity and boundedness are obvious, and differentiability
is the same as for the bilinear form a(¢; -, -) in the previous example:

a6 n(0) n(6) = 20,6 7(0),0(6)) + (5 0(0)

forn € C%, where
r(tin(t)) = D / (—29n(t)(Daw(t))Vn(t) + VOV - w(t))
Q)

which is obviously bounded. Finally, the uniform bound on a,,(t;-,-): V(t) x H(t) — Ris easy to
see.

With all the assumptions checked, we apply Theorem 3.10 and find a unique solution u €
W(V,H).
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6.4 Application 3: coupled bulk-surface system

In [14], the authors consider well-posedness of an elliptic coupled bulk-surface system on a static
domain; we now extend this to the parabolic case on an evolving domain. We want to find solutions
u(t): Q(t) = Rand v(t): T'(t) — R of the coupled bulk-surface PDE system

U—Aqu+uVg-w=f on §(t) (6.5)
0—Arv+oVr-w+Vou-v=g on I'(t) (6.6)
Vou-v=p0v—au on I'() (6.7)

u(0) = ug on € (6.8)

v(0) = v on I (6.9)

where «, 5 > 0 are constants. Note that (6.7) is a Robin boundary condition for 2(¢) and that we
reused the notation u for denoting the trace of u. Note that we assume there is just the one velocity
field w.)

6.4.1 Function spaces

Define the product Hilbert spaces
V(t)=H'(Qt) x H'(T(t) and  H(t) = L*(Qt)) x L*(T'(t))
which we equip with the inner products

((wl, 71), (W27’Y2))H(t) = (Wl,w2)L2(Q(t)) + (71>72)L2(F(t))
(w1, M), (we, 72))V(t) = (wlaWQ)Hl(Q(t)) + (71, 72)H1(r(t))-
Clearly V (t) C H(t) is continuous and dense and both spaces are separable. The dual space of V' (t)

V(1) = H(Q(t) x H(I(t))

and the duality pairing is

((fars £5), (s up)) vy, v () = (foos o) r-100), 11 (0)) + (Frs ) -1 (0 0), 11 (0 1) -
Define the map
Cbt: HO — H(t)
by
¢t((w77)) = (¢Q,t(W)u ¢F,t(V))

where ¢q; and ¢r, are as defined previously. From §6.1.1 and §6.1.2, we find that (H, ¢) and
(V, ¢(y|v) are compatible, and we have the evolving space equivalence between W (Vp, V(") and
W(V,V*).
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To define the weak material derivative, note that because the inner product on H (t) is a sum of
the L? inner products on Q(¢) and I'(¢), it follows that the bilinear form c(¢; -, -) is

c(t; (w1, ), (w2, 72)) = calt;wi,wa) + cr(t; 11, 72)

with

CQ(t;wl,wg):/ wiwa Vg - w(t) and Cp(t;’yl,’yg):/ MY Vr - w(t)
Q(t) I'(t)

being the bilinear forms (which we called ¢(¢; -, -)) associated with the material derivatives of the
constituent spaces of the product space.

6.4.2 Weak formulation and well-posedness

To obtain the weak form, we let (w,v) € L% and take the inner product of (6.5) with w and the
inner product of (6.6) with ~:

/ uw—i-/ qu-va—/ wVQu-V—i-/ uwVaq W = fw (6.10)
Q(t) Q(t) I(t) Q(t) Q(t)

/ vy + va-foy—l—/ U’YVF'W—F/ nyQu«u:/ g- (6.11)
r(t) r'(t) I(t) I'(t) I'(t)

Multiplying (6.10) by « and (6.11) by f3, taking the sum and substituting the boundary condition
(6.7), we end up with

a/ uw—i—ﬁ/ 1')74—04/ VQu-VQw—l—ﬁ/ va~Vp7+a/ uwwVa - w
Q) (t) Q1) I(t) Q1)

—l—ﬁ/F(t) vnyp-w—ir/F(t)(ﬂv —au)(fy — aw) = « o fw—i—ﬁ/r(t) g7.

