‘H Available online at www.sciencedirect.com

?EE SC|ENCE@DlnecTe PHYSICA@

ELSEVIER Physica D 184 (2003) 333-351

www.elsevier.com/locate/physd

Wave turbulence in Bose—Einstein condensates
Yuri Lvov &*, Sergey Nazareni Robert Wes?

a Department of Mathematical Sciences, Rensselaer Polytechnic Institute, Troy, NY 12180-3590, USA
b Mathematics Institute, University of Warwick, Coventry CV4 7AL, UK

Communicated by C.K.R.T. Jones

Abstract

The kinetics of nonequilibrium Bose—Einstein condensates (BEC) are considered within the framework of the Gross—
Pitaevskii (GP) equation. A systematic derivation is given for weak small-scale perturbations of a steady confined condensate
state. This approach combines a wavepacket WKB description with the weak turbulence theory. The WKB theory derived in
this paper describes the effect of the condensate on the short-wave excitations which appears to be different from a simple
renormalization of the confining potential suggested in previous literature.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Bose—Einstein condensate (BEC) was first observed in 1995 in atomic vap®iRmof1], “Li [2] and%3Na
[3]. Typically, the gas of atoms is confined by a magnetic fddpand cooled by laser and evaporative means.
Although the basic theory for the condensation was known from the classical works d#Baséd Einsteij5], the
experiments on BEC stimulated new theoretical work in the field (an excellent review of this material is éj¢n in

Alot of theoretical results about condensate dynamics are based on the assumption that the condensate band can b
characterized by some temperatfir@nd chemical potential, the quantities which are clearly defined only for gases
in thermodynamic equilibrium. Often, however, the condensation is so rapid that the gas is in a very nonequilibrium
state and hence, one requires the use of a kinetic rather than a thermodynamifhEblyAn approach using the
guantum kinetic equation was developed by Gardiner ¢94l0] who used some phenomenological assumptions
about the scattering amplitudes. Phenomenology is unavoidable in the general case due to an extreme dynamical
complexity of quantum gases, the atoms in which interact among themselves and exhibit wave—particle dualism.
Most phenomenological assumptions are intuitive or arise from a physical analogy and are hard to validate (or to
prove wrong) theoretically. In particular, it was proposed that the ground BEC states act onto the higher levels
via an effective potential. In the present paper we are going to examine this assumption in a special case of large
occupation numbers, i.e. when the system is more like a collection of interacting waves rather than particles and

* Corresponding author.
E-mail addresslvov@rpi.edu (Yu. Lvov).

0167-2789/$ — see front matter © 2003 Elsevier B.V. All rights reserved.
doi:10.1016/S0167-2789(03)00239-2



334 Yu. Lvov et al./Physica D 184 (2003) 333-351

condensate

Fig. 1. Turbulent cascades of energyand particle numben.

which allows a systematic theoretical treatment. In what follows we sy@tematicallythat such an assumption
is not true for such systems.

For dilute gases, with a large number of atoms at low temperatures, one obtains the Gross—Pitaevskii (GP) equatiol
for the condensate order paramdigB]:

i3,0 + Ay — Y2y — Uy =0, 1)

where the potential/ is a given function of coordinate, see for exampiey. L We emphasize that the area of
validity of GP equation is restricted to a narrow class of the low-temperature BEC growth experiments and the
latest stages in other BEC experiments. However, we will study the GP equation because it provides an important
limiting case for which one can rigorously test the phenomenological assumptions made for more general systems
We would like to abandon the approach where the system is artificially divided ihte & condensate state and a
thermal “cloud” because this “cloud” in reality is far from the thermodynamic equilibrium and we believe that this
fact affects the BEC dynamics in an essential way. As in many other nonequilibrium and turbulent systems, fluxes
of the conserved quantities through the phase-space are more relevant for the theory here than the temperature al
the chemical potential. Performance of a thermodynamic theory here would be as poor as a description of waterfalls
by a theory developed for lakésAgain, the GP equation is used in our work for both the ground and the excited
states which limits our analysis only to the low temperature and high occupation number situations.

In fact the idea of using GP equation for describing BEC kinetics is not new and it goes back to work of Kagan
et al.[11], who used a kinetic equation for waves systematically derived from the GP equation ignoring the trapping
potential and assuming turbulence to be spatially homoger&auA similar method has been used to investigate
optical turbulencgl3]. Classical weak turbulence theory yields a closed kinetic equation for the long time behavior
of the energy spectrum without having to make unjustifiable assumptions about the statistics of the processes
[14-16,18,22,24]Second, the kinetic equation admits classesxaftequilibrium solutiong14,19,20] These can
be identified as pure Kolmogorov specft2—14] namely equilibria for which there is a constant spectral flux of
one of the invariants, the energy,

1
E=/[W¢F+ywﬂdx
and the “number of particles”,

N = / || dx.

A very important property of the particle cascade is that it transfers the particles to theksvahlles (inverse
cascade). This transfer will lead to an accumulation at skialwhich is precisely the mechanism of the BE

1 This comparison was suggested by Vladimir Zakharov to illustrate irrelevance of the thermodynamic approach to the turbulence of dispersive
waves.
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condensation, sd€g. 1 The energy cascade is toward high valueswhich eventually will lead to “spilling” over

the potential barrier corresponding to an evaporative coolingsige& After the formation of strong condensate one

can no longer use weak turbulence theory, as the weak turbulence theory assumes small amplitudes. However, one
can reformulate the theory using a linearization around the condensate (as oppose to linearization around the O state)
as in[13]. Consequently, this changes the dominant system interactions from four-wave to three-wave processes.

