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Abstract

This Letter demonstrates that the kinetic equations for wave turbulence, the long time statistical behavior of a sea of weakly
coupled, dispersive waves, will almost always develop solutions for which the theory fails due to strongly nonlinear and
intermittent events either at small or large scale2001 Elsevier Science B.V. All rights reserved.

PACS:47.10.+9

Intermittency connotes burstiness and intermittent large fluctuations in the local dissipation rate but are
signals display off-again, on-again characteristics in not well understood. In contrast, the long time statisti-
which large fluctuations have significant impact on cal behavior of the one-dimensional turbulence associ-
higher order statistical moments. In three-dimensional, ated with Burgers’ equation exhibits similar behavior
hydrodynamic turbulence at high Reynolds numbers, which is well understood and is associated with the
it is measured by studying the probability density formation and accretion of shocks [3].

function (pdf) of velocity differencedv (X, 7) = v(x + The surprising new result of this Letter (and it
7) — v(x¥) and their higher order moments, the struc- is surprising considering that kinetic equations have
ture functionsSy () = ((v(x +7) — v(X))N), N > 2, been studied in various contexts for well over sixty
as functions of separation distanceFor small val- years [4-6]") is that, in non-equilibrium situations, a

ues ofr at the high wavenumber end of the inertial wave turbulence field fed by sources and drained by
range, but larger than the dissipation scale, it is found sinks, well separated in wavenumber space, develops

that the tails of the pdf fogv(x, r) increase as de- solutions so that, at a well defined length scajg,
creases. Large fluctuations dominate the higher orderthe weak coupling approximation fails. The system
moments [1]. As a result, the ratio 6fy to (S2)V/? departs from joint-Gaussian statistics and strongly

which, from Kolmogorov '41 theory [2], in the long  nonlinear and intermittent events affect the dynamics.

time, infinite Reynolds number limit would be con- We illustrate the breakdown in the contexts of deep

stant, diverges as — 0. The events causing inter- water gravity waves and optical waves in nonlinear

mittent behavior are believed to be associated with media.

We begin by summarizing wave turbulence theory,

the reasons for asymptotic closure, the Kolmogorov—

" Corresponding author. Zakharov (KZ) finite flux solutions and then present
E-mail addressanewell@math.arizona.edu (A.C. Newell). the reasons for its breakdown. Lefx, r) be a spatially
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homogeneous, random, zero mean function of posi- ing the unique combination of products of moments
tion x, the Fourier transform of whose pair correla- from the Nth order moment so thaR‘”) decays as

tion functipn(v(?c, (X 47, 1)) is the spectral energy  |F|, ..., |7V ~1| tend independently to infinity. The hi-
densitye(k). For deep water gravity waves(x, t) is erarchy is solved iteratively by writing eagd@™’ in

the surface deformation(x, ). We decompose(x, t) a power series in amplitude Gay, O< ¢ « 1) and
into the normal modes® (¥, t) (left and right going evaluating the behavior of each iterate (or, where ap-
waves expil? SX A+ isqa)(l?)t), s = +,—) of its lin- propriate, its physical space transform) in the limit
ear approximationd(k) > 0, the linear dispersion re-  wot — 00, £" wot fixed forr =2, 4, ..., wo some typi-
lation, e.g.,w = /gk, k = |k|) and let\/JwA*(k, 1), cal frequency. Non-uniformities in time in the asymp-

s = +, —, be their (generalized) Fourier transforms. totic expansion are removed by choosing4fhe* co-
To leading order in amplitude, the spectral energy efficients in an asymptotic expansion for

e(k) is (1/2) Y, w(k)n* (k), where, using spatial ho-

mogeneity,(A* (k, ) A= (K, 1)) = 8(k + K)n* (k, 1). dn’ . .

For simplicity, we takent =n~ =n(k,) = n; and i To[n7] + Tu[ng] + - ()
thene(k) = w(k)ni, wheren; is called the wave ac-

tion or particle number. It is natural to write the field and by renormalizing the frequency

equation in Fourier coordinates,

swp — swp +s25[ny ]+,
25[m] = f Gty i,iiy k1. 3)

(The functionG is defined below.) Closure is achieved
for two reasons. First, on time scales long with

dA* (k)

— isw(k)A* (F)

_Z/ﬂWﬁhﬁmg

5152 o
X 8(k1 + kz — k) dkldkz

t tow, - but short with respect t@s2wp) 2,

+ SYlSZS?, Asl k Asz k AS3 k reSpeC o) .

