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@ give each edge a length ¢(e)
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Theorem (G '06 (easy))
Ity ece(q) t(€) < oo then |G|, ~ |G.
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G|, independently!
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Our plan
Problem
Construct and study brownian motion on |G|,.

Theorem (G '06 (easy))
I ec(a) £(€) < oo then |Gle ~ |Gl.

Strategy: construct brownian motion on |G|, as a limit of
brownian motions on finite subgraphs.
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Our three topologies

Level 1: The graph |G|, (with boundary)

The space of sample paths
C=C([0, T] — |G,

with the metric

do (b, €) := sup,¢ g de(b(X), (X))

Level 2:

The space M = M(C) of measures on C
Level 3: with the weak topology, i.e. basic
open sets of an element p are of the form

{veM:|[fidv— [fidul <e,i=1,... .k}
where the f; are bounded continuous real-functions on-C
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Let G, be a sequence exhausting G.
Let C, un be the brownian motion on G,.

Theorem (classic)

LetT C M. ThenT is compact iff for every ¢ there is a function
we(0), withw — 0 as 6 — 0, such that
p({x : wx(0) < w(9) forall6}) >1—¢/2 forall p €T,

where wy(d) := sUp;_g 5 |X(t) — x(8)| is the modulus of continuity of x.

=> {un}n has an accumulation point

Remark: It is known that M(X) is compact iff X is compact; this
would have allowed us to circumvent the above theorem if C were
compact, but it isn’t (although |G|, is).
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brownian motion on |G|,

Theorem (G & K. Kolesko '11+)

For every G,( such that )" g {(e) < oo, there is a brownian
motion B, on |G|, with the following properties

@ it behaves locally like standard BM on R

@ ltis the limit of SRW’s of finite subgraphs;

@ Itis unique;

@ ltis recurrent (thus its sample paths are ‘wild’);

@ Transition probabilities coincide with potentials of the
corresponding non-elusive electrical current.
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Electrical Networks
The discrete Network Problem

A graph G= (V,E)
The setup: a function r : E — R (the resistances)
' a source and a sink p,q € V

a constant / € R (the intensity of the current)

Find a p-qg flow in G with intensity / that satisfies
Kirchhoff’s cycle law:

The problem: N
S Yackoy V(E) =0

where v(€) := f(€)r(e) (Ohm’s law)
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Random Walks & Electrical networks

Every edge e has a weight c(e)
Go from x to y with probability

c(xy)
c(x)

PXHy =

where ¢(x) := >, . c(xv)

[Ppq(x) := the probability that if you start in x you will hit p before g.

Connect a source of voltage 1to p, q

Ppg(x) = P(x)

Agelos Georgakopoulos
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Electrical Networks
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p q

The solution is not necessarily unique!

Non-elusive flow:
The net flow along any
such cut must be zero:
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Wild circles

A wild circle i.e. a homeomorphic image of S in |G|
(discovered by Diestel & Kihn)

Contains Y double-rays aranged like the rational numbers

The “gaps” between the double-rays are filled by a
Cantor set of ends
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Wild circles
Wild circles

A wild circle i.e. a homeomorphic image of S in |G|

More than 30 papers written on wild circles & paths relating to

@ Cycle space (Homology)
@ Hamilton circles
@ Extremal graph theory
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