As explained above, the Kolmogorov-type energy distributions over the levels (scales) are dramatically different
from any thermodynamic equilibrium distributions. Thus, the condensation and the cooling rates will also be
significantly different from those obtained from theories based on the assumptions of a thermodynamic equilibrium
and the existence of a Boltzmann distribution. As an example, a finite-time condensation was predicted by Kagan
et al.[11], whose work was based on the theory of weak homogeneous turbulence.

However, application of the theory of homogeneous turbulence to the GP equation has its limitations. Indeed,
when the external potential is not ignored in the GP equation, the turbulence is trapped and is, therefore, intrin-
sically inhomogeneous (e.g. a turbulent spot). Additional inhomogeneity of the turbulence arises because of the
condensate, which in the GP equation case is itself coordinate dependent. This means, in particular, that the theory
of homogeneous turbulence cannot describe the ground state effect onto the confining properties of the gas and
thereby test the effective potential approach. The present paper is aimed at removing this pitfall via deriving an
inhomogeneous weak turbulence theory.

The effects of the coordinate dependent potential and condensate can most easily be understood using a wavepacke
(WKB) formalism that is applicable if the wavepacket wavelerigdhmuch shorter than the characteristic width of
the potential well,

!
- <1
e= 1 <

The coordinate dependent potential and the condensate distort the wavepackets so that their wavenumbers change
This has a dramatic effect on nonlinear resonant wave interactions because now waves can only be in resonance for
a finite time. The goal of our paper is to use the ideas developed for the GP equation without the trapping potential
and to combine them with the WKB formalism in order to derive a weak turbulence theory for a large set of random
waves described by the GP equation.

Note that idea to combine the kinetic equation with WKB to describe weakly nonlinear dynamics of wave (or
guantum) excitations is quite old and can be traced back to Khalatnikov’s theory of Bose gas (1952) and Landau’s
theory of the Fermi fluids (1956), see e[87]. It has also been widely used to describe kinetics of waves in
plasmas, e.d28-31] For plasmas, such a formalism was usually derived from the first principles. However, only
phenomenological models based on an experimentally measured dispersion curves have been proposed so far for th
superfluid kinetics. In this paper, we offer for the first time a consistent derivation starting from the GP equation which
allows usto correct the existing BEC phenomenology at least for the special cases when the GP equation is applicable.

Technically, the most nontrivial new element of our theory appears through the linear dynamics (WKB) whereas
modifications of the nonlinear part (the collision integral) are fairly straightforward. Thus, we start with a detailed
consideration of the linear dynamics$ection 2 Previously, linear excitations to the ground state were considered
by Fette17] who used a test function approach to derive an approximate dispersion relation for these excitations.
Fetter pointed out an uncertainty of the boundary conditions to be used at the ground state reflection surface. The
WKB theory for BEC which is for the first time developed in the present paper allows an asymptotically rigorous
approach which, among other things, allows to clarify the role of the ground state reflection surface. Indeed, as we
will see inSection 3the WKB theory is essentially different in the case when the condensate ground state is weak
and can be neglected from the case of strongly nonlinear ground state. No suitable WKB description exists for the
intermediate case in which the linear and the nonlinear effects are of the same order. However, in the Thomas—Fermi
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regime the layer of the intermediate condensate amplitudes is extremely narrow due to the exponential decay of the
amplitude beyond the ground state reflection surface. This allowed us to combine the two WKB descriptions into
one by formally re-writing the equations in such a way that they are correct in the limits of both weak and strong
condensate. These equations will be wrong in the thin layer of intermediate condensate amplitudes, but this will not
have any effect on the overall dynamics of wavepackets because they pass this layer too quickly to be affected by it.
In Section 4or the first time we present a Hamiltonian formulation of the WKB equations and derive a canonical
Hamiltonian the form of which is general for all WKB systems and not only BEC. The Hamiltonian formulation
is needed to prepare the scene for the weak turbulence thed®gchion S5we apply weak turbulence theory to
write a closed kinetic equation for wave action. This kinetic equation has a coordinate dependence of the frequency
delta functions. Notice that coordinate dependence of the wave frequency has a profound effect on the nonlineatr
dynamics. The resonant wave interactions can now take place only over a limited range of wave trajectories which
makes such interactions similar to the collision of discrete particles.

2. Linear dynamics of the GP equation

We will now develop a WKB theory for small-scale wavepackets, described by a linearized GP equation, with
and without the presence of a background condensate. As is traditional with any WKB-type method we assume the
existence of a scale separatior 1, as explained iection 1In this analysis we will také~ 1 so that any spatial
derivatives of a given large-scale quantity (e.g. the potebtial the condensate) are of orderThe transition to
WKB phase-space is achieved through the application of the Gabor tran&8fm

gx, k1) = f fle¥|x — xo|) €6 *0) g(xq, 1) dxo, )

where f is an arbitrary function fastly decaying at infinity. For our purposes it will be sufficient to consider a
Gaussian of the form

_ 1 efxz
f(x)—w )

whered is the number of space dimensions. The paramétisrsmall and such that« ¢* <« 1. Hence, our kernel

f varies at the intermediate-scale. A Gabor transform can therefore be thought of as a localized Fourier transform,
and in the limite* — 0 becomes an exact Fourier transform. Physically, one can view a Gabor transform as a
wavepacket distribution function over positiongind wavevectors.

