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Abstract

In this paper, we study a class of simple and easy-to-construct

shop schedules, known as dense schedules. We present tight bounds on

the maximum deviation in makespan of dense 
ow-shop and job-shop

schedules from their optimal ones. For dense open-shop schedules,

we do the same for the special case of four machines and thus add a

stronger supporting case for proving a standing conjecture.

Keywords: shop scheduling, dense schedules, worst-case perfor-

mance

1 Introduction

In the shop scheduling model we are given m � 2 machines and n jobs. Each
job consists of a number of operations, each to be processed on a speci�ed
machine for a speci�c amount of time. Each machine processes no more than
one job at a time, and each job is processed on at most one machine at a time.
No preemption is allowed in processing any operation, i.e., once started, the
processing of any operation must not be interrupted before it is completed.

Traditionally, in scheduling theory three basic shop scheduling models
are considered: the job-shop, 
ow-shop and open-shop. In the job-shop, each
job consists of a chain of a number of operations, each of which should be
processed by a speci�ed machine. The 
ow-shop is a special case of the job-
shop where the chain of each job has m operations, each of which is assigned
to exactly one machine, and the machine order as speci�ed by the chain of
each job is the same. The open-shop di�ers from the 
ow-shop in that, for

�Warwick Business School, University of Warwick, Coventry CV4 7AL, England, U.K.
yInstitute of Applied Mathematics, East China University of Science and Technology,

Shanghai 200237, P.R. China.

1



each job, the order of its operations is not speci�ed in advance and is itself
part of the decision to make for the scheduler, di�erent jobs being allowed
to get di�erent orders.

For each of the three models, the most well-known problem is to minimize
the makespan, i.e., the time when the last job is completed. All these three
problems are strongly NP-hard (see, e.g., [4]). Therefore, it is an interest-
ing research goal to develop quality polynomial approximation algorithms.
Usually, the quality of a polynomial approximation algorithm is measured
by its worst-case performance ratio supCmax(S)=C

�
max, where Cmax(S) is the

makespan of a schedule S found by the algorithm in question, C�
max is the

corresponding minimum possible makespan, and the supremum is taken over
all problem instances.

For the 
ow-shop problem, O(mn + n logn) time approximation algo-
rithms are presented in [5, 6] with worst-case performance ratios no more
than dm=2e. Similar approximation result for the open-shop problem is ob-
tained in [6]. Randomized polynomial approximation algorithms for the job-
shop problem are constructed in [8] with worst-case performance ratios of
O(log2(m�)= log log(m�)), where � is the maximum number of operations
per job. The same performance guarantee is achieved by a deterministic
polynomial approximation algorithm in [7].

Recently, it has been discovered that �nding a guaranteed good approx-
imate solution for any shop scheduling problem is as diÆcult as �nding an
optimal one. It is shown in [10] that, unless P=NP, there is no polynomial
approximation algorithm for any of these shop scheduling problems with a
worst-case performance ratio less than 5=4.

Nevertheless, there is an interesting simple class of shop schedules that
can be constructed by any straightforward greedy algorithm. A feasible shop
schedule is called dense when any machine is idle if and only if there is no
job that can be processed at that time on that machine. It is observed (see
[2]) that the makespan of any dense open-shop schedule is at most twice of
the optimal one. It is conjectured that, for every m � 2, the makespan of a
dense open-shop schedule is at most 2 � 1=m times the optimal makespan,
which is proved in [3] for m � 3. It is shown in [3, 9] that the bound of
2� 1=m is actually achieved.

Besides a guaranteed relatively good quality, a dense shop schedule can
be constructed very easily by any greedy algorithm. More interestingly, such
a construction can be carried out under an on-line and non-clairvoyant en-
vironment, i.e., without any knowledge of processing requirement of any un-
�nished operation and without any knowledge of future jobs.

In this paper, we prove that the conjecture that any dense open-shop
schedule has a makespan at most 2� 1=m times the optimum is true also for
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m = 4. Furthermore we establish that any dense schedule for job-shop and

ow-shop has a makespan at most m times the optimum and the bound of
m is best possible.