S§3/ kkikoks 1) ( 2) ( 3) the statistics approach a state close to joint Gaussmn
X a(kl +kp — k3 — k) because of the dispersive nature of the waves. Second,

= o the regeneration of the cumula@®™, N > 3, by
x dkydkzdks + - @) nonlinear terms is dominated over long times not by
Since most wave turbulence systems exchange spec-Q™), M > N, but by products of cumulants of order
tral energy via three or four wave resonances, it is less than or equal t&v/. In particular, _Eq. (2) for the
sufficient to retain only quadratic and cubic terms in wave action densﬁy (and thereby (k)) is closed. It
(1), the most general form of Hamilton’s equations for s called the kinetic equauoﬂ"z[n 1is equal to

waves in a dispersive medium; e.g., gravity, surface

tension, optical and Alfven waves. Wave turbulence

theory begins by writing the hierarchy of equations for 4, Z/ L2 Pnsnttn®? (i _5_ 3_2)

kkqk ‘
the spectral cumulants 5152 kel " g e ”iféi
Q(N)”/___Szv_l(]-{»/ o RN-D t) X 8(s1w1 + S22 — SW)
(2 )*(Nfl)d x8(%1+£2—%)d%1dE2
= (£
Wyss/sV1 = = (N2 and is nontrivial when théhree wave resonant man-
/R (7.7, 1) ifold defined bysiw (k1) + s2w(k2) = sw (k1 + k2) is

N ON_1 oN_2 nonempty for some choices ofs1, s2. It redistributes
x exp(—ik! 7 — o — ik PN energy density on the time scaleéwp) L. If the three
x dF .. .diN=2 wave resonant manifold is empty (which it is, for ex-
ample, ifw = ck*, @ < 1), T» = 0, then four wave res-
where R@ss' (7) = (v (x)v* (¥ + 7)) and R™) is the onances redistribute energy density on the time scale
spatial cumulant of ordelN obtained by subtract-  (¢%wg)~1. Assumingnt = n~ and summing oves;,
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the collision integrall[ng] is then say that the spectrum Haste rather than infinite
) capacity in that it can only absorb a finite amount
Z /!G,;,;l,;z,;'3| NEnE NN, of energy (wave action) and requires a finite time
515253 1 1 1 1 to establish the equilibrium spectrum and make a
X (; + PR nT) connection to a sink.
ko Tk Tk Tks For almost all choices of, 8, y, the premises on
X §(w + w1 — w2 — w3) which wave turbulence theory is based are violated.
% 5(,'{'+,;1 _,‘52_,'('3) dl?ldlzzdl_ég, An explicit formula for the length scale at which

o o oss breakdown occurs is given in terms @f 8, v, P, Q.
whereGj; ;.7 is a linear combination oL]_(.]_(.llégs and While here we carry out explicit calculations for
a quadratic product of.>***? divided by frequency. ~ cases in which the KZ power spectra obtain, we

KE1kz , -
For three wave processes, one has (formally) conser-€MPhasize the phenomenon of breakdown is general
and a consequence of all finite flux solutions which

vation of energy/ e(l?) dl?; for four wave processes, ) -
carry energy and/or wave action to scales at which

both energy and total wave action are formally con- . - h ’
served. The Rayleigh—Jeans solution of energy density 1€ Weak coupling approximation may fail. In order to
calculate this scale we examine the (i) ratio of linear,

equipartitioms = Ta)k_l, and, in the case of four wave - ;
k 1 ) tr,, to nonlinearyy, times where
processesi;y = T (wy — )~ are obvious.