2.1. Linear theory without a condensate

Linearizing the GP equation, to investigate the behavior of wavepagketthout the presence of a condensate,
we obtain the usual linear Schrddinger equation:

0,y + Ay — Uy = 0, 3)

whereU is a slowly varying potential. Let us apply the Gabor transformatio@oNote that the Gabor transfor-
mation commutes with the Laplacian, so tia# = A¥. Also note that

U¥ ~ UV +i(V UV,
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where we have neglected the quadratic and higher order terembénausel changes on a much shorter scale
than the large-scale functidh. Combining the Gabor transformed equation with its complex conjugate we find the
following WKB transport equation:

Di|y? =0, 4
where
D= +%x-V+k-o

represents the total time derivative along the wavepacket trajectories in phase-space. The ray equations are used t«
describe wavepacket trajectories(k) x) phase-space:

X = o, k=-Vo. (5)

The frequencyy, in this case, is given by = k% + U (again we use the notatidn= |k|). Egs. (4) and (5are
nothing more than the famo&hrenfestheorem from quantum mechanics. According3) the wavepackets will
getreflected by the potential at pointswhereU(rgr) = k,?nax. We will now move on to consider linear wavepackets
in the presence of a background condensate.

2.2. Wavepacket dynamics on a condensate background

One of the common assumptions in the BEC theory is that the presence of a condensate acts on the higher levels
by just modifying the confining potentidl, see for examplg25]. If this was the case, the linear dynamics would
still be described by thEhrenfestheorem with some new effective potential. We will show below that this is not
the case.

Let us define the condensatg as a nonlinear coordinate dependent solutio&f (1) with a lengthscale of
the order of the ground state size (although it does not need to be exactly the same as the ground state). In what
follows, we will use Madelung’s amplitude-phase representatiog/fonamely

Yo =/p(r) &’ ©)

wherev = 2V4 is the macroscopic speed of the condensate. It is well-known that in this represeptalieps a
continuity equation:

p: + div(pv) = 0. (7

For future reference, one should note that the second term in this expressi@R)isTBus, o, is O(e2) too and it
must be neglected in the WKB theory which takes into account only lineaténms. We start by considering a
small perturbatio <« 1, such that

¥ = Yo(l+ ¢). €)
Substituting(8) into (1) we find

. Vv

|at¢+A¢+2% Vo —0(d+ ¢* + 2912 + ¢* + 141°p) = 0, 9)

wherep = o(x) = |y0|? is a slowly varying condensate density.
In a similar manner to the previous subsection, the rest of this derivation consists of Gabor trans{@)ming
combining the result with its complex conjugate and finding a suitable waveaction variable such that the transport
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equation represents a conservation equation along the rays. Such a derivation is gwparidix A It yields the
following expression for the waveaction

. 2
1 — IkZA
nk, x, 1) = =L |®p — =R
w

wherefR andR mean the real and imaginary parts, respectively. As usual, the transport equation takes the form of
a conservation equation for waveaction along the rays

Di(x,k, 1) =0, (11)
where
Di=d,+%x-V+k-o (12)

is the time derivative along trajectories
X = o, k=-Vo. (13)

The frequency is given by the following expression:

w = ky/k2 + 20. (14)

One can immediately recognize(it4) the Bogoliubov's formulg21] which was derived before for systems with a
coordinate independent condensate and without a trapping potential. It is remarkable that presence of the potentia
U does not affect the frequency so that expresgiat) remains the same. Obviously, the dynamics in this case
cannot be reduced to tlghrenfestheorem with any shape of potentidl Therefore, an approach that models a
condensate’s effect by introducing a renormalized potential would be misleading in this case.

3. Applicability of WK B descriptions

In this section we will investigate the applicability of the above theory. Let us consider a condensate which is a
solution of the eigenvalue problespyo = —i2vy. Therefore, the GBquation (1becomes

2v0+ Ao — oo — Uyo = 0. (15)
3.1. Weak condensate case

Firstly, let us consider the case of a weak condensate so that the effect of the nonlinear term is small in comparisor
to the linear onesovyo| < |Avypl. Sinces2 is a constant we observe that the Laplacian term acts to balance the
external potential term (like in the linear Schrédinger equation) and the nonlinear term can be, at most, as big as
the linear ones

1
2~ —=~U@ro) 2o
o

whererg is the characteristic size of the condensate (it is defined as the condensate “reflection” point via the condition
2 = U(rg), seeFig. 2).
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Fig. 2. Regions of applicability of WKB descriptions.

Now for a WKB description to be valid we requikey > 1, i.e. we require the characteristic length-scale of our
wavepackets to be a lot smaller than that of the large scales. Using this fact we find

k%>%~UMﬁza
o

Therefore, the condensate correction to the frequency, givéi)yis small. In other words, the wavepacket does
not “feel” the condensate. Indeed, froﬁ’ﬁx,ax = U(rr) we haveU(rr) > U(ro) and this implies thatr > rg
(whererr is the wavepacket reflection point, deig. 2). Thus, the condensate in this case occupies a tiny space at
the bottom of the potential well and hence does not affect a wavepacket’s motion. Therefore, a wavepacket moves
as a “classical” particle described by tBarenfesequations (4) and (5)n fact, in this case it would be incorrect
to try to describe the small condensate corrections via our WKB approach because these corrections are of order
o ~ €2 (the&? terms being ignored in a WKB description).