Defining the bilinear forms

I(t; (u,9), (w,7)) = alt, w) g1 Q)1 @) + B0 Y) H-1 (@), H (1))

a(t; (u,v), (w,7)) =« /Q(t) Vaou-Vow+ /F(t) Vv - Vry + /F(t)(ﬁv — au)(fy — aw),

our weak formulation reads: given (f, g) € L% and (ug, vo) € Vo, find (u,v) € W(V, V*) such that

l(t; (U, D)v (wa 7)) + a<t; (uv U)’ (OJ, 7)) + C(t; (ua 1)), (wa 7)) = ((Qf> ag), (ou, 7))H(t)

Pbs
(u(0), v(0)) = (uo, o) (o0

for all (w,v) € L} and for almost every ¢ € [0, T].
Let us now check Assumptions 3.1.
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Assumptions (L1)—(L8) We can write

1(E; (4, 0), (w,7)) = (L) (@, D), (W, M)v=w vy = (e, B0), (W, Y)vew.ve),
i.e., L(t)(w,v) is the functional ((cvt, B0), -)v+),v (1), which obviously satisfies (L1). When (i, 0) €
H(t),
(L(t)(@,0), (w,7)) = ((aw, f0), (W, 7)) m ),
so indeed L(t)| ;) has range in H(t) and L(t)|y () has range in V (¢). Assumptions (L2)—(L5) are
immediate, and (L6) also follows easily. For (L7) and (L8), note that the map £ = 0.

We also need to check Assumptions 3.2 and 3.8 on the bilinear form a(t; -, -). We shall use the
trace inequality [35, §1.8, Theorem 8.7, p. 126]:

HTtUHL2(F(t)) <Cr ”uHHl(Q(t)) for all u € H'(Q(t)),

and we assume that the constant is independent of ¢ € [0,7]. Set vi = (w;,;) fori = 1,2.
Coercivity of a(t; -, -) (assumption (A1)) is achieved with no great difficulty (one uses the L>° bound
on w - [, the trace inequality and Young’s inequality with €).

Assumption (A2) For boundedness of a(¢; -, -), we start with

la(t; v, va)| < Clvilly) vallyg +/ B2 + awiws — awrye — Byiwa|. (6.12)
r'(t)

The trace inequality allows us to estimate the last term of (6.12) as follows:

/ 187172 + awiws — awye — Byiws|
I'(t)

<p H’h”m(r(t)) H’Y2HL2(r(t)) +aCy lequ(Q(t)) ”wQHHl(Q(t))
+ aCr [|will gy 12l 2wy + BOT Il 2y lwzllm o)
< Cll(wn ) vy 1wz v2)llv ey = Clivillye vally e -

Assumptions (A6) and (A7) We do not require the splitting of a(¢; -, -) into a differentiable and
non-differentiable part, since a(¢; -, -) is differentiable as shown below. In view of this and Remark
3.9, we need only to check (A6) and (A7). Let us define

ag(t; wy, wy) = a/ Vaow; - Vaows
Q(1)

ar(t;v1,72) = 5/ Vi1 - Vi
T(t)
so that

a(t; (wi,7), (w2, 72)) = aq(t;wi,ws) + ar(t;71,72) + /( )(571 — awy)(Br2 — aws)
r(t
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Taking v, € CY;, we differentiate:

d ) .
Ea(t; V1, V1) = 2aq(t;wi,w1) + ra(t;wi) + 2ar(t; 91, 71) + re(t 1)

+ 2(891 — awr, By — awr) p2ry) + er(t; By — awr, By — aw)
= 2@('[;, (wlv ;}/1)7 (wh ,71)) + T(tv (wla ’71))
= 2a(t; Vi, v1) + 7(t;ve).

Here, we defined

r(t; (wi,m)) = ra(t;wr) +ro(t; ) + er(t; By — aws, By — aws)

where r¢ is the form 7 from §6.2 with domain €2 and rr is (also) the form r from §6.2 with domain
I'. By the bounds on rq, rr and ¢, we have

r(t;va)| < Cl(||wl||fql(9(t)) + ||71||§{1(r(t)) +|[Bn — awl”i?(l“(t)))
2 2 2 2
< Colllwrllzr o) + Il ey T 1lze@ee) + loillzzee))
2 2
< Co((1+ C%) leHHl(Q(t)) + 2 ||71||H1(r(t)))
< Cs [[vally g »

i.e. r(t;-) is bounded in V().
With all the assumptions satisfied, we find from Theorem 3.10 that there is a unique solution
(u,v) € W(V, H) to the problem (Ppy).

6.5 Application 4: dynamic boundary condition for elliptic equation on mov-
ing domain

Given f € Lil_ y and wo € L*(Ty), we consider the problem of finding a function w(t): Q(t) — R

such that
Aw(t) =0 on ()
ow(t
w(t) + % +w(t) = f(t) onI(t) (6.13)
w(O) = Wo on FO
is satisfied in a weak sense. This is a natural extension to evolving domains of the problem consid-

ered in §1.11.1 of [23].