Finite flux solutions of (2)nx = ni (z, P) for three i ocot and i o Ldne 1 s:
wave processesy, = ni(t, u, P, Q) for four wave k ng dt ng o
processes, where the parameters, P, Q, corre-
spond to temperature, chemical potential, energy and equationToy+2/Toy, N = 1,2, ... (i) deviations

wave action fluxes respectively, are less obvious. How- ¢ joint-Gaussianity as given by the ratio of struc-

ever, in cases for which the dispersiopand coupling ture functionsSy (7) to S(N/Z)(I—;) for small » and
coefficientsL;’}%, Li 1.5 1, @re homogeneous in 2

) . (N/2) =
of degrees, 8, y, respectively, power law (KZ) solu-  the ratios of the cumulant&y (r) to Ry~ (r) for

(i) ratios of terms in thes-expansion of the kinetic

tions can be found by comparing powerskgh large r. All three criteria give thesamebreakdown

scale. On the KZ energy flux spectrum, the ratio
0EW) _ _a_P’ E(h) = Qank?ny tr/tnL is PY2kP=2 for three wave interactions and

ot dk P2/32v/3=2¢ for four wave; the wave action spectrum
(82 is the solid angle il dimensions) and in gives Q%/3k2v/3-4/3 Tq see this, note
iN(k): 8_Q’ Nk) = k4 . w1l odme T2 k2B p—2B+d) f—af2d
ot ok INL wpng df opng k® pL/2f—(B+d)
These cases are not rare [5,6]. For water waves, 1/2, p—2a
=Pk .

w; and the coupling coefficients are homogeneous
for roughly four decades of wavelength. For three Below, we show that large deviations from joint-
wave processes; = c1PY/2k~#+4 (P is of order Gaussianity for the direct energy cascade occur at

¢%) describes the constant flux of enerdy from small r when PY2,2¢=8 ~ 1 for three-wave or
a source at lowk to a sink at high wavenumbers, p2/3;2¢=2y/3 _ 1 for four-wave interactions. For the
a forward cascade. For four wave processgs— (inverse) cascade of wave action the deviations oc-

coPY3k=r/3+d) describes the forward cascade of cur at larger when Q2/34¢/3-2r/3 ~ 1. Satisfying
energy whilen; = c3Q%/3k~(2/3+d+/3 describes  these relations defines a length scalgl = L. It
the inverse/back cascade of wave action from a sourcecan happen thaiy, lies within the window of trans-
at intermediate K1) wavenumber to a sink at low  parency between the forcing ) and dissipation(;)
wavenumber. P, Q are of orders®.) Observe that  scales in which the KZ solutions obtain. In the limit
J& E(k)dk converges forg > o for three wave  of zero forcing,P — 0 andkn lies outside the win-
processes and fa@2y > 3«) for four wave processes  dow, but even for modest forcing and smajl and
where alsofécl N(k)dk converges fore > 2y. We largeky, kf < knw < kq. FOr B > 2a (y > 3a), kni is
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large. The KZ spectrum is valid fot; < k < knL
but, for knL < k < k4, there is a region of anom-
alous scaling and complete breakdown of wave turbu-

lence. In exactly the same range, the asymptotic series

for frequency renormalization also becomes nonuni-
form. For 8 < 2o (y < 3a), knL IS small and wave
turbulence breaks down fdr; < k < knL but is re-
paired inknL < k < kg. On the wave action flux spec-
trum, k. is defined byQ1/3k,’\"£3’2"/3 ~ 1 and break-
down occurs for O< k < kn. When 2x > y and for
kne < k < ky wheny > 2a.

We now calculate (details are in [6]) for three
wave interactions theVth order structure function
Sy () (for smallr; we examineRy for larger) and
the parameter ranges for which it is dominated by
the universal KZ spectrum. For each expansion of a
Fourier space cumulant, there is a leading term in the
limit of long time which depends only om(k, t) and
no other cumulant. The first surviving part of® is
given by

s_s/_s//
2P0’O/,0// N L/L/EL/Z//”/?’”E”

/N

x (m8(sw + 5w + 5" ")

+iP(sw+s'o + s”w”)_l)
and determines the scaling 8g(¥) as well as the
integrand of73 in the kinetic equation (2). (Here,+
k'+ k" =0, Pyo.o is the permutation and sum over
(s, k), (s, k) (s”, k") ands and P are the Dirac delta
function and Cauchy principal value, respectively.)