3.2. Strong condensate case

Now we will consider a strong condensate such that

| Ay
ol
i.e. ther dependence of the potentiéll is now balanced by the nonlinearity. This is usually referred to as the

Thomas—Fermiimit [6]. Wavepackets now “feel” the presence of a strong condensate-ik?. We see that the
WKB approach is applicable because

QEU+o>

(16)

1 [Ayol
K~ 5~ :
ra  |vol

According to the ray equationsis a constant along a wavepacket's trajectory, so we can find the packet’'s wavenum-
ber fromk? = /02 + w2 — o. One can see that remains positive for any value pfwhich means that the presence

of the condensate does not lead to any new wavepacket reflection points (i.ek vatkes a value of zero). Thus,
turbulence is allowed to penetrate into the center of the potential well. However, the group velocity increases when
the condensate becomes strongeds; ~ ,/p. This means that the density of wavepackets decreases toward the
center of well. Therefore, the condensate tends to push the turbulence away from the center, toward the edges of
the potential trap.
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To summarize, in the presence of a strong condensate we have two regions of applicability for our WKB descrip-
tions, sed-ig. 2 Wavepackets at a position< ro, in the central region of the potential well will evolve according
to the WKB-condensate descripti¢b0)—(14) The Laplacian term only becomes importantifor ro whereg is
exponentially small. In this case the Ehrenfest description is appropriate. It will be shown in the next section that
these two WKB descriptions can be combined into a single set of formulae.

3.3. Unified WKB description

Itis interesting that taking the limit of zero condensate amplitude in the wavedtdresults in the waveaction
(1/2)|¥|? of the Ehrenfesequation (4Wwhich corresponds to the regime without condensate,

. 1 1512 1,312
limn(k, x,1) — 5p|¢|° = 5|¥|°.
p—0

On the other hand, ligy.ow — k2 which is different from the Ehrenfest expressior= k2 + U. Thus, one cannot
recover the noncondensate (Ehrenfest) description by just taking the limit of zero condensate amli2igélith)

and (14) However, one can easily write a unified WKB description which will be valid with or without condensate
by simply adding + p to the frequencyl14). Indeed, for strong condensdie+ p = const and, therefore, it does
not alter the ray equations (which contain only derivative®)fOn the other hand, such an addition allows us to
obtain the correct expression

0=k +U

in the limit p — 0. Summarizing, we write the following equations of the linear WKB theory which are valid with
or without the presence of a condensate,

Din(x,k,t) =0, a7)
where
. 2
lop |~ k% —
nk,x, 1) = 512 Rep — ;m (18)
is the waveaction and
Di=d+x-V+k-o (19)

is the full time derivative along trajectories and
X = o, k=—-Vo (20)
are the ray equations with

o =k\k?+20+ U + p. (21)

Formula(21) is an important and nontrivial result which can be obtained neither from existing general facts about
the WBK formalism nor from the linear theory of homogeneous systems.

4. Weakly nonlinear GP egquation

The derivation for the description of the nonuniform turbulence found in a BEC system consists of aamalgamation
of a WKB method, for the description of the linear dynamics, and a standard weak turbulence theory [$8 e.9.
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with the noted modification that Gabor transforms are used instead of Fourier ones. We will now demonstrate the
general ideas of such a derivation for the simple case of system where no condensate is present.
Consider the Gabor transformation(aj

00 + AV — [ 2y — UY + (Vi) Vih = 0. (22)
To calculate thm term let us first separate the Gabor transform into its correspondingly fast and slow spatial
parts,
" _ ik-x
Y(x,k, 1) =alx, k,1)e**. (23)
slow  fast

Now by using the inverse Gabor transform

g(x, 1) =/§(x,k, 1) dk, (24)
we find
W = gk~ / fx — xq) @¥otkatke—ki=h) p* () xo)a(ka, xo)a(ks, xo) dxo dky dka dk3. (25)

Note that the slow amplitudesk;, xo),i = 1, 2, 3, do not change much over the characteristic width of the function
f and hence their argumeng can be replaced hy. Therefore, we can approxima@s) by

J— ik-x

e
|1p|2¢ ~ (271’)—3d/2 / Fk3 +ky — k1 — k)a*(k1, x)a(ko, x)a(ks, x) dk1 dk, dk3. (26)

HereF(k) is the Fourier transform of(x). Note that for the spatially homogeneous systerfis;> 0, F(k) reduces
to the Dirac’s delta function,

el*iTOF(k) — 5(k).
After dropping terms proportional tda, Eq. (22)becomes
datk,x) = —2k - Va(k,x) —i(k?> + k - (Vy)ak, x) — (Vi U)(Via(k, x))
— / F(k3 + ko — k1 — k)a*(k1, x)a(ko, x)a(ks, x) dk1 dko dks. (27)
This is the master equation formulating the nonlinear dynamics in terms of the Gabor amplitudes. This can serve

as a starting point for the statistical averaging which in turn leads to the weak turbulence formalism. Note that this
equation can be written in Hamiltonian form:

A ;—Hk (28)
with a Hamiltonian function
H = / (kv = % - Viog,)lag x|
+%(wak,x)(ai,x Viak,x — akx Via agx) + iz(vkwk,x)(ak,x Vi@ x — G x Vxar x) dk dx
—i—/ Fks + ko — k1 — k)a*(k1, x)a(ky, x)a(ks, x)a(ka, x) dk1 dk, dk3 dk4, (29)

wherewy , = k% + U(x). In fact, such a Hamiltonian description can be derived directly, in terms of the Gabor
amplitudes, from the Hamiltonian formulation of the original GP equation Aggendix B.
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If a condensate is present in the system, one can also re-write the equations in a Hamiltonian form with an
identical quadratic part. That is, withbeing replaced by the normal amplitude, andy the frequency of waves,
found in the presence of the condensate. It appears that the quadratic part of the Han{®yimgeneric in the
WAKB context. Indeed, let us consider a typical Hamiltonian for linear waves in weakly inhomogeneoug3gdia
expressed in terms of Fourier amplitudgs andaj;l