2 Notation and preliminaries

Let us formally describe the three shop scheduling models. Let fM1; : : : ;Mmg
be the set of machines and fJ1; : : : ; Jng be the set of jobs. In the open-shop,
each job Jj consists of a set fO1;j; : : : ; Om;jg of operations, while in the 
ow-
shop, each job Jj consists of a chain (O1;j; : : : ; Om;j) of operations. In both
shops, operation Oi;j has to be processed on machine Mi for pi;j time units.
In the job-shop, each job Jj is a chain (O1;j; : : : ; Omj ;j) of operations, and
Oi;j has to be processed on machine M�i;j for pi;j time units.

The workload Pi of machine Mi is the total processing time of all oper-
ations assigned to the machine, i.e., Pi =

Pn
j=1 pi;j in the case of open-shop

or 
ow-shop and

Pi =
nX
j=1

X
k: 1�k�mj

�k;j=i

pk;j

in the case of job-shop. The length pj of job Jj is the total processing time
of all the operations of the job, i.e., pj =

Pm
i=1 pi;j in the case of open-shop

or 
ow-shop, and pj =
Pmj

i=1 pi;j in the case of job-shop. De�ne

L = maxf max
1�i�m

Pi; max
1�j�n

pjg:

Apparently, L is a lower bound on the optimal makespan.
Given any dense schedule, let Bi;j and Ci;j be the start and completion

time of operation Oi;j, respectively. Hence Ci;j = Bi;j+pi;j. A (time) interval
is a set of reals of the form [a; b) = ft : a � t < bg, where b > a � 0. Hence,
we said that [a; b) is an idle interval up to time t � b on a machine if on this
machine there is no processing since a job �nishes at time a until time b if
b = t or until another job starts at time b if b < t. A machine is said to be idle
at time t if t belongs to an idle interval on the machine. Denote by I(Oi;j)
the whole processing interval of operation Oi;j, i.e., I(Oi;j) = [Bi;j; Ci;j). Let
Cmax(S) and C�

max denote the makespan of a schedule S and the optimal
makespan, respectively. For any two sets of intervals, R0 = fI 0g and R00 =
fI 00g, de�ne R0~\R00 as the set of intervals fI 0 \ I 00 : I 0 2 R0; I 00 2 R00g.
Let �(R) denote the total length of intervals in R and, in particular, let it
be denoted by �i if R is the set of idle intervals on machine Mi up to time
Cmax(S) for i = 1; : : : ; m.
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3 On open-shops

Since L is a lower bound of the optimal makespan, it is evident that bounding
the machine idle times is crucial in analyzing the worst-case deviation in
makespan. We �rst establish the following four lemmas to help this bounding
procedure.

Lemma 1 Suppose that Cmax(S) > (2�1=m)L for dense open-shop schedule

S, and that machine Mm terminates the schedule. Then there is at least one

idle interval on Mm. Let G be the set of jobs that are processed on Mm after

the last idle interval on the machine. Then jGj � m � 1 and pm;j < pj=m
for any Jj 2 G.

Proof: If there is no idle time onMm, then S is optimal, since Cmax(S) = Pm.
Since all the jobs in G are processed simultaneously on other machines right
before they are started on Mm (otherwise, at least one of them could have
been processed earlier), we have jGj � m� 1. Since all the idle intervals on
Mm are contained in [m�1i=1 I(Oi;j) for any Jj 2 G, that pm;j � pj=m would
imply that the total idle time on Mm would be no more than (m � 1)pj=m
and hence Cmax(S) � (2� 1=m)L.

Lemma 2 In addition to the assumptions in Lemma 1, we further assume

that job J1 �nishes last on machine Mm and it is processed on machines

M1; : : : ;Mm in this order. If job J1 is continuously processed on machines

Mk up to Mm, where k is taken as small as possible, then the following two

statements are true:

(a) Among fI(Oi;1); i = 1; : : : ; k � 1g, there is at least one interval of

which machines Mk; : : : ;Mm have a common idle subinterval.

(b) k � d(m+ 3)=2e.