6.5.1 Function spaces

We assume some stronger regularity on the map ®? here, namely

®Y: Ty — T'(¢) is a C*-diffeomorphism, and
®/y € C*([0,T] x Iy).
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In this case, we use the pivot space H () = L2(I'(t)) but now require V (t) = Hz(I'(t)). Below, we
shall mainly make use of ¢r ; and to save space we shall write it simply as ¢,. We only revert to the
full notation when ambiguity forces us to.

We use the notation and the established results of §6.1.1, from which we already know that
¢ L*(T(t)) — L*Ty) is a well-defined linear homeomorphism. Now we show that the map
¢_y: H2(D(t)) — H=(Iy) is also a linear homeomorphism. Let u € Hz(I(t)). It suffices to

estimate only the seminorm |gz§_tu|H b (o)’ We have
0

9-ru(z) = —u)l
/FO o |:E—y|” / /F(t) D () — D ( t)|”JO( £)Jo(Yt) (6.14)

where we made the substitutions z; = ®Y(z) € I'(t) and y, = ®)(y) € T'(¢). Since PY is a C''-
diffeomorphism between compact spaces, it is bi-Lipschitz with Lipschitz constant C';, independent

of ¢ (because the spatial derivatives of ®? are uniformly bounded). This implies

|z — gl < CLl®h(e) — P (we))|

so that (6.14) becomes

9 yt)| nv2), 12
|¢_tu|H%(Fo CJ/ / |l‘t yt|n CLCJMH%(W))’

where we used the uniform bound on J{. So we have the uniform bound

l6-rtll 3y < Ol gy

A similar bound holds for the operator ¢; by the same arguments as above since ®f = (®{)~! also
satisfies the same properties as above.

It follows by the smoothness on ®{, that J{) € C*([0,T] x T'¢). This implies that J: To — R
is (globally) Lipschitz (see the paragraph after the proof of Proposition 2.4 in [21, p. 23]).

[pru(x) — dru(y)”
(i |¢tu| 2(I( / /r(t) |51j —y["

_u(yo)’2 0 0
/ro Ty ]@ (I)?(yo)|njt (0)J; (o)

The map

is continuous. To see this, define the integrand

o0 t) = gt = o ) )

Now, t — g(zo,yo,t) is continuous for almost all (xg, o) (it only fails when the denominator is
zero, where zy = 1o, and the set of such points has zero measure), and we have the domination
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9(x0,Y0,t) < h(xg,yo) for all t and almost all (¢, yo) by an integrable function h; this follows due
to the smoothness assumptions on <I>(()_) and Jg). Therefore, t — fFo fFo g(o,yo,t) is continuous.
This enables to conclude that (H, ¢(.y) and (V, ¢(,|v) are compatible.

There is some effort needed in order to show the evolving space equivalence. We start with the
following two results which are used continually.

Lemma 6.5. For y € I'y, we have

1

. Wda(m)<0
0

where C' does not depend on y.

This lemma can be proved by first setting y = 0 (without loss of generality) and then splitting the
domain of integration into two terms, one of which is a ball centred at the the origin. The integral
over the ball can be tackled with the assumption of the domain being Lipschitz and switching to
polar coordinates, while the integral over the complement of the ball is obviously finite.

Lemma 6.6. If p € C'(I'y) and u € H=(Ty) then pu € Hz () and
196l 13 gy < € Ielloncroy Il 3 (6.15)
where C' does not depend on p or u.

Proof. Note that p and Vp are bounded from above and p is Lispchitz. We begin with

2 2 2 |p(@)u(z) — p(y)uly)|?
_ dzdy.
HPUHH%(FO) - HPHCO(FO) HUHLQ(FO) " /ro To [z —y|" o

The last term is

/ lp(x)u(z) — p(y)u(y)|?
o JTo |z —y|"
() *|u(z) — u(y)|? lu(y)*lp(x) — p(y)|?
Szﬁ N P +2£ N PR
Ju(y)]?

|n—2 :

2
< 2ol Il gy + 219l [ [
0

From the previous lemma, the integral in the second term is

[ = [t [ e o< g,
0

Putting it all together, we achieve (6.15). [

In the following lemmas, let J € C%([0,T] x Ty).
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Lemma 6.7. If ¢ € D((0,T); Hz (L)), then 1] € W (Vp, Vi) and (¢J) = ¢/ J + J',
Proof. Let us note that

(LN CO([Oa T];

3(Ty))
J e C0,T);H?