H= / $2(q1, 9)aq,ay, dq dq; (30)

with a hermitian kernef2(q 4, ¢) = $2(q, 1) which is strongly peaked gt— ¢, = 0. As we will show in a separate
paper[26], this Hamiltonian can be represented in terms of the Gabor transforms as

i
H = f(wk,x - X wak,x)|ak,x|2 + E(wak,x)(a;kaak,x - ak,kaa]t,x)
i
+ E(vkwk,x)(ak,x anlt,x - alt,x Vil x) dk dx, (31)
whereqy , are the Gabor coefficients, ang, . is the position-dependent frequency, relateft@, q,) via
Ok e = / e 205 Ok k + 2¢) dg. 32)

Actually, such an expression is a canonical form, even for a much broader class of Hamiltonians that correspond to
a significant class of linear equations with coordinate dependent coeffif2éht3 hat is,

H = /[A(ql, q)aqla; + B(q1.9)aq,a_q +C.C.]dg dq,, (33)

where functionsA and B peaked afy — g, = O.

5. Weak turbulence for inhomogeneous systems

Now, by analogy with homogeneous weak turbulence, we define the waveaction spectrum as

(latk, x)|?)

Ng,x = FO) s

where averaging is performed over the random initial phases. Note that this definition is slightly different to the
usual definition of the turbulence spectrum in homogeneous turbulence, i.e. the definition constructed from Fourier
transformsny, 8(k — k') = (a(k)a(k)). Indeed, a Gabor transform can be viewed as a finite-box Fourier transform,
wherek = k' in the definition of the spectrum and one replag@s— k') with the box volumeF(0).

Multiplying (27) by a*(k, x) and combining the resulting equation with its complex conjugate, we get a gener-
alization of(4):

Ding x = —29‘{/ F(k 4+ k1 — ky — k3){a*(k, x)a*(k1, x)a(ko, x)a(ks, x)) dk1 dk, dk3 (34)

with D; = 9,+x-V+k-3. Note, thatin the case of homogeneous turbulence, using the random phase assumption, in
the above equation, would lead to the RHS becoming zero. This means that the nontrivial kinetic equation appears
only in higher orders of the nonlinearity. For the inhomogeneous case, the nontrivial effect of the nonlinearity
appears even at this (second) order. This can be seen via a frequency correction which, in turn, modifies the wave
trajectories. This effect was considered by Zakharov ¢84].and it is especially important in systems where such
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frequency corrections result in modulational instabilities followed by collapsing events. In our case the nonlinearity
is “defocusing” and, therefore, such an effect is less important. Indeed, in what follows we will neglect this effect
as, at sufficiently small ratios of the inhomogeneity and turbulence intensity paranaeters?, wave collision
events are a far more dominant process.

Let us introduce notations:

I8 = (@ (k. x)a* k1, x)a(kz, X)a(ks, X))
and

12 = (a* (k. x)a* (k1. x)a* (ka. x)a(ks, X)a(ka, x)a(ks, x)).
Then, we have the following equation for the fourth-order moment:

Ky

ki k)
DI} 2 %

kék/ = |((,()k/ +(,()k/ —Ll)k’ —(,()k/)I

koksk ok
+/(k2k/3k/2F(k +k1—kz—k3)+Ik1k,2k,3F(k2+k1_k2_k3)

[akk

kh kb k
~ Do F(k+ky —ky —k3) — 112"

iy Fy+ k1 — kp — k3)) dkydko ks, (35)

where we denoté; = k2 + (k - V,.U). Note that the first two terms on the RHS of this equation can be obtained

one from another by exchangitq andk’, whereas the last two terms—by exchanghigandk). To solve this
equation, one can use thendom phase assumptiovhich is standard for the derivation of a welaimogeneous
turbulence theory and which allows one to express the sixth-order moment in terms of the second-order correlators.
For homogeneous turbulence, the validity of this assumption was examined by Newe]lL8{28] who showed

that initially Gaussian turbulence (characterized by random independent phases) remains Gaussian for the energy
cascade range whereas in the particle cascade range deviations from Gaussianity grow towwaalliEsvHowever,

these deviations remain small over a large randefof small initial amplitudes and the random phase assumption

can be used for these scales. Note that the deviations from Gaussianitykatdokespond to the physical process

of building a coherent condensate state. The resuls&83]obtained for homogeneous GP turbulence will hold

for trapped turbulence too because inhomogeneity has a neutral effect on the phase correlations. Indeed, according
to the linear WKB equations the phases propagate unchanged along the rays. Thus we write

L3~ ninong(FR(FEFE 4+ FEF2) + FS(FEF; 4 F2FY) + FS(FEFZ + F3F2)), (36)

here we have used the shorthand notatidijs= F(0)8(k1 — k2) and ;23 = 111:1]1:2]/;3 Using this expression i(85)
we have

D Ik1k2
Dt #sks
Notice that theb; get replaced bwy, since thgk - V,U) terms drop out on the resonant manifold. Let us integrate
this equation over the periddwhich is less than both the slow WKB timgdand the nonlinear time/&*. Then,
one can ignore the time dependencejion the RHS of the above equation and we can take—VU = const on
the LHS.
The resulting equation can be easily integrated along the characteristics (rays) which in th& limitoo gives

, kik
= (kg + Ok, — Oy — D) gy + 2(kanieg (Mg + Niey) — Ny ey (kg + 1ky)).