Proof: Let � 0i be the total idle time on machine Mi up to time Bk;1. Then
for any k � i � m, we have

Cmax(S) � Pi + � 0i +
mX
l=k

pl;1 � pi;1: (1)

Since � 0i �
Pk�1
i=1 pi;1, violation of (a) would imply that

mX
i=k

� 0i � (m� k)
k�1X
i=1

pi;1;

which, together with the m�k+1 inequalities in (1), contradicts our original
assumption for the lower bound of Cmax(S). Furthermore, since all machines
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Mk; : : : ;Mm are busy during [Ck�1;1; Bk;1), they are processing (m � k + 1)
di�erent jobs right before time Bk;1. Hence statement (a) implies that during
a period within some interval I(Oi;1) (1 � i � k�1) the (m�k+1) di�erent
jobs are being processed on machinesM1 up toMk�1 but excludingMi, which
implies that (m� k + 1) � k � 2 and hence (b).

We now introduce the concept of coverage for our future analysis of ma-
chine idle times. Let R and Q be two sets of intervals. For any t � 0, let
R(t) and Q(t) be the number of intervals in R and Q, respectively, that
contain t. If R(t) � Q(t) for any t � 0, then R is said to be covered by Q.
It is easy to see that the following lemma holds.

Lemma 3 Let R, R0, R00, Q, Q0 and Q0 be sets of intervals. If R0 is covered

by Q0, R00 is covered by Q00, and R0~\R00 = ;, then set fR0;R00g is covered by

set fQ0;Q00g. If R is covered by Q, then their total interval lengths satisfy

�(R) � �(Q).

The following lemma shows how an upper bound on the makespan devi-
ation of a shop schedule can be derived from an estimate of the machine idle
times in the schedule.

Lemma 4 Let S be any shop schedule. If there is a vector (w1; : : : ; wm),
where wi � 0 for all i = 1; : : : ; m, such that

Pm
i=1wi�i � (w � 1)L, then it

holds that Cmax(S) � (2� w�1)C�
max, where w =

Pm
i=1wi.

Proof: For each 1 � i � m, we have Cmax(S) = Pi + �i � L + �i. Taking a
weighted summation with respect to (w1; : : : ; wm), we reach the conclusion.

The remainder of this section is devoted to considering the special case
of four machines. We will prove the following statement.

Theorem 5 The makespan of any dense schedule for the four-machine open-

shop is at most 7=4 times that of an optimal schedule.

Proof of Theorem 5

Consider any dense schedule for the four-machine open-shop. Without loss
of generality, we assume that job J1 terminates the schedule and its last
operation is processed on machine M4. As before let G be the set of jobs
that are processed on M4 after the last idle interval. Then statement (b) of
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Lemma 2 implies that we can assume jGj � 2, and Lemma 1 allows us to be
only concerned with that jGj � 3 and that

p4;j < L=4; for all Jj 2 G:

First let us consider the situation in which G consists of three jobs. As-
sume without loss of generality that the other two jobs in the group are job
J2 as second last and job J3 as the third last. The following two facts can be
easily observed: (i) While machine M4 is idle, all the other three machines
are busy with processing jobs J1, J2 and J3. Assume that jobs J1, J2 and J3
are being processed on machines Mi, Mk and Ml, respectively, right before
time B4;3 (i; k; l = 1; 2; 3 and are di�erent from each other). (ii) Any two
of machines M1, M2 and M3 cannot be idle simultaneously before time B4;3,
otherwise one of the operations Oi;1, Ok;2 and Ol;3 could be processed earlier.
Therefore, we conclude that all the idle intervals on any machine before time
B4;3 do not intersect those on the other machines. Namely, if we let Ri be
the set of idle time intervals on Mi up to time B4;3 for i = 1; : : : ; 4, then
Ri \ Rk = ; when i 6= k and 1 � i; k � 4. Let R5 and R6 be two copies of
R4, R = fR1; : : : ;R6g and Q = fI(Oi;j) : i; j = 1; 2; 3g. Since Ri is covered
by Q for all i = 1; 2; 3, and set fR4;R5;R6g is also covered by Q due to
the aforementioned fact (i), we conclude, according to Lemma 3, that R is
covered by Q and