Structure functions are calculated by taking the inverse
Fourier transform of these surviving terms. Poe= 2,

So(F) = 2((v(x))2 —(v@)v(x +1)))
_2 / weni (1 — cos(k - 7) dR).
For 0< B8 —a < 2, So(F) ~ PY2-P~2_ The lower

limit corresponds to finite capacity. The upper limit
means that the contribution of the universal part of

31

(S2(7))N/2 is proportional to a finite series

N/2-1
1+ Z Cnsp’
s=1

for evenN and
(N=-3)/2

pl/z[l + Y CNs;Os:|

s=1

for odd N wherep = P1/2,2¢=8_One can prove that
forO<pB —a <2, 0<a< 2, the smallr behavior

of Sy for all N is dominated by the contributions
from the KZ spectrum and not from the nonuniversal
part. In calculatingSy, we use the fact that the first
surviving part of theNth order cumulantQ™) (k)
begins with a term proportional to the product of
frequency to theV /2 power, the coefficiem‘.i;l‘;llsf2 to

the (N — 2)th power, the particle density; to the

(N — 1th power divided by thé N — 2)th power of
sums and differences of frequencies. It should be noted
that, just as in the expansion for the kinetic equation,
the ratio of successive surviving terms in the cumulant
expansion also give powers #ft/22¢=F,

Similar results hold for the energy flux spectrum for
the four wave interactions when<02y /3 —« < 2,

0 < o < 2. For breakdown at smal (larger), the
relevant quantities are the ratios of the cumulants cor-
responding to the momenrvY ~1(X)v(x + 7)). The
manifestation of breakdown in this case is diver-
gence as — oo and usually corresponds to the for-
mation of condensates. In this context, it should be
mentioned that for four wave interactions and small
negativey — 3a, Gurarie [7] has used a renormal-
ization technique to suggest a corrected spectrum in
ky <k <knL.

One advantage of nonuniformly valid wave turbu-
lence systems is that the nonlinear coherent struc-
tures, which are initiated at breakdown, can often be
identified. For optical waves in nonlinear media de-
scribed by nonlinear Schrodinger-like field equations

the spectrum dominates that of the nonuniversal part [6,8] (a picture also relevant for Bose—Einstein con-

which is proportional tor? « r#~ for small r.
Similarly we find S3(7) ~ Prf=*/2, Likewise, the
surviving part of the fourth order cumulant gives rise
to the integrand irf4, and in general, the surviving
part of the Nth order cumulani)™) will give rise

to the integrand inToy_4. The ratio of Sy (¥) to

densation and the carrier distribution in semiconduc-
tor lasers), the inverse cascade of wave action to low
k leads to the formation of condensates and to either
a new class of fluctuations if the medium is defocus-
ing or to collapsing filaments if it is focusing. In the
latter case, the filaments are extremely coherent but
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are formed randomly in space-time. The parameters Acknowledgements

of their statistical distribution (uniform in space, Pois-
son in time) are determined by the wave action flux
rate Q. The signal for the particle dissipation rate is
highly intermittent with spikes (large fluctuations) di-
rectly identifiable with collapse events [8].

For deep water gravity waves & 1/2, 8 = 7/4,
y = 28 — a = 3), the condition for the breakdown
of the KZ spectrumkE (k) ~ PY3k=7/2g1/2 s that
P?/3k/¢ becomes of order one fot < ko, ko =
v pwg/S, the scale at which surface tensi@) is im-
portant. HereP2/3 = (p,/pw)V?2, wherep,, p,, are
the densities of air and water respectively ands
wind speed. The criterion for breakdown turns out
to be exactly the same [9] as that of the KZ spec-
trum intersecting the Phillips spectrum(k) ~ k%
beforekg. The Phillips spectrum coincides with that of

an ocean surface dominated by derivative discontinu-

ities (sharp crests). Whevi > 6 m/s, P%3kg/g > 1,
suggesting that the breakdown of the KZ spectrum
leads to singular solutions associated with crest for-
mation.

Finally, we mention that the numerical evidence
presented in [10] for the non-appearance of the KZ

spectrum seems to be connected with a dominance

We thank Oleg Zaboronsky for helpful discussions
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