1;2;2 = —2[npgnpy (Mg Miy) — Ny My (Mg + 1iey)18(py + Wy — Wz — Wpy)- (37)
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Note that to derive a similar expression in the theorjhamogeneouweak turbulence one usually introduces an
artificial “dissipation” to circumvent the pole and to get the correct sign in front of the delta function (sgii$).g.

The roots of this problem can be found even at the level of the linear dynamics, where the use of Laplace (rather than
Fourier) transforms provides a mathematical justification for the introduction of such a dissipation. However, in our
case there is no need for us to introduce such a dissipation because inhomogeneity removes the degeneracy in the s
tem. Substituting37)into (34)we get the main equation describing weak turbulence, the four-wave kinetic equation:

1 1 1 1 1
Dy = — f ngninong <— +——-——-— ) Sk + k1 — ko — k3)é(wi(x)
b4 ny ni1 n2 N3

+ w1(x) — wa(x) — w3(x)) dk1 dk dks3, (38)
where
Di=d+%x - V+k - x=00o, k=—-Vo.

We can see that the main difference between the kinetic equation for inhomogeneous media and homogeneous tul

bulencd11-13,22]s that the partial time derivative on the LHS is replaced by the full time derivative along the rays.

Further, the frequenay and spectrum are now functions not only of the wavenumber but also of the coordinate.
The same is true for the case when the ground state condensate is important for the wave dii3nibe

main interaction mechanism now become three-wave interactions, with the kinetic equation

Din=n / | Vi | fr1 28k —ky — koS~ o, A1 dkep — 2 / | Viakdo | F1k28k; &~k —op o, A1 Ak,
(39)

wherefi12 = ng,nk, —ng(ng, +ng,). Here g, D, andw are given by expressior($8), (19) and (21 yespectively,
and the expression for the interaction coeffici®i«, can be found if13]. Three-wave interactions always
dominate over the four-wave process when k2 (becausé ~ 1 andn < 1). In the casep < k2, the relative
importance of the three-wave and the four-wave processes can be established by comparing the characteristic time
associated with these processes. The characteristic time of the three-wave interacporsidis

x2—d

T3W = .
on

Thus, the three-wave process will dominate the four-wave one if the condensate is stronger than the waves, i.e. if
0> nki ~ 2.

6. Summary

In this paper, we developed a theory of weak inhomogeneous wave turbulence for BEC systems. We started with
the GP equation and derived a statistical theory for the BEC kinetics which, in particular, describes states which are
very far from the thermodynamic equilibrium. Such nonequilibrium states take the form of wave turbulence which
is essentially inhomogeneous due to the fact that the BEC is trapped by an external field. There are two main new
results in this paper. First of all, we have described the effect of the inhomogeneous ground state on the linear wave
dynamics and, in particular, we have shown that such an effect cannot be modeled by renormalizing the trapping
potential as it was previously suggested in literature. This was done by deriving a consistent WKB theory based on
the scale separation between the ground state and the waves. Our results show that the condensate “mildly” pushe
the wave turbulence away from the center but it can never reflect it (as an external potential would). Note that we
established this result only for the limit of large occupation numbers described by the GP equation and this, in
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principle, does not rule out a possibility that the renormalized potential approach can still be valid in the opposite
limit of small occupation humbers. Secondly, we showed that the kinetic equation for trapped waves generalizes,
and one can combine the linear WKB theory and the theory of homogeneous weak turbulence in a straightforward
manner. Namely, the partial time derivative on the LHS of the kinetic equation is replaced by the full time derivative
along the wave rays, while the frequency and the spectrum on the RHS now become functions of coordinate. A
suitable definition for the coordinate dependent spectrum is given by using the Gabor transforms instead of Fourier
transforms. It is important to notice that the coordinate dependence of the wave frequency has a profound effect
on the nonlinear dynamics. The resonant wave interactions can now take place only over a limited range of wave
trajectories which makes such interactions similar to the collision of discrete particles.

Similarly to the case of homogeneous turbulence considerfiBinthe presence of a condensate changes the
resonant wave interactions from four-wave to three-wave if the condensate intensity exceeds that of the waves. A
distinct feature of the inhomogeneous turbulence trapped by a potential is that if the three-wave regime is dominant
in the center of the potential well, it is likely to be suddenly replaced by a four-wave dynamics when one moves out
of the center beyond the condensate reflection points where the condensate intensity is decaying exponentially fast.
Thus the same wavepacket can alternate between three-wave and four-wave interactions, with other wavepackets,
as it travels back and forth between its reflection points in the potential well. (The wavepacket reflection points
being further away from the center than the condensate’s own reflection points).

Appendix A. Derivation of WK B equationsin presence of a condensate

Letus splity into its real and imaginary parés= 2R¢ andb = Re. ThenEq. (9)splits into two coupled equations:

\
da+ Ab+2v-Va+ ~2 . Vb + p2ab+ b(@® + b2)) = 0, (A1)
o
\%
b — Aa+2a0+2v - Vb — ~L . Va + 0(3d? + b? + a(@® + b?)) = 0, (A.2)
o

where we have used the fact thai/o/vo = Vo/20 + (i/2)v, which follows from(6).
Gabor transforming our two coupldelgs. (A.1) and (A.2)and using Taylor series to represent large-scale
quantities,

0(x0) = 0(x) + (xo — x) - Vo(x) 4+ O(£?),

we find
~ \% ~
i+ Ab+ ~2 Vb + v - Va + Glp(2ab+ ba? + b2))] = 0, (A.3)
0
A_A_E.A.AA-_A 2,42 2 12\ —
b — Aa Va+2v-Vb+ 20a+ 2iVo - &a+ G[(e(3a” + b* + a(a” + b°)))] = 0. (A.4)
Q

whered] f(x)] is the Gabor transform of(x). We have kept only @) terms and neglected the(€3) and higher
order terms. For generality, we have kept the nonlinear term.