3X
i=1

�(Ri) + 3�(R4) �
3X
i=1

3X
j=1

pi;j;

which implies

3X
i=1

�i=3 + 3�4 �
3X
i=1

3X
j=1

pi;j +
3X
j=1

p4;j =
3X
j=1

pj � 3L:

Therefore, in this case we are done according to Lemma 4.
Now consider the other situation in which G consists of two jobs. Without

loss of generality, we assume that G = fJ1; J2g, which implies that the last
idle interval on machine M4 �nishes at B4;2. Let Ri be the set of the idle
intervals onMi up to time B4;2 for i = 1; : : : ; 4. Without loss of generality, let
jobs J2 and J1 be processed right before time B4;2 on machines M2 and M3,
respectively. It is immediately seen that R2~\R3 = ;, since otherwise either
operation O3;1 or O2;2 could be processed earlier. Consider the following three
conditions:

� Condition 1: Either R2 = ; or R3 = ;.
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� Condition 2: fR2;R3g~\R4 = ;.

� Condition 3: fR2;R3g~\R4 6= ;, and R1~\fR2;R3g = ;.

If Condition 1 is satis�ed, then Theorem 5 is proved by the fact that

Cmax(S) � max
2�i�3

Pi + (p4;1 + p4;2) � L + L=4 + L=4 < 7L=4:

Let Q = fI(Oi;j) : i = 1; 2; 3; j = 1; 2g. Under Condition 2, let R5 be a
copy of R4. Since any of R2, R3 and fR4;R5g is covered by Q, according
to Lemma 3, we conclude that fR2;R3;R4;R5g is covered by Q and

�2 + �3 + 2�4 � �(R2) + �(R3) + 2�(R4) + 2(p4;2 + p4;1)

�
3X
i=1

2X
j=1

pi;j + 2(p4;2 + p4;1) � p1 + p2 + (L=4 + L=4) < 3L;

which, together with Lemma 4, implies that we are done.
Finally, suppose Condition 3 holds. Let [a; b) be the last interval of

fR2;R3g~\R4. (Note that this is well de�ned.) Then there is no idle time
on both machines M2 and M3 from time b to B4;2 and the only jobs to be
processed after time b on M2 and M3 are jobs J1 and J2. Therefore, we con-
clude that fR2;R3g~\f[b; B4;2)g = ; and that fR1;R4g~\f[b; B4;2)g is covered
by Q. Since machine M1 is processing job J1 or J2 right before time b, it is
implied by R1~\fR2;R3g = ; that fR1;R2;R3;R4g~\f[0; b)g is covered by Q
too. Hence, fR1;R2;R3;R4g is covered by Q and, according to Lemma 3,
we obtain

4X
i=1

�i �
3X
i=1

2X
j=1

pi;j + 3(p4;2 + p4;1)

= (p1 + p2) + 2(p4;2 + p4;1) � 3L;

which, together with Lemma 4, again shows that we are done.
We complete our theorem proof by showing that violation of both Con-

ditions 2 and 3, i.e.,

fR2;R3g~\R4 6= ; and R1~\fR2;R3g 6= ;; (2)

will result in a satisfaction of Condition 1. Let [a; b) be de�ned as above,
and let t be any time that belongs to an interval of the non-empty set in (2).
Then, as we have seen, either job J2 or J1 is being processed on machine M1

right before time b.
Consider �rst the former case. While M1 is idle at time t < b, it is

(among other things) waiting for the completion of job J2 on some machine.
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However, such a processing of J2 has to be on machine M3 as can be easily
observed, which together with the de�nition of t implies that M2 is idle at
the same time t. Note that job J1 must have already been completed on both
M1 and M2 before time t, i.e., C1;1 < t and C2;1 < t, otherwise it could be
processed earlier at t on either machine. This, together with the fact that
J1 starts earlier on M3 than on M4, implies that there is no idle time on
machine M3 between jobs J2 and J1, otherwise J1 could be processed earlier
since C3;2 � t. Therefore, we conclude that R3 = ; from the fact that M3 as
the �rst machine for processing job J2 leaves no idle time before starting J2.