(T'o))-

The second inclusion holds because J € C°([0,T]; H'(Ty)) by [34, Lemma 3.6], and because
H(Ty) C Hz(T,) is continuous [32, Theorem 2.5.1 and Theorem 2.5.5].

Now, note that ¢(¢).J (t) € Hz(T,) for all t by Lemma 6.6. To see that ¢».J € C°([0,T]; Hz (")),
let t,, — t and consider

H
H

[ (®)T (@) = D(En) TEa)l 3 1y < IO = TED 3 ) + 1 E) @) = DED 4 1,
< O = Tt losrg 1Oy,
) o 1) = () 3 -
The first of these terms tends to zero as t, — t because J € C°([0,T]; C*(T'y)) [34, Lemma 3.6],
and the second because ) € C([0, T]; H2(Iy)).
Now we show that in fact »J € C([0,T]; Hz(I'y)) and that (J) = ¢'J + J’. Observe

that ¢/(t)J(t) 4+ ¢(¢)J'(t) € Hz(Iy) by Lemma 6.6. Define the difference quotients D".J(¢) =
(J(t+h)— J(t))/h and D")(t) similarly and note that

H Wt + h)J(t +hh) — VYOI gy — i) ) ke

< [t + WD I (t) = eI O] 43 0y + 1P OO = 'O IO 13
< CDMI(@) = IO v gy 190+ W)y gy + C I Ol ey 10E +R) = 2O 11,
+ ||J(t>HCl(1"0) Hth(t> - djl(ﬂHH%(ro

)
because both J,VJ € C'([0,T];C°(Ty)) [34, Lemma 3.6] (which we can use because J €
C?([0,T] x Ty)). Note that here we used

[t + ) DI (E) = (&) T O 3 g, < [ +2) (DT @) = T O) | 14 1
@+ B) =BT Wy

Thus, we find

Y(t+h)J(t+h) —p(t)J(t)
h

lim

h—0

Theorem 6.8. For every u € W(V;, V), Ju € W(Vg, Vy).
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Proof. Let € D((0,T); H2(T'y)) and for u € W (Vj, V), consider

T T
/0 W (0, T 3 oy ) = — / (T (E) + T (£), u(t)) 2
(by the formula of partial integration and the last lemma)

- / ((E), T (t)ult)) 2y — / (W (8), T(0)ult)) 2.

Rearranging yields

O @)y = = [ @0+ TOU@ D, 0 01y

This shows that Ju has a weak derivative, and (Ju) € L2(0,T; H=2(T'y)) since we have J'u €
L2(0,T; H2 (L)) and Ju' € L2(0,T; H 2 (Iy)). O
Theorem 6.9. We have the evolving space equivalence between W(Vy, V') and W (V, V).

Proof. The last result shows that if u € W(Vp, Vy) then JPu € W(V,, V). Because 1/J) €
C?%([0,T) x Ty), the converse also holds (using .J = 1/.J?). Since

(Ju(t)) = T (t) + C(t)ult),
we have S(t) = T, = J? and D(t) = 0, and it follows that S(-)u/(-) € L2(0,T; H2(Iy)). Thus
the equivalence of norms is also true due to Theorem 2.32. O
6.5.2 Well-posedness
We first need the following auxiliary result.

Lemma 6.10. Given u € H2(I(t)), there exists a unique weak solution @ € H(Q(t)) to

(6.16)

that satisfies
1@ 2 0y < € ||a||H%(r(t))
0, T7.

The existence and uniqueness of the solution to (6.16) is well-studied but the continuous depen-

where the constant C' does not depend on ¢ €

dence with the constant independent of ¢ € [0, T] requires a proof. For that, we need the following
results which show that certain standard results are in a sense uniform in ¢ € [0, 7.