A.1. TheeC order

As in all WKB-based theories we first derive a linear dispersion relationship from the lowest order terms. At
zeroth-order ir¢, the spatial derivative of a Gabor transfornVigd = ika which is similar to the corresponding rule
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in Fourier calculus. Then, at the lowest ordegs. (A.3) and (A.4pecome
da—k?h =0, (A.5)
b + k24 + 204 = 0. (A.6)
These two linear coupled equations make up an eigenvalue problem. Diagonalizing these equations we obtain
ar = +iwh, o = —lwpu.

Correspondingly, we find the eigenvectors

1/, ik?, 1/, ik?,
r==-la——>b]|, n=3 a+—>b), (A.7)

2 w w
or, re-arranging foé: andb
. ~  w
a=X:+pu, bzﬁ(k—u). (A.8)
The eigenvalues are given by the dispersion relationship,
w? = K?(k? + 20), (A.9)

which is identical to the famous Bogoliubov forf@1] which was also obtained for waves on a homogeneous
condensate in the weak turbulence contexiBi.

Therefore, at the zeroth order, we see thattates with frequency-w andu rotates attw. Note that the. and
u are related via

k) = u(—F). (A.10)
A.2. Theel order

Let us split the wave amplitudes into fastly and slowly varying parts:
A,k 1) = A(x, k, pekxtior i (x k1) = M(x, k, 1) eFxier, (A.11)

or, in shorthand notation:

L= Aet, w=Me, (A.12)
where
e+ = eik~x+icut7 e = eik~x—ia)t.

The e" and e represent the fastly oscillating parts of the Gabor transforms. Ffoh) it follows that

A*(x, —k, ) = M(x, k, ). (A.13)
Obviously,
Ih =iwh +€79,A, = —iwu +e M, (A.14)

Vi =ikr+€"'VA+inVo, Vu=ikp+€ VM —itpVo, (A.15)
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AL = —k’L +2iek - VA+etAA - 260k - Vo,
Ap = —k2pu +2ietk - VM + et AM + 2tuk - Vo, (A.16)

wr=€e"pA+ixetA+irem Ao, hn =€ hM+ixe M —ite Myw. (A.17)

Our aim now is to derive equations fé. andd, .. However, due to the relationship.10) it is sufficient to derive
an equation for only one of the two, for example From(A.7) we find

o= (2 ikzi;

T2 20 )
After substituting our equations fdxa and d,b, (A.3) and (A.4) and making use of the relationshifs.8) the
equation forh acquires the following form:

4o — A iVo- Vo n ik%0 VA iVo iwVo ik’Vo n i ik?
— R _— - — — 2v — -
! 220 w kK2 22 2w0 k2 2w
1<2V bt iVo-Vo k% Ly iV N ioVo  ik’Vo
w S %ATH 2k20 H* k2 2k20 2wo
iw k2] k?
Ap |+ — = | = Vo -t — NL.
+Ap [+ T 2wi| —Vo -

Here the nonlinear teraVZ is given by

112
NL = G[p(2ab+ b(a® + b?))] — ;kag[(g(&zz + b% + a(a@® + b?))].

Note that we have neglectadn the above expressions because, according to the dispersion relatigaShift is
of the order ofp which is Q€?) by virtue of(7). We will also drop the nonlinear term in the subsequent calculation.

Our next step is to eliminate the fast oscillations associated with the Gabor transforms and derive an equation
for | A|2. This in turn will lead to a natural waveaction quantity which can be used to describe the behavior of our
wavepackets in phase-space. UdiAdL4)—(A.17)we obtain

iVo-Vo k% . _ _ iVo iwVo ik’Vo
YA =A|———— == ikA+VA+itAVe] - | ——— — —— — 20 —
r [ %2 + » o|+] + + o] 12 2% v 200
. [ ik’ | k2 ik2A itk? A
+[—k?A + 2ik - VA — 2t Ak - Vol e _E ~ Vo %A ——x -Vo-— Vo - hw.
2k2 2w w w
(A.18)

Please note that all the terms involvikdrop out. This stems from the fact that, in deriving an equatiomfore

have had to divide through by e Therefore, any terms involvindy will result in a factor
e _ o 2iwt
e e .

Thus, after time averaging over a few wave periods, allMherms drop out.
Expanding ouEq. (A.18)we find the @1) terms cancel out and using the dispersion relationghi@) we find

A .
B,Azakw-VA+TC;k-VQ—Vw~8kA+|J, (A.19)
0
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tAw 1k A <\ tk® A
J=—k-Vo+—k - Vo—24k-v——x-Vo— —Vo - jo.
k w w w
At this point let us drop the nonlinear term and concentrate on the linear dynamics. Multipdyitr®) by A* and
combining it with the complex conjugate equation theerms cancel, leading to

2| A2
A% — w - VIA? + Vo - | A)? = | klzwk.vQ. (A.20)
o
A similar equation fof M|? can be easily obtained by replacikg— —k in (A.20) and using/A.13)
2|M|?
WM + 0w - VIM|? = Vo - | M|? = — | k|2‘”k -Vo. (A.21)
o