Proof for the latter case, where job J1 is being processed on machine M1

right before time b, is completely parallel to that for the former case, and
one will be led to a satisfaction of Condition 1 with R2 = ;.

4 On 
ow-shop and job-shop

Now let us come back to considering the general case of m machines. In the
cases of 
ow-shop and job-shop, we are able to fully understand the worst-
case makespan deviation of dense schedules from the optimum. Let us �rst
provide an upper bound on such a deviation for the case of job-shop.

Lemma 6 For any dense job-shop schedule S, it holds that

Cmax(S)=C
�
max � m:

Proof: Without loss of generality, we assume that machine Mm termi-
nates the schedule. Note that Mm is idle only if at least one of machines
M1; : : : ;Mm�1 is busy. Therefore, the set of idle intervals on Mm satis�es
that

Rm �
n[
j=1

mj[
i=1

�i;j 6=m

I(Oi;j);

which implies that �m �
Pm�1
i=1 Pi � (m � 1)L, and thus that Cmax(S) =

Pm + �m � mL.

The above bound of m is actually achievable even for the 
ow-shop, a
special case of job-shop, and even by a permutation dense schedule for the
special job-shop, where a permutation 
ow-shop schedule is one in which the
m machines process the jobs in the same sequence given by a permutation.

Lemma 7 For any given positive value �, there exists a 
ow-shop instance

and a dense permutation schedule S for the instance, such that

Cmax(S)=C
�
max > m� �:
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Proof: Let us start with the simple instance I in which the machine order
for each job is (M1; : : : ;Mm) and the processing time of every operation is
one unit. A dense permutation schedule S�, which is based on permutation
� = (1; : : : ; n) and is itself optimal, is to start operation Oi;j at time i+ j�2
(i = 1; : : : ; m; j = 1; : : : ; n). Now we construct a new instance I 0 by simply
increasing the processing times of the m diagonal operations Oi;i from 1 to
p > 1 for i = 1; : : : ; m. Consider the permutation schedule S, which is
obtained by pushing the operations to the right as little as necessary to keep
feasibility of the schedule, while maintaining the job sequence (J1; : : : ; Jn)
on each machine. Namely, the starting times of the operations in S are as
follows:

Bi;j =

8><
>:
ip + j � 2 if i < j,
(i� 1)(p+ 1) if i = j,
jp+ i� 2 if i > j.

Apparently schedule S remains dense and permutational, and its makespan
is Cmax(S) = mp+m� 1.

On the other hand, an optimal schedule T , which is also permutational,
for the instance I 0 can be obtained in the same way from a dense permutation
schedule for instance I as S is obtained except that it is based on another
permutation  = ( (1); : : : ;  (n)) = (n; : : : ; 1). Namely, the starting times
of the operations in schedule T are as follows:

B (i); (j) =

(
i + j � 2 if i + j � m + 1,
p+ i + j � 3 otherwise.

It is easy to calculate that Cmax(T ) = p+ 2m� 2. Therefore,

Cmax(S)=C
�
max = Cmax(S)=Cmax(T ) = (mp+m� 1)=(p+ 2m� 2);

which is greater than m� � when p is suÆciently large.

As an immediate consequence, we conclude in the following theorem that
a dense schedule for a 
ow-shop or job-shop is an m factor away in makespan
from the optimal.

Theorem 8 For any dense schedule S for a 
ow-shop or job-shop, it holds

that

Cmax(S)=C
�
max � m;

and the bound m is tight.

Proof: Since 
ow-shop is a special case of job-shop, the �rst part of the
theorem is implied by Lemma 6, and the second part is implied by Lemma 7.
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5 Closing remarks

In this paper, we have analyzed the maximum deviation of the makespan of
any dense shop schedule from the optimal one. The bounds we have proved
are all tight. Unfortunately, we are still not able to prove, for general m
machines, the conjecture that any dense open-shop has a makespan that is
at most 2 � 1=m times the optimal one. However, such a proof now seems
not out of sight.
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