Lemma 6.11. Let 7;: H*(Q(t)) — Hz(I'(t)) denote the trace map. The equality in H2 (I'(¢))
T (parw) = éri(Tow) forall w € H'(Qp).

holds.
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Proof. This is because

Tt(¢9,twn) = ¢F,t(70wn)
for all w,, € C*! (Q_O) (one can see this identity by using the facts that the same formula defines ¢q ;
and ¢r; and that % maps boundary to boundary), in particular, it holds for w,, € C*(€) N H ()
such that w,, — w in H(£). Then by continuity of the various maps, we can pass to the limit and
obtain the identity. ]

Lemma 6.12. For each t € [0, T, we have

10l 71 0@y < Cr VOl 200 Yo € Hy(Q(t)) (6.17)

HVUHiQ(Q(t)) + ”UHi?(F(t)) > Ch HUHill(Q(t)) Yo e H'Y(Q(t)) (6.18)
: 1

veHllnéz(t)) [0l 1oy < Cs ||U||H%(F(t)) Vu € Hz(I'(t)) (6.19)

where C, C5, and C'3 do not depend on ¢.

The strategy is to start with each respective inequality at ¢ = 0; (6.17) is the Poincaré inequality
on €, (6.18) follows by a compactness argument and (6.19) is an equivalence of norms. Then for
(6.17), use the chain rule V(¢_,v) = V(v(®?)) = ¢_,(Vv)D®P) and the uniform boundedness of
D®Y. The inequality (6.18) is obtained with the identity Vv = V(¢_;¢0) = ¢_;(V0)DP? and
Lemma 6.11. The lemma is also the key ingredient to show (6.19).

Proof of Lemma 6.10. First, we use the trace map 7,: H'((t)) — Hz(I'(t)) to see that there is a
function w; € H'(Q(t)) such that 7,15 = 4. Set d := w — w;. Then d solves

Ad = —Awz; on (t)

6.20
d=20 on I'(). (020

Define by (-, -): H ((t)) x H'((t)) — Rand [,(-): H'(Q(t)) — R by

bi(d, gp):/ VdVp and lt(go):/ Vg V.
Q(t) Q(t)

Clearly [; and b, are bounded and the Poincaré inequality (6.17) implies that b; is coercive with
coercivity constant Cp independent of ¢. By Lax—Milgram, there is a unique solution d € H}(Q(t))
to (6.20) satisfying

||d||H1(Q(t)) <Cp ||u~}ﬁHH1(Q(t)) :

Because this inequality holds for all lifts w; of « we must have

||d||H1(Q(t)) < C(P veH! (filgf),ﬂﬂ):ﬁ ||U||H1(Q(t))
<1

[ll 18 oy
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where the second inequality is thanks to (6.19). Since w = d 4 wg, we see that (6.16) has a unique
solution w € H'(Q(t)) with

1@l sy < Co Nl 3 gy a

1

We write the solution of (6.16) as w = D(t)u where D(¢): H2(T'(t)) — H'(Q(t)) is the solution
map which we proved is uniformly bounded

||D(t)u||H1(Q(t)) <C ||UHH% (6.21)

L)

Back to the equation (6.13), let us note that w(t) has a normal derivative (see [20, Theorem
1.5.1.2], and we can define the Dirichlet-to-Neumann map A (¢): H2(I'(t)) — H~2(I'(t)) (which
is also bounded) by

ov
So by a solution of the PDE (6.13), we seek a function w(t) = D(t)u(t) € H*((t)) (so Agqw(t) =0
and w(t)|p) = u(t)) where u(t) € Hz(Q(t)) satisfies

a(t) + A)u(t) +u(t) = f(t) onT(t)

(6.22)
u(0) =wo  onTy.

N[

Let V(t) = H2(T'(t)) and H(t) = L*(T'(t)). With v € L% and using (6.1),

mwwmmehmmeD:/vmwmmvmwmm.

So the bilinear form a(t; -, -): H2(D(t)) x H2(D(t)) — Ris

ot u,v) = / V(D (E()v)—i—/r(t)uv.

We take £/ = D, and we obtain by the uniform bound (6.21) the boundedness of a(t; -, -):

|a(t;u, )| < D(E)ull g1 (o) RO g1 ) + Ul 2w 121 20w)
<C%HUIIHQ(F oy 1V IIHz r@) +||UI|L2 o) 12l 20y

For coercivity,
a(t;u, u) = /Q( | VD)) + [ull 2 (again with E = D)
t

2 2
= [IVwllz200)) + lullz2me)
> O [lwll3 @) (using (6.18))

2
Z Callully e

by the trace theorem. Therefore, we have a unique solution v € W (H?z, 2 H _l) to (6.22), and with
w(t) := D(t)u(t) and the uniform bound (6.21), we find w € L3, (where H' = {H"(Q(t)) }seo.17)
satisfies the original PDE (6.13).
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