The LHS of this equation is the full time derivative|df|? along trajectories. IfM |? were to be a correct phase-space
waveaction, the RHS of this equation would be zero, however, this is not the case. We find the correct waveaction
n(x, k, r) by setting

IM? = a(x, k)n(x, k. 1)
and finding suclx(x, k) that the full time derivative of (x, k, f) is zero. This leads to the following condition an

20w
aka)-Va—Va)-aka+—2k-VQ:O.
ok

By choosinge = k¥o¥ and substituting it td6) we findx = 2, y = —1. Therefore, the correct form of the
waveaction ist = (o/k?)|M|%. Summarizing, we have got the following transport equation for the waveaction
in the linear approximation:

Din(x, k, 1) =0, (A.22)
where
D=0, +x-V+k-o (A.23)

is the full time derivative along trajectories and
¥=qo, k=-Vo (A.24)

are the ray equations with

o = k/k? + 2. (A.25)

Obviously, the dynamics in this case cannot be reduced t&tinenfestheorem with any shape of potentidl

Therefore, approaches that model the condensate effect by introducing a renormalized potential are misleading.
Finally, it is useful to express the waveactioin terms of the original variables,

— ik

5 — ;m‘ . (A.26)

1wp
2 k2
It is interesting that such a waveaction is in agreement with that foupi@8]nin fact in[13] the homogeneous case

with nonzero nonlinearitys(= 0, o # 0) was considered. This is the opposite limit to the one we have considered
above (where # 0,0 = 0).

nk,x, )=
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Appendix B. Hamiltonian formalism for spatially inhomogeneous weak turbulence

Let us start with the GP equation written in the Hamiltonian form:

d
0y O (B.1)
ot 12
The Hamiltonian for the GBquation (1)coincides with the total energy of the system:
1
H=/dr <|Wx|2+§|wx|4+U(x>|wx|2). (B:2)
Let us first consider the case without a condensate. Applying the Gabor transformdfoh)twe get
9. OH
—U = —. B.3
ot T s (B.3)
But if we notice that
SHW)  SHW)
Y, @?k ’
we obtain
3 . 5H
i@ e = /}i (B.4)
*
L2

Thus, the time evolution of the Gabor transformed quantity is governed by the Gabor transformed Hamiltonian
equation. However, we would like to obtain the equation of motion in Hamiltonian form without the Gabor trans-
formation. Let us re-writ¢B.4) in terms of the slow amplitudesdefined in(23)

0 oH
|§ak1x = / f(x —x/)m dx,. (85)
Now, let us express the Hamiltonig@B.2) in terms of the slow variablasg
H = / dkikdx gy (—k3 + 2ikoV)ay,  + Ux)ag, xdaj, ) dr diy dica
+ / dlathekekxg, cap, af, caf, . dr dky dko dks dka. (B.6)

Here we have integrated by paf®¥|? and, while calculating the Laplacian @fin terms of slow variables, have
kept only the first-order gradients i .. Substituting(B.6) into (B.5) allows us to re-write this equation as

0 OH
| — = —, B7
ot T Bar, (B.7)
where the filtered Hamiltonia# can be represented as
H = / fx —x') d0RX gy (K + 2k V)a),  + UG Vg, xa, ) dr dr’ diy dica
+ / Fk1+ ko — k3 — k4)ak1,xak2,xa;‘;3’xa;’;4’x dx dk1 dk, dk3 dkg, (B.8)

and F(k) is the Fourier transform of thé(x).
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Expanding/(x') asU(x)+(x—x') VU(x) and taking into account that—x’) can be interpreted asi 9, €2 ),
we have

H= f ((k2+ Ux))|ag.x|>— ié(VU(x))Q/k,XBkQ/,ix—i—ikak,xVa,t,x +12(VU(x))@,jxak@k,x —ika,t,xVak,x) dk dx
+ / F(k1+ ko — k3 — k4)akl,xak2,xa,’23’xa,t4’x dx dkq dk, dk3 dk4.
Sincewy » = k% + U(x) we can represent the above formula as
H = f ((wk,x — xVor o) lakx > + iz(vxwk,a(a,t,kaak,x — agxViaj )
+ iE(kak,x)(ak,x Viay , — ak,kaa;x)) dk dx

+ / Fk1+ ko — k3 — k4)ak1,xak2,x“zg,xa;§4,x dx dk1 dko dk3 dk4. (B.9)

Now, we will show that if a condensate is present then the quadratic part of the Hamiltonian can also be written in
the same canonical form as(B.9). Let us start fronEq. (A.19)for A

Aw

BZA=8ka)~VA+?k-VQ—Vw~BkA+iJ (B.10)
o
with
A k% A k2A tk2A
J= Yo+ "2k Vo — 24k -v— ~Lx . Vo— —2V0 - .
k2 w w w

Expressior(A.26) for the waveaction in this case allows us to guess the form of the normal variable:
w. .
iV Qk k,x Ak,x ok

Note that this expression is consistent with the waveaction considered above for the case with no condensate. Thi
can be checked by taking the limit— 0. In terms of normal variable, , Egs. (A.19) and (B.10xcquire the
following form:

g x =

agx = ia)k,xak,x + gk xVak x + Vor x0kak x — Ziak’xk -V — iak,xx - Vog x. (B.11)

This equation can be represented in the form of a Hamiltonian equation of motion with a quadratic Hamiltonian as
in (B.9) when the frequency is replaced by its Doppler shifted value,

w— o+ 2k-v.

Note that the Doppler shift does not enter into the equation for the waveaction because it leads to terms that are o
second-order i and therefore should be neglected.
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